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Semidefinite programs are convex optimization problems involving a linear objective function and a
domain of positive-semidefinite matrices. Over the past two decades, they have become an
indispensable tool in quantum information science. Many otherwise intractable fundamental and
applied problems can be successfully approached by means of relaxation to a semidefinite program.
This methodology is reviewed here in the context of quantum correlations. The manner in which the
core idea of semidefinite relaxations can be adapted is discussed for a variety of research topics in
quantum correlations, including nonlocality, quantum communication, quantum networks, entangle-

ment, and quantum cryptography.
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I. INTRODUCTION

Understanding and explaining the correlations observed in
nature is a central task for any scientific theory. For quantum
mechanics the study of correlations plays a crucial role in both
its concepts and its applications. It broadly concerns the
foundations of quantum theory, quantum information science,
and currently also the emerging quantum technologies.
Although quantum correlations is an umbrella term under
which many different physical scenarios are accommodated, it
establishes a common focus on the investigation of probability
distributions describing physical events. The various expan-
sive topics focusing on quantum correlations have warranted
review articles of their own and we refer to them for specific
discussions: see Genovese (2005), Brunner er al. (2014),
and Tavakoli, Pozas-Kerstjens et al. (2022) for nonlocality;
Giihne and T6th (2009), Horodecki et al. (2009), and Friis
et al. (2019) for entanglement; Budroni er al. (2022) for
contextuality; Brassard (2003), Gisin and Thew (2007),
and Buhrman et al. (2010) for quantum communication;
and Gisin et al. (2002), Scarani et al. (2009), Pirandola
et al. (2020), Xu et al. (2020), and Portmann and Renner
(2022) for quantum cryptography.

Studies of quantum correlations take place in a given
scenario or experiment where events can influence each other
according to some causal structure, and the influences are
potentially subject to various physical limitations. For exam-
ple, this can be a Bell experiment where two parties act outside
each other’s light cones but are nevertheless connected
through a preshared entangled state. Another example is a
communication scenario where the channel connecting the
sender to the receiver supports only a given number of bits per
use. The fundamental challenge is to characterize the set of
correlations predicted by quantum theory. This applies
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directly to a variety of basic questions, such as determining
the largest violation of a Bell inequality or the largest
quantum-over-classical advantage in a communication task.
It also applies indirectly to several problems that rely on
bounding such correlations, such as benchmarking a desirable
property of quantum devices or computing the secret key rate
in a quantum cryptographic scheme. However, the charac-
terization of quantum correlations is typically difficult and can
be solved exactly, by analytical means, in only a handful of
special cases. Therefore, it is of pivotal interest to find other,
more practically viable methods for characterizing quantum
correlations.

Over the past two decades, semidefinite programs (SDPs)
have emerged as an efficient and broadly useful tool for
investigating quantum theory in general, and quantum corre-
lations in particular. An SDP is an optimization task in which a
linear objective function is maximized over a cone of positive-
semidefinite (PSD) matrices subject to linear constraints.
SDPs rose to prominence in convex optimization theory in
the early 1990s through the development of efficient interior-
point evaluation methods; see Vandenberghe and Boyd (1996)
for a review. Today they are an indispensable tool for the field
of quantum correlations. However, it is frequently the case that
quantum correlation problems cannot be directly cast as SDPs,
thus impeding a straightforward solution. Sometimes the
reason is that the problem is simply not convex, such as
bilinear optimization. Sometimes the reason is that, although
the problem is convex, it cannot be represented exactly as an
SDP, for example, optimization of von Neumann entropy.

Nevertheless, SDPs offer a powerful path out of such
difficulties because they can be employed to approximate
solutions that would otherwise remain obscure. Specifically,
more sophisticated quantum correlation problems that are not
immediately solvable by an SDP can still be approached
through sequences of increasingly precise relaxations, each
of which is itself an SDP; see Fig. 1. In this way one can obtain
approximations that are accurate enough for practical purposes,
and sometimes even exact. From the methodology perspective
these SDP relaxation methods have attained a prominent role in
quantum information science. Their success derives in part
from the fact that today there are powerful, practical, and easily
accessible algorithms for their evaluation, and partly from the
fact that they offer a single methodology that pertains to most
forms of quantum correlation, even though the physics under-
pinning experiments can be vastly different.

The purpose of this review is to examine SDP relaxation
methods for quantum correlations. We discuss how this
methodology can be adapted for a variety of conceptual
and applied problems. In Sec. II we introduce the basics of
semidefinite programming and some of the main correlation
scenarios. In Sec. Il we present a general framework for
semidefinite relaxation hierarchies that can be applied to many
of the later, physically motivated considerations. Sections IV
and V discuss SDP relaxation methods in the context of
entanglement theory and nonlocality, respectively, including
device-independent applications. Section VI focuses on cor-
relations from quantum communication and their applications.
Section VII concerns SDP methods for evaluating the per-
formance of protocols in random number generation and
quantum key distribution. Section VIII focuses on networks
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FIG. 1. Schematic representation of SDP relaxation methods.
Instead of directly characterizing a complicated set S, one
approximates it with supersets S;, each of which can be
characterized via SDP. Often there exist sequences {S,}; such
that the next set is contained in the previous one, thus giving a
more precise approximation of S.

comprising independent sources of entanglement and dis-
cusses SDP methods for assessing their nonlocality.
Section IX gives an overview of some related topics where
SDP relaxations are prominent. Finally, Sec. X provides a
concluding outlook. A guide to free and publicly available
SDP solvers and relevant quantum information software
packages is found in Appendix A.

II. BACKGROUND

We begin with an introduction to semidefinite programming
while referring the interested reader to relevant books and
reviews (Wolkowicz, Saigal, and Vandenberghe, 2000; de
Klerk, 2002; Boyd and Vandenberghe, 2004) for further
discussions. In particular, owing to their focus on quantum
correlations, we suggest Skrzypczyk and Cavalcanti (2023),
who offered a didactic approach to SDP using basic quantum
information tasks, and Mironowicz (2024), who explained the
mathematical foundations of SDP.

A. Primal and dual SDPs

A semidefinite program is an optimization problem in
which a linear objective function is optimized over a convex
domain consisting of the intersection of a cone of PSD
matrices with hyperplanes and half-spaces. In general this
can be written as

max (C.X)
such that (A, X)=b; Vi, (1)
X >0,

where C, X, and A; are Hermitian matrices, b is a real vector
with components b;, (-,-) denotes the inner product, and
X >0 indicates that X is PSD. In addition to the
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aforementioned linear equality constraints, SDPs can also
include linear inequality constraints. These can always be
converted into linear equality constraints, as shown in Eq. (1),
by introducing additional parameters known as slack varia-
bles. While we have chosen to define SDPs as optimizations
of the form presented in Eq. (1), many alternative definitions
exist in the literature; see Watrous (2018) for a definition
based on Hermitian-preserving maps.] Note, however, that all
such definitions are equivalent, and, in particular, any SDP
presented can be rewritten in the form of Eq. (1).

SDPs are generalizations of the more elementary linear
programs (LPs) for which the PSD constraint is replaced by an
elementwise positivity constraint. This is achieved by restrict-
ing the matrix X to be diagonal. It is well known that LPs
can be efficiently evaluated using interior-point methods
(Karmarkar, 1984), and such methods also generalize to the
case of SDPs (Kamath and Karmarkar, 1991, 1993; Alizadeh,
1992; Nesterov and Nemirovskii, 1994).

With every SDP of the form of Eq. (1), one can associate
another SDP of the form

min (b, y)
y

2
such that Y A;y; > C, )
i

where the optimization is now over the real vector y with
components y;. This is known as the dual SDP corresponding to
the primal SDP in Eq. (1). Every feasible point of the dual SDP
gives a value (b, y) that is an upper bound on the optimal value
of the primal SDP. Thus, every feasible point of the primal SDP
also gives a value (C, X) that is a lower bound on the optimal
value of the dual SDP. This relation is known as weak duality.

A fundamental question is whether the bounds provided by
weak duality can be turned into equality, i.e., when does the
optimal value of the primal SDP in Eq. (1) coincide with the
optimal value of the dual SDP in Eq. (2)? When they are equal
we say that strong duality holds. Strong duality always holds
for LPs but in general not for SDPs. However, a sufficient
condition for strong duality is that the primal or dual SDP is
strictly feasible (Slater, 1950): in the primal formulation (1)
this means that there exists an X*>0 such that (A;, X*) = b;
for all i, and in the dual formulation (2) that there exists a y*
such that > ,A,yi>C.

If one wants to solve an SDP numerically, one needs in
addition for the optimal values of the primal and dual
problems to be attained, i.e., that there exist finite X and y
that produce the optimal values. A sufficient condition for
their existence is that the SDP be strictly feasible and its
feasible region be bounded, or that both the primal and dual
problems be strictly feasible (Nesterov and Nemirovskii,
1994; Drusvyatskiy and Wolkowicz, 2017).

B. Correlation scenarios and quantum theory
This section provides an introduction to some often studied

quantum correlation scenarios. We first discuss scenarios

'A Hermitian-preserving map has a Hermitian Choi state repre-
sentation.
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based on entanglement and then address scenarios featuring
communication. The presentation is geared toward highlight-
ing the relevance of LPs and SDPs.

1. Entanglement-based scenarios

The standard scenario for investigating quantum correla-
tions harvested from the shares of a bipartite state is illustrated
in Fig. 2. A source emits a pair of particles in some state p,p
that is shared between two parties Alice and Bob. Formally a
state is a PSD operator p,p > 0 of unit trace tr(p,p) = L.
Alice and Bob can independently select classical inputs x and
v, respectively, from finite sets X and Y and can perform
corresponding quantum measurements on their systems A
and B.

In general a quantum measurement with N possible out-
comes is represented by a positive operator-valued measure
(POVM), i.e., a set of PSD operators {E;}Y | that sums to
identity: E; = Oand Y ¥ | E; = 1. These conditions ensure the
positivity and normalization of probabilities, respectively. We
write the measurements of Alice and Bob as POVMs {A,, }
and {B,, }, respectively, where a and b denote their respective
outcomes. The probability distribution of their outcomes for a
specific choice of inputs is given by Born’s rule,

p(a? b|x7 y) - tr[(Aa|x ® Bb\y)pAB]' (3)

This conditional probability distribution is interchangeably
referred to as the distribution or the correlations. Such
entanglement-based correlations are often studied in three
different scenarios, namely, those of entanglement, steering
and nonlocality.

Entanglement. A bipartite quantum state is called separable
if it can be written as a probabilistic mixture of states
individually prepared by Alice and Bob, namely (Nielsen
and Chuang, 2010),

PAB = Zp(l)fﬁz ® @ (4)
A

where p(4) is a probability distribution and ¢, and ¢, are
arbitrary quantum states of Alice and Bob, respectively. Note

l !

Alice < ‘ —_— Bob
v v
a b

FIG. 2. The standard bipartite entanglement-based scenario. A
source emits a pair of particles shared between the parties Alice
and Bob. They each privately select inputs x and y and perform
associated measurements that produce outcomes a and b,
respectively.
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that some bipartite states cannot be decomposed in this way
and are called entangled. For a discussion of entanglement,
see Horodecki ef al. (2009).

Assume that Alice and Bob, as in Fig. 2, perform known
quantum measurements on some unknown shared state p,p.
Can we determine whether the state is separable or
entangled? This is done by inspecting the correlations in
Eq. (3). One approach is that both Alice and Bob perform a
set of tomographically complete local measurements that are
most prominently exemplified by a complete set of mutually
unbiased bases (Ivanovi¢, 1981; Wootters and Fields, 1989)
or a symmetric, informationally complete POVM (Renes
et al., 2004). They can then reconstruct the density matrix
pap and try to decide its separability through some analytical
criterion. However, the separability problem is known to be
NP hard? (Gurvits, 2003; Gharibian, 2010), and a necessary
and sufficient criterion is known only for qubit-qubit or
qubit-qutrit systems. This is the well-known positive partial
transpose (PPT) criterion (Horodecki, Horodecki, and
Horodecki, 1996; Peres, 1996), which more generally is a
necessary condition for separability in all dimensions: a

bipartite system is entangled if pi’g # 0, where T, denotes
transposition on system A.} However, many entangled states
go undetected by this criterion (Horodecki, Horodecki, and
Horodecki, 1998).

The PPT criterion can be used to quantify the amount of
entanglement in a quantum state, for example, by computing
how much of the maximally mixed state needs to be mixed
with p,p to make the resulting state PPT. Known as the
random robustness of entanglement with respect to the PPT
criterion, this can be computed4 via a simple SDP (Vidal and
Tarrach, 1999),

max t
t

(5)

such that p}}g > 1.

According to the previous discussion, if the optimal value of
the SDP is negative, then it must be the case that the state p, 5
is entangled. Note that since having nonpositive partial
transposition is not a necessary condition for a state to be
entangled, this SDP is a relaxation of the separability problem,
and the random robustness it computes is only a lower bound
on the actual amount of entanglement in p,z. This is a simple
example of the fundamental idea behind the methods explored
in this review: in order to tackle an intractable problem, one
finds partial conditions for its solution that are tractable to
compute and provide bounds on the quantity of interest.
Ideally one should find a sequence of tighter and tighter partial
conditions that in the infinite limit correspond exactly to the
problem one is trying to solve. In Sec. IV.A we see how this
can be done for the separability problem.

*More precisely, it is NP hard to decide whether a quantum state is
e-close to the set of separable states when e is an inverse polynomial
of the dimension.

If PAB = Zijkl pijualij) k|, then /’23 = Zijkl pijulkj)(ill.

“The random robustness is then given by —td>.
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It is also useful to consider the dual of the SDP in Eq. (5),
namely,5

min r(Wou)
such that tr(W) =1, (6)
WTa > 0.

Consider any feasible point W of the dual SDP. It then follows
from weak duality of SDPs that for any state p, we have
tr(Wpup) as an upper bound on the random robustness of
entanglement. In particular, as W is Hermitian and hence an
observable, if we measure W and find that tr(Wp,) < 0, this
implies that the state p,p is entangled. Thus, the dual SDP
provides us with an operational procedure to detect and
quantify entanglement (Brandao, 2005). The operator W is
known as an entanglement witness (Lewenstein et al.,
2000; Terhal, 2000). In particular, one does not need to
perform full tomography of the quantum state, which is often
impractical, as the number of required measurements grows
rapidly with the dimension of the state. To measure the
entanglement witness, one would need to decompose it in
the form W =3, . CapxyAa ® By, for some real coef-
ficients ¢y, and some POVMs for Alice and Bob. Such a
decomposition requires in general many fewer measurements
than tomography, so a witness allows to detect entanglement
from partial knowledge of the quantum state.

We emphasize that entanglement witnesses do not come only
from the partial transposition criterion. In principle, for any
entangled state p,p one can construct a witness W such that
tr(Wpup) < 0, but for any separable state 6,5 it holds that
tr(Wo,z) > 0. The construction of the witness operator, how-
ever, is not straightforward. Witness methods can sometimes
detect entangled states even using just two local measurement
bases; see Toth and Giihne (2005) and Bavaresco ef al. (2018).
A common approach is to construct entanglement witnesses
through the estimation of the fidelity between the state prepared
in the laboratory and a pure target state (Bourennane et al.,
2004). While this method is practical for particular types of
entanglement [see Hiffner er al. (2005), Leibfried et al
(2005), Lu et al. (2007), and Wang et al. (2016)], it fails to
detect the entanglement of most states (Weilenmann et al.,
2020). Aside from using the density matrix or partial knowledge
of it, determining whether a state is separable or entangled is
difficult.

Steering. By performing measurements on her share of a
suitable entangled state and keeping track of the outcome a,
Alice can remotely prepare any ensemble of states for Bob
(Gisin, 1984; Hughston, Jozsa, and Wootters, 1993). The
discussion of how entanglement allows one system to influ-
ence (or steer) another system traces back to Schrodinger’s
remarks (Schrodinger, 1935) on the historical debate about
“spooky action at a distance” (Einstein, Podolsky, and Rosen,
1935). We again consider the situation in Fig. 2, but this time

*Note that a direct application of the definition of dual would give
W74 as the optimization variable instead of W, so we changed it for
convenience. Throughout the review we make such trivial simplifi-
cations without comment.
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we ask whether Bob can know that Alice is quantumly
steering his system. The set of states remotely prepared by
Alice for Bob, when her outcome is made publicly known
along with the probabilities of her outcomes, is described by a
set of subnormalized states of Bob ¢, = try[(A, ® 1)p].
This set is known as an assemblage (Pusey, 2013). The
assemblage can be modeled without a quantum influence
from Alice to Bob if there exists a local hidden state
decomposition (Wiseman, Jones, and Doherty, 2007), namely,

Cas = Y_p(A)plalx. 2)o;. (7)
2

for some probabilities p(4) and p(a|x, 4) and quantum states
0;. One can interpret this as a source probabilistically
generating the pair (4,0;), sending the former to Alice,
who then classically decides her output, and delivering the
latter to Bob. If no model of the form of Eq. (7) is possible,
then we say that the assemblage demonstrates steering and
that consequently p, p is steerable. For reviews on steering, see
Cavalcanti and Skrzypczyk (2017) and Uola et al. (2020).

Determining the steerability of an assemblage is an SDP. To
see this, note that, for a given number of inputs and outputs for
Alice, there are finitely many functions » mapping x to a.
Indexing them by A, we can define deterministic distributions
D(alx, 1) = 8,,(x)a- A strictly feasible formulation of the
SDP is

max t
{a: ).t

such that @, = >.5,D(a
p

x,A) Va,nx, (8)
&, = 11 VA,

A local hidden state model is possible if and only if the
optimal value of Eq. (8) is non-negative. Note that normali-
zation of the assemblage is implicitly imposed by the equality
constraint.

Moreover, consider the SDP dual to Eq. (8),

min tr(W, 10ulx
(Wa) Z (Wesae)
such that Ztr(W“)D(a\x, =1, 9)

a,x,A

> W D(alx.2) =0 VA

a.x

The first constraint is a normalization for the dual variables
{W,.}, and the second constraint ensures that all local hidden
state models return non-negative values. Thus, if the assem-
blage demonstrates steering, the dual gives us an inequality

Ztr(Wa,anPr) > 0 (10)

that is satisfied by all local hidden state models and violated,
in particular, by the assemblage {Qa‘x}, but also by some other
assemblages. Indeed, the inequality (10) can be viewed as the
steering equivalent of an entanglement witness [recall Eq. (6)],
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i.e., a steering witness. However, we note that steering is a
stronger notion than entanglement because it is established
only from inspecting the assemblage; i.e., Bob’s measure-
ments are assumed to be characterized, whereas Alice’s
measurements need not even follow Born’s rule. Note that
as in the case of entanglement witnesses one does not need to
perform full tomography of Bob’s states to test steering
witnesses.

Nonlocality. Bell’s theorem (Bell, 1964) proclaims that
there exist quantum correlations (3) that cannot be modeled in
any theory respecting local causality6 (Bell, 1975). Such a
theory, known as a local hidden variable (LHV) model,
assigns the outcomes of Alice and Bob based on their
respective inputs and some shared classical information A.
A local model for their correlation takes the form

Zp

Correlations admitting such a decomposition are called local,
whereas those that do not are called nonlocal. For discussions
of nonlocality, see Brunner et al. (2014) and Scarani (2019).

The response functions p(al|x, A) and p(b|y, A) can be written
as probabilistic combinations of deterministic distributions, but,
in analogy with the case of the local hidden state model, any
randomness can be absorbed into p(1). Thus, without loss of
generality we can focus on deterministic response functions and
their convex combinations enabled by the shared common
cause. Geometrically the set of local correlations forms a convex
polytope (Fine, 1982). Deciding whether a given distribution
p(a, b|x,y) is local can therefore be cast as an LP,

(a,blx,y) )p(bly, 4). (11)

t

Zl)p(l)l)(al)@ A)D(bly, 1) =

p(A) =1 VA

max
{p(D)}1

such that pla.blx,y), (12)

where the cardinality of A is the total number of deterministic
distributions. The correlations are local if and only if the optimal
value of Eq. (12) is non-negative. As before, it is also interesting
to consider the dual LP,

min Z Cabxyp( s 5 )
{Cabxy} a,b.x.y
such that > CabxyD(a ,A)D(b|y, 1) =1, 13
Aab.xy ( )
Z CahxyD(a s )D( , ) >0 VA
a,b.x,y

This is reminiscent of the steering dual in Eq. (9). The first
constraint normalizes the coefficients {c,,, }, and the second
constraint ensures that if p(a, b|x, y) is local, then the value of
the dual is non-negative. Hence, this implies the inequality

Z Cabxyp(a7 b|x’ y) b O’ (14)

a,bx,y

A discussion of the historical debate on the interpretation of
Bell’s theorem was given by Laudisa (2023).
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which is satisfied by all local distributions and violated by some
nonlocal distributions, in particular, the target distribution
p(a, blx,y) whenever it is nonlocal. This can be seen as the
nonlocality equivalent of an entanglement and steering witness,
but inequalities like Eq. (14) are more well known under the
name Bell inequalities. The violation of a Bell inequality in
quantum theory is the strongest sense of entanglement certif-
ication, as it requires no assumptions on the measurements of
Alice or Bob.

The most famous and widely used Bell inequality is the
Clauser-Horne-Shimony-Holt (CHSH) inequality (Clauser
et al., 1969). It applies to the simplest scenario in which
nonlocality is possible, namely, when Alice and Bob have two
inputs each (x,y€{0,1}) and two possible outcomes each
(a,b€{0,1}). The CHSH inequality reads’

Scusn = Z (=D p(a, blx,y) < 2. (15)

a,b.x,y

Equation (15) is equivalent to the historical formulation of this
inequality in terms of expectation values of observables,
<AoBo> + <A()Bl> + <A1B0> — <AIBI> S 2 For thlS reformu—
lation, one simply writes p(a,blx,y) = (1 + (—=1)%(A,) +
(-1)*(B,) + (—=1)***(A,B,))/4 by inverting the definition
of expectation value. A quantum model based on a singlet
state and particular pairs of anticommuting qubit measure-
ments can achieve the violation Scysy = 2v/2. This is the
maximum violation achievable with quantum systems
(Tsirelson, 1980).

More generally one can employ a simple optimization
heuristic known as seesaw (Werner and Wolf, 2001; Liang and
Doherty, 2007; Pal and Vértesi, 2010) to search for the largest
quantum violation of any given Bell inequality. Formally this
is obtained by replacing p(a, b|x,y) with Born’s rule in the
left-hand side of Eq. (14) and optimizing over the state and
measurements. The main observation is that for a fixed state
and fixed measurements on, say, Bob’s side, the optimal value
of the resulting object is a linear function of Alice’s mea-
surements and thus can be evaluated® as the SDP (Audenaert
and De Moor, 2002)

max Z Cahxytr(AaLr ® Bh\ypAB)

{Aﬂ\—*} a,b.x,y

such that ZAa\x =1 Vux, (16)
>0 Ya,x.

A Z

Given the optimized POVMs of Alice, an analogous SDP then
evaluates the optimal value of the Bell parameter over Bob’s
POVMs. Given the optimized POVMs of Alice and Bob, the

"Note, in contrast to Eq. (14), that the right-hand side is nonzero
and the inequality sign is flipped. This is only a matter of convention.
The notation of Eq. (15) can be obtained from Eq. (14) by setting
Cabxv 1/2 ( )a+h+ v

*When the outcomes are binary, this is simply an eigenvalue
problem and hence does not require an SDP formulation.
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optimal state can then be obtained as an eigenvector with
maximal eigenvalue of the operator’

S= Z CabxyAa\x ® Bb\y’ (17)

a,bx)y

One then starts with a random choice for the state and
measurements and iterates the three optimizations until the
value of the Bell parameter converges. From any starting point
it will converge monotonically to a local optimum, but one
cannot guarantee that it will reach the global optimum, i.e., the
largest quantum value. Nevertheless, this heuristic is useful in
practice, and when repeated with several different starting
points it often does find the optimal quantum model.

Notably, the routine can be reduced to only two optimiza-
tions per iteration. This is achieved by considering the
measurements of only one party and the ensemble of sub-
normalized states remotely prepared by the other party (i.e.,
the assemblage). Optimization over the latter can also be cast
as the SDP

max Z Cubxytr(ga\bib;)
{Qu\x} a,bvx.y
such that Za:@u\x = %:Qa\x' Vx,x,

(18)
Ztr(ga\x) =1 v x,

Qax = 0 Ya,x.
Equation (18) seems to be part of the folklore; the earliest
mention we are aware of was given by Quintino, Vértesi, and
Brunner (2014) in their Appendix C. The crucial point is that
every assemblage has a quantum realization. This is a well-
known consequence of the Schrodinger-Gisin-Hughston-Jozsa-
Wootters theorem (Schrodinger, 1935; Gisin, 1984; Hughston,
Jozsa, and Wootters, 1993), as discussed by Sainz et al. (2015).
One is often interested in the maximal value of a Bell
inequality when the correlations are not constrained to come
from LHVs or quantum theory, but only to obey the principle
of no signaling. No signaling is the assumption that the one
party’s outcome cannot depend on the input of the other,
which can be physically justified through spacelike separation
of the parties. This is formalized as

Z (a,blx,y) = Zpab’|xy

b
Zab|xy Zpab|xy

a

Vax,yy,

Vb, x, x (19)
s Ay 7y'

Since these conditions are linear, the set of all distributions
satisfying them (known as no-signaling correlations) can be
characterized by LP. The maximal value that one obtains is in
general larger than with LHVs or quantum theory. For
instance, no-signaling correlations can achieve the higher-

°As any maximal eigenvalue problem, this can also be formulated
as an SDP by computing the maximum of tr(pS) such that p > 0 and

tr(p) = 1.
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X y
\ v
Alice > Bob
v
b

FIG. 3. The standard communication scenario. A sender (Alice)
and a receiver (Bob) hold inputs x and y, respectively. Alice
chooses a message that is sent to and measured by Bob,
producing an outcome b.

than-quantum CHSH violation of Scygy =4 (Khalfin and
Tsirelson, 1985; Popescu and Rohrlich, 1994).

2. Communication-based scenarios

An important family of scenarios is those in which physical
systems are not shared, but instead communicated from some
parties to others. The simplest communication scenario is
known as the prepare-and-measure scenario, which is illus-
trated in Fig. 3. A sender Alice privately selects an input x and
encodes it in a message that is sent over a communication
channel to a receiver Bob, who privately selects an input y and
performs an associated decoding to receive an outcome b. In a
quantum model, the message is described by a quantum state,
ie., p, and the measurements are described by POVMs
{M b|y}. Hence, the scenario amounts to preparing a number of
different quantum states labeled x, and then measuring them
with a number of different measurement settings labeled y.
The quantum correlations established are given by Born’s rule,

p(blx.y) = tr(pMpy). (20)

In contrast, a classical model describes the messages
as distinguishable and can without loss of generality be
assigned integer values, but potentially also mixed via
classical randomness. When the notations of quantum models
are adopted, such classical messages are written p, =
>, p(m|x)|m){m| for some conditional message distribution
p(m|x). Since classical models admit no superpositions,
all classical measurements are restricted to the same basis,
namely, M, =), p(b )|m)(m|. Moreover, it is common
to also consider a shared classical cause A between Alice and
Bob. Following Born’s rule, classical correlations then take
the form

Zp

Any correlation that does not admit such a model is called
nonclassical. For the correlations to be interesting, a restricting
assumption must be introduced. Otherwise, Alice can always
send x to Bob, who can then output b according to any desired
p(blx,y). Typically the restriction is put on the channel
connecting the parties. For this purpose various approaches

p(blx,y) (m|x,2)p(bly,m,2).  (21)
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have been proposed, all of which are closely linked to SDP
techniques. We discuss them in Sec. VI.C.1.

Here we exemplify the most well-studied case, namely,
when the Hilbert space dimension of the message is assumed
or, equivalently, for classical models when the cardinality of
the message alphabet is known. For a classical model with a
message alphabet of size d, the set of correlations in Eq. (21)
can be described by an LP (Gallego et al., 2010). In analogy
with discussions in Sec. II.B.1, any randomness in the
encoding function p(m|x,4) and the decoding function
p(bly,m,A) can be absorbed into p(4). Since d is fixed,
there are only finitely many different encoding and decoding
functions, which can be enumerated by 4. The LP for deciding
whether a given p(b|x, y) admits a classical model based on a
d-dimensional message is

max t
{p()}.1
such that Y p(2)>°¢_, D(m|x,A)D(b|y,m,2) = p(b|x,y),
1
p(A) =t VA,
(22)

where the normalization of p(1) is implicit in the equality
constraint. For reasons analogous to the discussion of local
models, the dual of this LP when p(b|x,y) is nonclassical
provides a hyperplane in the space of correlations that
separates it from the classical polytope, i.e., an inequality
of the form

S= Zcbxyp(b|x7 y) 2 07 (23)
b.x,y

for some coefficients {c;,, }, satisfied by all classical models
based on d-dimensional messages but violated by the target
nonclassical distribution.

It is known that correlations obtained from d-dimensional
quantum systems can violate the limitations of d-dimensional
classical messages. The earliest example, based on comparing
a bit message against a qubit message, was given by Wiesner
(1983) and later rediscovered by Ambainis et al. (2002). This
is known as a quantum random access code. To see that it is
possible, consider that Alice holds two bits, x = xyx; €{0,1}?,
and Bob holds one bit, y€{0, 1}, and that Bob is asked to
output the value of Alice’s yth bit. However, Alice may send
only one (qu)bit to Bob. Classically one can convince oneself
that on average the success probability can be no larger than
Psue = (1/8) 4, x, yP(b=x,[x0,x1,y) <3/4. This is achieved
by Alice sending x, and Bob outputting b = x, irrespective
of y. In contrast, a quantum model can achieve pg,. =
(1/2)(1 + 1/4/2) by having Bob measure the Pauli observ-
ables oy and o, while Alice communicates the qubit states
with Bloch vectors,'" ((=1)%,0, (=1)*)/+/2. Such quantum
communication advantages are also known to exist for any

"“The Bloch vector of a qubit state p uniquely determines the state
and is given by (tr(poy), tr(poy), tr(poy,)).
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value of d (Brunner, Navascués, and Vértesi, 2013; Tavakoli
et al., 2015).

If we are given an inequality of the form of Eq. (23) and
asked to violate it in quantum theory, we can use a seesaw
heuristic to numerically search for the optimal value of § in
analogy with the case of Bell inequalities (Tavakoli et al.,
2017). In the prepare-and-measure scenario, the optimization
of S becomes an SDP when the states p, are fixed, and a
simple set of eigenvalue problems when the measurements
My, are fixed. Specifically, for fixed states the problem
becomes''

max Comtt(p My,

(Mo} b%,:y bxy (p bly)

such that %:Mb\y =1 Vy, (24)
Mb|y >0,

and for fixed measurements it reduces to computing the
eigenvectors with a maximal eigenvalue of the operators

Sx = ZcbxyMb\y (25)

b,y

for each x. Thus, by starting from a randomized initial set of
states, one can run the SDP in Eq. (24) and use the returned
measurements to compute the optimal states from Eq. (25).
The process is iterated until the value converges.

C. Overview of semidefinite relaxation hierarchies

In Sec. I1.B we saw how some classical correlation sets can
be characterized via LPs and how SDPs facilitate some
quantum correlation problems. However, the characterization
of the set of quantum correlations in most scenarios cannot be
achieved with a single SDP, but rather requires SDP relaxation
hierarchies. These relaxation hierarchies and their applications
are a major focus of the upcoming sections. Here we provide
in Table I an overview of SDP relaxation hierarchies encoun-
tered in the study of quantum correlations, the scenario to
which they apply, their convergence properties, their main
domain of application, and the section in which they are
further discussed. The overview is not comprehensive, as there
are other correlation scenarios where such techniques apply;
some of them are discussed in Sec. IX. Furthermore, the
hierarchies are not unique: there can be several different SDP
hierarchies addressing the same problem, as is the case in the
two final rows of Table I.

Whether an SDP hierarchy converges to the targeted set of
correlations is an interesting question, but it can come with
noteworthy subtleties. For instance, as we will see later, in Bell
nonlocality the tensor-product structure of the Hilbert space is
relaxed to a single-system commutation condition. Several
hierarchies converge to the latter characterization, which is
known to be a strict relaxation of the bipartite tensor-product
structure when infinite-dimensional systems are considered

"When the outcomes are binary, this too is an eigenvalue problem
and hence does not require an SDP formulation.
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TABLE 1.

Overview of some of the SDP relaxation hierarchies for quantum correlations. Presented are the main reference, the considered

correlation scenario, whether convergence to the quantum set is known to hold (v) or it is unknown whether it holds (?), the main domain of
application, and the relevant section of this review in which the hierarchy is discussed. The symbol v'* indicates that convergence is achieved to
the set of quantum correlations under the additional relaxation at which the tensor-product structure of the Hilbert space is replaced by a

commutation structure.

Reference Scenario Convergence Selected application Section
Navascués, Pironio, and Acin (2008) Bell nonlocality Ve Bell correlations V.A
Moroder et al. (2013) Bell nonlocality v Entanglement quantification V.B.3
Doherty, Parrilo, and Spedalieri (2004) Entanglement v Entanglement detection IVA
Navascués and Vértesi (2015) Bell nonlocality v Dimension restrictions V.B.2
Navascués and Vértesi (2015) Prepare and measure ? Dimension restrictions VIB.1
Tavakoli, Zambrini Cruzeiro et al. (2022)  Prepare and measure ? Information restrictions VI.C.1
Tavakoli, Pauwels et al. (2021) Entanglement-assisted prepare v Dimension restrictions VLB.3
and measure
Brown, Fawzi, and Fawzi (2024) Bell nonlocality ? Quantum key distribution VILA.2
Pozas-Kerstjens et al. (2019) Network nonlocality vF Network Bell tests VIILB.1
Wolfe, Spekkens, and Fritz (2019) Network nonlocality v Causal inference network Bell tests ~ VIILA
Wolfe et al. (2021) Network nonlocality vE Causal inference network Bell tests ~ VIILA
Ligthart, Gachechiladze, and Gross (2023)" Network nonlocality v Causal inference network Bell tests ~ VIILA
Tavakoli, Zambrini Cruzeiro et al. (2021)  Prepare and measure ? Operational contextuality IX.E
Chaturvedi, Farkas, and Wright (2021) Prepare and measure ? Operational contextuality IX.E
*Note that this is a hierarchy of LPs that characterizes classical correlations.
(Ji et al., 2020). Even if a hierarchy converges to the quantum where f and g; are polynomials in the variables x, ..., x, € R.

set, but also when it does not, what is often of practical interest
is how fast useful correlation bounds can be obtained since it
is commonly the case that one cannot evaluate more than a few
levels of relaxation.

III. SEMIDEFINITE RELAXATIONS FOR POLYNOMIAL
OPTIMIZATION

In this section we review the mathematical preliminaries for
some of the SDP relaxation methods used in the subsequent
sections. A crucial fact about SDPs is that they can be used to
approximate solutions to optimization problems that them-
selves are not SDPs. That is, some optimization problems can
be relaxed into a sequence, or hierarchy, of increasingly
complex SDPs, each providing a more accurate bound on the
solution than the previous one.

One example of this is polynomial optimization, which can
be relaxed to a sequence of SDPs via the so-called moment
approach, or its dual, known as sum-of-squares programming.
Considering the various semidefinite programming relaxations
discussed in this review, many of them fall into this framework
of semidefinite relaxations for polynomial optimization. In such
cases the original problem can be either viewed as or closely
approximated by some polynomial optimization problem that
can then be transformed into an SDP hierarchy via the
aforementioned methods. In fact, polynomial optimization is
at the core of many of the results discussed in the remaining
sections. In light of this we now give an overview of the SDP
relaxations of such optimization problems.

A. Commutative polynomial optimization

Consider the following optimization problem:

max Flxi,ox,)
{x;} (26)
such that g¢;(x;,...,x,) >0 Vi,
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This type of problem is known as a commutative polynomial
optimization problem. Apart from the applications discussed in
this review, this family of optimization problems has found
applications in control theory (Henrion and Garulli, 2005),
probability theory (Bertsimas and Popescu, 2005), and machine
learning (Hopkins et al., 2016). However, polynomial optimi-
zation is known to be NP hard (Nesterov, 2000). The moment
and sum of square hierarchies, which were first proposed by
Parrilo (2000) and Lasserre (2001), offer a recipe to formulate a
sequence of SDPs that under mild conditions will converge to
the optimal value of Eq. (26). We now describe both hierarchies;
see Laurent (2009) for a more precise treatment.

1. Moment matrix approach

The moment matrix approach, commonly known as the
Lasserre hierarchy, relaxes Eq. (26) into a sequence of SDPs.
In the following we describe how these relaxations can be
constructed, and toward this goal we must first introduce some
notation. A monomial is any product of the variables {x;},
and the length of a monomial denotes the number of terms in
the product; for example, x;x3 has a length of 3 and x4x5x2 has
a length of 5. We define the constant 1 to have a length of 0.
For k €N let S; denote the set of monomials with a length no
larger than k. For a feasible point x = (x,...,x,) of the
problem (26), we define its moment matrix of level &, Gk, asa
matrix indexed by monomials in S, whose element in position
(u,v) is given by

G*(u, v) = u(x)v(x), (27)

where u, v €S). One crucial feature of moment matrices is
that they are necessarily positive semidefinite, as

Gk = (zu:u(xﬂu)) (;u’(xﬂu’))T. (28)
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Furthermore, the value of any polynomial of degree no larger
than 2k can be evaluated at the point x by an appropriate linear
combination of the elements of G*. Thus, by taking k to be
large enough, the value of f(x, ..., x,) can be reconstructed
from the moment matrix.

In addition to G*, for each g; appearing in the constraints of
Eq. (26) we introduce a localizing moment matrix of a level

k; €N, denoted G_fjj, which will act as a relaxation of the
constraint g;(x) > 0. This new matrix is indexed by elements
of Sy, and the element at index (u,v) is given by

Gy (1, v) = u(x)v(x)gi(x). (29)

One natural choice of k; is |k — deg(g;)/2] since this ensures
that the polynomial u(x)v(x)g;(x) is of a degree small enough
to be expressed as a linear combination of the elements of the
original moment matrix G¥. We assume in the remainder of
this section that k; is chosen this way; see the remark in
Sec. III.B.2 for a further discussion on choices of indexing
sets. Finally, for any feasible point (x,, ..., x,,) of Eq. (26), one
again necessarily has G’g‘f = 0.

The core idea of the Lasserre hierarchy is that, instead of
directly optimizing Eq. (26), for each level k one can optimize
over all PSD matrices that satisfy the same constraints as the
level-k moment matrices of a feasible point of Eq. (26). When
taking k large enough so that all the polynomials in the problem
can be expressed as linear combinations of the moment matrix
elements, for example, f(x) = >, s, Cuptt(x)v(x) for some
coefficients c,, €R, then one arrives at the semidefinite
program

max 3 G (u, v)
u,v €Sy

such that G* >0, (30)
G >0 Vi,

where there are many implicit equality constraints relating the

elements of G]e;f matrices to linear combinations of the elements
of G¥. There are other constraints based on the construction of
the moment matrices, for example, G*(uw, v) = G*(u, wv) for
all monomials u, v, and w such that uw, wov € Sy, as well as the
normalization constraint G*(1,1) = 1. Note that, as every
feasible point of Eq. (26) defines a feasible point of Eq. (30),
this new optimization problem is a relaxation, and its optimal
value constitutes an upper bound on the optimal value of
Eq. (26). Furthermore, Lasserre (2001) proved that under
certain conditions the sequence of optimal values of Eq. (30)
indexed by the relaxation level k£ will converge to the optimal
value of Eq. (26). Note, however, that the size of the SDPs grows
rapidly]2 with k. Nevertheless, in many practical problems of
interest, it has been observed that small relaxation levels can
give accurate, and sometimes tight, bounds.

To better illustrate this method, we demonstrate its use in
the following problem:

"The moment matrix of level k is of the size |S;| x |S|, with
|Sil = (k+n—1)!/[(n—1)k!].
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max x% — XXy — Xy
such that x; —x} >0, (31)
Xy —x3 > 0.

The monomial set for level k=1 is S, ={l,x;,x,}.
The corresponding relaxation of Eq. (31) at this level
is the SDP

max Y22 = Y12 = Yo2
L yor Yoz
such that Yy Yy | =0, (32)
Y22
Yor —=y11 20,
Yoo — Y22 20,

which has an optimal value of 1/8. The monomial set for the
second level k =2 is S, = {1,x,x,,x3,x,x5, %3}, and the
corresponding relaxation is

max Yos —Yoa —Yo2

1 Yor Yoo Yo3 Yoa Yos

Yoz Yoa Y13 Y14 Yis
Yos Y14 Yis Yos >0,

Y33 Y34 Y35

Y35 Y45

Y55

such that

Yor —Yo3 Yo3—Y13 Yo4— V14
Yi3—=¥33 Yia—Y | =0,
V15— Y35

Yo2 —=Yo5 Yoa—Y15 Yo5s Y25
Yia—Y3s Yis—Yas | = 0.
Y25 = Y55

At this level one can now see how the entries of the
localizing moment matrices are linear combinations of
the elements of the original moment matrix. If we solve
Eq. (33) numerically, we find that it gives an objective value
of 0.000021. In particular, as we increase the relaxation
level, the objective values converge toward the optimal value
of the original problem, which is 0 and is achieved when
x; =0and x, = 1.

2. Sum-of-squares approach

The problems dual to the moment matrix relaxations also
have an interesting interpretation in terms of optimizing over
sum-of-squares (SOS) polynomials (Parrilo, 2000); see also
Laurent, 2009 for a discussion on the duality of the two
approaches. A polynomial p(x) is an SOS polynomial if it can
be written as p(x) = >_,r;(x)? for some polynomials r;(x).
Note that an SOS polynomial is necessarily non-negative, i.e.,

13 Throughout this review when representing Hermitian matrices,
we omit the elements below the diagonal since they are determined
by the elements above the diagonal.
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p(x) >0 Vx. We can therefore upper bound our original
problem, given in Eq. (26), via the SOS problem

min A
A= f(x) = so(x) + 3207 si(x)gi(x),
5;€808 Vj=0,...n—1,
AER,

such that
(34)

where the optimization is over 4 and the SOS polynomials ;.
Note that whenever we have an x such that g;(x) > 0 for every
i [i.e., x is a feasible point of Eq. (26)] we know that the right-
hand side of the equality constraint must be non-negative, and
hence f(x) < A. Therefore, this dual problem gives an upper
bound on the maximum of f(x). Like the original prob-
lem (26), this is not necessarily an easy problem to solve.
Nevertheless, one can again relax it to a hierarchy of SDPs.

The key idea is to note that, for any SOS polynomial p(x),
one can always write it in the form p(x) = w! Mw, where M is
a PSD matrix and w is a vector of monomials. Thus, one can
obtain a hierarchy of relaxations by bounding the length of the
monomials in the vector w. Let SOS;, be the set of all the SOS
polynomials generated when w is the vector of all the
monomials in §;. We then have the following hierarchy of
relaxations for k €N:

min A

such that 4 — f(x) = so(x) + 2217 5:(x)gi(x).
stSOSZk_deg(gj> Vi=0,....,n—1,
A€R,

(35)

where deg(gy) = 0. This gives a sequence of SDP relaxations
for Eq. (34). Moreover, the SDPs in Eq. (35) are precisely the
dual SDPs of the moment matrix relaxations of Eq. (30)
(Pironio, Navascués, and Acin, 2010).

By solving these SDPs, it is possible to extract an SOS
decomposition of 1 — f(x), which gives a certificate that
f(x) £ 2 whenever g;(x) >0 Vi For instance, solving the
level-1 relaxation of our previous example given in Eq. (31),
we find that for 2 = 1/8 we can write 1/8 — x3 + x;x, + x; as

G —x = x)? +3(x; —x}) +3(x, — 13). (36)

Whenever the constraints x; > x3 and x, > x3 are satisfied,
Eq. (36) is non-negative and hence, as it is equal to
1/8 — x3 + XX, + Xy, it must be that x3 —x;x, —x, < 1/8.
This is an analytical proof of the upper bound that can be
extracted from the numerics.

B. Noncommutative polynomial optimization

The polynomial optimization problems of Sec. IIl.LA can
also be extended to the setting wherein the variables do not
commute. Historically this was discovered through the study
of quantum nonlocality: based on the work of Tsirelson
(1980), Wehner showed that the correlations of two-outcome
Bell inequalities without marginals can be characterized via
SDP (Wehner, 2006). The general case, which requires an
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SDP hierarchy, was discovered soon afterward by Navascués,
Pironio, and Acin (2007). Only later were the connection to
the commutative case and the extension to arbitrary poly-
nomials realized (Doherty et al., 2008; Navascués, Pironio,
and Acin, 2008; Pironio, Navascués, and Acin, 2010).
Given some Hilbert space H, we can now consider
polynomials of bounded operators Xi,...,X,, on H. In
particular, consider the following optimization problem

max trlpf (X1, ..., X,)]

such that trlph;(Xy,....,X,)] >0 Vi,
tr(p) =1,
p =0,

where the optimization is over all Hilbert spaces H, all states p
on H, and all bounded operators X, ..., X, on H and the
polynomials f, h;, and g; are all Hermitian'* (although the
variables X, ...X, need not necessarily be Hermitian). This
noncommutative generalization of Eq. (26) naturally captures
many problems in quantum theory and forms the basis for
characterizing nonlocal correlations (see Sec. V), communi-
cation correlations (see Secs. VI.B and VI.C.1), computing key
rates in cryptography (see Sec. VII), and characterizing net-
work correlations (see Sec. VIII).

As in the commutative case, this problem is in general
difficult to solve. Indeed, the noncommutative setting is a
generalization of the former and hence inherits its complexity.
Nevertheless, Pironio, Navascués, and Acin (2010) showed
that relatively natural extensions of the moment and sum-of-
squares hierarchies can be derived that lead to a hierarchy of
SDPs that (under mild conditions') will converge to the
optimal value of Eq. (37).

1. Moment matrix approach

Following the previous section closely, a monomial is any
product of the operators X, ...,X,, and its length is the
number of elements in the product. We define the length of the
identity operator to be 0. For k€N let S denote the set of
monomials with a length no larger than k, noting that if a
variable X; is not Hermitian, then we also include its adjoint
Xj in the set of variables generating the monomials in S;.

For any feasible point (H, p, X1, ..., X,,) of the problem, it
is possible to define a moment matrix I'* of level k that is a
matrix indexed by elements of S, and whose (M, N) entry for
M,N e S, is given by

I'“(M,N) = tr(pM'N). (38)

A polynomial f(X,,....X,) is called Hermitian if f = f.

'SA sufficient condition for convergence is that the constraints of
the problem imply a bound on the operator norm of feasible points
Xy, ... X,,). Following the formulation given by Pironio, Navascués,
and Acin (2010), one should be able to determine some constant C
such that C2 — Y77 XTX; > 0 for all feasible points (X,,...,X,).
For example, if X; are all projectors, then we can take C = \/n.
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As in the commutative case, this moment matrix is necessarily
PSD since for any vector |w) we have

(w|l*lw) = tr(pR'R) > 0, (39)

where R =) ycs, (N|w)N. Note that, for any polynomial
p(X) of degree no larger than 2k in the variables X, ..., X,,,
we find that tr[pp(X)] is a linear combination of the elements
of T'*. For each polynomial g; appearing in the constraints of
Eq. (37), we also introduce a localizing moment matrix of

level k; denoted Ty whose (M, N) entry is
T (M, N) = t[pM’g;(X)N]. (40)

As in the commutative case, a natural choice of k; is |k —

deg(g;)/2] to ensure that all elements of FS;’ can be expressed
as linear combinations of elements of T'*, Note that if g;(X) is
PSD, then its corresponding moment matrix is also PSD.

As in the case of the Lasserre hierarchy, it is possible to
relax Eq. (37) to a hierarchy of SDPs by optimizing over
semidefinite matrices that resemble moment matrices and
localizing moment matrices of level k. In particular, if deg(f),
deg(h;) < 2k, we can write f(X) ="y yes funyM'N and
hi(X) = Y ynes hyunM N, where fyy. hi;y € C. Thus, for
keN such that deg(f),deg(h;) < 2k, we define the level-k
relaxation of Eq. (37) as the SDP

max Z fMNFk(M, N)
M,N €S,
such that  >" ki, T*(M,N) >0 Vi,
M.N (41)
Iy =0 v,
'k >o.

As in the case of the Lasserre hierarchy, there are many implicit
equality constraints in Eq. (37), for example, T'*(A, BC) =
[(B'A,C) and the normalization condition T*(1,1) = 1.
Moreover, if f;y and hi,, are all real, we can without loss of
generality restrict I'* to be real valued, as explained in Sec. IX.F.

We now take a look at a noncommutative extension of the
example introduced in Sec. III.A.1; see Eq. (31). Suppose that
X, and X, are now Hermitian operators and that we are
interested in solving the following problem:

max trlp(X3 —1X, X, — 31X, X, — X,)]

such that X; — X7 > 0,
X, -X3>0, (42)
tr(p) = 1,
p = 0.

The main difference between Egs. (31) and (42) is that the
monomial x;x, is replaced by a noncommutative generaliza-
tion (XX, + X,X;)/2. Note that if we were to add the
condition [X|, X,] = 0, then the optimal value of the problem
would coincide with that of Eq. (31). When we consider the
indexing set {1, X, X,}, the level-1 relaxation of Eq. (42)
corresponds to the SDP
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max Yoo — %}’12 - %)’21 = Yo2
L yor Yoz
such that Yy Y | =0, 43)
Y22
Yor =y =0,
Yo — Y22 2 0.

As the moment matrix is Hermitian and can be taken to be real
(and thus y;, = y,;), we see that the SDP in Eq. (43) is
equivalent to the level-1 relaxation for the corresponding
commutative problem; see Eq. (32). Thus, as in the commu-
tative setting, we find a value of 1/8 at level 1. However, we
see a difference between the commutative and noncommuta-
tive problems emerge at level 2. The level-2 relaxation is
based on the indexing set {1,X;, X, X7, X, X5, X,X;, X3},
which is larger than the corresponding commutative indexing
set and results in the SDP relaxation

1 1
max Yoo —3Y04 —3Y05 — Y02

L yor Yoo Yo3 Yo Yos Yoo
Yo3  Yo4a Y13 Yia Vis Vie
Yoo Y4 Y24 Yie Yoo

such that ¥z Y Vs Y | =0,
Yaa Va5 Vae

Y55 Yse (44)

Y66
Yor —=Yo3 Y03 —Y13 Yo4 — V4
Yiz—Y Yia—Yu | =0,
Y24 = Yaq
Yo2 = Yos  Yos —Yie Yoo — Y26
Yis —Vss Yie—Ys6 | =0,
Y26 = Yo6

where by taking the moment matrices to be real we find that
Yos = Yos5- Running Eq. (44), we again find that the optimal
value is 1/8, and it is possible to show that the hierarchy had
already converged at level 1. This value is achieved by the
qubit state p = |0)(0| together with the projectors

1/ 1 3 1 1 -3
X1:—< \/—), X2:—< \/_> (45)
V3 3 4\-v3 3
This implies that the optimal value of 1/8 for the non-

commutative problem (42) is different from the optimal value
of the commutative problem (31), which was 0.

2. Sum-of-squares approach

In the same spirit as Sec. III.A, the dual problem to the
moment matrix approach can be seen as an optimization over
SOS polynomials, in this case with noncommuting variables.
Given a polynomial of operators p(Xy, ..., X, ), we say that p
is a sum of squares if it can be written in the form
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SXa) =D (XL X)X LX) (46)

i

p(Xi. ..

for some polynomials r;. It is evident that SOS polynomials
are necessarily PSD. It is thus possible to find an upper bound
on the problem Eq. (37) by instead solving the problem
min A
such that 11— f(X) = so(X) + D v;h;(X)

+erj(x)gj<x)rij(x>»
ij
Ui 20 Vl,

5o € SOS,
1ER,

(47)

where the optimization is over 4, the non-negative real numbers
v;, the sum-of-squares polynomial s, and arbitrary polynomials
r;;(X). Given a feasible point of Eq. (47) and any quantum state
p, itis clear that if g;(X) > 0 and tr[ph;(X)] > 0, then we must
have A > tr[pf(X)]. Therefore, any feasible point of Eq. (47)
provides an upper bound on the optimal value of Eq. (37).

This SOS optimization can furthermore be relaxed to a
hierarchy of SDPs. To see this first note that a polynomial
p(X) is a sum of squares if and only if there exists a PSD
matrix M such that p(X) = w'Mw, where w is a vector of
monomials. Thus, by considering vectors w whose entries are
monomials up to degree k (i.e., elements of S;), one optimizes
over SOS polynomials up to degree 2k and the constraint
5o € SOS is relaxed to the SDP constraint sy € SOS,,. The real
variables A and v; all appear linearly in the problem and are
therefore valid variables for an SDP problem. Finally, we have
terms of the form

> (X g(X)ri(X). (48)

Equation (48) is similar to an SOS polynomial 3=, 7} (X)r;(X),
except that it is centered around a polynomial g(X). As in the
case of an SOS polynomial, for a bounded degree of r;, this
quantity can be rewritten as a PSD matrix M with its entries
multiplied by g(X), thereby creating a new matrix M, that
satisfies w' M, w = S2.rH(X)g(X)r;(X). Thus, this term can be
reinterpreted as a PSD condition. Following the notation for
SOS polynomials, we denote the set of g-centered SOS
polynomials of degree up to d by SOSY.

For each large enough k€N, one arrives at the following
hierarchy of semidefinite programming relaxations for Eq. (47):

min A
such that 4 — f(X) = 5(X) + 2vii(X) + 2 s;(X)

J

By relaxing the noncommutative problem (42) to level 1 of
the SOS hierarchy, we find that the polynomial 1/8 — X3 +
(1/2)(X,X, + X,X,) + X3 can be written as

IG-X1 - X)"G - X - Xp) +4(X; — X}) +3(X, - X3),
(50)

which provides an analytical proof that, for any Hermitian
operators (X, X,) that satisfy X; — X7 > 0 and X, — X3 > 0,
we must have tr{p[X3 — (1/2)(X, X, + X,X;) — X,]} < 1/8.

Remark. Throughout this section we have repeatedly used a
monomial indexing that was chosen up to some degree k. In
both the moment and SOS approaches, this k defines the index
of the SDP hierarchy. Note, however, that it is not necessary to
construct a hierarchy with these sets, and in general indexing
by any set of monomials S will lead to a valid semidefinite
relaxation of the problem. Such constructions can lead to more
accurate bounds with fewer computational resources or to
interesting physical constraints (Moroder et al., 2013). Note
that this also applies to the indexing sets of the localizing
moment matrices.

IV. ENTANGLEMENT

Entangled states are fundamental in quantum information
science. In this section we discuss the use of SDP relaxation
methods for detecting and quantifying entanglement.

A. Doherty-Parrilo-Spedalieri hierarchy

Recall that a bipartite state is separable when it can be
written in the form given by Eq. (4). Otherwise, it is said to be
entangled. This leads to an elementary question: Is a given
bipartite density matrix separable or entangled? While a
general solution is challenging (Gurvits, 2003; Gharibian,
2010), the problem can be solved through a converging
hierarchy of semidefinite relaxations of the set of separable
states known as the Doherty-Parrilo-Spedalieri (DPS) hier-
archy (Doherty, Parrilo, and Spedalieri, 2002, 2004). This
hierarchy can also be adapted to entangled states of many
parties; see Sec. IV.C.1.

Consider a quantum state p,p € Hy ® Hp. If the state is
separable, then for any positive integer n we can construct a
symmetric extension of this quantum state, that is, a quantum
state p, EH, ® H?" that is invariant under permutation of
the subsystems in H$", and such that taking the partial trace
over the additional subsystems recovers p,p. For a separable
state written as in Eq. (4), such an extension is given by

Pt = P ® o (51)
A

The main idea behind the DPS hierarchy is that this does not
hold for entangled states: for any fixed entangled p 45 there is a

v; 20 Vi, i . .
(49) threshold n such that symmetric extensions with n > nj do
5o € SOS,;, not exist.
5; € Sosgjk—deg(qv) Vi, Testing whether such a symmetric extension exists can be
v cast as an SDP; therefore, this gives a complete SDP hierarchy
AER. for testing entanglement. However, this test can quickly
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become computationally demanding. Two more ideas can be
used to make it more tractable. The first idea is to combine the
test for symmetric extensions with the PPT criterion, which was
described in Sec. II.B.1: we add the requirement that the
extension p, must have positive partial transposition across
all possible bipartitions.'® This is satisfied by p*. The second
idea is to make use of the symmetry of p,,” in order to reduce the
size of the problem.'” The key observation is that p}® not only is
invariant under the permutation of H$" but also satisfies a
stronger condition'® known as Bose symmetry, that is,

pnt = (14 @ Pg)pn” =pn" (14 ® Pp) (52)

for any permutation P. This implies that we can additionally
require that p,* belongs to the symmetric subspace over the
copies of B (Doherty, Parrilo, and Spedalieri, 2004), which has
dimension s, = (“#*"~!), as opposed to d}, the dimension of
the entire space. Let then V be an isometry from C*» to the
symmetric subspace of H$". With all the pieces in place, we can
state the DPS SDP,

max t

o
such that tr(e) =1,
o> t1,
pn = (14 ® Vy)o(l4 ® V).
pag =trp, p (Pn):

ol = VR,

(53)

where o is an auxiliary operator used to characterize the
symmetric subspace.

The variable ¢ has been introduced to make the problem
strictly feasible as in Sec. I. The dimension of o is dys,,, which
for fixed dp increases exponentially fast with n, reflecting the
fact that determining separability is an NP-hard problem. It is
possible to compute convergence bounds on the DPS hier-
archy; i.e., until which n does one need to go in order to test
whether a given quantum state is e-close to the set of separable
states (Navascués, Owari, and Plenio, 2009b)?

From the dual of the DPS hierarchy, one can in principle
obtain an entanglement witness for any entangled state.
Moreover, the dual of the DPS hierarchy can also be
interpreted as a commutative sum-of-squares hierarchy
(Fang and Fawzi, 2021b).

The hierarchy collapses at the first level if d,dp < 6 since in
this case the PPT criterion is necessary and sufficient for
determining whether a state is entangled (Horodecki,
Horodecki, and Horodecki, 1996). A natural question is then

"®Note that, because of the symmetry of p,, only n partial

transpositions need to be considered, not the 2" possible ones.
17Symmetrization techniques are useful for a wide class of SDPs
and are further discussed in Sec. IX.F.

"To see that this is stronger, consider the state ly™) =
(1/+/2)(]01) = [10)). It is not symmetric, as SWAP|y~) = —[y~),
but it is permutation invariant, as SWAP|y~)(y |SWAP =
Iy =) (.
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whether it also collapses at a finite level for larger dimensions.
Surprisingly the answer is negative, and moreover one can
show that no single SDP can characterize separability in these
dimensions (Fawzi, 2021). It is possible, however, to solve a
weaker problem with a single, albeit large, SDP: optimizing
linear functionals over the set of separable states (Harrow,
Natarajan, and Wu, 2017).

While the DPS hierarchy gives converging outer SDP
relaxations of the separable set, it is also possible to construct
converging inner relaxations of the same set (Navascués,
Owari, and Plenio, 2009a). These relaxations closely follow
the ideas of the DPS relaxations and are based on the
observation that small linear perturbations can destroy the
entanglement of states with n-fold Bose symmetric extension.
However, they differ in the fact that the resulting set of SDPs is
not a hierarchy, as the next criterion is not always strictly
stronger than the previous.

B. Bipartite entanglement

In this section we review the application of SDP methods to
the simplest entanglement scenario, namely, that of entangle-
ment between two systems.

1. Quantifying entanglement

Once a quantum state is known to be entangled, a natural
question is to quantify its entanglement; see the review by
Plenio and Virmani (2007). In the standard paradigm, where
the parties can perform local operations assisted by classical
communication (LOCC) and have access to asymptotically
many copies of the state, it is natural to consider conversion
rates between a given state and the maximally entangled state
as quantifiers of entanglement. Two important quantifiers are
the distillable entanglement E, and the entanglement cost E.

The distillable entanglement E, addresses the largest rate R
at which one can convert, by means of LOCC, a given
bipartite state p,p into a d-dimensional maximally entangled
state (j); (Bennett, Bernstein et al., 1996). This is equivalent to
asking how many copies of a maximally entangled qubit pair
can be extracted asymptotically from p,p. While this defi-
nition may appear to be somewhat arbitrary, in the asymptotic
setting many alternative definitions turn out to be equivalent to
it (Rains, 1999). Therefore,

Ep(pag)=sup R

suchthat  lim inf[|£(p$5) =43, [, =0, (54)

where ||O||; = trvVO' O is the trace norm and L is the set of
LOCC operations.

The entanglement cost is the smallest rate required to
convert maximally entangled states into a given state by
means of LOCC,

Ec(pap) =inf R

such that  im inf [ — £(&,1,) |, =0. (59)

Equation (55) remains unaltered by changing the distance
measure (Hayden, Horodecki, and Terhal, 2001). In general
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Ep < Ec, with equality holding for pure states (Vidal and
Cirac, 2001; Horodecki, Sen(De), and Sen, 2003). In fact, a
large class of entanglement measures can be shown to be
bounded from above by E. and from below by Ej
(Horodecki, Horodecki, and Horodecki, 2000; Donald,
Horodecki, and Rudolph, 2002). Thus, computing these
quantities is of particular interest. However, owing to the
difficulty of characterizing £ (Chitambar et al., 2014), such
computations are difficult (Huang, 2014), but they can be
efficiently bounded using SDP methods.

A frequently used entanglement measure is the logarithmic
negativity of entanglement (Vidal and Werner, 2002). This is
defined as E, = log ||p"#||;, and it bounds the distillable
entanglement as Ep(p) < Ex(p). It can be computed as the
following SDP:

o7l =min (o) + (o)

such that p’* =06, —06_, (56)

Gizo.

To see the connection between the trace norm and SDP, note
that every Hermitian operator O can be written as O =o, —o_
for some PSD operators o,. A related SDP-computable
quantity is the tempered negativity, which is defined for a
given p as sup{tr(pX): || X"||, < 1, X|l = tr(pX)}. This
is a lower bound on both the negativity and the entanglement
cost Ec. It was introduced to show the irreversibility of
entanglement theory when the free operations are not
restricted to LOCC but instead can be arbitrary nonentangling
operations (Lami and Regula, 2023).

Consider that we are given one copy of a nonmaximally
entangled state and we want to distill a state with as large a
fidelity with the maximally entangled state as possible. By
relaxing the LOCC paradigm to the technically more con-
venient superset of global operations that preserve PPT, one
can bound the fidelity by an SDP (Rains, 2001). However, this
bound is not additive (Wang and Duan, 2017b). Therefore,
once we move into the many-copy regime, the size of the SDP
grows with the number of copies n, making it unwieldy for the
asymptotic limit n — oco. Notably, in this LOCC-to-PPT
relaxed setting, the irreversibility of entanglement (i.e.,
Ep # E) still persists, as shown via SDP by Wang and
Duan (2017a); see also Ishizaka and Plenio (2005). Wang and
Wilde (2020) introduced an SDP-computable measure for
quantifying non-PPT entanglement under global operations
that are completely PPT preserving. This can be used to bound
from above and below the one-shot exact entanglement cost
under such free operations.19

An alternative upper bound on Ej, reported by Wang and
Duan (2016a), is fully additive under tensor products, thus
resolving the limit issue, and computable by SDP. It is given
by Ey = log W(psp), where

"The exact entanglement cost is a more restrictive variation of
Eq. (55) where p,p is generated exactly instead of with asymptoti-
cally vanishing error (Audenaert, Plenio, and Eisert, 2003).
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T
HO-A%HI

OB Z PAB-

w = min
(pAB) (57)
such that

Equation (57) is bounded from below by the bound given by
Rains (2001) and from above by the logarithmic negativity.

While the asymptotic setting is conceptually interesting, a
more applied approach often considers imperfect conversions
between states using finitely many copies. In this so-called
one-shot setting, SDP methods have been used for bounding
the rate of entanglement distillation for a given degree of error
(Fang et al., 2019). This has been considered using many
different relaxations of LOCC that admit either LP or SDP
formulations (Regula et al., 2019). Rozpedek et al. (2018)
used SDPs for entanglement distillation under realistic lim-
itations on the number of copies, errors, and exchanges of
messages in LOCC, including the setting in which success is
only probabilistic.

Another entanglement measure is the squashed entangle-
ment (Christandl and Winter, 2004). It has several desirable
properties: it is fully additive under tensor products, it obeys a
simple entanglement monogamy relation (Koashi and Winter,
2004), and it is faithful; i.e., it is nonzero if and only if the state
is entangled (Branddo, Christandl, and Yard, 2011). The
definition draws inspiration from quantum key distribution
by considering the smallest possible quantum mutual infor-
mation between Alice and Bob upon conditioning on a third,
“eavesdropper” system E with which the state may be
correlated. The squashed entanglement is defined as

Esq(pAB) = min %I<AB|E)
PABE (58)
such that pup = trE(pABE),

where the quantum conditional mutual information can be
given in terms of the conditional von Neumann entropy as
I(A:B|E) = H(A|E) — H(A|BE). While this is NP hard to
compute (Huang, 2014), it can be bounded from below by
means of a hierarchy of SDPs (Fawzi and Fawzi, 2022).
By defining a new system D such that p,ggp is pure, it
follows from entropic duality relations that I(A:B|E) =
H(A|E) + H(A|D). This transforms the objective function
into a non-negative sum of von Neumann entropies that can
then be lower bounded using techniques similar to those
discussed in Sec. VIL It is unknown whether the hierarchy
converges to E,,, but nontrivial lower bounds can already be
obtained at the first level for particular states.

A complementary class of entanglement measures are
based on convex roof constructions. This means that one
considers every possible decomposition of a mixed state p =
> ipilwi)(w;| and evaluates the minimal entanglement as
averaged over the entanglement of the pure states in the
decomposition, i.e., Eof(p) = min)_;p;E(|w;)), for some
pure-state entanglement measure E. Examples of this are the
entanglement of formation (Bennett, DiVincenzo et al.,
1996; Wootters, 1998) and geometric measures of entangle-
ment (Wei and Goldbart, 2003). T6th, Moroder, and Giihne
(2015) showed that convex roofs of polynomial entanglement
measures can be viewed as separability problems. An illus-
trative example is the linear entropy E(|y,5)) = 1 —tr(p3).
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By observing that E(|yap)) =tr(Py" [v) (wlas ® W) (wlam).

where P*Y™ is the projector onto the antisymmetric subspace,
the convex roof of the linear entropy can be written as E, o (p) =
tw(P*™™Me) where o =3, pilyi)(wilas ® |wi)(wilap. The
state o is separable with respect to AB|A’B’ and symmetric
when these systems are swapped, and its marginal is
tryz (6) = p. Thus, by relaxing separability to PPT, one can
bound E,; through an SDP.

Finally, we mention that the SDP-based discussion of
entanglement quantification and conversion can be extended
to many other quantum resource theories, e.g., fidelity dis-
tillation of basis coherence (instead of entanglement as the
resource) under incoherent operations (instead of LOCC as the
free operation) (Lami, Regula, and Adesso, 2019). Similarly,
conversion rates can be addressed by SDPs for resource
theories of Gaussian states under Gaussian operations
(Lami et al., 2018), basis-coherent states (Napoli er al.,
2016; Bischof, Kampermann, and Bruf3, 2019), entanglement
in complex versus real Hilbert spaces (Kondra, Datta, and
Streltsov, 2023), and asymmetry of states under group actions
(Piani et al., 2016).

2. Detecting the entanglement dimension

Suppose that a bipartite state with a local dimension d is
certified to be entangled. Does the preparation of the state
truly require one to generate entanglement between d degrees
of freedom? For pure states this idea of an entanglement
dimension is formalized in the Schmidt rank of a state |y).
Every pure bipartite state, up to local unitaries, admits a
Schmidt decomposition |y) = > "%, A;]i, i) for some real and
normalized, non-negative coefficients {4,}. The Schmidt rank
is the number of nonzero terms (1 <s < d) in the Schmidt
decomposition. For mixed states this concept is extended to
the Schmidt number. Let p = >, p;|lw;) (y;| be a decompo-
sition. The Schmidt number is the largest Schmidt rank of the
pure states {|y;) } minimized over all possible decompositions
of p (Terhal and Horodecki, 2000).

One way to witness the Schmidt number is based on the range
of p. If the range of p is not spanned by pure states that have a
Schmidt rank of at most s, then p must have a Schmidt number
of at least s + 1. However, verifying that the range cannot be
spanned by such states is generally not easy. Johnston, Lovitz,
and Vijayaraghavan (2022) showed that the more general
question of whether a given subspace of pure quantum states
contains any product states (or states with a Schmidt rank of )
can be addressed by means of a hierarchy of LPs. This method
exploits elementary properties of local antisymmetric projec-
tions applied to tensor products of the basis elements of the
considered space. Every entangled subspace is detected at some
finite level of this hierarchy and is more efficient to compute
than with SDP-based approaches.

In analogy with entanglement witnesses, a relevant
endeavor is to witness the Schmidt number from partial
information about the state p,p, i.e., to find an observable
O such that tr(Op) < a holds for all states with a Schmidt
number of at most s but is violated for at least one state with a
larger Schmidt number. Determining the value of a for any
given O can be related to a separability problem in a larger
Hilbert space (Hulpke ef al., 2004). Specifically,
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& = max s*tr(Op ® b)) |wpoanss).  (59)

where the four-partite state o is separable with respect to the
bipartition AA’|BB’. This is a useful connection because,
among other things, it allows us to use known SDP-compat-
ible relaxations of separability to compute bounds on a.
However, its drawback is that the dimension of global Hilbert
space scales as (ds)?; thus, evaluating a bound for a larger
Schmidt number becomes more demanding. This type of
approach, which is based on auxiliary spaces A’B’, can also be
used to address the Schmidt number of p, directly, without a
witness observable, via a hierarchy of SDPs that naturally
generalizes the DPS construction (Weilenmann er al.,
2020; Giihne, Mao, and Yu, 2021). One treats the density
matrix o4,pp as a variable and imposes the conditions that
PAB = SIT!, pollyp and that o has a k-symmetric extension
that is PPT in the sense of DPS. Notably, constructions of this
sort, which connect Schmidt number witnessing to separabil-
ity problems, can also be leveraged to certify higher-dimen-
sional entanglement in the steering scenario (de Gois et al.,
2023). Furthermore, one can systematically search for adap-
tive Schmidt number witness protocols that use one-way
LOCC from Alice to Bob. This has been proposed in a
hypothesis testing framework that aims to minimise the total
probability of false positives and false negatives for the
Schmidt number detection scheme (Hu er al., 2021). To
achieve this, one can employ the SDP methods of
Weilenmann, Aguilar, and Navascués (2021), and, in particu-
lar, the dual of the DPS-type approach to Schmidt numbers, to
relax the set of possible witnesses.

An alternative approach to Schmidt number detection is to
do away with the computational difficulty associated with the
auxiliary spaces A’B’ by trading it for other relaxations. For
example, a Schmidt number no larger than s implies that
(b5 |plgy) < s/d for every maximally entangled state ¢
(Terhal and Horodecki, 2000). Knowing that p is close to a
particular maximally entangled state thus yields a potentially
useful semidefinite relaxation of states with a Schmidt number
of s. Another option is to use the positive but not completely
positive generalized reduction map R(c) = tr(o)1 — (1/s)0.
Applied to one share of a state p,p with a Schmidt number of
s, it still returns a valid quantum state (Tomiyama, 1985) that
constitutes a semidefinite constraint on p,p. Either of these
conditions can be incorporated into an SDP, now with a size of
only d?, for computing an upper bound on an arbitrary linear
witness. An iterative SDP-based algorithm that constructs
Schmidt number witnesses by leveraging this type of ideas
was discussed by Wyderka er al. (2023).

Further, we note that SDP relaxation methods are used in
many other contexts of entanglement detection. This includes
the construction of entanglement witnesses from random
measurements in both discrete (Szangolies, Kampermann,
and Bruf}, 2015) and continuous variables (Mihaescu et al.,
2020), the evaluation of perturbations to known entanglement
witnesses due to small systematic measurement errors
(Morelli et al., 2022), unification of semidefinite criteria
for entanglement detection via covariance matrices
(Gittsovich et al., 2008), and the problem of determining
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the smallest number of product states required to decompose a
separable state (Gribling, Laurent, and Steenkamp, 2022).

C. Multipartite entanglement

When considering states of more than two subsystems, one
must deal both with an exponentially growing Hilbert space
dimension and with an increasing number of qualitatively
different entanglement configurations. SDP methods can be
useful in both regards.

1. Entanglement detection

Multipartite systems are said to be entangled if they are not
fully separable, i.e., when they cannot be expressed as convex
combinations of individual states held by each of the parties.
Fully separable states of N subsystems take the form

p=> i @ @y (60)
A

It is possible to extend the original, bipartite DPS hierarchy
discussed in Sec. IV.A to the multipartite case (Doherty,
Parrilo, and Spedalieri, 2005), and thereby to decide the
multipartite separability problem via SDP in the limit of large
levels in the hierarchy. Essentially one considers symmetric
extensions of the form of Egs. (51) and (52) for all but one of
the parties. Considering the dual problem as well leads to
witnesses of multipartite entanglement (Brandao and Vianna,
2004a, 2004b). Owing to the aforementioned increase in
computational cost, a naive use of this approach is limited in
practice to the study of small multipartite systems, both in the
number of constituents and in their dimension. A way to
circumvent this problem is to limit the state space by
considering representations of multipartite states in the form
of tensor networks (Navascués, Singh, and Acin, 2020). This
approach is used for detecting both entanglement and non-
locality in systems composed of hundreds of particles.
Another approach is to use all of the symmetries that arise
when considering the existence of symmetric extensions of the
global state. Navascués, Baccari, and Acin (2021) found
hierarchies that are efficient in time and space requirements,
that allow entanglement from two-body marginals in systems
of hundreds of particles to be detected, and that can be used
even for infinite systems with appropriate symmetries. The
approach followed by Navascués, Baccari, and Acin (2021),
namely, formulating entanglement detection as asking
whether given marginals are consistent with a joint separable
state, is an instance of the quantum marginal problem that we
review in Sec. IV.C.2.

It is also possible to construct SDP relaxations of the set of
separable states from the interior. Ohst ef al. (2024) developed
a seesawlike method in which single-system state spaces are
approximated with a polytope. By considering larger poly-
topes, one obtains better inner relaxations of separability at the
price of computing more demanding SDPs. This was used to
compute bounds on visibilities and robustness measures
against full separability for systems up to five qubits or three
qutrits.

SDP hierarchies have also been proposed for deciding the
full separability of specific states. One example is multipartite
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Werner states. These states have the defining property that
they are invariant under the action of any n-fold unitary U®",
For such states it is possible, using representation theory
(Huber et al., 2022), to provide a characterization that does not
depend on the dimension and that can be tested via Lasserre’s
hierarchy or via SDP hierarchies for trace polynomials (Klep,
Magron, and Vol¢i¢, 2022). These hierarchies, therefore, give
entanglement witnesses that are valid independently of the
local dimensions. Another class of examples is pure product
states. These can be characterized in terms of suitable degree-3
polynomials in commuting variables (Eisert et al., 2004).
Thus, optimizations under the set of multipartite pure product
states can be solved via the Lasserre SDP hierarchy. This
approach has been followed for computing entanglement
measures for three- and four-qubit states.

The multipartite separability problem has also been for-
mulated as an instance of the truncated moment problem
(Bohnet-Waldraff, Braun, and Giraud, 2017; Frérot, Baccari,
and Acin, 2022); see also Milazzo, Braun, and Giraud (2020)
for an application to the separability of quantum channels.
This problem consists of obtaining a probability measure that
reproduces some finite number of observed moments and can
be solved via SDP (Laurent, 2009). In the context of
entanglement, this translates into determining whether there
is a separable quantum state that reproduces some observed
expectation values. Frérot, Baccari, and Acin (2022), building
on the results of Bohnet-Waldraff, Braun, and Giraud (2017),
addressed this problem by developing a Navascués-Pironio-
Acin (NPA)-like hierarchy of matrices that are all PSD if the
observed expectation values can be reproduced by a separable
state. This gives us a tool for detecting many-body entangle-
ment that recovers the covariance matrix criterion of
Gittsovich, Hyllus, and Giihne (2010) and the spin-squeezing
inequalities of Toth et al. (2009) at concrete finite levels of the
hierarchy. However, this tool fails to address finer notions of
entanglement (i.e., failure of k separability for k > 2).
Multipartite entanglement detection has also been formulated
in terms of adaptive strategies (Weilenmann, Aguilar, and
Navascués, 2021), which can be formulated in terms of
Lasserre-like SDP hierarchies (Weilenmann, Budroni, and
Navascués, 2024).

According to Eq. (60), a state is already entangled if two
particles are entangled, even if the rest of the particles remain
in a separable state. A stronger requirement is called genuine
multipartite entanglement (GME). A state has GME if it
cannot be generated by classically mixing quantum states that
are separable with respect to some bipartition of the sub-
systems. We can let 7 denote a bipartition of all the particle
labels {1, ..., N} and associate a state ¢, that is biseparable
across 7. If no model of the form p = >, p(7)o, exists, where
7 ranges over all the possible bipartitions, then p has GME.

While some simple witnesses of GME can be systemati-
cally constructed without SDPs [see Bourennane et al. and
(2004) and Zhang et al. (2024)], SDP methods offer an
effective approach for reasonably small particle numbers. A
sufficient condition for GME is obtained by replacing the
separable states o, with quantum states @, that are PPT with
respect to the bipartition 7. By defining the subnormalized
operators @, = p(r)w, and adding the normalization
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condition > tr(@,) = 1, one obtains an SDP relaxation of
GME (Jungnitsch, Moroder, and Giihne, 2011a). If no such
decomposition of p is found, SDP duality allows for the
construction of an inequality that witnesses GME. This
method has been found to be practical for detecting GME
in systems up to around seven qubits. Sometimes this SDP can
even be reduced to an LP, thereby enabling easier computa-
tions (Jungnitsch, Moroder, and Giihne, 2011b).

The aforementioned procedure can be generalized to any
positive map that acts on only one element of a bipartition
(Lancien et al., 2015); namely, one relaxes each state o, =

Zip,»ag) ® ag) via another state o, that satisfies A; ®
1,,[oa,] = 0fora given positive map A,. This has the apparent
disadvantage that one would potentially need to run over all
possible A, in order to prove that a state admits such a
decomposition, but in practice it turns out that simple maps
such as the aforementioned transposition map, the Choi map,
and the Hall-Breuer map (Clivaz er al., 2017) allow large
families of GME states to be identified. This connection
between separable states and positive maps is also exploited in
order to build witnesses of GME from witnesses of bipartite
entanglement (Huber and Sengupta, 2014). Moreover, this
connection has also been used in linear algebra, where the
Lasserre hierarchy is used for determining whether linear
maps and matrices are positive and separable, respectively
(Nie and Zhang, 2016).

2. Quantum marginal problems

The quantum marginal problem (QMP) asks whether there
is a global entangled state that is compatible with a given
collection of few-body states. That is, given a collection of
quantum states {p;}/_,, each supported in a set of quantum
systems K; C [1,....N] (generally with K; N K; # @), the
QMP asks whether a joint state p e H; ® - - - ® Hy exists that
satisfies p; = tr\g, (p) for all i, where tr\ g, denotes the partial
trace over all systems except K ;. The QMP is naturally cast as an
SDP (Hall, 2007) since it involves only positive operators (the
marginal quantum states) and linear constraints between them.
However, solving these SDPs is generally expensive due to the
exponential growth of its size with N and the dimension of
the subsystems. In fact, in terms of computational complexity,
the QMP is a Quantum Merlin Arthur (QMA)-complete problem
(Liu, Christandl, and Verstraete, 2007). Roughly speaking,
QMA is one proposed quantum computing counterpart of the
complexity class NP; see Kitaev, Shen, and Vyalyi (2002) and
Gharibian (2024). Nevertheless, particular cases are tractable or
admit tractable relaxations.

One such particular case is that in which the global state is
pure, i.e., p = |w)(y/|. In this case, the QMP can be connected
to a separability problem. This restriction makes the problem
no longer an SDP, since the requirement of having a global
pure state introduces a nonlinear constraint p*> = p. Yu et al.
(2021) overcame this issue by considering a symmetric
extension of the complete global state, where pure states
can be characterized by the restriction Tr(Supp ® p) = 1,
with the operator S,z denoting the swap operator S, =
>_i,lii) (il [note that Tr(Sypp ® 6) = Tr(po)]. The sepa-
rability of p ® p can then be relaxed via the DPS hierarchy to
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an SDP. This procedure was generalized by Huber and
Wyderka (2022), who formulated the compatibility problem
in terms of spectra. Namely, rather than asking for a joint state
that reproduces some given reduced density matrices, Huber
and Wyderka (2022) asked whether there is a joint state such
that the spectra of marginals coincides with some given set.
Working with spectra instead of density matrices allows one to
exploit symmetries in order to reduce the computational load
of the problem. This approach, moreover, produces witnesses
of incompatibility for arbitrary local dimensions.

A case where the characterization can be done exactly in
terms of an efficient SDP is that of states that are invariant
under permutation of the parties (Aloy, Fadel, and Tura,
2021). In such a case the symmetries first greatly reduce the
number of marginals; namely, there is only one possible
marginal for each number of subsystems. Thus, it suffices to
consider only the problem of compatibility with a single
marginal. Moreover, the number of parameters required for
the description of the joint state is also small. This allowed
Aloy, Fadel, and Tura (2021) to give necessary and sufficient
conditions for the QMP as a single, tractable SDP for systems
composed of up to 128 particles.

The compatibility problem has also been formulated in
terms of quantum channels. On the one hand, Haapasalo et al.
(2021) considered the problem of whether a global broad-
casting channel ®,_p5 . exists that has a given set of
channels ®,_, z as marginals. This problem can be connected
to a state compatibility problem via the Choi-Jamiotkowski
isomorphism (Jamiotkowski, 1972; Choi, 1975), which allows
the previously outlined methods to be used. On the other hand,
Hsieh, Lostaglio, and Acin (2022) considered the more
general problem of whether a global evolution is compatible
with a set of local dynamics, giving a measure of robustness
that can be computed exactly via SDP.

A problem related to the QMP is determining, from a set of
marginals of a joint state, properties of other marginals. For
instance, one can ask, given some entangled states that are
marginals of an unknown joint state, whether the remaining
marginals must be entangled as well. This problem can be
addressed via entanglement witnesses whose optimization can
be cast as SDPs (Tabia et al., 2022). The QMP has also been
tackled via tools from the study of nonlocality (Bermejo
Morén, Pozas-Kerstjens, and Huber, 2023) that are the subject
of Sec. V.

V. QUANTUM NONLOCALITY

In this section we discuss SDP relaxation methods for
quantum nonlocality and their applications to quantum
information.

A. The Navascués-Pironio-Acin hierarchy

A fundamental question in Bell nonlocality is to character-
ize the set of distributions that are predicted by quantum
theory in a Bell scenario (see Fig. 2) with a given number of
inputs (X and Y) and outputs (N and M). This corresponds to
deciding whether for any given distribution p(a, b|x, y) there
exists a bipartite quantum state of any dimension |y) and local
measurements for Alice and Bob {A,},, and {By,},,.
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respectively, such that the distribution can be written in the
form?°

pla,blx,y) = (w|Ay: ® Byylw). (61)

In contrast to the set of correlations associated with local
models (see Sec. II.B.1), the set of quantum correlations for
arbitrary input-output scenarios, denoted by O, admits in
general no simple and useful characterizations: checking
membership is known to be undecidable (Ji et al., 2020).
However, Q can be approximated by a sequence of supersets
{Qi}%2, in such a way that

029,220,209, (62)

where the membership of p in Q, can be decided by an SDP.
Thus, if there exists some k for which a hypothesized
distribution p fails to be a member of Q,, it follows that
no quantum model for p exists. This hierarchy of outer SDP
relaxations to the quantum set of Bell nonlocal correlations is
known as the NPA hierarchy (Navascués, Pironio, and Acin,
2007). In the limit of the sequence k — oo, the NPA hierarchy
converges to a set of distributions Q. This set corresponds to
quantum models in which the tensor product demarcating the
separation of parties is relaxed to the commutation condition
[Aa‘ o Bh‘y] = 0 (Doherty et al., 2008; Navascués, Pironio, and
Acin, 2008). This corresponds to changing Eq. (61) to

pla,blx,y) = (y|AyBy|w)- (63)

In finite dimensions, the commutation condition is equivalent
to the tensor product, and thus Q. = Q. In infinite dimen-
sions the conditions are inequivalent (Scholz and Werner,
2008) and, moreover, a strict separation exists (Ji e al., 2020).
Therefore, the NPA hierarchy generally does not converge to
Q. However, for a specific distribution in a specific input-
output scenario, it sometimes is the case that there exists some
finite k& for which the membership of p in Q; is necessary and
sufficient for a quantum model.

The NPA hierarchy is a noncommutative polynomial
relaxation hierarchy of the type discussed in Sec. IIL.B.
Define a list of all linearly independent measurement oper-
ators in the Bell scenario L = {1,A,B} where A =
(Ayj1s - Ay—ijx) and B = (Byjy, ..., By_y)y). Then let S
be the set of all products of length at most k of the operators
appearing in L. Note that one is free to also include some but
not all products of a given length; in such cases one speaks of
intermediate hierarchy levels, which are often useful in
practice; see the remark in Sec. III.B.2. We associate with
level k an |S;| x |S;| moment matrix whose rows and columns
are indexed by elements u, v €Sy,

C(u. v) = (wlu'vly) (64)

**Note that, since there are no restrictions on the dimension, we
can without loss of generality assume the quantum state to be pure
and the measurements to be projective.
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for some unknown state |y). This moment matrix encodes
constraints from quantum theory, namely, that T'(1,1) = 1,
I'(u,v) =T(s,t) whenever u'v =s't, and T(u,v) =0
whenever u'v =0. This implies, for example, that
L(Byy, By |yAalx) = 6ppT(Ag)xs Bpjy) since we are assuming
without loss of generality that the measurements are projec-
tive. In addition, we want to constrain the moment matrix to
reproduce the probability distribution in question, which
reqUires F(Aa\x’ Bb\y) = p(a7 b|x’ y)’ F(Aa|x’ ]]) = pA<Cl|X),
and ['(1, By,) = pp(bly). Following Sec. III the key obser-
vation is that a necessary condition for the existence of a
quantum model for p is that the remaining free variables
composing the moment matrix, i.e., all variables not fixed by
p and the additional equality constraints, can be chosen such
that I" > 0. Finally, since these constraints are all real, one can
without loss of generality restrict I' to be real valued, as
explained in Sec. IX.F.

For example, the first level of the hierarchy (k=1)
corresponds to the moment matrix”’

1 A B
1 1 P P
r= LT (65)
AT Py Si  Pup

BT Pg PZ;B SB

The matrix in Eq. (65) has size |S;|=1+(N-1)X+
(M = 1)Y, where Py = [ps(1[1). ps(2[1). ... pa(N = 11X)]
and Pg=[pp(1]1),pr(2|1),...,ppg(M—1]Y)] are Alice’s and
Bob’s marginal probabilities, P,z =(y|A, By, ly)=
p(a,b|x.y) is the table of joint probabilities, and S, (@)(@*) =
<W|Aa\an’|x"l//> and SB(bw(blyl> = <W|Bb\be’\y’|l//> are the
matrices of second moments of Alice and Bob. Thus, the
submatrices P,, Pp, and P,p are completely fixed by p,
whereas the matrices S, and Sy are entirely composed of
unknown variables, except on their diagonals. If they can be
completed such that I" > 0, then p € Q;.

This SDP, however, is generally not strictly feasible, which
sometimes causes numerical difficulties when one checks for
membership in Q; (Aratjo, 2023). A straightforward variation
is always strictly feasible (see Appendix B): instead of
constraining I" to reproduce a particular probability distribu-
tion, one leaves those terms as free variables and optimizes a
Bell functional over them. This allows one to compute bounds
on the optimal quantum violation of a Bell inequality. The
generic Bell functional in Eq. (14) can be expressed in terms
of the moment matrix as ), . Capryl (Aglx, Bp|y). In our
example with Q;, this corresponds to P4, Py, and P4y not
being fixed matrices but instead matrices composed of free
variables, a linear combination of which is the objective
function of the SDP.

*'The symbols outside the matrix in Eq. (65) and, equivalently, in
Eq. (119) denote the element of S; that indexes the corresponding
row or column.
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It is also interesting to consider the dual of this SDP. As
the primal SDP can be considered a particular case of
noncommutative polynomial optimization, the dual can be
considered a particular case of optimization over SOS poly-
nomials. Let y be a vector of all the free variables in the
moment matrix, and write ' = 'y 4+ >, y,[";. The primal SDP
is thus given by

max (b,y)
y

66
such that Ty + > y;I; >0, (66)

where b encodes the Bell functional in question. The dual
SDP is then given by

n}}n <F0, X>
such that ([';,X) = —b;, (67)
X>0

Any feasible solution to the dual SDP then gives an SOS proof
that the optimal quantum violation is bounded above by
(T, X). To see this let w be the vector of all monomials in Sy
(ordered using the same ordering as the primal problem), then
S = w'Xw = w'QTQw is an SOS polynomial where we have
written X = QY0 since X is PSD. In this notation Qw is a
vector of polynomials P; such that S = iPlTPi. Finally, if '
is the level K moment matrix for any feasible quantum model,
then we have

(0. X) = (b.y) = (0.X) = tw(pS) 20.  (68)

Besides proving bounds on the optimal violation, this is also
useful for self-testing; see Sec. V.B. Last, note that the NPA
hierarchy applies equally well to scenarios that feature more
than two parties.

1. Macroscopic Locality and almost-quantum correlations

There is a large body of research aiming to identify the
physical principles that constrain quantum correlations. Some
of these correspond to certain low levels of the NPA hierarchy.
One such principle is Macroscopic Locality (Navascués and
Wunderlich, 2010), which stipulates that classicality must
reemerge in the macroscopic limit of a Bell experiment.
Consider that the source in the Bell scenario does emits not
one pair of particles but instead N independent and identical
pairs. When Alice and Bob perform their measurements, they
will direct the incoming beam of particles onto their detectors,
causing them all to fire, but with different detection rates.
Assuming that intensity fluctuations in the beam can be detected
to the order v/N, one can define the intensity fluctuation around
the mean as I, = (1/v/N)> Y, [d* — p(u)], where u indicates
the input-output pair for either Alice or Bob and d¥ is the
indicator function for whether particle number i impinged on
the corresponding detector. When N — oo, the central limit
theorem implies that Alice and Bob will observe a Gaussian
intensity fluctuation with vanishing mean and covariance
matrix T, = (I,1,) = (1/N)>_Y,_ (did}). Recalling that
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the particle pairs are identical and independent, one has
I',, = (d{dy}). Using the facts that the mean and the covariance
matrix completely characterize the Gaussian and that the latter is
always PSD, one can show that Macroscopic Locality is
characterized by Q;, i.e., the existence of a matrix of the form
of Eq. (65) that is PSD (Navascués and Wunderlich, 2010).
However, macroscopically local correlations are insufficiently
restrictive to capture the limitations of quantum theory. From a
physical point of view, this follows from the fact that such
correlations violate (Cavalcanti, Salles, and Scarani, 2010) the
principle of Information Causality, which quantum theory is
known to obey (Pawlowski et al., 2009). Alternatively, this
same follows immediately from the fact that in general Q; # Q.

A more precise constraint on the quantum set is known as
almost-quantum correlations (Navascués, Guryanova et al.,
2015). These correlations satisfy several established elemen-
tary pn'nciples22 other than Macroscopic Locality, namely, no
trivial communication complexity (van Dam, 1999; Brassard
et al., 2006), no advantage for nonlocal computation (Linden
et al., 2007), and Local Orthogonality (Fritz et al., 2013).
Almost-quantum correlations are those that can be written in
the form p(Cl, b|x7 y) = <W|Aa\xgb|y|y/>’ where ZaAa\x =
Zbéb\y =1 (normalization) and A, By, |y) = By,Aglw)
for all a, x, b, and y. This natural relaxation of quantum theory
admits a simple SDP characterization that is equivalent to
choosing a monomial indexing set Sy, 45 = {1, A, B, A x B}
in the NPA hierarchy (Navascués, Guryanova et al., 2015).
This level is intermediate between k = 1 and 2 and is often
referred to as level “1 + AB”; see the remark in Sec. III.B.2.

For practical purposes, an important problem is the speed of
convergence of the NPA hierarchy. In bipartite Bell scenarios
with a small number of inputs and outputs, it was systemati-
cally investigated by empirical means by Lin, Vértesi, and
Liang (2022). Typically almost-quantum correlations are
significantly more constraining than macroscopically local
correlations, and the relative difference often increases with
the number of outputs.

2. Tsirelson bounds

A natural application of the NPA hierarchy is to compute
bounds on the optimal quantum violation of Bell inequalities.
This value is known as the Tsirelson bound, named after Boris
Tsirelson’s analytical derivation (Tsirelson, 1980, 1993) of the
maximal quantum violation of the CHSH inequality (Clauser
et al., 1969). However, with the exception of particularly
convenient families of Bell inequalities (some examples were
given by Epping, Kampermann, and Bruf3 (2013), Salavrakos
et al. (2017), Augusiak et al. (2019), and Tavakoli, Farkas
et al. (2021), the Tsirelson bound is too difficult to determine
analytically. Therefore, the NPA hierarchy provides a practi-
cally viable approach to bounding it. Many concrete instances
of Bell inequalities have been analyzed by means of the NPA
hierarchy, such as in the context of noise tolerance of non-
locality (Vértesi, 2008; Tavakoli and Gisin, 2020; Lin,

“However, almost-quantum correlations distinguish between
measurements that are mathematically well defined and measure-
ments that are physically allowed,; i.e., they violate the so-called no-
restriction hypothesis (Sainz et al., 2018).
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Vértesi, and Liang, 2022), many outcomes in Bell tests
(Liang, Lim, and Deng, 2009; Tavakoli et al., 2016, 2017),
multipartite Bell tests (Vértesi and Pal, 2011; Grandjean et al.,
2012; Lopez-Rosa, Xu, and Cabello, 2016; Vallins, Sainz,
and Liang, 2017), Bell tests with additional constraints
(Bernards and Giihne, 2020), nonlocal games with conflicting
party interests (Pappa er al., 2015), and the detection loop-
hole of Bell experiments (Vértesi, Pironio, and Brunner,
2010; Branciard, 2011; Szangolies, Kampermann, and
Bruf}, 2017; Cope, 2021).

For a simple but large class of Bell inequalities, the Tsirelson
bound is guaranteed (Navascués and Wunderlich, 2010) to
coincide with the bound associated with the first level of the
NPA hierarchy (i.e., Macroscopic Locality Q). These Bell tests
have binary outputs for Alice and Bob and correspond to Bell
functionals of the form ), ¢, (A,By), where c,, are arbitrary
real coefficients and A, = Ay, — Ay, and By = By, — By, are
observables for Alice and Bob. The quantum model corre-
sponding to the value associated with Q; is known as the
Tsirelson construction. This construction stipulates that, for any
set of dichotomic quantum observables, one can find unit
vectors iiy, v, € R¥*Y such that (A,B,) = ii; v,, and, con-
versely, for any unit vectors i,, 7, € R", one can find observ-
ables A, and B, such that (AB,), = i{v,, where y is a
maximally entangled state of dimension 2["/21 (Tsirelson,
1980; Tsirelson, 1987). This construction also provides a
connection between Tsirelson bounds and the Grothendieck
constant (Grothendieck, 1953).

The link between Tsirelson’s construction and SDPs has
been used to derive the Tsirelson bound for the Braunstein-
Caves Bell inequalities (Wehner, 2006), and analyses based on
Q) have yielded quantum Bell inequalities (i.e., inequalities
satisfied by all quantum nonlocal correlations) for dichotomic
observables (Yang et al., 2011; Ishizaka, 2020; Mikos-
Nuszkiewicz and Kaniewski, 2023). Notably, for the simplest
scenario with binary inputs and outputs, a quantum Bell
inequality in the spirit of CHSH that gives a complete
characterization of the two-point correlators was known well
before the advent of SDP relaxation methods (Tsirelson,
1987; Landau, 1988; Masanes, 2003). However, an approach
based on Q; leads to more accurate characterizations that now
also take the marginal probabilities into account. An example
of such a Q;-based quantum Bell inequality in the spirit of
CHSH is

arcsin Dy, + arcsin D, + arcsin D, — arcsin D,, < 7z, (69)

where D, = ((A,B,) = (A)(By)//(1 = (A2(1 = (B,)%).
However, these inequalities are still not tight, as there are
quantum correlations in the binary input-output scenario that
satisfy Eq. (69) but are not members of O, (Navascués,
Pironio, and Acin, 2007). Moreover, some more general
classes of Bell inequalities, including some with many out-
puts, can be efficiently approximated using SDP methods
without the need for hierarchies (Masanes, 2005; Kempe,
Regev, and Toner, 2010).

An illuminating application of the NPA hierarchy is to the
Bell inequality known as I3y, (Froissart, 1981; Sliwa,
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TABLE II.  Upper bounds on the Tsirelson bound of the /33,, Bell
inequality for different levels of the NPA hierarchy, along with the
size of the corresponding SDP matrix.

Relaxation level Value of SDP Size of SDP matrix
1 1.375 000 00 7

1+ AB 1.251 47090 16

2 1.250939 72 28

3 1.250 875 56 88

4 1.250 875 38 244

5 1.250 875 38 628

2003; Collins and Gisin, 2004). It pertains to the second
simplest Bell scenario: it is the only nontrivial facet of the
local polytope for the bipartite Bell scenario with three inputs
and two outputs (other than a lifting23 of CHSH). It can be
written as

L3300 = =p11 — P22 — P12 — P21 — P13 — P31

(70)
+pnt+pant+ptHpf <1,

where we write p,, = p(1, 1]x,y). While the Tsirelson bound
of the simplest Bell inequality, namely, CHSH, is straightfor-
ward to obtain analytically, the opposite is the case for I535,. If
one restricts to qubit systems, the maximal violation is
I335, = 5/4, but the seesaw heuristic (discussed at the end
of Sec. II.B.1) has revealed that larger violations are possible
when higher-dimensional systems are employed. In fact, it is
conjectured that the Tsirelson bound is saturated only by an
infinite-dimensional quantum state (Pal and Vértesi, 2010).
Upper bounds to the Tsirelson bound of /335, have been
computed via the NPA hierarchy. These are illustrated in
Table II. Relaxations up to Qz were evaluated by Navascués,
Pironio, and Acin (2008). Pal and Vértesi (2009, 2010) then
computed Q,, and Rosset (2018) evaluated Q5. The computa-
tional requirements scale rapidly in the relaxation level, as is
typically the case with SDP relaxation hierarchies, whereas
the bounds rapidly converge. The results for Q, and Qs are
identical up to at least 17 digits and match the best known
quantum violation of I3y, to within 10716 (Pal and
Vértesi, 2010).

B. Device-independent certification

Device-independent quantum information is the study of
quantum information protocols executed under minimal
assumptions (Pironio, Scarani, and Vidick, 2016). This
typically amounts to assuming only the validity of quantum
mechanics in otherwise uncharacterized experiments, or
sometimes even just the no-signaling principle. Here we
consider the former assumption and discuss how SDP
relaxation methods for quantum nonlocality can be employed
to device-independently certify properties of the underlying
quantum systems.

3 Every Bell inequality that is a facet for a given number of inputs
and outputs can be lifted to a facet when the number of parties, inputs,
or outputs is increased (Pironio, 2005).
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1. Self-testing

Self-testing is a sophisticated form of quantum certification
where Alice and Bob are ideally able to pinpoint their shared
quantum state and measurements only from examining their
nonlocal correlations (Mayers and Yao, 2004). These cannot
be precisely deduced because quantum correlations in Bell
scenarios are invariant under collective changes of reference
frame. Hence, at best they can be determined up to local
transformations that leave the correlations invariant. Such
transformations are those that preserve inner products; they
are called isometries.”® A simple example is that, from
any correlations achieving the Tsirelson bound of the
CHSH inequality, one can deduce that the state is a sin-
glet up to local isometries (Summers and Werner,
1987; Braunstein, Mann, and Revzen, 1992; Popescu and
Rohrlich, 1992; Tsirelson, 1993). For a review of self-testing,
see gupié and Bowles (2020).

SDP techniques offer a powerful approach to self-testing.
To showcase this we first define an operator

B = ﬂQ]] - Z CabxyAa\x ® Bb\y‘ (71)

ab.x.y

The second term is the Bell operator associated with a
quantum model for a generic Bell functional. We use S, to
denote the Tsirelson bound of that Bell inequality, i.e., the
maximal quantum value of the Bell parameter. Hence, one can
think of Eq. (71) as a shifted Bell operator tailored such that
(w|Bly) > 0 for all quantum states; i.e., the operator is PSD.
Assume now that we are able to find a decomposition of 5 as a
sum of squares of some operators {P,},

B= ZP}P,, (72)
!

where P, are polynomials of the local measurement operators
{Agx} and {By),}. Witnessing the Tsirelson bound, namely,
(w|Bly) = 0, therefore implies that P;|w) = 0 for all I. These
relations can be useful for deducing properties of the local
measurements (Yang and Navascués, 2013; Bamps and
Pironio, 2015). Take the CHSH inequality, for which find-
ing an SOS decomposition for Eq. (71) is particularly
simple: working with the observables instead of the POVM
elements, one can choose P, = (A; +A,)/v2—B, and
P, = (A, —A,)/V/2 — B,. Following the given procedure,
one deduces that {A;,A,}|w) = {B;,B,}ly) =0; ie., the
local measurements must anticommute on the support of the
state. One can then take this further and leverage these
relations together with a well-chosen local isometry to deduce
the shared state.

The key component in this discussion is to first find the
Tsirelson bound S, and then find an SOS decomposition of
the form of Eq. (72). By considering a sufficiently high level
of the NPA hierarchy, one can often recover . To verify that

**An isometry can be seen as a linear map that consists of a
possible appending of additional degrees of freedom to the system
followed by a unitary transformation. They are defined as linear
operators V satisfying VIV = 1.
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the bound returned by the NPA hierarchy is optimal, one can
match it with an explicit quantum strategy for the Bell test. An
SOS decomposition can then also be extracted. As we saw in
Sec. II.B, such SOS decompositions correspond to the dual of
a noncommutative polynomial optimization problem. By
considering both primal and dual SDPs (Doherty et al.,
2008) of the NPA hierarchy, one can systematically approach
the problem. Indeed, this can be done analytically even for
some Bell inequalities by identifying a suitable relaxation
level (Yang and Navascués, 2013; Bamps and Pironio, 2015).
In particular, explicit SOS decompositions have been reported
for the tilted CHSH inequalities (Yang and Navascués,
2013; Bamps and Pironio, 2015), a three party facet Bell
inequality without a quantum violation (Almeida et al., 2010),
multioutcome generalizations of the CHSH inequality
(Kaniewski et al., 2019), chained Bell inequalities (gupié
et al., 2016), and Bell inequalities tailored for graph states
(Baccari et al., 2020). Further methods have been developed
to generate Bell inequalities that will always admit SOS
decompositions (Barizien, Sekatski, and Bancal, 2024), result-
ing in a method to design Bell inequalities to self-test a given
quantum state. Notably, however, this general SDP approach
is not guaranteed to lead to a self-testing statement for both
states and measurements.

When the Bell inequality violation is nonmaximal, self-
testing is also possible, albeit with other techniques. A useful
approach employs SDP methods to place a lower bound on the
fidelity of the state with the ideal state that would have been
certified had the Tsirelson bound been reached. This is
achieved using the swap method (Yang et al., 2014; Bancal
et al., 2015). The main idea can be illustrated for the case of
CHSH. Since CHSH targets a two-qubit state in the registers A
and B, we can introduce qubit ancillas A’ and B’ into which the
parties aim to swap their state. To do this, they need to
individually use the SWAP operator. For Alice the SwAP
operator can be written as Syy = WVW, where W =1 Q®
10)(0] + o ® [1)(1] and V =0)(0] ® T + [1)(1] @ oy are
CNOT gates. One cannot assume the specific operation on
system A, because of the device-independent picture, but can
instead try to emulate the SWAP operator using an operation
that on A depends only on Alice’s measurements. While
emulation is not unique and less immediate approaches can
enhance the results, a concrete example is instructive.
Knowing that the local measurements are ideally qubits
and anticommuting, it is reasonable to target a correspondence
of A; and B, to o, and a correspondence of A, and B, to oy.
The optimal maximally entangled state is then a local rotation
of the singlet [yie). Hence, the emulated SWAP operator
corresponds to W = 1 ® |0)(0] + A, ® [1)(1| and V = (1 +
A)/2Q® T+ (1-A,)/2 ® ox for Alice and, analogously,
for Bob. The swapped state is

Py = tap(Swag @ [0)(0]y ®10)(0[xS™),  (73)

where S = Syu ® Spp. In Eq. (73) plyp is a 4 x 4 matrix
whose entries are linear combinations of moments;
see Eq. (64). Its fidelity with the target state F =
(Warged P [Wiarger) s therefore also a linear combination of
moments. Thus, if we relax the quantum set of correlations
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into a moment matrix problem a la NPA, we can view the
fidelity as a linear objective and thus obtain a robust self-
testing bound via SDP. This applies also to other Bell
inequalities and other constructions of the SWAP operator.
The SDP relaxation for the fidelity, at the kth level of the NPA
hierarchy, becomes

min F(Ty)
Iy
such that Z Cabxyr‘k(Aa‘x, Bb\y) = ﬂ, (74)
a,b.x,y
Iy =0,

where f# < B, is the witnessed Bell parameter. A practically
useful relaxation typically requires selected monomials from
different levels (i.e., an intermediate level; see the remark in
Sec. I11.B.2) in order to ensure that all moments appearing in
F also appear in the moment matrix. An important subtlety is
that for some Bell scenarios and choices for emulating the
SWAP operator, the operation may cease to be unitary in
general. This can be remedied (Bancal et al., 2015) with the
introduction of localizing matrices in the SDP relaxation (74).
In the literature, the swap method has been applied to noisy
self-testing of partially entangled two-qubit states (Bancal
et al., 2015), three-dimensional states (Salavrakos er al.,
2017), the three-qubit W state (Wu et al., 2014), four-qubit
Greenberger-Horne-Zeilinger (GHZ) and cluster states (Pal,
Vértesi, and Navascués, 2014), and symmetric three-qubit
states (Li et al., 2020). The aforementioned relaxation
naturally provides an upper bound on the minimal Bell
inequality violation required to certify a nontrivial fidelity
with [ ree). Complementing this, SDPs were used by
Valcarce et al. (2020) to search for systems producing Bell
inequality violations with trivial fidelities, thereby providing
lower bounds on the minimal CHSH violation needed to
obtain nontrivial robust self-testing statements.

2. Entanglement dimension

Hilbert space dimension roughly represents the number of
controlled degrees of freedom in a physical system. It is
therefore unsurprising that it plays a significant role in
quantum nonlocality: by creating entanglement in higher
dimensions, one can potentially increase the magnitude of
a Bell inequality violation, and sometimes quantum correla-
tions even necessitate infinite dimensions (Coladangelo
and Stark, 2020; Beigi, 2021). We now discuss different
approaches to characterizing the set of quantum nonlocal
correlations when states and measurements are limited to a
fixed dimension d.

Dimensionally restricted quantum nonlocality can be linked
to the separability problem of quantum states (Navascués, de
la Torre, and Vértesi, 2014). To see the connection, let Alice
and Bob share a two-qubit (d = 2) state psp on which
they perform basis projections {|a,){a,|, 1 — |a,){a.|} and
{lby)(by|, T = |by)(b,|}, respectively. One can now shift the
status of these operators from measurement projections to
ancillary states. To do that, we append the main registers A and
B with additional X- and Y-qubit registers, respectively,
Ay, ...,Ax and By, ..., By and define the (2 + X + Y)-qubit

Rev. Mod. Phys., Vol. 96, No. 4, October—December 2024

X Y
state 6 = pap ® |a,)(a,| & |by)(by|. The quantum correla-
x=1 y=I :

tions can be recovered by Alice (Bob) applying operators G,
(H},,) that act as the identity on all ancillary registers except
A, (By), which instead are swapped with system A (B) via the
two-qubit SWAP operator S for outcome a = 1 and, respec-
tively, its complement T — S for outcome a = 2. This yields
p(a,blx,y) =tr(6G,, ® H,,). The optimum of any Bell
parameter for qubits is then converted into a type of entan-
glement witnessing problem where one must evaluate the
optimum of tr(cB) for a known Bell operator B =
Za,h,x’yca,,xyGa’x ® H,,, over a multiqubit state o that is
separable with respect to the partition AB|A,|...|Ax|B,|...|By,
where all ancillary registers are separated from each other and
from the joint register AB. As discussed in Sec. IV.A, this
problem can be addressed systematically via the DPS hier-
archy. This method has also been extended to scenarios with
more outcomes and parties. However, it is useful mainly when
the number of inputs is small owing to the increasing number
of subsystems in o. It can be found to be more efficient when
only some parties have a restricted dimension since the other
parties then can be treated as in the NPA hierarchy.

Another way to link fixed-dimensional quantum nonlocal-
ity problems to the separability problem was proposed by Jee
et al. (2021). This method has the advantage of coming with
good bounds on the convergence rate of the resulting SDP
relaxations, and the disadvantage of poor performance in
practice. In the case of free games, i.e., nonlocal games where
the probability distribution over the inputs is a product
between a distribution for Alice and another for Bob, the
complexity of computing an e-close approximation to the d-
dimensional Tsirelson bound scales polynomially in the input
size and quasipolynomially in the output size. In the general
case the complexity is still quasipolynomial in the output size
but becomes exponential in the input size.

The problem can also be approached without connecting it
to a separability problem and instead adding dimension
constraints directly to the NPA moment matrix. This may
consist of identifying operator equalities that hold only up to
dimension d. For example, the identity [X,[X,,X;3])?] =0
holds for all complex square matrices of dimension d < 2.
However, this is difficult to do in practice since a complete set
of operator equalities is not known for d > 3. A handy
alternative is instead to implicitly capture the constraints
associated with a dimensional restriction, on the level of
the NPA moment matrix, by employing numerical sampling in
the d-dimensional space (Navascués and Vértesi, 2015). See
Sec. VI.B.1 for more details. This method is known to
converge to the quantum set of correlations and is often
useful for practical purposes when problems are not too large
(Navascués, Feix et al., 2015).

For the special case of restricting to bipartite maximally
entangled states of dimension d, it is possible to construct a
sampling-free SDP relaxation hierarchy based on tracial
moments of measurement operators that act only on a single
Hilbert space (Lang, Vértesi, and Navascués, 2014). This is a
consequence of the identity tr(A ® Bg}) = (1/d)tr(ABT).
Systematic implementations based on projective measure-
ments were reported by Lin, Vértesi, and Liang (2022).
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3. Entanglement certification

Quantum nonlocality, understood as the absence of an
explanation of correlations in terms of an LHV model (11),
implies entanglement and therefore allows for device-
independent entanglement certification. This is an inference
of entanglement without any modeling of the experimental
measurement apparatus. Fundamentally this black-box
approach to entanglement comes at the cost of some entangled
states not being detectable (Werner, 1989; Augusiak,
Demianowicz, and Acin, 2014), although this can be at least
partly remedied by considering more complicated nonlocality
experiments; see Sen(De) et al. (2005), Cavalcanti et al
(2011), Bowles et al. (2018), and Bowles, Hirsch, and
Cavalcanti (2021). Nevertheless, a variety of interesting
entangled states can still be certified, typically those that
are not too noisy, and SDPs offer an effective path for that
purpose.

Local measurements performed on an n-partite fully sepa-
rable quantum system always yield local correlations. Hence,
one can certify entanglement device independently for a given
correlation p by evaluating the LP in Eq. (12) that checks its
membership to the local polytope. However, this is demanding
because the number of variables in the LP scales exponentially
in the number of parties and inputs, and polynomially in the
number of outputs. Using simplex methods for linear pro-
gramming, states of up to n =7 qubits were certified by
Gruca et al. (2010). This was increased to n = 11 qubits by
Gondzio et al. (2014), who adopted a matrix-free approach for
interior-point solvers that reduces memory requirements
(Gondzio, 2012).

However, one can go further by considering SDP relaxa-
tions of the local polytope. A key observation is that any local
correlation between n parties can be obtained from locally
commuting measurements on a quantum state. Take the fully
separable state p = >, p(1)]4)(4|®", and let the x;th POVM
of the Ith party be My =3 D(a|x;, p)|p){ul, where
D(ay|x;,p) is a deterministic distribution. All of these
POVMs commute. Evaluating the Born rule, one finds the
generic local model given in Eq. (11). Thus, a sufficient
condition for nonlocality is that p fails some level of the NPA
hierarchy under the extra constraint that all local measure-
ments commute. The latter appears in the form of additional
equality constraints between the elements of the NPA moment
matrix of Eq. (64) that effectively turn it into a Lasserre
hierarchy; see Sec. III.A. When the second level relaxation®
of the commuting NPA hierarchy was used, nonlocality was
reported26 for W states, GHZ states, and graph states reaching
up to n = 29 qubits (Baccari ef al., 2017). A similar approach
can also be used to certify entanglement in the steering
scenario. On Alice’s side one imposes commutation in the
NPA relaxation, whereas on Bob’s side one replaces the
unknown measurements with known measurements and uses
their algebraic relations to further constrain the moment
matrix (Kogias et al., 2015). A simple example of the latter

»Note that local commutation is a trivial constraint at the first
level of relaxation; i.e., the associated correlation set is still Q;.

For some states one requires small additions to the second level,
but these can be independent of the number of qubits.
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is to assume that Bob’s measurements are qubit and mutually
unbiased and impose it on the moment matrix by having the
corresponding observables anticommute.

A natural next question is how one can device-independ-
ently quantify entanglement. The main intuition is that a
stronger violation of a Bell inequality ought to require
stronger forms of entanglement. This question can be
addressed through a reinterpretation of the NPA hierarchy
of Moroder et al. (2013). Consider that we apply local
completely positive maps Ay: Hy — Hy and Ap: Hp —
‘Hp to a bipartite state p,p. Their action can be represented
in terms of unnormalized Kraus operators, i.e., a set of
operators {K;,}; and {K;z};, We now put Alice’s and
Bob’s local POVM elements in lists A = {1, A, ..., Ayx}
and B={1,By;,...,Byyy}, respectively. We then define Kraus
operators of Aliceas K; 4 = >, |l ..., L) iAy ... Ay, and
analogously for Bob, where the index k is the level of the
hierarchy. The moment matrix I' = A4 ® Ag[p] becomes

r=3"Y tlpA; @B OLRFS,  (75)
7l 5k

where [ = (I, ..., 1), and similarly for k, 7, and 5, and where
Aii=(A,...A,)'A; ...A;, and similarly for Bg;. This
moment matrix would be the same as that of the NPA
hierarchy if instead of local completely positive maps we
had opted for global completely positive maps. The advantage
of this formulation is that it comes with an explicit bipartition
on the level of the moment matrix. This allows for the PPT
constraint, which is needed for device-independent entangle-
ment quantification via the entanglement negativity measure,
to be imposed. The negativity N(p,z) is defined as the sum of

the negative eigenvalues of ng, which can itself be cast as an
SDP; see Eq. (56). On the level of the moment matrix, the SDP
becomes N(p ) = min tr(y_) such that p = y, — y_, where
(y+)™ > 0. Thus, the negativity can be bounded by employ-
ing the aforementioned SDP relaxation for both the operators
¥+, imposing their PPT property on I' and noting that the
objective function is simply an element of the moment matrix.
The idea of building a moment matrix featuring a bipartition
can also be extended to the steering scenario (Pusey, 2013).
This allows for one-side device-independent quantification of
entanglement, which has also been considered for highly
symmetric scenarios with multiple outcomes (Huang
et al., 2021).

While the negativity is relevant as one possible quantifier of
bipartite entanglement, other approaches are needed for
multipartite entanglement. If we have a multipartite quantum
state, a natural question is to ask for the smallest cluster of
subsystems that must be entangled in order to model the
correlations p. The smallest number of entangled subsystems
required D is known as the entanglement depth (Sgrensen and
Mglmer, 2001). Nonlocality alone gives only a device-
independent certificate that some entanglement is present,
i.e., that D > 2. It was first noted by Bancal er al. (2011) that
the NPA hierarchy with suitably imposed local measurement-
commutation relations can be used to detect a maximal
entanglement depth of D = 3 in a three-partite system. For
systems of more particles, one can employ the hierarchy of
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Moroder et al. to relax separability across a given bisection of
the subsystems to a PPT condition and use that to bound the
entanglement depth (Liang et al., 2015; Lin et al., 2019).

Furthermore, by restricting to few-body correlators that
are symmetric under permutations of parties, one can for-
mulate a hierarchy of SDP relaxations of the corresponding
party-permutation-invariant local polytope that benefits con-
siderably from the imposed symmetry. This was showcased by
Fadel and Tura (2017), who first relaxed the local polytope to
a semialgebraic set. It is then leveraged that such sets
can be relaxed to SDPs (Gouveia, Parrilo, and Thomas,
2010; Gouveia and Thomas, 2012). The advantage of this
approach is that the number of subsystems is featured as an
explicit parameter in the SDP and does not impact the size of
the moment matrix. In this way one can obtain party-
permutation-invariant Bell inequalities for any number of
parties via the dual SDP. Permutation-invariant Bell expres-
sions based on two-body correlators have been used to build
device-independent witnesses of entanglement depth using
relaxations to PPT conditions (Aloy et al, 2019; Tura
et al., 2019).

4. Joint measurability

It has been known since the early development of quantum
theory that the values of some sets of measurements, such as
position and momentum, cannot be simultaneously known
(Heisenberg, 1925). This fundamental feature of quantum
theory, which is known as measurement incompatibility, has
been at the forefront of significant research and development
within quantum theory (Heinosaari, Miyadera, and Ziman,
2016; Giihne et al., 2023).

Formally, given a collection of POVMs {A,, }, indexed
by some x, we say the collection is compatible or jointly
measurable if there exist a parent POVM {M;}, and a
conditional probability distribution p(alx,1) such that

Aa\x = Zp(a
A

for all a and x. Operationally the statistics of compatible
measurements can be simulated by measuring the “parent”
measurement {M,}, and then postprocessing the results. If
such a decomposition does not exist, then we say that the
measurements are incompatible.

It is well known that incompatible measurements are
necessary for Bell nonlocality (Fine, 1982), although not
sufficient (Bene and Vértesi, 2018; Hirsch, Quintino, and
Brunner, 2018). However, when a party in a Bell test has
access to more than two measurements, it is possible that some
subsets of their measurements are compatible, while the
entire set of measurements remains incompatible. A collection
of subsets for which the measurements are compatible is
referred to as a compatibility structure. Quintino ez al. (2019)
investigated how different compatibility structures can be
device-independently ruled out by large enough Bell inequal-
ity violations. From the perspective of nonlocality, if the
behavior is restricted to the subsets of inputs for which the
measurements are compatible, then it necessarily becomes
local. Thus, by combining linear programming constraints for

M, (76)
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compatible subsets [see Eq. (12)] with the NPA hierarchy, one
can explore relaxations of the sets of correlations with
different compatibility structures and in turn find Bell-like
inequalities that rule out different structures in a device-
independent manner.

Once the presence of measurement incompatibility has
been device-independently detected, a natural follow-up
question is whether the degree of incompatibility can be
quantified. One such measure of incompatibility is the so-
called incompatibility robustness (Haapasalo, 2015; Uola
et al., 2015). For a collection of measurements {A,},
this is defined as

min t

such that {%ﬂ (Agx + tNa‘x)}u | oare compatible,
%:Na‘x =1 Vu, | (77)
Ngypy =0 Ya,x,
t>0,

which roughly captures the amount of noise, represented by a
shift toward another set of POVMs N, that one needs to add
to the measurements A, in order to make them compatible.
There are many other such measures of incompatibility, and
these measures can often themselves be expressed as SDPs
(Giihne et al., 2023). This includes the incompatibility robust-
ness that can be computed by the SDP,

min Lu(M;)
%:D(a|x, NG, = Ay

%:Gl =1 %%:tr(Gl),
G, =0,

such that Ya,x,

(78)

where D(al|x, 1) are deterministic distributions; see Eq. (8).
Chen et al. (2016) related the incompatibility problem to a
steering problem to show that the incompatibility robustness
can be lower bounded by a steering robustness quantity, which
is an analogous quantity for quantifying steerability. A hier-
archy of SDP device-independent lower bounds on the latter
quantity can then be derived to give a method to compute
device-independent lower bounds on incompatibility. Several
additional lower bounds on the incompatibility robustness
in terms of other robustness quantities were provided by
Cavalcanti and Skrzypczyk (2016), such as the consistent
nonlocal robustness, which can similarly be turned into device-
independent lower bounds on the incompatibility robustness
using the NPA hierarchy. Cavalcanti and Skrzypczyk, who
surveyed many robustness measures and their computability
via SDPs, also introduced a new quantity called the consistent
steering robustness, which provides tighter lower bounds on
the incompatibility robustness than the standard robustness of
steering. By combining this with moment matrix techniques
developed by Chen et al. (2016), one can obtain even stronger
device-independent bounds on the incompatibility robustness,
which in some cases can even be shown to be tight (Chen et al.,
2018). Later a general method to obtain device-independent

045006-25



Tavakoli et al.: Semidefinite programming relaxations for quantum correlations

bounds on SDP representable incompatibility measures was
presented by Chen et al. (2021). Avoiding proxy quantities
facilitates a much stronger characterization of the incompat-
ibility robustness that can even be shown to be tight for the
correlations achieving the Tsirelson bounds of the tilted CHSH
inequalities.

VI. QUANTUM COMMUNICATION

In this section we discuss quantum correlations in the
prepare-and-measure scenario, introduced in Sec. I1.B.2, in
which Alice prepares messages and Bob measures them. Such
correlations have been studied for several different types of
communication, and SDP relaxations play a central role in
their characterization and applications.

A. Channel capacities

We provide an overview of channel coding before proceed-
ing to the role of SDPs in the topic. In information theory a
paradigmatic task is to encode a message, send it over a
channel, and then reliably decode it. Specifically, the sender
selects a message from an alphabet of size M and encodes it
into a code word consisting of n letters, where n is called the
block-length. Each letter is then sent over the channel A,
which in the classical case can be represented as a conditional
probability distribution p,(y|x) mapping the input x to the
output y. Since the channel is noisy, it outputs a distorted code
word, which the receiver must decode into the original
message; see Fig. 4.

The seminal work of Claude Shannon (Shannon, 1948)
showed how to address the efficiency of the communication
when the distributions of the letters in the code word are
independent and identical. The key idea of Shannon was to
allow a small error probability in the decoding, which then
tends to zero in the limit of large n. In this setting, when a
memoryless noisy classical channel is used asymptotically
many times, it is natural to consider the largest rate
R =log,M/n, i.e., the ratio of the number of message bits
and the number of channel uses, at which information can
reliably be transmitted. This rate C,.(A) is called the capacity
of the channel, and Shannon proved that it is given by the
largest single-copy mutual information between the channel’s
input and output (Shannon, 1948),

X | Yy
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FIG. 4. Unassisted classical channel coding scenario. A mes-
sage m is selected from a given alphabet and encoded into a code
word consisting of n letters. Each letter x; is then sent through the
channel, returning distorted letters y; that are decoded into a
guess 7 of the original message.
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Cee(N) = I’{I;E:)}(I(X; Y), (79)

where I(X;Y) = H(X) + H(Y) — H(X,Y) and H denotes the
Shannon entropy.

A natural endeavor is to extend this type of question to
scenarios with quantum resources; see Holevo and Giovannetti
(2012), Wilde (2013), and Gyongyosi, Imre, and Nguyen
(2018) for a thorough discussion and Holevo (2020) for an
overview. The Holevo-Schumacher-Westmoreland theorem
(Schumacher and Westmoreland, 1997; Holevo, 1998) general-
izes Eq. (79) to the scenario where the channel instead is
quantum; i.e., the message is encoded in a quantum state. The
classical capacity of a quantum channel is given by

Ceg(A) = 1im % (%), (80)

n—oo n

where y(A) = maxy, 1, yH]D P A(po)] = X2, pH[A(py)]
is called the Holevo capacity of the channel and the maximi-
zation is taken over all input ensembles to the channel. In
contrast to the classical case, the possibility of entanglement in
the quantum code word implies that the Holevo capacity is not
additive”’ (Hastin gs,2009), and hence Eq. (80) cannot generally
be reduced to a single-letter formula, i.e., a closed expression
based on a single use of A, but exceptions are known for
convenient special cases; see Bennett, DiVincenzo, and Smolin
(1997) and King (2002, 2003). Nonadditivity makes the
computation of C.,(A) difficult.

A contrasting situation is when the sender and receiver
additionally are allowed to share entanglement. The resulting
entanglement-assisted classical capacity of the quantum
channel admits a single-letter formula similar to Eq. (79),
but instead of maximizing the classical mutual information
one maximizes the quantum mutual information of the
bipartite state (1 ® A)[pap] over all entangled states pyp
(Bennett et al., 1999, 2002).

Another natural scenario is when the message itself is a
quantum state. One then speaks of quantum capacities. In a
general picture it is possible to characterize the performance of a
classical or quantum protocol in terms of the triplet (R, n, €),
where € is the error tolerated in the decoding. This error is
favorably represented in terms of the fidelity between the
maximally entangled state and the state obtained by sending
half of it through the communication scheme. The central
question is then to characterize the set (R, n, €) thatis achievable
for a given quantum channel. In the asymptotic setting (n — o0)
and independent channel uses, the quantum capacity of the
quantum channel C,, (A) is the largest rate R at which the error
tends to zero. It is given by the Lloyd-Shor-Devetak theorem
(Lloyd, 1997; Devetak, 2005) in terms of the largest coherent
information®® when optimized over all bipartite input states after
half of it is passed through the channel. However, this quantity
must be regularized; i.e., one must take a many-copy limit

“'The failure of additivity for the Holevo capacity implies that
several other entropic quantities are also not additive (Shor, 2004).
*The coherent information is defined as I .,(pap) = H(pp) —

H(pap)-
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analogous to that in Eq. (80). This renders the capacity non-
additive and therefore difficult to compute.

1. Classical capacities

In the conventional setting, the decoding errors are tolerated
as long as they vanish in the limit of large block-length. A
stricter approach in which errors are exactly zero for any # is
called zero-error coding29 (Shannon, 1956). In zero-error
capacity problems, one needs only to consider whether two
distinct messages could be confused with each other after they
are sent through the channel. Therefore, if the channel is used
only once, one can represent the zero-error problem as a graph
where each vertex represents a message and each edge
represents the possibility that two messages can be mapped
onto the same output. The one-shot zero-error capacity is
given by the largest set of independent vertices in this graph,
known in the literature as the confusability graph. For larger
block-length one must consider the strong power of the graph.
However, computing the independence number is NP hard
(Karp, 1972). The prominent work of Lovasz (1979) showed
that the independence number of a graph G can be upper
bounded via the so-called Lovasz theta function, which admits
an SDP formulation

9(G) = max tr(XE)
such that X;; =0 if i and j are connected,
tr(X) =1,
X =0,

where E;; = 1. The Lovdsz theta function has the important
property that it factors under strong products of graphs, which
allows one to address the asymptotic limit for zero-error
coding. It has been proven that this SDP also bounds the
entanglement-assisted zero-error classical capacity (Beigi,
2010; Duan, Severini, and Winter, 2013). Bounds of this sort
are important because it is known that the one-shot zero-error
classical capacity can be increased by means of shared
entanglement (Cubitt et al., 2010). In fact, this is connected
to proofs of the Kochen-Specker theorem, which in turn can
be represented in the language of graph theory (Cabello,
Severini, and Winter, 2014). Entanglement-assisted advan-
tages are also possible for asymptotic zero-error coding.
Perhaps surprisingly the zero-error capacity can sometimes
even equal the classical capacity of a quantum channel (80)
(Leung et al., 2012). In contrast, the zero-error problem
becomes simpler if the sender and receiver are permitted to
share general bipartite no-signaling correlations. The capacity
can then be computed via an LP which corresponds to the
fractional packing number of the confusability graph (Cubitt
et al., 2011). This can also be generalized to parties that share

*This is not only of independent interest: the zero-error capacity is
also relevant for how rapidly the error tends to zero for an increasing
block-length in the standard capacity (Shannon, Gallager, and
Berlekamp, 1967).
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quantum no-signaling correlations™: in the one-shot setting,
the capacity is given by an SDP, and sometimes an SDP can
also be formulated for the asympototic capacity. If quantum
no-signaling correlations are permitted, the Lovdsz theta
function corresponds to the smallest zero-error classical
capacity of any channel associated with the same confusability
graph (Duan and Winter, 2016).

A related problem considers a one-shot classical channel and
a given number of messages and then addresses the largest
average success probability with which they can be commu-
nicated through the channel. The answer can be approximated
in polynomial time only up to a factor of 1 — 1/e, and obtaining
a better approximation is NP hard (Barman and Fawzi, 2016).
An upper bound is nevertheless known (Polyanskiy, Poor, and
Verdi, 2010). This bound admits a good physical interpretation
as it is equivalent to the optimal success probability obtained
from assisting the classical channel with bipartite no-signaling
correlations (Matthews, 2012). As made intuitive from this
connection, the solution can be bounded by means of relaxation
to an LP. Beyond point-to-point channels, the capacity regions
of broadcast and multiple-access channels under no-signaling
assistance can also be analyzed using linear programming
(Fawzi and Fermé, 2024a, 2024b). This classical information
problem can also be considered in the quantum case. For a
given block-length and a given tolerance for the error, upper
bounds on the optimal transmission rate over a general
quantum channel (also when assisted by entanglement) can
be obtained by means of SDP by relating the problem to
hypothesis testing relative entropies (Matthews and Wehner,
2014). These bounds were later made tighter by Wang, Xie, and
Duan (2018), applied also to the entanglement-assisted case,
and used to give SDP upper bounds on the classical capacity of
the qubit amplitude-damping channel. For the large block-
length limit, namely, the asymptotic channel coding scenario,
Fawzi, Shayeghi, and Ta (2022) showed how to compute a
sequence of upper bounds on C,, via a hierarchy of SDP-
tailored Rényi divergences (Fawzi and Fawzi, 2021), but its
convergence to C,, is not presently known. These SDPs are
rendered considerably more efficient by invoking symmetry
properties in the spirit of the discussion in Sec. IX.F. SDP
methods in this vein can sometimes also be used to obtain
strong converse bounds”' on the classical capacity (Wang, Xie,
and Duan, 2018; Ding et al, 2023). An alternative strong
converse bound is obtained from the quantum reverse Shannon
theorem (Berta, Christandl, and Renner, 2011; Bennett et al.,
2014): if one sends messages at a rate above the entanglement-
assisted classical capacity, then the error tends to unity
exponentially with n.

As highlighted by Fawzi and Fawzi (2018), this capacity
can be approximated by SDP due to the possibility of
establishing SDP bounds on the quantum relative entropy

*'Quantum no-signaling correlations are completely positive and
trace-preserving bipartite linear maps that forbid signaling of
classical information in either direction.

*The strong converse property means that the error probability
tends exponentially to 1 if the rate exceeds the bound. This property
is known for some quantum channels; see Ogawa and Nagaoka
(1999), Winter (1999), Konig and Wehner (2009), and Wilde, Winter,
and Yang (2014).
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(Fawzi, Saunderson, and Parrilo, 2019). As mentioned in
Sec. VIL.B.2, recent algorithmic developments have made it
possible to optimize the quantum relative entropy directly, and
thus compute the channel capacity, without relying on
relaxations (He, Saunderson, and Fawzi, 2024).

2. Quantum capacities

In general it is difficult to determine capacities in a
computable way. A mathematically tractable framework is
to view the encoding and decoding operations as a single
global, bipartite operation Z,, 5, Where A and B are input
systems and A’ and B’ are output systems (Leung and
Matthews, 2015); see Fig. 5. In practice B depends on A’
since system A’ is sent through the channel. One can think of Z
as linearly transforming the channel A into a new channel, and
it is known as a superchannel or supermap (Chiribella,
D’ Ariano, and Perinotti, 2008). To it we assign a Choi matrix
J; =dydp (T @ Z)(¢p"), where Z is the identity channel.
For the operation Z,,pp to be completely positive and
trace preserving, the Choi matrix must be PSD and must
satisfy tryp (J,) = 1,5 Moreover, it must not signal from
receiver to sender, which corresponds to trp(Jz) =
trgp (J7) ® Tp; note that the first factor is the Choi matrix
of the sender’s transformation. In addition, if the sender and
receiver do not share postclassical resources, we need to
ensure that they are not entangled with each other. A
convenient relaxation of this constraint is to impose the
condition that Z is PPT preserving; i.e., that every PPT state
remains PPT after being sent through Z, which translates into
J;AA’ > 0. The key observation here is that all of these
constraints are either linear or semidefinite in the variable J.

To address the one-shot quantum capacity of A, we now
consider the fidelity between the maximally entangled state
and the state obtained from sending half of it through the
communication scheme. The fidelity is particularly convenient
because it too can be written in terms of the Choi matrix:
F=t[J;(J ® ¢7)]. Putting it all together, Leung and
Matthews (2015) obtained an SDP bound on the one-shot
quantum capacity that applies both when the quantum channel
is unassisted (relaxation to no signaling and PPT preserving)
and when it is entanglement assisted (relaxation to no signal-
ing only). Berta er al. (2022) extended this relaxation, by
means of connection to a separability problem and using
symmetric extensions, into a hierarchy of SDPs that con-
verges to the fidelity F. The concept of bounding quantum
capacities by means of relaxation to PPT-preserving and/or

A B’

Encoder Decoder

ZAA’BB’

A B
A

FIG. 5. SDP relaxations of channel coding problems can be
obtained by viewing the parties as single bipartite operations.
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no-signaling codes was further explored by Wang, Fang, and
Duan (2019), who gave SDP bounds for the one-shot,
bounded-error capacity. Complementarily, and in a similar
spirit, Tomamichel, Berta, and Renes (2016) showed how to
determine an SDP upper bound the largest rate R for a fixed
number of channel uses n and a fixed error e.

In the asymptotic setting, deciding whether a given number
of quantum states can be sent over many channel uses with
zero error is known to be QMA complete (Beigi and Shor,
2007). However, Duan, Severini, and Winter (2013) showed
that, in the same way as the SDP-computable Lovasz theta
function in Eq. (81) can bound the classical problem, the
quantum capacity can be bounded via an analogous SDP
quantity. Moreover, in the context of strong converse bounds
on the asymptotic quantum capacity, one finds good use of
SDPs. Taking the diamond norm®> of the channel
after applying a transposition map 7 consitutes a strong
converse bound. Specifically, if the rate exceeds
log||A o T||,, then the error tends to unit in the number of
channel uses (Miiller-Hermes, Reeb, and Wolf, 2016). Note
that the diamond norm can be computed efficiently using an
SDP (Watrous, 2009, 2013). Another strong converse SDP
bound was provided by Wang and Duan (2016b) and Wang,
Fang, and Duan (2019). This bound is stronger than the one
based on the diamond norm but weaker than another known
bound, based on the so-called Rains information of the
channel but not straightforward to compute (Tomamichel,
Wilde, and Winter, 2017). The SDP bound is given by

log  max tr(JaFap)
such that —p, @ 1< FiA <ps ® 1, (82)
tr(pa) =1,
Fap.pa = 0,

and it is additive under tensor products of channels. In fact,
this is closely related to the entanglement measure Ey,
discussed around Eq. (57), and it can be interpreted as the
largest value of Ey, taken over all purifications of p, when half
of the purification is sent through the channel.

Fang and Fawzi (2021a) showed how to systematically
compute bounds on several different classical and quantum
channel capacities via SDP. These capacities are evaluated
from a single use of the channel (no regularization needed),
they are computable for general channels, and they admit a
strong converse. This method relies on a quantity known as
the geometric Rényi divergence that has many convenient
properties, such as additivity under tensor products and chain
rule (Matsumoto, 2018).

Another type of quantum capacity where SDPs are useful
concerns the ability of bipartite quantum channels (such as a
noisy control gate) to create entanglement (Bennett e al.,
2003). The rate of distilling maximally entangled states over
such an interaction can be bounded from above by an entropic
quantity, which can in turn be evaluated using an SDP (Biduml,
Das, and Wilde, 2018; Das, Bduml, and Wilde, 2020).

#The diamond norm is defined by ||A||, =max,  [|[T&A(pap)ll;-
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B. Dimension constraints

A natural quantifier of communication is the dimension of
the alphabet of the message sent from Alice to Bob.
Classically Alice’s message is selected from a d-valued
alphabet {1, ..., d}, whereas in the quantum case the message
is a state p, selected from a d-dimensional Hilbert space.
While Holevo’s theorem (Holevo, 1973) ensures that such
quantum systems cannot be used to transmit a message more
efficiently than the corresponding classical systems, it is well
known that there are many other communication tasks in
which quantum messages provide an advantage over classical
messages. Examples are the random access codes mentioned
in Sec. II.LB.2 (Nayak, 1999; Ambainis er al., 2002) and
distributed computation (Galvao, 2001).

A central goal is to characterize the set of quantum
correlations Q that can be generated between Alice and
Bob for a fixed number of inputs (X and Y, respectively) and
a fixed number of outputs for Bob (N) when Alice sends a d-
dimensional state to Bob; see Sec. II.B.2. These correlations
are given by the Born rule in Eq. (20). This problem is
commonly investigated while granting Alice and Bob
unbounded shared randomness. This renders O convex
and the task particularly suitable to SDP methods. Note that
the same problem without shared randomness deals with a
nonconvex correlation set, which leads to much different
quantum predictions; see Hayashi et al. (2006), Bowles,
Quintino, and Brunner (2014), de Vicente (2017),
and Tavakoli (2020). Outer and inner approximations to
Q not only are important for determining the nonclassicality
enabled by quantum theory but also serve as an important
tool for quantum information applications. SDP relaxations
of Q are useful for this purpose, in particular, since conven-
tional analytical bounds on Q are possible only in rare
special cases; see Brunner, Navascués, and Vértesi
(2013), Frenkel and Weiner (2015), and Farkas and
Kaniewski (2019).

1. Bounding the quantum set

SDP relaxation hierarchies can be constructed to bound the
set of quantum correlations in the prepare-and-measure scenario
for arbitrary input-output alphabets and arbitrary dimensions.
They are typically based on tracial moments [see Burgdorf and
Klep (2012)], on which constraints specific to a d-dimensional
Hilbert space must be imposed. To this end let L = {1, p, M},
where p = (py,...,px) and M = (M|, ..., Myyy), be the
list of all operators appearing in the quantum prepare-and-
measure scenario. We define Sy, as a set of monomials over L
of length k. Recall from the remark in Sec. III.B.2 that it is
interesting to consider subsets of all the monomials with a
given length. An |S;|x |S;| moment matrix can be con-
structed whose entries are given by

C(u,v) = tr(uv) (83)

for u, v €S;. The moment matrix inherits many constraints
from quantum theory. First, normalization implies that
I'(p,, 1) = 1. Second, one can without loss of generality
restrict to pure states, i.e., p2 = p,. Third, under the restriction
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of projective measurements,” it holds that M byMy|y =
My),0, . Fourth, the moment matrix contains elements that
are equal to the probabilities observed between Alice and Bob,
namely, I'(p,, M,,) = p(b|x,y). In addition, the cyclicity of
the trace implies a number of additional equalities between
the moments, for example, I'(p,, My,p.) = T(p3. My),) =
[(py, My)y) = p(blx,y). Last, an argument analogous to
that in Eq. (28) determines that the moment matrix must
be PSD.

The key issue is how to add constraints to I" that are specific
to the dimension d. One option is to identify polynomial
operator identities or inequalities that pertain only to dimen-
sion d. However, such relations are typically unknown, and
finding them is difficult. Navascués and Vértesi (NV)
(Navascués and Vértesi, 2015) proposed a solution by
employing numerical sampling to construct a basis of moment
matrices. The prescription is to randomly sample the states
and measurements from the d-dimensional Hilbert space and
then compute a moment matrix sample I'") that will auto-
matically satisfy all the aforementioned constraints. The
sampling procedure is repeated until a moment matrix sample
is found to be linearly dependent on all of the previous
samples. This can be quickly checked by vectorizing the
samples, arranging them in a matrix, and computing its rank.
The process is then truncated and the collected samples
{F<1),...,F<’">} are certain to span34 a relaxation of the
subspace of moment matrices compatible with dimension
d. To preserve normalization, namely, tr(1) = d, the final
moment matrix becomes an affine combination of the samples

m

I'= Zy,ﬂ"),
P

The coefficients {y;} serve as the SDP variables in the
necessary condition for the existence of a d-dimensional
quantum model for p(b|x,y), namely, that it is possible to
find I > O such that I'(p,, My,) = p(b|x,y). Note that, by
relaxing the latter condition, one can equally well employ the
NV hierarchy to bound the extremal quantum value of an
arbitrary linear objective function ), ¢y, p(blx,y) char-
acterized by some real coefficients cy,,. It is currently
unknown whether this hierarchy converges to Q in its
asymptotic limit. Notably, one can also incorporate POVMs
by explicitly performing a Neumark dilation in the measure-
ments, albeit at the cost of employing a larger dimension.
Alternatively, one can sample directly from the set of POVMs,
but that requires the use of localizing matrices to enforce the
bounds M, > 0 and Y )~ My, < 1.

For scenarios with a reasonably small number of inputs and
outputs or a fairly low dimension, the NV hierarchy is an
effective tool; see the examples given by Navascués, Feix
et al. (2015) and Bermejo Mordn, Pozas-Kerstjens, and Huber

where Zyi =1 (84)
i=1

*In general, one must also consider POVMs when fixing the
dimension.

%The probability that the m samples do not span the full space but
the next sample is nevertheless found to be linearly dependent is
essentially zero.
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(2023). However, for middle-sized problems it becomes less
handy. A first reason is that the size of the moment matrix, for
a fixed level of relaxation, scales polynomially in the size of L.
Second, the number of SDP variables m increases rapidly with
any one of the parameters® (X, Y, N, d). Third, one typically
obtains better bounds on Q by separately considering different
rank combinations for the projective measurements and then
selecting the best bound, but the number of combinations
increases quickly with (N, Y, d).

Pauwels, Pironio, Woodhead, and Tavakoli (2022) devel-
oped an alternative SDP hierarchy that applies to bounding
correlations obtained from systems that can be represented
nearly as d dimensional. This permits analysis of correla-
tions of systems that approximate qubits to any desirable
extent and, in the special case in which the approximation is
exact, it provides bounds on Q. The main idea is to
supplement the set L with an additional operator V that is
meant to emulate the d-dimensional identity projection.
Therefore, it is given the properties V> =V and tr(V) = d.
One can then proceed with building the moment matrix as
described after Eq. (83). This method circumvents sampling
and immediately takes POVMs into account. In addition, its
computational requirements are constant in the dimension
parameter. The main drawback is that the hierarchy does not
converge to the quantum set, because it inherently relaxes
dimension-restricted communication to communication that
on average has dimension d; such systems have been studied
independently in the context of entanglement using SDP
relaxations (Gribling, de Laat, and Laurent, 2018). In some
concrete instances this can lead to worse bounds on linear
objective functions. An alternative method is based on
transforming Bell scenarios into prepare-and-measure
scenarios by considering the remote states prepared by
Alice for Bob, ideally via a maximally entangled state
(Mironowicz, Li, and Pawlowski, 2014). The dimension
constraint is relaxed to a marginal constraint in the Bell
scenario; one uses the NPA hierarchy under the extra
constraint that one of Alice’s outputs for each input has
the marginal probability 1/d. This, however, can be a crude
relaxation, and it does not converge in general (Navascués,
Feix et al., 2015).

2. Applications

Bounds on Q obtained by means of SDP relaxations are
broadly useful. An evident application is determining upper
bounds on the magnitude of quantum advantages in useful
communication tasks. An important class of examples is
quantum random access codes in which Bob aims to randomly
access a piece of information in a larger database held by Alice
(Ambainis er al., 2002). Direct application of the NV
hierarchy has given tight upper bounds in low dimensions
(Tavakoli et al., 2015), and lower bounds have been obtained
via SDPs in seesaw heuristics when the channel is noisy
(da Silva and Marques, 2023). The former can be made vastly
more efficient by exploiting symmetries inherent to the

SThe memory required in a single iteration of a typical primal-
dual solver scales quadratically in both m and |S| while the CPU time
scales cubically in both m and |S].
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problem in order to reduce the complexity of the SDP; see
Aguilar et al. (2018), Tavakoli, Rosset, and Renou (2019),
and Pauwels, Pironio, Woodhead, and Tavakoli (2022). Such
symmetry methods are further discussed in Sec. IX.F.

In other classes of communication tasks inspired by the
high-dimensional Bell inequalities of Collins er al. (2002),
SDP relaxations of Q can showcase dimensional thresholds,
i.e., a critical dimension above which the optimal quantum
strategy qualitatively changes (Tavakoli ef al., 2017; Martinez
et al., 2018). Moreover, suitably chosen linear objective
functions over Q can be linked to the long-standing problem
of determining the number of mutually unbiased bases in
dimension 6. The hypothesis that no more than three such
bases exist could, in principle and if true, be proven through a
sufficiently precise SDP relaxation of Q based on a chaining
of quantum random access codes (Aguilar et al., 2018).
There are also other SDP-based approaches to this problem,
some that take the route of nonlocality (Colomer et al.,
2022; Gribling and Polak, 2024) and others that consider
the existence of so-called Grobner bases (Brierley and
Weigert, 2010). Nevertheless, owing to the computational
complexity, the problem remains open.

A complementary consideration is to, in a given dimension,
bound the optimal quantum violation of facet inequalities for
the polytope of classical prepare-and-measure correlations in a
given input-output scenario (Mironowicz, Li, and Pawtowski,
2014; Navascués, Feix ef al., 2015). From another perspective
such bounds can be seen as device-independent tests of
quantum dimensions, which is a task where Alice and Bob
aim to certify a lower bound on the dimension of their
quantum channel without assuming any model for their
preparation and measurement devices (Gallego er al., 2010).

Applications also pertain to semi-device-independent quan-
tum information processing, i.e., practically motivated proto-
cols performed solely under the assumption that the
communicated quantum state is of a limited dimension.
Self-testing protocols based on the prepare-and-measure
scenario have been developed in such settings. Drawing
inspiration from the swap method for noisy self-testing
discussed in Sec. V.B.1, one can employ the NV hierarchy
to bound the average fidelity of Alice’s qubit preparations with
the ensemble used in the paradigmatic BB84 quantum key
distribution protocol (Tavakoli et al., 2018). This type of self-
testing has also been extended to quantum instruments in
three-partite communication scenarios featuring a sender, a
transformer, and a receiver, both with (Miklin, Borkata, and
Pawtowski, 2020) and without SDPs (Mohan, Tavakoli, and
Brunner, 2019). Miklin, Borkata, and Pawtowski (2020)
showed how the NV hierarchy can be extended to such
prepare-transform-measure scenarios.

It is also possible to certify qualitative properties. For
instance, by restricting sampling to real-valued Hilbert spaces,
the NV hierarchy has been used to test complex-valued
quantum operations in a given dimension (Navascués, Feix
et al., 2015). Furthermore, a particularly natural use for
dimension-restricted systems is to certify nonprojective quan-
tum measurements, i.e., measurements that cannot be simu-
lated with standard projective measurements and classical
randomness (D’Ariano, Presti, and Perinotti, 2005). The
reason is that such measurements cannot be certified when
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ancillary degrees of freedom are available due to the pos-
sibility of Neumark dilations (Nielsen and Chuang, 2010).
The NV hierarchy has been used to certify nonprojective
measurements of dimension 2 (Mironowicz and Pawtowski,
2019; Tavakoli, Smania et al., 2020), dimension 4 (Martinez
et al., 2023), and up to dimension 6 (Tavakoli, Rosset, and
Renou, 2019). All of these works rely on suitable witness
constructions, but notably that is not essential for the SDP
relaxation method to work. By analogous means, SDP
methods have enabled certification of nonprojective measure-
ments in Bell scenarios under the assumption of a limited
entanglement dimension (Gémez et al., 2016; Smania et al.,
2020). The SDP seesaw methods for probing Q (see
Sec. II.B.1) can be used to reproduce the numerical estimates
for the output rate of semi-device-independent quantum
random number generators (Li er al., 2011, 2012). Proper
randomness bounds can be obtained via the NV hierarchy
(Mironowicz et al., 2016) or other relaxation methods
(Mironowicz, Li, and Pawlowski, 2014).

However, many actual implementations of dimension-
restricted quantum systems, such as spontaneous parametric
down-conversion sources of single photons or weak coherent
pulses, only nearly represent a proper dimension-restricted
system. This can be leveraged to hack a semi-device-inde-
pendent protocol. Using the SDP relaxation hierarchy of
Pauwels, Pironio, Woodhead, and Tavakoli (2022), which
was originally discussed in Sec. VIL.B.1 only for standard
dimension constraints, the small inaccuracies of such “almost
qudit systems” can be taken into account when constructing
quantum information protocols. The deviations from the
dimension assumption can be quantified and incorporated
as a linear inequality constraint on suitable elements of the
corresponding moment matrix.

3. Entanglement-assisted communication

In Sec. VLB the parties in the prepare-and-measure
scenario communicated quantum states while sharing classical
randomness. In this section we discuss the prepare-and-
measure scenario when the parties additionally share an
entangled state. The entanglement-assisted prepare-and-mea-
sure scenario is illustrated in Fig. 6.

Consider now a situation where the operations of Alice are
not constrained to abinary choice. Instead, they may be arbitrary
but the message she sends over the channel to Bob is classical
and of dimension d. Such correlations are interesting because
they can boost the performance of classical messages in various
communication tasks (Buhrman ez al., 2010). The source emits
an entangled state @ of local dimension D. Given x, Alice
transforms her share into a d-valued classical message. Hence,
she applies a d-outcome POVM {N W}Z:] and, upon receiving
the outcome a, she sends the classical state |a){a| to Bob.
Averaged over the probability p(alx), Bob’s total state thus
becomes Y, |a)(a| @ try(N,, ® 19*#), where the second
factor is the unnormalized state of Bob’s quantum system
conditioned on Alice’s outcome. In the most general situation,
Bob can now first read the received message and then use the
value a to choose aPOVM { M, , } with which he measures his
share of the entangled state. The correlations become
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FIG. 6. A bipartite entanglement-assisted prepare-and-measure
scenario. A source distributes an entangled state between Alice
and Bob. Conditioned on her input x, Alice maps her system onto
a message that is sent over the channel to Bob. Conditioned on vy,
Bob measures both the systems and obtains the outcome b.

d
p(blx.y) = tr(Nyy ® My, D). (85)

a=1

Equation (85) can be interpreted as marginalized Bell correla-
tions with signaling from Alice to Bob and can also immediately
be extended to nonidentity classical channels connecting the
parties. In the most general case, the entanglement dimension D
is unrestricted, and Bob can adapt his measurement to the
incoming message. One can then bound the set of quantum
correlations from the exterior when the alphabet size for the
inputs and outputs is fixed by a converging SDP relaxation
hierarchy a la the NPA hierarchy (Tavakoli, Pauwels et al.,
2021), which was discussed in Sec. V.A. An alternative SDP
relaxation hierarchy for this type of problem was presented by
Berta, Fawzi, and Scholz (2016). At the first level this hierarchy
is more constraining than the NPA approach due to the
possibility of requiring all elements in the moment matrix to
be non-negative (Sikora and Varvitsiotis, 2017). Furthermore,
when the entanglement dimension is known, one can instead
employ SDP relaxations in the spirit of dimension-restricted
NPA, as discussed in Sec. V.B.2. Another interesting situation
arises when one requires Bob not to adapt his measurement to
the message, i.e., that a Bell test is performed first, and only
afterward does classical communication take place.
Correlations from such nonadaptive strategies can also be
bounded by SDP relaxations (Pauwels, Pironio, Zambrini
Cruzeiro, and Tavakoli, 2022), specifically by imposing the
commutation relation [Mb‘y,a,Mb/‘y,a«] =0Vy,b,b,a,d in
the NPA-type matrix.

When the messages are d-dimensional quantum systems, it
is well known from the dense coding protocol that stronger
correlations are possible than are with classical d-dimensional
messages (Bennett and Wiesner, 1992). For quantum mes-
sages Alice applies a quantum channel A4~C that maps the
incoming D-dimensional system to a d-dimensional message
state that is sent to Bob. The message space is denoted as C.
The total state held by Bob becomes 7$8 = A2~C @ 15(®,5],

to which he applies a POVM {leg }. The resulting correla-

tions become

x,y) = tr(z$BMEB), (86)

p(b bly
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The only nontrivial constraint on the total state is no signaling,
namely, 72 =78 In a given dimension this allows for
alternating convex search methods to be used for exploring
the correlation set. In particular, for a maximally entangled
two-qubit state, the entanglement-assisted correlation set is
equivalent to the correlations achievable in an unassisted
prepare-and-measure scenario when Alice sends real-valued
four-dimensional systems (Pauwels, Tavakoli et al., 2022).
This permits SDP outer bounds via the NV hierarchy
restricted to real Hilbert spaces. More generally when D is
unknown and when any quantum channel is used between
Alice and Bob, outer bounds can be obtained by a convergent
hierarchy of SDPs (Tavakoli, Pauwels et al., 2021). This
hierarchy is based on an explicit Kraus operator parametriza-
tion of the quantum message space. It can be seen as a
variation of the NPA hierarchy, and therefore its convergence
properties are inherited. An important caveat is that this SDP
hierarchy scales more rapidly than the adaptation of the NPA
hierarchy to the classical case: the number of operators used to
build the SDP matrix scales quadratically in d, as compared to
linearly in the classical case. This quickly makes implemen-
tation demanding, although it may be possible to circumvent
the issue via symmetrization methods; see Sec. IX.F. The
alternative, unrelated SDP hierarchy of Tavakoli, Pauwels
et al. (2021) becomes relevant here since it can be applied to
efficiently obtain bounds. This hierarchy is based on the
concept of informationally restricted correlations (Tavakoli,
Zambrini Cruzeiro et al., 2020) (see Sec. VI.C.1) and relies on
moment matrices with a size independent of d. While this
hierarchy does not converge to the quantum set in the
entanglement-assisted scenario, it can give useful and even
tight bounds in specific cases. Notably, when Alice and Bob
are connected by an identity channel and entanglement is a
free resource, the correlation set for quantum messages is
identical to the correlation set for classical messages of twice
as many bits (Vieira ez al., 2023). Consequently one can still
use the SDP hierarchy for classical messages to address the
scenario with quantum messages.

SDP methods for the entanglement-assisted prepare-and-
measure scenario have found several applications. For in-
stance, to fully capture the spirit of a device-independent test
of classical or quantum dimensions, i.e., to place a lower
bound on the dimension of a message without making
assumptions about the internal working of the involved
devices, one must allow for the possibility that the preparation
and measurement devices share a potentially unrestricted
amount of entanglement. Tavakoli, Pauwels er al. (2021)
used the SDP relaxations to make known dimension witnesses
(Gallego et al., 2010; Ahrens et al., 2014) robust to entangled
devices. Furthermore, bounds on the quantum correlations
have enabled a number of quantum resource inequalities. For
instance, it has been shown that protocols in which Bob adapts
his setting to a classical message are generally more powerful
than the nonadaptive protcols, and that this distinction is
crucial for using entanglement and one bit of classical
communication to simulate correlations obtained from an
unassisted qubit in the prepare-and-measure scenario, depend-
ing on whether it is measured with projective measurements or
POVMs (Pauwels, Pironio, Zambrini Cruzeiro, and Tavakoli,
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2022). For example, nonadaptive protocols based on Bell
inequality violations followed by classical communication are
known that improve the task of random access coding
(Pawtowski and Zukowski, 2010; Tavakoli et al., 2016).
Using adaptive measurements and higher-dimensional entan-
glement can yield larger quantum advantages (Vaisakh et al.,
2021; Pauwels, Tavakoli et al., 2022). Moreover, while it is
well known that entanglement cannot increase the capacity of
a classical channel, the same is not true in general when the
capacity is considered in the nonasymptotic setting (Cubitt
et al., 2010). For some noisy classical channels, the advantage
of entanglement can even be linked to the CHSH inequality
(Prevedel et al., 2011), and SDP relaxations showcase the
notion that such strategies are in fact optimal (Berta, Fawzi,
and Scholz, 2016).

4. Teleportation

Entanglement-assisted communication can also be consid-
ered when the inputs themselves are quantum states, rather
than classical symbols. The best known instance of such a
scenario is teleportation, where a quantum state is sent by
means of a shared maximally entangled state and classical
communication (Bennett et al., 1993). However, if the state
pap 1s not maximally entangled, then the teleportation channel
will not flawlessly simulate the quantum identity channel. The
traditional approach to quantifying the ability of an entangled
state to perform teleportation is via the average fidelity of the
target state and the teleported state. It is known that telepor-
tation fidelity is a function of the maximally entangled fraction
(Horodecki, Horodecki, and Horodecki, 1999),

F(p) = max(y|ply), (87)

where |y) is any maximally entangled state. However, if
one has prior knowledge of p, one could consider applying a
p-dependent LOCC protocol to potentially enhance the
teleportation fidelity. Verstraete and Verschelde (2003)
showed that the optimal fidelity under such LOCC protocols,
i.e., max . occF[A(p)], can be determined exactly when p is
a two-qubit state, and moreover that a single round of one-way
communication is sufficient. To achieve this Verstracte and
Verschelde first considered lower bounds by restricting to
LOCC protocols of the form

Alp) = (A® B)p(A" ® B) (88)
+u[(1-ATA) ® (1~ B'B)p][v)(v] ® [w){wl,

where A and B are Kraus operators with the corresponding
outcome operators satisfying 0 < A"A, B'B < 1, and |v) and
|w) are any qubit states. Through a meticulous choice of |v)
and |w) and a change of variables for A and B, Verstraete and
Verschelde (2003) showed that max,F[A(p)], where the
maximization is over LOCC channels of the form of
Eq. (88), is equivalent to the optimization

max 1_ (p+ Ty (vt +
a ;= (@T(C®T)p'(CT @ 1)|pT) (89)

such that CTC < 1.
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To derive upper bounds they relax the optimization of F from
LOCC channels to PPT channels, i.e., channels whose Choi
matrix is PPT, leading to the SDP relaxation

max (o ® 7)) Canyr

SuCh that tr/;:t:/(CABA/B/> = HAB’ (90)
Capap = 0.
Cagap = 0.

Using the symmetries of |¢p") under unitary twirling, one can
reduce this problem to the simpler SDP max|[1/2 — tr(Xp’#)),
with X constrained to satisfy 0 < X < 1 and —1 < 2X7» < 1,
which can be shown to be maximized by a rank-one operator
X=(A"® 1)|¢p")(¢pT|(A ® 1) for some matrix A satisfying
A"A < 1. However, for such rank-1 operators, this optimiza-
tion is exactly the same as the lower bound in Eq. (89) and
hence is achievable with a single-round LOCC protocol.
Notably, this gives an example where the relaxation to PPT
channels is tight.

A more general approach to teleportation was proposed by
Cavalcanti, Skrzypczyk, and Supié¢ (2017). In this approach a
verifier supplies a given number of states y, to Alice and asks
her to teleport them to Bob. Alice applies a POVM AY4 to y,
and her share of the entangled state p,p. The resulting
unnormalized states of Bob are 6, = try[Ay?(w, ® 17)],
where AYZ = try[(AVA @ 18)(1Y ® pap)]. However, if the
state is separable, then this simplifies to separable operators
Az‘z/B = ZﬂpﬂAZH ® §0§’ where A,‘;H = trA[At‘llA(ﬂV ® pf)]
Note also that completeness of {AY4}  implies that
S AVE =1V ® pB. We can then quantify the amount of
white noise that must be added to a given set {5, },, in
order to model it classically,

min t
such that %= + %H% = try[AYE (y, ® 18)],
. 5 (o1
YAr=1'e <&+#t%)?

AYBESEP Va,

where N is the number of outcomes for Alice and d is the
dimension of system B. If the solution has ¢ > 0, there is no
classical teleportation model. By relaxing the set of separable
operators to a semidefinite constraint, for example, PPT, this
becomes an SDP criterion for classicality of teleportation. A
resource theory for this type of teleportation, where SDPs
again are relevant, was developed by Lipka-Bartosik and
Skrzypczyk (2020). Supié, Skrzypczyk, and Cavalcanti
(2019) showed how one can estimate entanglement measures
using an SDP analysis of the data generated in teleportation
experiments.

Ideal teleportation can be seen as simulating a noiseless
quantum channel using entanglement and classical commu-
nication. Holdsworth, Singh, and Wilde (2023) developed
SDP methods for bounding various forms of simulation errors
for how well the teleportation channel approximates the
noiseless quantum channel. A key component for this analysis
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is to use SDP relaxations of the set of one-way LOCC
channels, i.e., relaxations of procedures where Alice measures
locally and sends her outcome to Bob, who then performs a
local channel. To this end, as in Fig. 5, we view the actions of
Alice and Bob as a single bipartite channel A p_, 4. If this
bipartite channel preserves PPT states, which is an SDP
condition on the level of the Choi matrix associated with
the channel (Rains, 1999, 2001), it is also a one-way LOCC
channel. Alternatively, it is possible to relax one-way LOCC
channels by imposing that Ayp_ 45 is k extendible™ (Kaur
et al, 2019, 2021). This concept is analogous to the
constraints appearing in the DPS hierarchy. It means that
one can associate another channel N'yp, 5,4 B,..B,> which is

invariant under permutations of Bob’s inputs and outputs, and
such that if all but one of Bob’s systems are discarded,
Ayp_np 1s recovered. These two relaxations can be combined
into a single SDP relaxation of one-way LOCC channels. The
former type of relaxation has also been used to address
simulation errors when both Alice and Bob want to teleport
states to each other (Siddiqui and Wilde, 2023).

A related task is known as port-based teleportation
(Ishizaka and Hiroshima, 2008). In it Bob does not need to
perform a correcting quantum channel upon receiving Alice’s
outcome. To achieve this Alice and Bob share n copies of the
maximally entangled state and Alice jointly measures her
input state and all of her n shares and sends the outcome to
Bob. The outcome tells Bob in which share he can find the
teleported state. Optimization of protocols of this type has
been cast as an SDP (Studzinski er al., 2017; Mozrzymas
et al., 2018).

C. Distinguishability problems

1. Distinguishability constraints for quantum communication

It is often interesting to benchmark quantum communica-
tion not by its dimension but by another property that is either
physically or conceptually well motivated. This pertains partly
to understanding the conditions under which quantum corre-
lations go beyond classical limits and partly to building useful
protocols for semi-device-independent quantum information
processing, where deductions are made under weak and
reasonable physical assumptions. Many different frameworks
have been proposed, all based on the general idea of limiting
the distinguishability of the states sent from Alice to Bob.
What they have in common is that SDPs are typically crucial
for their analysis. Here we survey the main idea of each of
these frameworks from an SDP perspective. Some of the
cryptographic applications of these SDP methods are sur-
veyed in Sec. VII.C.

A natural experimental setting is that Alice knows which
state |y,) she is trying to prepare for Bob. However, since she
does not have flawless control of her lab, she ends up
preparing another state p, that is close but not identical to
.. The accuracy of her preparation can be quantified by the
fidelity F, = (y|p|w.)- Alice can either measure this quan-
tity in her lab or estimate it from an error model and name ¢,

An alternative definition of k-extendible channels and their
relevance to SDP was given by Berta et al. (2022).
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the deviation in the fidelity from the ideal unit result. The
communication between Alice and Bob is then based only on
the assumption that Alice can control her state preparation up
to an accuracy €, (Tavakoli, 2021). The key observation for
characterizing such correlations, based on quantitative dis-
trust, is that Uhlmann’s theorem (Uhlmann, 1976) allows one
to substitute a mixed state p for a purification |¢) such that
the fidelity is preserved. Since N pure states span at most an
N-dimensional space, the correlations can be thought of as
arising in a dimension-restricted space to which the NV
hierarchy applies, as described in Sec. VI.B.1. One can
therefore use the ideas of the NV hierarchy, but now
extending the operator list to also include all of the target
states {, }. The fidelity constraints can then be imposed as
additional linear inequality constraints F,=I'(p,,w,)>1—¢,
on the moment matrix. This was used by Tavakoli (2021) to
certify collections of nonclassical measurements as a func-
tion of ¢,.

An alternative approach limits the distinguishability, not
with respect to a target state but rather with respect to the
collection of states prepared by Alice. Wang et al. (2019)
considered a set of Z pure bipartite states {|y.)} that were
distributed between Alice and Bob. The Gram matrix of the
states is known, i.e., all pairs of overlaps 4;; = (y;|y;) are
fixed. The correlations then become p(a,b|x,y,z) =
(w:|Asx ® Byjylw,). To bound the correlation set via an
SDP hierarchy, consider a set of monomials S consisting
of products of the global projective measurements A, ® 1
and 1 ® B,,. Define the |S|Z x |S|Z moment matrix

P(u.v) =Y GT® i){jl; (92)
i,j=1

where for each pair (i, j) we define the matrix G (u, v) =
(wi|lu"v|w;) for u, v € S. The standard properties of projective
quantum measurements and the known Gram matrix
imply constraints on I'. In particular, one recovers the
probabilities as G**(A,|, Byy) = p(a, b|x,y,z) and the over-
laps as >, G (A, 1) = 4;;. Combined with I' > 0, this
gives an SDP relaxation that, in the limit of a large relaxation
level, converges to the quantum set of correlations. In the
special case of only two pure states, the Gram matrix
trivializes to a single nontrivial entry, and the correlation
set can then be characterized completely with a single SDP
(Bohr Brask et al., 2017). This two-state case was used by Shi
et al. (2019) to certify a genuine three-outcome measurement.
Furthermore, SDP relaxations based on the Gram matrix have
been used to compute upper bounds on quantum state
discrimination problems for optical modes with arbitrary
commutation relations limited by a fixed average photon
number (Primaatmaja, Ho, and Scarani, 2021).

A conceptually motivated framework for the prepare-and-
measure scenario is to generalize dimension restrictions to
information restrictions (Tavakoli, Zambrini Cruzeiro et al.,
2020); see also Chaturvedi and Saha (2020). The main idea is
to consider the cost of creating correlations in terms of the
amount of knowledge that Alice must make available about
her input random variable X. The classical information
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carried by Alice’s ensemble € = {p,,p,} is defined as the
difference between the min-entropy before and after Bob has
received the communication, (&) = H ;i (X) — Hpyin (X|B).
Here the first term is determined by the largest probability in
Alice’s prior H,,;,,(X) = —log max, p,. The conditional min-
entropy has an elegant operational interpretation in terms
of minimal error quantum state discrimination (Konig,
Renner, and Schaffner, 2009): if P, is the largest average
probability of state discrimination of the ensemble &, then
H,in(X|B) = —log P,. The state discrimination task can be
written as the following SDP:

P, = max ptr(p M,
RIS 2.pstrlpiMy)
such that Y M, =1, (93)
X
M, > 0.

Notably, other natural communication tasks closely related
to quantum state discrimination can also be expressed as
SDPs. Examples of this are the quantum guesswork, where
one aims to minimize the number of guesses needed to learn x
(Hanson et al., 2022), discrimination of sets of labels
(Chaturvedi, Pawtowski, and Saha, 2021), maximum con-
fidence state discrimination (Lee et al., 2022), and quantum
state exclusion, where one aims to rule out the possibility that
Alice selected a subset of her input alphabet (Bandyopadhyay
et al., 2014; Russo and Sikora, 2023). The central question
then becomes to determine the relationship between the
correlations p(b|x,y) and the information I(€) (or the
guessing probability P,). Tavakoli, Zambrini Cruzeiro et al.
(2022) developed convex programming methods for analyz-
ing informationally restricted classical and quantum correla-
tions. The former are fully characterized by an LP, and the
latter can be bounded by an SDP hierarchy. The key step for
constructing the hierarchy is to introduce an auxiliary operator
o when building the moment matrix. This auxiliary operator
comes from the SDP dual to Eq. (93),

P, = min tr(o

)= mi (%) o
such that ¢ > p.p, Vax.
Note that strong duality holds. Therefore, the properties that
tr(c) < Pyand thats > p,p, are built into the moment matrix.
The former is simply the linear constraint I'(¢, 1) < P,. The
latter are semidefinite constraints that can be imposed through
localizing matrices; see Sec. III.B. Moreover, for informa-
tionally restricted correlations one cannot restrict to pure states
without loss of generality. Taking this into account also
requires localizing matrices for imposing the condition that
p, be a valid state, namely, p, — p2 > 0. Beyond their own
domain the SDP tools for informationally restricted quantum
correlations can be applied to problems in quantum contex-
tuality (Tavakoli, Zambrini Cruzeiro et al., 2021) and entan-
glement-assisted correlations with classical or quantum
messages (Tavakoli, Pauwels er al., 2021). For such ends,
it has the property that the complexity of the SDP is
independent of the amount of information considered.
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However, the convergence of the hierarchy to the quantum set
is presently unknown.

A practical approach to quantum communication in the
prepare-and-measure scenario is based on limiting the energy
in the message from Alice to Bob. van Himbeeck et al. (2017)
proposed limiting the nonvacuum component of a weak
coherent pulse through an upper bound of the form
(1-10)(0[),, <,. When Alice had two preparations, it
was shown that the set of energy-restricted quantum corre-
lations could be mapped into a qubit problem, which in turn
permitted a complete characterization in terms of a single SDP
(van Himbeeck and Pironio, 2019).

2. Discrimination tasks

SDP techniques are useful for determining the relevance of
quantum resources in various discrimination tasks. An impor-
tant class of examples is quantum state estimation problems,
which can with some generality be phrased as a source
generating a pure state ¢, with probability p(x). The state
is then encoded in another state ¢, and given to a user who is
tasked with performing a measurement {M,}. Upon observ-
ing the outcome, he outputs a quantum state y,, as his estimate
for ¢,. The average fidelity of the estimation becomes

F= Zp(x)tr(¢xMa)tr(¢xWLt) = t1.(1()AB[\AB)' (95)

In the second inequality of Eq. (95), we have defined p,p =
S p(X)p, ® ¢, and Ayp = M, ® y, because this for-
mulation permits us to connect the task of bounding F" with a
separability problem (Navascués, 2008). The key observation
is that p,p is known, whereas A,p is unknown but separable
and subject to the constraint trg(Auz) = 1. In fact, any
separable operation with this property corresponds to a valid
state estimation strategy. Hence, one can apply PPT-symmet-
ric extensions to the system A as given by the DPS hierarchy
(see Sec. IV.A) and obtain a sequence of SDP bounds on F
that, in the limit of a large relaxation level, converges to F. A
relevant variation of this problem is when ¢, itself is a
bipartite state and the measurement { M, } is restricted to admit
implementation by LOCC. Since it is difficult to mathemati-
cally characterize LOCC measurements, an often viable
approach is to relax these to separable measurements. As
shown by Navascués (2008), this too can be connected to
the DPS hierarchy. To take the bipartite feature into account,
Eq. (95) is modified by replacing p,p and A,z with the three-
partite operators pape = Y, p(*)grt® ® ¢ and Aype =
ST MAE @ wS. Since {M4B} itself is separable, one must
impose the conditions that A,pc is fully tripartite separable
and that tr(Aypc) = 1. This makes the problem amenable to
the multipartite variant of the DPS hierarchy of SDPs.
Discrimination of sets of entangled states using only
measurements compatible with LOCC is a rich topic, and
SDPs have played a role in its recent development. The set of
PPT measurements has frequently been used to bound the set
of LOCC measurements in such tasks (Cosentino, 2013). This
relaxation can often be useful. For instance, it is known that
any set of k > d orthogonal maximally entangled states on

CY® C? cannot be perfectly distinguished by LOCC
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measurements (Ghosh et al., 2004), and the same is also true
for PPT measurements (Yu, Duan, and Ying, 2012). Using
duality theory for PPT measurements, it was shown that for
any d = 2' (with integers r > 2), the average success prob-
ability of discriminating k orthogonal maximally entangled
states is bounded by 7d/(8k) (Cosentino and Russo, 2014).
This proves that there are cases with k = d and even cases
with k < d for which LOCC discrimination cannot be exact;
see also Yu, Duan, and Ying (2012). When similar SDP
techniques were used, the case of k = d was then shown for
any d >4 (Li, Wang et al, 2015). A variation of this
discrimination problem is to allow for some auxiliary
entanglement to be consumed in the discrimination
protocol. Using duality theory, Bandyopadhyay et al. (2015)
showed that the optimal average success probability of
discriminating four equiprobable Bell states via LOCC is
(1/2)(1 + V1 — €?), where the auxiliary entangled state is
v/ (1 +¢€)/2]00) + /(1 —€)/2|11). Note that a perfect dis-
crimination is possible only with a maximally entangled
state. The latter is true also for discriminating three Bell
states. In contrast, using PPT relaxations, the entanglement
cost for discriminating three Bell states corresponds to only
€ = 1/3 (Yu, Duan, and Ying, 2014). Another variation of
these problems is to consider having many copies of the
entangled state. It is well known that having many copies of
orthogonal pure states permits perfect LOCC discrimination,
but that the same does not need to hold for orthogonal mixed
states (Bandyopadhyay, 2011). SDP techniques have shown
that this behavior for mixed states also persists under PPT
measurements (Yu, Duan, and Ying, 2014; Li, Wang, and
Duan, 2017).

Frequently a quantum resource can be completely charac-
terized in terms of its ability to yield an advantage in a certain
discrimination task, which thereby lends it an operational
interpretation. We now discuss how SDP techniques make
these connections possible. Consider quantum steering, i.e.,
the inability of a state assemblage @, = try (A ® Tpap) to
admit a local hidden state model, which was discussed in
Sec. II.B.1; see Eq. (7). Piani and Watrous (2015) showed that
a necessary and sufficient condition for p4p to be steerable is
that it yields an advantage over all non-entanglement-based
strategies in the task of subchannel discrimination when
measurements are limited to be implementable by one-way
LOCC. Specifically, an instrument is defined as Z = {A,},
where each A, is a completely positive and trace nonincreas-
ing map (a subchannel). The instrument is normalized to the
channel A = > A,. The discrimination task is to prepare a
suitable state o, apply the instrument Z, and then perform a
measurement {M,} with the aim of determining the specific
subchannel, i.e., of outputting a = x. The best protocol
involves an optimization over both ¢ and {M,}, leading
one to define the “no entanglement” performance as
PNE = Max, 0 (A [o]M,). This can now be compared
to the best protocol using the entangled state p,, where the
instrument is applied on system B. Let the measurements be
adaptive product measurements, namely, M, = >, A, ® B,
for some local POVMs {A,,} and {B,}. One then finds
that for every steerable state there exists Z such that the
success probability py=max,, > tr[(1QA,)[pss|M ] exceeds

045006-35



Tavakoli et al.: Semidefinite programming relaxations for quantum correlations

pne- To arrive at this one studies the quantity known as the
steering robustness R(p,z). It is defined as a supremum over
a corresponding robustness quantity defined for assemblages

R({0q|x})- The latter quantity is the smallest # > 0 for which

US _
alx

the assemblage can be decomposed as @,, = (1 +t)e

US
alx

arbitrary assemblage {7, }. Thus, it is in a sense the smallest
amount weight for a steerable assemblage necessary to recover
{0q/x}- Tt can be computed as the SDP

>0
7

suchthat » p(alx.4)o; =0, Ya.x, (96)
p

tt,, for some unsteerable assemblage {¢,>} and some

1+R({Qa|x}) =min

6,0 V.

From Eq. (96) one can show that pg/pxg < 14+ R({0a}) <
1 + R(pap), where the last inequality follows by definition.
Piani and Watrous (2015) showed that analysis of the dual
SDP allows one to strengthen this to pp/pyg = 1 + R(pap)-
Hence, for any steerable state there are local measurements
that give rise to a steerable assemblage that thus exhibits
R({04/x}) > 0. This implies that there is some instrument for
which the entanglement-assisted subchannel discrimination
(with one-way adaptive local measurements) exceeds the
entanglement-unassisted limit, i.e., pr > pnyg. We note that
while the steering robustness of an assemblage is useful for
understanding subchannel discrimination, there are many
ways to quantify steerability via SDPs; see Skrzypczyk,
Navascués, and Cavalcanti (2014), Cavalcanti and
Skrzypczyk (2016), and the review by Cavalcanti and
Skrzypczyk (2017).

In general quantum resources associated with convex sets
(e.g. entanglement, steering and joint measurability) can be
systematically associated with resource quantifiers in the spirit
of Eq. (96). We already saw an example of this in the
discussion around Eq. (5) for PPT states (which is a convex
set). When the quantum resource does not admit an SDP
characterization, the quantifiers typically also do not admit an
SDP representation. Nevertheless, they can often be formu-
lated within the more general framework of conic program-
ming. While conic programs generally lack the important
feature of being efficiently computable, they can still admit a
duality theory that parallels the one discussed for SDPs. For
instance, a conic programming approach to separable mea-
surements was given by Bandyopadhyay er al. (2015), and
constructions of robustness-type measures for arbitrary con-
vex measurement sets was developed by Takagi et al. (2019)
and Uola et al. (2019). Thus, regardless of the set admitting an
SDP or a more general conic characterization, a nonzero
distance (in terms of a suitable robustness measure) from such
a set can often be interpreted in terms of an operational
advantage in a tailored discrimination task.

Consider a quantum state discrimination task based on a
predetermined set of states p, .. Alice selects x from a prior
p(x), draws a from some prior p(alx), and then sends both x
and p,|, to Bob. Bob’s task is to learn the value a. There are
two types of protocols permitted. In either, Bob has a
predefined set of incompatible measurmements {M,}.
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Based on the knowledge of x, he stochastically selects which
measurement to perform using some distribution p(y|x, u)
with prior p(p). The measurement outcome is then used,
together with the knowledge of (x, i), to select the final guess
for a. In contrast, an alternative protocol is for Alice to
perform in each round a single measurement on p,, and then
use y to postprocess the outcome into the final guess for a.
Carmeli, Heinosaari, and Toigo (2018) showed that {M,, }
must be incompatible in order for the first type of strategy to
outperform the latter. Using the knowledge of robustness-type
resource quantifiers, one can show that measurement incom-
patibility is in fact both necessary and sufficient (Carmeli,
Heinosaari, and Toigo, 2019; Skrzypczyk, gupié, and
Cavalcanti, 2019; Uola et al., 2019). That is, for every set
of incompatible measurements, there is a tailored choice of a
state discrimination task, of the aforementioned form, where
they can outperform any protocol-based compatible measure-
ments. The relevant quantifier of the incompatibility resource
is the incompatibility robustness discussed in Sec. V.B.4,
which is computable via SDP. Notably, such ideas can also be
extended to discrimination tasks for witnessing the incom-
patibility of channels (Mori, 2020). A related but different
example is when one considers measurements from a resource
theory perspective. A device that maps quantum states to
classical outcomes is a measurement, but not all such devices
require one to actually interact with the quantum state. A
trivial example is a device that bins the state and then flips a
coin and outputs the result. Skrzypczyk and Linden (2019)
identified such trivial measurements as POVMs of the form
{p(a)1}, for some probability distribution {p(a)}, and a
robustness measure was formulated for quantifying the extent
to which a given measurement deviates from such a trivial
realization. This measure is computable via SDP, and, by
examining its dual, one can formulate a standard quantum
state discrimination problem where the degree of advantage in
the nontrivial measurements corresponds exactly to their
robustness.

We also mention some examples of the previous ideas being
applied to convex sets that are fully characterized not by SDPs
but by more general conic constraints. A prime example is the
set of bipartite separable states. The previously discussed task
of subchannel discrimination assumed measurements that are
compatible with one-way LOCC. If one instead permits
generic bipartite measurements, it can be shown that every
entangled state (i.e., the unsteerable ones as well) yields an
advantage in the task (Piani and Watrous, 2009). This can also
be extended to high-dimensional entanglement, as quantified
by the Schmidt number of p,p. Bae, Chruscinski, and Piani
(2019) showed that every state with a Schmidt number larger
than k can outperform any state with a Schmidt number of at
most k in subchannel discrimination. Another example is
witnessing the advantage of nonprojective measurements with
respect to protocols based on projective measurements. The
latter is a convex set but cannot be characterized as an SDP
due to the projectivity condition. Nevertheless, one can always
find an advantage in a tailored state discrimination task (Uola
et al., 2019). The same also applies to sets of quantum states,
as compared to the restricted set of quantum states that can be
collectively diagonalized by a single unitary (Designolle et al.,
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2021). These ideas have also been merged with the previous
discussion of LOCC discrimination of entanglement in order
to link advantages to local robustness measures (Sen, Halder,
and Sen, 2024).

VII. RANDOMNESS AND QUANTUM KEY DISTRIBUTION

Quantum cryptography offers a means to execute crypto-
graphic tasks with information-theoretic security, with ran-
domness generation and quantum key distribution (QKD)
being the most well-studied primitives in this domain. In this
section we describe how SDP hierarchies can be used to
quantify randomness and compute rates of QKD protocols;
see Gisin et al. (2002), Scarani et al. (2009), Pirandola et al.
(2020), Xu et al. (2020), and Portmann and Renner (2022) for
more in-depth reviews on the topic.

A QKD protocol consists of two parties Alice and Bob who
want to establish a shared random string that is unknown to
any potential adversary. To do this they execute a procedure
that generates a classical-classical-quantum system p,pg,
where A and B are classical systems held by Alice and
Bob, respectively, and E is a quantum system held by a
potential adversary. From this system they can then try to
postprocess the classical systems A and B to produce random
strings K, = Ky that are not correlated with E. To assess the
security and performance of such a protocol, one needs to
compute (or at least lower bound) its asymptotic rate,” i.e., the
number of secret key bits generated per round of the protocol
as the number of rounds tends to infinity. For example, for
QKD with one-way error correction against an adversary who
applies the same attack each round on the protocol independ-
ently of the other rounds [an independent and identically
distributed (IID) adversary], the asymptotic rate is given by
the Devetak-Winter bound (Devetak and Winter, 2005)

min H(A|E) — H(A|B). (97)

paBEES

where H(X|Y)=H(XY)-H(Y), with H(X):=
—tr(py log, py) the von Neumann entropy and the minimi-
zation over the set S of all classical-classical-quantum states
pape that are compatible with the protocol. Therefore, the
exact set S depends on the protocol used and the statistics
observed. The asymmetry in the Devetak-Winter bound comes
from the restriction to protocols with one-way error correc-
tion; i.e., all the error correction is sent by Alice to Bob. It is
possible to interpret the second term H(A|B) as approximately
the rate of bits that Alice must send to Bob for him to
successfully correct his raw key to be equal to hers.

Note that, as A and B are observed by Alice and Bob, one
can estimate H(A|B) directly from the statistics of the
protocol. Thus, the main task remaining is to bound from
below

min H(A|E). (98)

paBe €S

Mt is also possible to compute nonasymptotic rates from the
asymptotic rates even against non-IID adversaries (Dupuis, Fawzi,
and Renner, 2020).
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There are two main difficulties to overcome in order to
compute bounds on Eq. (98). First, the objective function
is a nonlinear function of p,zr and, second, one needs to
characterize the set S of possible states p,pr output by the
protocol when E is a system unknown to Alice and Bob.
The latter depends significantly on the security model of the
protocol, so in the following we consider the different
approaches suited to the different security models. It is further
possible to consider different adversaries. For example, one
could make a restriction to classical adversaries, which forces
E to be a classical system, and hence Eve cannot be entangled
with the initial systems of Alice and Bob.

A. Device-independent approach

In the device-independent security model, which was
pioneered by the ideas of Ekert (1991) and Mayers and
Yao (1998), Alice and Bob each have an untrusted device that
they use to generate nonlocal correlations; see Fig. 2. It is
assumed without loss of generality that the devices produce
their outcomes given their inputs by measuring some projec-
tive measurements {A, },, and {By), }, , on a bipartite state
Po,0, [see Eq. (3)], where the subindex Q indicates that the
system is quantum, in contrast to the classical systems A and B
that hold the measurement outcomes of Alice and Bob. In this
security model the source £0,0s is not trusted, and hence there
may be an adversarial party holding a system E that is
potentially entangled with the systems Q4 and Qp. In a
device-independent protocol, Alice and Bob verify that the
correlations p(a, b|x,y) generated by their devices satisfy
some linear constraints

Z rahx.\'.ip(as b

a,b.x)y

xy)>w; Vi, (99)

where 4y, ;, @; €R are specified by the protocol. They can
verify that their devices achieve some sufficiently high
average CHSH violation. Thus, the set of states that are
required to optimize over in Eq. (98) are exactly the post-
measurement states whose statistics are compatible with the
corresponding version of Eq. (99) imposed by the protocol.
Using the NPA hierarchy, one can in principle relax the
existence of such quantum systems satisfying Eq. (99) to a
hierarchy of SDPs, as detailed in Sec. V.A. What then remains
is to convert the objective function H(A|E) into something
that can be expressed within the framework of noncommu-
tative polynomial optimization.

1. Bounding the min-entropy

For a classical-quantum state, pxy = > |x) (x| ® py(x),
the conditional min-entropy of X given Y is defined as
H,in (X[|Y) := —log, P,(X|Y), where

Py(X|Y) s= max > M py ()], (100)

xx oy

and the maximization is over all POVMs {M,}, on system Y.
Operationally the quantity P,(X|Y) corresponds to the maxi-
mum probability with which someone who has access to
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system Y can guess the value of system X, and hence P, is
referred to as the guessing probability (Konig, Renner, and
Schaffner, 2009). This operational interpretation also implies
that the min-entropy rates for a classical adversary coincide
with those of a quantum adversary. Eve effectively creates a
classical system upon measuring, which implies the existence
of a classical strategy achieving the same min-entropy bound.

Using the fact that H > H,,;,, one can immediately get
lower bounds on rates by lower bounding the min-entropy or,
equivalently, upper bounding the guessing probability. In
particular, when Alice inputs X = x, we have

P(/(A|E) = lgila);ztr[(Aa\x ® 1 ® Ma)pQAQBE]’ (101)

where {M,} is now some POVM given to the adversary
(which can be assumed to be projective) (Masanes, Pironio,
and Acin, 2011). When the tools of noncommutative poly-
nomial optimization are applied, the corresponding rate
optimization can be relaxed to a hierarchy of SDPs
whose moment matrices are generated by the monomials
{1} U {Au} U {By,} U {M,}, and the kth level relaxation is

given by

max ST Ay M,)

such that > 7upyy T (A Bypy) 2 0, Vi, (102)
a,b.x,y
rk>o,

where as usual we have not explicitly specified all the
constraints present in Eq. (102), such as those coming from
projectivity, commutativity, orthogonality, and normalization.
Taking —log, of any solution to Eq. (102) will therefore allow
the rates of device-independent QKD or device-independent
randomness generation protocols to be lower bounded.

By tracing out the E system, one can increase the efficiency
of these relaxations in terms of the dimension of the SDP
(Bancal, Sheridan, and Scarani, 2014; Nieto-Silleras, Pironio,
and Silman, 2014) as Eve’s operators are removed from the
relaxation, and subsequently the size of the moment matrix is
reduced. In particular, one can view Eve’s measurement, upon
obtaining the outcome c, as preparing the subnormalized state
Po,0,(¢) =trg[(1g,0, ® M:)pg,0,r) for Alice and Bob,
which satisfies a normalization condition ) pp o,(c) =
00,05 Thus, it is possible to create a relaxation for each of
the states p ¢, (c), leading to several smaller moment matrix
blocks instead of one large moment matrix for the state pg, o, -
In particular, one can instead write the kth level relaxation as

max Zr*l; (Aa|xv ﬂ)

such that 3" rupey TE(Agpes Bpy) 2 @ Vi,
a,bx,y.c (103)
Y1) =1,
‘>0 Ve,

where we have again omitted many implicit constraints.
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The SDP bounds on H,;, have been used extensively to
analyze the device-independent randomness generated from
different Bell inequalities in the presence of noise (Mironowicz
and Pawlowski, 2013; Bancal and Scarani, 2014; Law et al.,
2014), from noninequality settings (Li, Pawtowski et al.,
2015a), in the presence of leakage (Silman, Pironio, and
Massar, 2013; Tan, 2023), from postselected events (Thinh
et al., 2016; Xu et al., 2022), from PPT states (Vértesi and
Brunner, 2014), and from partially entangled states (Gomez
etal.,2019). The efficiency of the SDPs allows them to be used
to help optimize the experimental design to maximize random-
ness (Mattar et al., 2015), and through the dual it is possible to
extract functions on which the experimental parameters can be
optimized (Assad, Thearle, and Lam, 2016). The dual also
provides a function on the space of correlations that lower
bounds the certifiable device-independent randomness, which
can then be used to create full security proofs of the corre-
sponding protocols (Nieto-Silleras et al., 2018; Brown, Ragy,
and Colbeck, 2020). Employing these SDP relaxations, one can
also verify that a four-outcome POVM can be utilized to
produce two bits of device-independent randomness using a
maximally entangled qubit pair (Acin ef al., 2016; Gémez
et al., 2016), and similar advantages from nonprojective
measurements also appear in systems with higher dimensions
(Tavakoli, Farkas et al., 2021). The technique can also be
applied to more exotic correlation scenarios like sequential
measurements (Bowles, Baccari, and Salavrakos, 2020) to
show robust generation of more randomness than would be
possible with just a single projective measurement or
within the instrumental causal structure (Agresti ef al.,
2020). It was also used together with analytical investigations
to demonstrate that a sequence of nonprojective measure-
ments can be used to generate unbounded amounts of
randomness from a single maximally entangled qubit pair
(Curchod et al., 2017).

2. Bounding the von Neumann entropy

The min-entropy approach provides a simple method to
lower bound the rates of protocols. However, secure asymptotic
and nonasymptotic rates are often expressed in terms of the von
Neumann entropy (Arnon-Friedman et al., 2018), which in
general is larger than the min-entropy. Thus, to find tighter lower
bounds on the rate of a protocol, it is necessary to find a way to
lower bound the von Neumann entropy more accurately.

Tan et al. (2021) used duality relations of entropies to
remove Eve from the problem, following a similar approach
taken by Coles, Metodiev, and Liitkenhaus (2016) to view the
measurements of Alice and Bob through the lens of an
isometry. After rephrasing the problem in terms of only
Alice and Bob, they provided a lower-bounding ansatz, which,
after applying a Golden-Thompson inequality (Sutter, Berta,
and Tomamichel, 2017), they expressed as a noncommutative
polynomial optimization problem that can in turn be relaxed to
a hierarchy of SDPs.

Brown, Fawzi, and Fawzi (2021) introduced a sequence of
conditional Rényi entropies38 that are all lower bounds on

38Rényi entropies are usually single-parameter families of entropic
quantities. For an in-depth overview see Tomamichel (2015).
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H(A|E). Each of these entropies is defined in terms of a
solution to an SDP that emerges from the SDP representability
of the matrix geometric mean (Fawzi and Saunderson, 2017).
Like the min-entropy, these Rényi entropies can be each used
to give a hierarchy of SDPs that lower bound the rates.
Gonzales-Ureta, Predojevi¢, and Cabello (2021) used the
method to derive improved device-independent QKD rates

in settings with more inputs and outputs.
While the two aforementioned methods improve over the
min-entropy, it is not clear that either can compute tight lower
|

bounds on the von Neumann entropy. Brown, Fawzi, and
Fawzi (2024) introduced a sequence of variational forms that
converge to the von Neumann entropy from below. Let m € N,
and let ¢, ..., ¢, and wy, ..., w,, be the nodes and weights of
an m-point Gauss-Radau quadrature rule® on [0, 1] with
t,, = 1 (Golub, 1973). For each m €N the following non-
commutative polynomial optimization problem is a lower
bound on the rate inf H(A|E),

min Cm + 205 ez (P00, A Zai + Zipy + (1 = 1)Z8 Z0 i) + 1:24iZ3 1))
a
such that Z rabxy.itr(pQAQBEAa\bib‘) > i,

a,b.x.y
i 2
ZWZW» < ai ]] N

(104)

[Aa|vah|y] = [Aa\xvzc,i] = [Bb|y»Zc,i] =0,

where a; = (3/2) max{t;”!, (1 —#;)7'}, ¢,, = (log2)~'x
m-1(w;/1;), and the operators generating the noncom-
mutative polynomial optimization are {A }U{By|,}U
{Z.;,ZL}. This can then be relaxed to an SDP using
the techniques detailed in Sec. III.B. In particular, the core
of the relaxation consists of a moment matrix generated by
the monomials {1}U{A,,} U{B,,}U {Zc.i,ZL-}. Note
that the Z,.; operators are not Hermitian, and hence their
adjoint must also be included in the generating set.

The construction leads to a double hierarchy, namely, a
hierarchy of variational bounds indexed by m and, for each of
these bounds, an SDP relaxation hierarchy. For applications
given by Brown, Fawzi, and Fawzi (2024), a value of m = 8
or 12 was typically used alongside various tricks to speed up
the computations. This method has been shown to recover the
known tight bounds on rate curves. It has been used to
compute randomness generation rates in mistrustful settings
(Metger et al., 2022), i.e., when Alice does not trust Bob, as
well as for assessing the optimal randomness certifiable in the
binary input and binary output scenarios (Wooltorton, Brown,
and Colbeck, 2022).

When Alice and Bob have only binary inputs and outputs,
the analysis of the rate can be reduced to the analysis of qubit
systems through the use of Jordan’s lemma (Masanes, 2006).
For certain Bell inequalities it is then possible to solve the
entropy optimization analytically (Pironio er al, 2009).
Masini, Pironio, and Woodhead (2022) introduced a hybrid
analytical-numerical approach for binary settings. They
showed that, after reducing to qubit systems, it is possible
to use further symmetries and properties of entropies to
express the rate of the problem as an analytical function of
some unknown correlators. These correlators can then be
bounded by a commutative polynomial optimization of just

%A Gaussian quadrature rule approximates an integral f Z f(x)dx
by a finite sum Y _,w; f(#;), where w; are referred to as weights and f;
are called nodes. See Davis and Rabinowitz (1984) for further details.
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[

a few variables. This can then be relaxed to a hierarchy of
SDPs using the Lasserre hierarchy; see Sec. IILLA. Their
advantage over the previously discussed techniques is that the
numerical optimizations are significantly smaller (and hence
faster). Furthermore, it can achieve tight bounds in cer-
tain cases.

A similar hybrid approach was taken by Schwonnek et al.
(2021), where they analyzed key rates achievable in
binary input and binary output settings when the key was
extracted from different input settings. After reducing
to qubit systems, they reformulated the problem as a
triplet of nested optimizations, with the innermost optimi-
zation an SDP arising from the SDP formulation of the
trace norm,

|K||; = min (X +Y)

X K
such that >0,
Kt v

where K is any square matrix (Watrous, 2018).

(105)

3. Beyond entropy optimizations

Thus far we have focused on randomness generation and
QKD with one-way error correction, the rates of which both
require solving a minimization of some entropy. When one
moves beyond these protocols, the relevant figure of merit will
often change. Nevertheless, SDP relaxation techniques remain
readily applicable to these new settings.

Two-way error correction in QKD, i.e., when both Alice
and Bob can communicate in the error correction step of the
protocol, is known as advantage distillation. Tan, Lim, and
Renner (2020) showed that a sufficient condition for secret
key generation in this binary-outcome protocol is

€

min F(pgjo0, PE11) > , (106)

1—¢
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where F(p,0) = ||/p+/0]|, is the fidelity, € is the probability
that Alice and Bob’s outcomes disagree on the key-generating
inputs x and y, ie., €:=),,p(a blx,y), and pg, =
[1/p(ablxy)ltrg, 0, [(May & Npjy ® 1)pg,0,e] is the mar-
ginal state of Eve conditioned on Alice receiving outcome
a and Bob receiving outcome b. Various approaches to
compute the minimization of the fidelity have been
proposed. Tan, Lim, and Renner (2020) found that the fidelity
was lower bounded by a guessing probability, resulting in an
optimization that could be tackled using techniques intro-
duced by Thinh et al. (2016). Hahn and Tan (2022) showed
that one can apply a fidelity-preserving measurement to the
quantum states to reduce the objective function to just a
function of probabilities and then, using techniques similar to
those introduced by van Himbeeck and Pironio (2019),
arbitrarily tight bounds on the fidelity can be directly
computed using noncommutative polynomial optimization.
A stronger sufficient condition based on the Chernoff diver-
gence Q(p, o) :=ming_,_ tr(p’c'™*) was introduced by
Stasiuk, Liitkenhaus, and Tan (2022), and indirect lower
bounds were analyzed using a guessing probability lower
bound and the resulting SDP relaxations, in a manner similar
to that of Tan, Lim, and Renner (2020).

In contrast to QKD, wherein Alice and Bob trust each other,
mistrustful cryptography aims to execute a cryptographic task
between two agents who do not trust each other. The relevant
figures of merit for these protocols are then the probability that
each agent can cheat. Bit commitment is such a protocol in
which Alice commits a bit to Bob. After commitment Alice
should not be able to modify the bit, and Bob should be able to
learn the bit only when Alice chooses to reveal it. Aharon et al.
(2016) introduced a device-independent bit-commitment pro-
tocol based on the CHSH game, and it was shown that the
probability that Alice can cheat could be relaxed to a non-
commutative polynomial optimization problem similar to a
guessing probability problem. Similar SDP relaxations were
also derived for the cheating probabilities of Alice and Bob in
an XOR oblivious transfer protocol based on the magic square
game (Kundu, Sikora, and Tan, 2022).

In both randomness generation and QKD, regardless of the
security model, various classical postprocessing of the data is
performed. In particular, a procedure known as randomness
extraction is necessary to transform the measurement outputs
of the devices into e-approximate secret uniform randomness.
Berta, Fawzi, and Scholz (2015) showed that the condition for
a procedure to be a valid randomness extractor can be recast as
a quadratic program. This quadratic program can then be
relaxed to an SDP, giving a certificate for a procedure to be a
secure randomness extractor.

B. Device-dependent approach

The opposite of the device-independent approach is having
a full characterization of the honest parties’ devices involved
in a protocol. In this device-dependent scenario, Alice
and Bob measure some fixed, known POVMs {A,,},, and
{By)y }5, on abipartite state py, o, . As before the source is not
trusted, and thus no assumptions on £0,0, are made, except
that it must be compatible with the statistics measured by

Rev. Mod. Phys., Vol. 96, No. 4, October—December 2024

Alice and Bob. In particular, an adversarial party holds a
quantum system FE that is potentially entangled with the
systems Q, and Qp, with the global state denoted by
Po,0,E- The condition that is compatible with the measured
statistics is then expressed as

u[(W; ® 1g)pg,0,e] = @i Vi, (107)
where Wi =3, ), Cabry.iAalx ® Bp|y is specified by the
protocol and w; is given by the measured statistics. For
example, one can choose {A,},, and {B,,},, to be
mutually unbiased bases and W; to compute the probability
that Alice and Bob get equal results when measuring in the
same bases (Sheridan and Scarani, 2010). Equation (107) is a
simple linear constraint compatible with SDP, so, in order to
compute the key rate, one simply needs to convert the
objective function H(A|E) from Eq. (97) into an expression
that can be optimized via SDPs.

1. Bounding the min-entropy

As in the device-independent case, it is possible to lower
bound the von Neumann entropy by the min-entropy and
compute the latter from the guessing probability given by
Eq. (101). The equation can be linearized in the optimization
variables by absorbing the {M_} . into py ¢, that is, defining

P0,0,(¢) =tre[(1 @ 1@ M,)pg,0,¢] (108)

so that pg 0. = > .P0,0,(c). Computing the guessing prob-
ability is done with the following SDP:

max St((Au ® Dpg,g,(a)
{PQAQB (a)} a

such that > tr[W;pp 0, (a)] = o; Vi,
Ztr[pQAQB (a>] = 1’

Po,0,(a) =0 Ya.

(109)

Equation (109) was used by Doda et al. (2021) to demonstrate
improved noise tolerances for QKD using high-dimensional
systems. The min-entropy, however, is a loose lower bound on
the von Neumann entropy, so the key rates computed in this
way are unnecessarily pessimistic. The main advantage of this
technique is simplicity.

2. Bounding the von Neumann entropy

The variational forms converging to the von Neumann
entropy introduced by Brown, Fawzi, and Fawzi (2024) can
also be applied to computing the key rate in the device-
dependent case (Aradjo et al., 2023). Having trusted meas-
urement devices drastically simplifies the problem: for a given
matrix element on Alice and Bob’s side, one builds an NPA
hierarchy for Eve together with the quantum state, resulting in
a block matrix SDP, as done by Navascués, de la Torre, and
Vértesi (2014). This NPA-type hierarchy converges at the first
level because there are no commutation relations to enforce,
and thus for fixed m one has a single SDP.
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As shown by Coles, Metodiev, and Liitkenhaus (2016),
the H(A|E) term in the key rate can be rewritten as
D(Zlpg,0,]l1219(pg,0,)1), Where D(p|o) := tr[plog,(p)] -
tr[plog,(o)] is the relative entropy and Z and G are quantum
channels. This rewriting achieves two things: it removes
Eve from the problem, and it results in an objective function
that is convex in the variables £0,0, Thus, the key-rate
calculation becomes a convex optimization problem. Winick,
Liitkenhaus, and Coles (2018) showed that a Frank-Wolfe-
type algorithm (Frank and Wolfe, 1956) can be used to solve
the problem. They also provided a method to convert feasible
points of the convex optimization problem into rigorous lower
bounds on the key rate: when the objective is linearized at a
given feasible point p, (., the convex optimization problem
becomes an SDP, and a guaranteed lower bound can be
obtained using the weak duality of the SDPs. Dedicated
interior-point algorithms to solve the optimization problem
have also been developed (Hu et al., 2022), with improved
stability and convergence rates over the known Frank-Wolfe-
type methods. The convex optimization can also be done
using the semidefinite approximations of the matrix logarithm
developed by Fawzi, Saunderson, and Parrilo (2019), who
gave an alternate method that uses SDPs (Bunandar et al.,
2020; Hu et al., 2022).

More recently effective conic methods have been developed
to optimize over nonsymmetric cones (Skajaa and Ye,
2015; Papp and Yildiz, 2017; Coey, Kapelevich, and
Vielma, 2023). Together with the modeling of the relative
entropy as a nonsymmetric cone (Fawzi and Saunderson,
2023), this has made it possible to solve the key-rate problem
directly without relying on SDP relaxations or dedicated
algorithms (He, Saunderson, and Fawzi, 2024; Lorente et al.,
2024). Such methods offer a dramatic improvement of
performance over previous techniques.

C. Semi-device-independent approach

Semi-device-independent (SDI) protocols offer a trade-off
between the high security of device independence and the ease
of implementation of device-dependent protocols. Ideally one
looks to add one or more easily verifiable assumptions that
enable the resulting protocol to be implemented in a signifi-
cantly simpler manner. Often these protocols reduce to a
prepare-and-measure scenario (see Fig. 3) similar to those
discussed in Sec. VI, wherein Alice randomly prepares one of
the states {p, }, and sends it to a measurement device (Bob)
that performs one of several measurements to generate the
data that become the source of randomness or the secret key.
Different assumptions can then be placed on the source device
and the measurement device to generate different SDI proto-
cols. Note that if one has an SDP relaxation of the set of
correlations achievable within this setting, then one can often
optimize entropies over these sets to bound the rates of
randomness generation protocols. For several assumptions
these SDP relaxations of the correlation sets were already
discussed in Sec. VI.

The first work to introduce SDI cryptography considered
a QKD scheme in the prepare-and-measure setting that
assumes that the quantum states prepared by Alice and sent
to Bob are qubits (Pawlowski and Brunner, 2011). By
restricting the dimension of the Hilbert space, the set of
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possible prepare-and-measure correlations p(b|x,y) is also
restricted. Note that, akin to the situation in Bell nonlocality,
there are qubit correlations that cannot be realized by classical
systems of dimension 2. By witnessing these correlations
under the qubit assumption, Alice and Bob can verify that
their systems must be acting in a nonclassical manner and,
crucially, nondeterministically. Using analytical results con-
cerning dimension witnesses and random access coding,
Pawtowski and Brunner (2011) demonstrated that secret keys
can be extracted from certain correlations, although their
analysis was limited to an ideal protocol. Later SDI protocols
for randomness generation based on dimension bounds were
introduced (Li et al., 2011, 2012; Mironowicz et al., 2016).
Mironowicz et al. (2016) used the dimension-restricted
correlations hierarchy of Navascués and Vértesi (2015) (see
also Sec. VLI.B.1) to compute a lower bound on the min-
entropy that can be certified from devices that achieve some
minimal success probability for a quantum random access
code. The issue with an upper bound on the dimension of a
quantum system is that it is difficult to physically justify,
hence researchers then looked for protocols that rely on other
assumptions that are easier to verify.

van Himbeeck and Pironio (2019) analyzed SDI protocols
for randomness generation under assumptions of bounded
average and maximal energy of the quantum states sent from
Alice to Bob, and a full security proof against classical
adversaries is given. The resulting correlation set has an
SDP representation (see Sec. VI.C.1), which van Himbeeck
and Pironio used to analyze the randomness generated againsta
classical adversary. To achieve this they had to deal with the
nonlinearity of Y p(x)h(E,), where p(x) is the input dis-
tribution, i(x) :== —xlog, x — (1 — x) log, (1 — x) is the binary
entropy, and E is an observed quantity in the protocol. As 4 is
concave, one can define a sequence of piecewise linear lower
bounds on / that approximates /s arbitrarily well in the limit.
This led van Himbeeck and Pironio (2019) to a hierarchy of
SDP bounds on the rates based on this approximation.

SDI randomness amplification protocols, i.e., SDI random-
ness generation with a partially trusted seed, can also be
performed under the assumption of energy bounds (Senno and
Acin, 2021). A similar approach was taken by Jones et al.
(2022), who showed that the formalism developed by van
Himbeeck and Pironio (2019) can also be applied to assump-
tions on the spacetime symmetries of the protocol, which
further can be treated independently of quantum theory.

If the source is limited to the preparation of two states, then
the energy bounds give a physical justification for a minimal
overlap [(y|y,)| > 0 in the states prepared by the source. A
number of researchers have also analyzed SDI randomness
generation directly under the assumption of a minimal overlap
between the states {|w,)}, sent by the source to the meas-
urement device. Bohr Brask et al. (2017) noted that any
attempt to unambiguously discriminate between |y,) and |y )
must contain some randomness in whether or not the
discrimination is conclusive. An SDP based on H,;, is
formulated to bound the randomness generated with respect
to an adversary who may share classical correlations with the
measurement device. This SDP can also be generalized to
more inputs and outputs to achieve higher randomness
generation rates (Tebyanian et al., 2021). Employing
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time-bin encoding and single-photon detection, Roch i
Carceller et al. (2024) used SDP to certify more than one bit
of randomenss per round in this framework. Roch i Carceller
et al. (2022) used the minimal overlap assumption to show
that quantum devices can generate more randomness than
noncontextual devices that obey an analogous assumption,
and an SDP to compute the randomness for noncontextual
devices was also given. Note that, since these works assume
the preparation of pure states, they are able to restrict the
analysis to the finite-dimensional subspace spanned by those
states. As a result, the computation of the rates can be directly
written as a single SDP.

An SDI randomness generation protocol under which all
overlaps (y,|y,) are known was given by loannou et al.
(2022). They also analyzed the randomness generated against
a quantum adversary who has access to the quantum channel
between the source and the measurement device and can use
this to create entanglement between themselves and the
measured states. By adapting the SDP relaxation method of
Wang et al. (2019) [see Eq. (92)], one can then compute a
hierarchy of min-entropy bounds against the adversary. A
similar SDI randomness generation protocol was given by
Wang, Primaatmaja ef al. (2023) in which the source was fully
characterized but the quantum channel and Bob’s measure-
ment device was untrusted. Using also the techniques of Wang
et al. (2019) an SDP relaxation of min-entropy bounds was
given and a full security analysis was provided.

An alternative bounded overlap condition was given by
Tavakoli (2021), who assumed that the source prepares states
that are close to some fixed set of target states; see
Sec. VI.C.1. The randomness generated by the measurement
device with respect to an adversary who shares classical
correlations with both the source and the measurement device
is then analyzed using the min-entropy and SDP relaxations of
the underlying correlation set of the scenario. An alternative to
the various overlap assumptions was given by Tavakoli,
Zambrini Cruzeiro et al. (2022), who assumed a bound on
the information transmitted through the prepare-and-measure
channel; see also Sec. VI.C.1. The certifiable randomness was
evaluated using the min-entropy for various bounds on the
transmitted information, and comparisons to the dimension-
bounded protocols were also given.

The setting of measurement-device-independent (MDI)
QKD offers stronger security than device-dependent QKD
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as well as a longer distance (Lo, Curty, and Qi, 2012). Winick,
Liitkenhaus, and Coles (2018) and Hu ef al. (2022) showed
that the methods developed for device-dependent QKD can
also be used to compute key rates of MDI-QKD protocols and
variants like twin-field QKD (Lucamarini et al, 2018).
Primaatmaja et al. (2019) derived an SDP method to bound
the phase error rate of a variety of protocols that can in turn be
used to compute their rates via the Shor-Preskill formula
(Shor and Preskill, 2000). Other works in the setting of
uncharacterized measurement devices have investigated ran-
domness generated in steering scenarios (Passaro et al., 2015)
and with trusted quantum inputs (Supié¢, Skrzypczyk, and
Cavalcanti, 2017).

VIII. CORRELATIONS IN NETWORKS

A line of research in quantum correlations takes the study of
entanglement-based correlations beyond the traditional Bell-
type scenarios and into the domain of networks. Networks are
composed of a number of parties that are connected to each
other through multiple independent sources that each emit
physical systems. A party can then perform measurements on
the shares received from several different sources; see Fig. 7.
Not only is the framework of networks the appropriate one to
analyze long-distance entanglement-based and communica-
tion scenarios, but it has also provided new insights into the
fundamentals of quantum theory (Renou et al., 2021; Abiuso
et al., 2022).

Characterizing classical, quantum, or no-signaling correla-
tions in networks is a major theoretical challenge. The origin
of the difficulty is that the presence of multiple independent
sources renders the correlation sets nonconvex, and therefore
one cannot rely on more standard tools from convex opti-
mization theory. For this reason, relaxation hierarchies have
become a useful way to approach correlations in networks. In
this section we provide introductions to these methods and
their applications; see Tavakoli, Pozas-Kerstjens et al. (2022)
for in-depth discussions of these and other aspects of
correlations in networks.

A. Inflation methods

Inflation is a general framework for characterizing corre-
lations in causal structures in general and networks in
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(a) The triangle network and the second levels of its (b) classical, (c) quantum, and (d) NSI inflation hierarchies. Note that the

inputs and outputs were omitted in (b)—(d) for clarity. The superindices denote the copies of the sources that each party acts upon.
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particular via SDP or LP relaxations. The main idea in
inflation is to substitute the original network and its non-
convex constraints for a larger network, created by copies of
the sources and parties of the original network, in which
the constraints are relaxed to linear symmetry constraints.
An illustration is shown in Fig. 7, where the problem of
characterizing the probability distributions p(a, b, c|x,y, z)
compatible with the triangle scenario in Fig. 7(a) is relaxed by
the characterization of distributions pi¢({a’/}, {b*!},
{emnm|{xt Y, {y*!}, {z™"}) that are compatible with one
of the inflations in Figs. 7(b)-7(d), where the superindices
denote the copies of the sources that are used to produce a
particular value. Thus, one trades a simple but technically
challenging problem for one that can be solved using standard
methods in a more complicated network. The construction of
the inflated network strongly depends on the physical model
underlying the network. The three main models of interest are
(1) classical models corresponding to associating each source
with an independent local variable, (ii) quantum models in
which each source is associated with an independent
entangled quantum state, and (iii) models constrained only
by no-signaling and independence (NSI) assumptions, where
each source is independently associated with a general non-
local resource required only to respect the no-signaling
principle. The key difference in the construction of the
inflations stems from the fact that the case with local variables
allows free copying of information, whereas the quantum and
no-signaling cases do not. We now discuss the basics of the
three types of inflation.

1. Classical inflation

In classical networks, the sources can be described by
random variables and the measurement devices can without
loss of generality be seen as deterministic functions of the
classical variables received by a particular party. Since
classical information can be copied, an inflated network
may feature copies not only of the sources and measurement
devices but also of the concrete values of the local variables
distributed by the sources (Wolfe, Spekkens, and Fritz, 2019).

An example of classical inflation is presented in Fig. 7(b)
for the triangle-shaped network of Fig. 7(a), where the parties’
outputs are labeled a, b, and c, respectively. Since the sources
and measurement devices are copies of those in the original
network, the correlations p;,; seen in the inflation must satisfy
the symmetries

Pint‘({ai’j}v {bk'l}’ {e™"})

: /(3 J 4 I (1 10)
— pinf({aﬂ'(l),l[ () }’ {bﬂ (k)" (l)}’ {CIZ (m),r[(n)})

for independent permutations z, 7/, and 7’ of the different
copies of the sources. Moreover, marginals of p;,; over parties
that reproduce parts of the original network can be directly
associated with the probability distribution p g in the original
network,

pinf(ni{ai'i’ bi.i? ci’i ) = Hiporig (ai’i’ bi'iv Ci’i)'

(111)

One such constraint in the inflation in Fig. 7(b) is

Rev. Mod. Phys., Vol. 96, No. 4, October—December 2024

LT 22 511 322 1,1 .22
pinf(a ?a 7b 7b 9C 9C )

(@22, D22, 22,

— o (ghl pll oLl (112)
_porlg(a ’ , C )pong

Note that the constraints in Eq. (111) can be imposed only in
feasibility problems, where p,, is given and thus the right-
hand side is a number. When one optimizes over the set of
distributions compatible with a given inflation, p;, are also
variables, and thus the linear constraints that can be imposed
are simply
Ping(a™, b, ") = pogg(a™, b, c™) ¥ i (113)
A third type of constraint is relevant for feasibility problems
(Pozas-Kerstjens, 2019; Pozas-Kerstjens, Gisin, and Renou,
2023). These are constraints on marginals that factorize, and
some of the factors can be associated with p,. An example
illustrated in the inflation of Fig. 7(b) is

11,22 pll 312 11 2.1
Pint(a", a*=, b1 b2 e et

(114)
_ poﬂg(az’z)pinf(al’l, bU, b2 1 2,

Since all of the discussed constraints are linear for a given pig,
the task of finding a probability distribution p;,; compatible
with the same constraints can be cast as an LP. The inflation
technique (Wolfe, Spekkens, and Fritz, 2019) provides a
complete solution to the characterization of classical network
correlations. This was shown by Navascués and Wolfe (2020),
who identified a sequence of inflation tests that, in the limit of
large inflation, converges to the set of local correlations
associated with the original network. This sequence is con-
structed such that the nth test features n copies of each of the
sources of the original network. The inflation illustrated in
Fig. 7(b) corresponds to the second step in this sequence of
converging tests for the case of the triangle network. Although
it guarantees convergence in the asymptotic limit, one must
bear in mind that the complexity of the hierarchy of LPs
(measured by the number of elements in the probability
distribution p;,) grows in n as N, where N is the number
of outcomes for a party and r is the amount of sources that send
states to a party.

Inflation has become a standard tool in the analysis of
network nonlocality, and it has often been employed in the
depicted triangle network. For a specific inflation, Wolfe,
Spekkens, and Fritz (2019) completely characterized the set of
compatible no-input binary-outcome correlations. Fraser and
Wolfe (2018) found that this characterization did not admit
quantum violations and gave other Bell-like inequalities for
the triangle scenario, with four outcomes per party, that do
admit noise-robust quantum violations. Classical inflation has
also been used to show that a shared random bit cannot be
realized in the triangle network with classical sources (Wolfe,
Spekkens, and Fritz, 2019), and to find certificates of more
genuine quantum nonlocality in the four-output triangle sce-
nario by studying the dual of an inflation LP (Pozas-Kerstjens,
Gisin, and Renou, 2023). Inflation methods have also enabled
examples of nonlocality that use a smaller number of outputs
(Boreiri et al., 2023; Pozas-Kerstjens et al., 2023). Moreover,
outside the domain of networks, it has been used to determine
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equivalences between causal structures that produce the same
correlations (Ansanelli, 2022).

2. Quantum inflation

In quantum networks the sources distribute entangled
quantum systems and the parties perform quantum measure-
ments on the subsystems at their disposal. In contrast to the
classical case, quantum theory must respect the no-cloning
theorem (Park, 1970; Dieks, 1982; Wootters and Zurek, 1982),
which prevents valid inflations from copying the individual
subsystems produced in the quantum sources and distributing
them between additional parties. This limits the inflations
allowed for a network. If we again use the triangle scenario of
Fig. 7(a), Born’s rule gives the quantum correlations

X, Y,2)
= tr(Aa\x ® Bb|y ® Cc|z “PaB ® Prc @ pCA),

A
p5(a,b,c
© (115)

which is analogous to Eq. (3). Quantum inflation (Wolfe et al.,
2021) relaxes the fact that the global state in the scenario p, 3 ®
Pec ® pca has atensor-product form. It does so via a gedanken
experiment similar to that of Sec. VIILA.1: if states and
operators satisfying Eq. (115) exist, then one can have multiple
copies of them, and thus there exist at least one state p and

operators A;C‘Q’i“’, B;)Aﬁ 'il‘c, and Ci"’zc’i“ (where the new super-
indices indicate which copy of the corresponding sources are
acted upon) that satisfy the analogs of Egs. (110) and (111) at

the level of Born’s rule, namely,

ulp- QAL By AC )]

. . (116)
(i), 7 ' (k)" (1 ' (m),z(n
:tr@.Q({Aa‘(x) <J)}’{Bb\§) ) ()}’{Cc\z( ). ( )})]7

for any polynomial Q of the operators, and

i p@(A;j‘X/ ®Blb;l|y; ®Cifi‘2[) :H?:lpé(ai’bi’ci|xi’yi’zi)’
(117)

for any n and any independent permutations z, z’, and 7" of the
copies of a same source. Now one can develop a hierarchy in n,
which denotes the amount of copies of each source in the
inflation network [Fig. 7(c) contains the n =2 quantum
inflation of the triangle scenario]. For each n the characteri-
zation of the states and operators that satisfy Eqs. (116)
and (117) has the same form of that discussed in Sec. V.A,
with some additional linear constraints at the level of expect-
ation values. Thus, this characterization can be approximated
by the NPA hierarchy.

Therefore, the implementation of quantum inflation com-
prises two different hierarchies. The first hierarchy is that of
inflations increasing the number of copies of the sources in the
network. For each inflation there is then an NPA-like
hierarchy to characterize the correlations compatible with
such inflation. The latter hierarchy is known to converge to the
set of quantum correlations with a commutation structure
(which, as explained in Sec. V.A, is a relaxation of the tensor-
product structure that coincides with it for finite-dimensional
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Hilbert spaces). For the former it is not yet known whether the
hierarchy where step n represents the inflation with n copies
of each source [defined by Wolfe er al. (2021)] converges,
except in the case of the bilocality network; see Fig. 8 in
Sec. VIIL.B.1 (Ligthart and Gross, 2023). There is another,
provably convergent SDP sequence for quantum network
nonlocality, namely, that of Ligthart, Gachechiladze, and
Gross (2023). However, this is not a hierarchy in the standard
sense, because it is not monotonic: failing a particular SDP
test does not imply that the subsequent SDP tests will fail too.

Wolfe ef al. (2021) outlined with examples various families
of applications of quantum inflation. This included certifying
that distributions are impossible to generate in a concrete
quantum network, optimizing over distributions that can be
generated in a quantum network, extracting polynomial
witnesses of incompatibility, and, in a concrete practical
example, bounding the information that an eavesdropper
could obtain in cryptographic scenarios involving quantum
repeaters. Notably, additional commutation constraints can be
added to the quantum inflation SDPs in order to constrain the
resulting correlations to be classical. These SDPs can be seen
as semidefinite relaxations of the LPs of the classical inflation
hierarchy of Sec. VIII.A.1, where one can trade off computa-
tional power for accuracy.

3. No-signaling and independence

Correlations in networks can be characterized subject only
to minimal physical constraints, namely, only by the inde-
pendence of the sources and by the no-signaling principle.
While we note that other tools also apply to this task [see
Renou et al (2019), Beigi and Renou (2022), and
Sec. VIIL.B.2], inflation methods present a systematic hier-
archy approach for the purpose. The principles for NSI
inflation were put forward in the original work of Wolfe,
Spekkens, and Fritz (2019): not only can physical systems not
be cloned, but the compatibility relations between the mea-
surements that are performed on the distributed physical states
are not characterized. This means in practice that measure-
ment devices receive only one copy of each relevant system.
These two requirements significantly constrain the set of
allowed inflations; see Fig. 7(d). The characterization of
correlations compatible with NSI inflations can be formulated
in terms of a single LP for each inflation.

NSI inflations [also known as non—fan-out inflations in the
literature (Wolfe, Spekkens, and Fritz, 2019)] have been
explicitly used in the context of extending the role of the
no-signaling principle to networks, in situations where the
parties do not have a choice of measurements to perform on
their systems (Gisin et al., 2020) and in demonstrations of
nonlocality in the simplest scenario in the triangle network,
namely, that in which all the parties do not have inputs and
produce binary outcomes (Pozas-Kerstjens et al., 2023). This
has led to the definition of the analogous of a Popescu-
Rohrlich box (Popescu and Rohrlich, 1994) for network
correlations based on the work of Bancal and Gisin (2021).
Moreover, the agnosticity of the physical model has been used
as a theoretical basis for proposing a definition of genuine n-
partite nonlocality based on the idea that correlations cannot
be simulated in any network using global classical random-
ness and nonlocal resources shared between n — 1 parties
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(Coiteux-Roy, Wolfe, and Renou, 2021a, 2021b). However, in
contrast to the classical and quantum versions of inflation, it is
not true that the steps in the NSI inflation hierarchy describe
sets of correlations that are contained in those corresponding
to lower levels, although the behavior observed in practice is
that of monotonically improving bounds. Currently how to
define network correlations subject only to the existence of
independent sources and no-signaling is a complicated matter
(Henson, Lal, and Pusey, 2014), and in fact NSI inflations
have been proposed as a definition that is physically well
motivated (Beigi and Renou, 2022).

Note that the various inflation techniques can be combined
in order to address correlations in networks where different
sources distribute systems of different natures. This is espe-
cially easy in the case of classical and NSI inflation since both
are naturally formulated in terms of LPs. For example, such
hybrid inflations are useful tools for tests of full network
nonlocality (Pozas-Kerstjens, Gisin, and Tavakoli, 2022; Gu
et al., 2023; Wang, Pozas-Kerstjens et al., 2023; Luo, Yang,
and Pozas-Kerstjens, 2024), where one aims to certify that
every source in a network must uphold some degree of
nonlocality in order to model observed correlations.
However, hybrid networks are still mostly unknown territory.

4. Entanglement in networks

A natural question when studying quantum networks regards
what sort of entangled states can be produced in a given
network. Indeed, this question has recently received consid-
erable attention (Navascués et al., 2020; Kraft, Designolle ez al.,
2021; Kraft, Spee et al., 2021; Luo, 2021). When we again
take as illustration the triangle network of Fig. 7(a), if the
sources distribute quantum states o€ Hyrg, p€Hpre,
and 7 € H ¢y and the parties perform local operations charac-
terized as completely positive trace-preserving maps
Qp: B(Hp ® Hpr) — B(Hp), all states that can be produced
in the triangle network take the form

Pr=12,,®Q®Q(c®u®1). (118)
While an individual characterization of any of the components
of Eq. (118) can be cast as an SDP [see the seesaw procedure in
Eqs. (24) and (25)], the complete characterization of p” cannot.

The problem of characterizing the quantum states that can
be produced in quantum networks was addressed by
Navascués et al. (2020) via SDP relaxations based on
inflation. In a spirit similar to that described in
Sec. VIIL.A, these relaxations transform the conditions on
the independence of the sources in the network into symmetry
constraints in more complicated networks, created using
copies of the original sources and operations. The main
difference is that, while the symmetry constraints were
enforced at the level of expectation values of operators when
studying nonlocality in Sec. VIII.A, when studying network
entanglement the constraints are enforced at the level of the
quantum state in the inflation and its marginals. The fact that
the state must be a PSD operator allows the problem to be
phrased as a single SDP for a fixed inflation. Navascués et al.
(2020) used these relaxations to bound the maximum fidelities
of known multipartite states with network realizations, which
were later interpreted as witnesses of genuine network
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entanglement. Similarly, Hansenne et al. (2022) and Wang,
Xu, and Giihne (2024) provided no-go theorems regarding the
preparation of cluster and graph states in networks.

B. Other SDP methods in network correlations

In addition to inflation, in some specific scenarios there are
other methods for characterizing network correlations. They
range from analytic methods to alternative LP and SDP
relaxations. We now review some of these relaxations.

1. Relaxations of factorization

Particles that have never interacted can become entangled
via the seminal process of entanglement swapping (Zukowski
et al., 1993). The simplest entanglement-swapping scenario is
that in which two parties Alice and Charlie share each a
bipartite physical system with a central party, Bob, that
performs entangled operations on the two systems received
(Pan et al., 1998; Jennewein et al., 2001); see Fig. 8. Recently
this setting was employed for showing that real Hilbert spaces
have less predictive power than the complex Hilbert spaces
postulated by quantum theory (Renou et al., 2021). The
associated entanglement-swapping scenario assumes that the
two sources share no entanglement but may be classically
correlated. SDP relaxation methods based on PPT constraints
compatible with the interpretation of the NPA hierarchy
discussed in Sec. V.B.3 are then employed to bound the
predictive power of real quantum models.

However, it is also relevant to consider entanglement
swapping when the sources are also classically uncorrelated.
Any correlation between Alice and Charlie must then be
mediated by Bob, i.e., two-body expectation values factor as
(AC) = (A)(C), thereby breaking the convexity of the sets of
relevant correlations. This was the first network scenario
considered in the literature and for which specific network
Bell inequalities were developed (Branciard, Gisin, and
Pironio, 2010; Branciard et al., 2012).

Pozas-Kerstjens et al. (2019) provided SDP hierarchies that
relax the nonconvex sets of probability distributions generated
in networks where some parties are not connected to others.
These hierarchies are modifications of the NPA hierarchy
discussed in Sec. V.A. The main idea of the modification
consisted of a scalar extension allowing the rows and columns
of moment matrices to be labeled not only by operators but
also by subnormalized operators that denote products of an
actual normalized operator in the problem and a possibly
unknown expectation value. The elements in the moment
matrices that are generated from these sets of operators will

X y z

i ¥ i
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FIG. 8. The bilocality network. A central party receives shares
from two independent sources, each of which sends another share
to a different party. This network underlies the simplest entan-
glement-swapping experiments and quantum repeaters.
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contain variables that represent products of expectation values
and can be associated via linear constraints to other variables
upon which one wants to impose factorization.

Take as an illustration the entanglement-swapping sce-
nario with Alice and Charlie performing two dichotomic
measurements each, {Ay, A} and {Cy, C, }, respectively, and
the moment matrix generated ~ by the set of operators
{1,40A1, CoCy. (ApA) T},

1 AyA; CyCy <A0A]>p1]
1 1 v vy Uy
r= (44, 1 vy vs (119)
(CoCy)t 1 Ve
<A0A1>;“ U7

Per the standard NPA prescription, we have v; = v; because
they both evaluate to (AyA;),, and vs = v; because both
evaluate to ((AgA;),(ApA1)"), = [(AgA),|>. Moreover, in
the entanglement-swapping scenario it holds that, regardless
of the particular operators and quantum state, (AgA;CyC,) o=
(ApA1),(CyC,),. This constraint is enforced in Eq. (119) by
setting the linear constraint v, = vg. Since all constraints
between the variables in Eq. (119) are linear, the set of
distributions admitting a PSD I" can be characterized via SDP.

A hierarchy can then be generated by taking the levels of
the associated NPA hierarchy and, for each of them, adding as
many new columns as are needed to impose at least one linear
constraint per element of I' that should factorize. For the
entanglement-swapping scenario, the hierarchy constructed in
such a way converges to the desired set of quantum distri-
butions (Renou and Xu, 2022). However, the proof technique
used there is difficult to generalize to more complicated
networks (Tavakoli et al, 2014; Mukherjee, Paul, and
Sarkar, 2015), where the SDP method still applies. The
method has been used to show that networks can activate
the usefulness of measurement devices for detecting net-
work nonlocality (Pozas-Kerstjens et al, 2019) and to
provide quantum bounds on Bell inequalities tailored to
the entanglement-swapping scenario (Tavakoli, Gisin, and
Branciard, 2021).

P

2. Tests for network topology

SDP relaxations can also be used to rule out a hypothesized
causal structure, i.e., a network constellation, connecting a
given number of measuring parties. In some situations it is
fairly easy to detect correlations that could not have been
produced in a concrete network. A simple illustration is the
network in Fig. 8. As discussed, if one considers the marginal
distribution of Alice and Charlie, the resulting correlations
must factor since there is no connection between the two
parties. Thus, any nonfactoring correlations between Alice
and Charlie are impossible to generate in the bilocal network.
While nonlinear, these constraints can be linearized by
working with the entropies of the variables instead of the
probabilities (Weilenmann and Colbeck, 2017). However, in

“3ee footnote 21.

Rev. Mod. Phys., Vol. 96, No. 4, October—December 2024

other networks like the triangle network of Fig. 7, such simple
criteria do not exist, because all parties are connected to all
sources.

Aberg et al. (2020), building on a similar characterization
for correlations admitting local models in networks (Kela
et al., 2020), found simple criteria that allowed them to
discern whether correlations admitted a realization in a
particular network, regardless of the physical model of the
systems distributed by the sources. The characterization is
based on the covariance matrix of the variables representing
the outcomes of the measurements performed by the parties.
Covariance matrices are inherently PSD. The important
realization is that the network structure imposes a decom-
position of the covariance matrix in block matrices that are
individually PSD, as they determine the correlations estab-
lished by each of the sources. That is, for each source there is
one PSD block matrix, that contains nonzero elements only in
the rows and columns associated with the parties that receive
systems from that source. This leads to a simple and efficient
way to characterize the correlations that can be generated in
different networks via SDP that has been found to be
connected to the characterization of block coherence of
quantum states (Kraft, Spee et al., 2021). However, as
discussed by Aberg et al. (2020), this characterization is
not tight, in the sense that there are alternative methods that
better approximate the set of relevant correlations in some
situations.

IX. FURTHER TOPICS AND METHODS

In this section we collect additional topics where SDP
relaxations are relevant and methods for reducing the com-
putational load of SDP.

A. Classical models for quantum correlations

For some entangled states the outcome statistics from
performing arbitrary local measurements in Bell-type experi-
ments can be simulated by models based on local variables.
Consequently entanglement and nonlocality are two distinct
phenomena (Augusiak, Demianowicz, and Acin, 2014). The
seminal example is Werner’s model showing that the state
py = vy Y w™| + [(1 — v)/4]1, where y~ is the singlet state,
admits an LHV model for » < 1/2, even though the state is
entangled for any v > 1/3 (Werner, 1989). The critical » up to
which the p, admits an LHV model for all projective
measurements turns out to be equal to the inverse of the
Grothendieck constant of order 3 (Acin, Gisin, and
Toner, 2006).

General methods are known for deciding whether a given
entangled state admits an LHV model (Cavalcanti et al.,
2016; Hirsch et al., 2016). These methods are based on the
idea of first choosing a finite collection of measurements and
determining via LP how much white noise must be added to
the state for there to be an LHV model of the resulting
distribution. Next one can add sufficient white noise in the
measurement space so that all the quantum measurements can
be represented as classical postprocessings of the measure-
ments in the selected set. In other words, the measurement
space is shrunk until it is contained in the convex hull of the
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selected measurement set. It then follows that, for any such
noisy measurement, the distribution must admit an LHV. In a
final step one can pass the noise in the measurement space to
the state space and obtain a generic LHV model for the final
noisy state. The bottleneck here is that one must choose a large
measurement set to obtain a good approximation of the
quantum measurement space. This means solving an accord-
ingly large LP or SDP. To circumvent this one can instead
employ an oracle-based method known as Gilbert’s algorithm
(Gilbert, 1966; Brierley, Navascués, and Vértesi, 2017), which
allows one to approximate the distance between a point and a
convex set in real space. Hirsch ef al. (2017) used this
algorithm together with a simple heuristic for the oracle to
implement a polyhedral approximation of the Bloch sphere
based on 625 measurements and thereby obtain an LHV
model for p, up to v~ 0.6829. Another option is to use
instead of Gilbert’s algorithm the more general Frank-Wolfe
algorithm (Frank and Wolfe, 1956; Bomze, Rinaldi, and
Zeffiro, 2021). This has further improved the LHV threshold
to v~ 0.6875 (Designolle et al., 2023). Notably, this work
also provided an improved upper bound at v ~ 0.6961 using
97 local measurements. In fact, methods of this sort also work
when building local hidden state models; see Eq. (7) for
entangled states. The main difference is that one runs an SDP
to check for the steerability of the assemblage instead of the
LP for membership to the local polytope. However, when
restricting to two-qubit entanglement, one can exploit geo-
metric arguments and use increasingly large polytope circum-
scription and inscriptions of the Bloch sphere in order to
determine bounds on the steerability of a state for infinitely
many measurement settings, which can be evaluated via LP
(Nguyen, Nguyen, and Giihne, 2019).

The idea of shrinking the quantum measurement space so
that it can be inscribed in a polytope whose vertices comprise
finitely many measurements can also be applied in other
settings. For example, in the case of steering, this was done by
Bavaresco ef al. (2017). A similar approach shows that there
are sets of incompatible measurements that can never be used
to violate a Bell inequality (Bene and Vértesi, 2018; Hirsch,
Quintino, and Brunner, 2018). This extends earlier SDP
arguments that were restricted to sets of projective measure-
ments for the uncharacterized party (Quintino et al., 2016).
Moreover, this type of approach can also be used in the
prepare-and-measure scenario to determine whether the out-
come statistics associated with performing arbitrary measure-
ments on an ensemble of qubit states admits a classical model
based on bits (de Gois er al., 2021). Using Gilbert’s algorithm
with up to 70 measurements, nontrivial bounds have been
established on the critical detection efficiency needed to
violate classical constraints in the qubit prepare-and-measure
scenario (Dividnszky et al., 2023).

B. Generalized Bell scenarios

A large portion of this review has focused on scenarios
where all the parties share parts of the same quantum state that
are known as Bell scenarios. These scenarios were generalized
in Sec. VIII to account for multiple independent sources
distributing systems between different collections of parties.
There are further generalizations of the Bell scenario that are
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relevant in randomness generation and in entanglement
certification, and that can be characterized via SDP.

The first generalization is that to sequential scenarios
where, instead of performing only one measurement at every
round, the parties perform sequences of measurements in the
systems received (Gallego et al., 2014; Silva et al., 2015).
These scenarios are conceptually interesting, including in the
context of randomness generation, since it is possible to
extract more randomness from a given state when performing
sequences of measurements (Curchod et al, 2017). It is
possible to modify the NPA hierarchy (see Sec. V.A) in order
to characterize the correlations that can be produced in these
scenarios (Bowles, Baccari, and Salavrakos, 2020). This is
achieved by considering operators that represent strings of
outcomes and requiring that these operators satisfy ‘“no
signaling to the past” (i.e., that the measurement operators
that define the first k measurements do not depend on the
n —k remaining inputs, since these occur later in the
sequence), which are linear constraints admitted in SDPs.
The result is a convergent hierarchy that has been used to
certify local randomness beyond two bits and for investigating
monogamy properties of nonlocality.

The second generalization that we discuss is that known as
broadcast scenarios, where the systems sent to one or several
of the parties are passed through channels that prepare new
systems, and the outputs are distributed to multiple new
parties that measure them (Bowles, Hirsch, and Cavalcanti,
2021). When the channel prepares quantum systems, the
correlations in the scenario can be characterized with a slight
modification of the NPA hierarchy. This scenario has found
particular interest in the activation of nonlocality. With a
quantum model, it allows one to certify in a device-indepen-
dent way the entanglement of Werner states in almost the
entire range in which it is known to be entangled (Boghiu
et al., 2023).

C. Bounding ground-state energies

A central problem in the study of many-body systems is
computing or bounding the ground-state energy of the system,
i.e., finding the minimal eigenvalue of its corresponding
Hamiltonian. This problem is known to be computationally
hard, in particular, it is in general QMA complete (Kempe,
Kitaev, and Regev, 2006). Thus, computationally tractable
relaxations have been sought and, in particular, several SDP
approaches have been developed.

The structure of the problem naturally lends itself to a
treatment in terms of noncommutative polynomial optimiza-
tion. In particular, the problem takes the form mintr(pH),
where H can be written as a polynomial of local operators.
Thus, lower bounds can be obtained from SDP relaxation
techniques similar to those mentioned in Sec. III (Barthel and
Hiibener, 2012; Baumgratz and Plenio, 2012).

An apparent numerical paradox can be observed when these
computations are performed for bosonic systems (Navascués
et al., 2013). Convergence of the semidefinite hierarchies for
noncommutative polynomial optimization problems is proven
only when the operators are bounded (Pironio, Navascués, and
Acin, 2010). Therefore, for problems involving the bosonic
creation (annihilation) operators aj (a;), the standard proof of
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convergence does not hold. In fact, it can be shown that for
Hamiltonians in this setting the hierarchy collapses at level 1.
That is, higher levels give no improvement over level 1, and
the optimal value at level 1 is not equal to the optimal value of
the original problem. Nevertheless, when performing the
computations numerically, one can sometimes observe
improving lower bounds that converge to the actual solution.
This apparent paradox is due to the finite precision of
numerical computations, implying that the solver is actually
solving a slightly perturbed problem. Mathematically the set
of SOS polynomials is dense in the set of positive polynomials
generated by the ladder operators. Note that a similar
numerical paradox appeared in the setting of commutative
polynomial optimization (Henrion and Lasserre, 2005), and it
has a similar resolution (Lasserre, 2007).

Another approach to obtaining SDP relaxations for the
ground-state energy problem was proposed by Kull et al
(2024). They considered the problem of computing the
ground-state energy of a translation-invariant Hamiltonian
with identical nearest-neighbor interactions on each pair of an
infinite chain. Formally the problem can be stated as

min tr(Hp®)
such that tr(p®) =1,
(') (120)
p? =0,
P(2> “~ ¥,

where p") denotes the density matrix corresponding to an -
body marginal and p(® « yqy is the constraint that p(®) is a
two-body marginal of some translation-invariant state for the
entire chain. The latter constraint is equivalent to a quantum
marginal problem asking whether there is a global state
consistent with the marginal states; see Sec. IV.C.2. It can
be relaxed to the existence of all m-body marginals up to some
finite m,, €N, i.e., a collection of partial trace constraints
p? — pB) — ...« plmma) This results in a hierarchy of
SDP relaxations; however, the size of the SDPs grows
exponentially in the number of sites considered. The core
idea of Kull et al. (2024) was to apply compression maps that
retain the useful aspects of the marginal constraints while
reducing the dimension of the variables significantly.

D. Rank-constrained optimization

Several problems of interest in classical and quantum
information theory can be formulated as an optimization
problem that includes a constraint in the rank of a matrix.
These include optimization over pure quantum states, the
Max-Cut problem (Goemans and Williamson, 1995), matrix
completion (Candeés and Tao, 2010), compressed sensing
quantum state tomography (Gross er al., 2010), detection
of unfaithful entanglement (Weilenmann et al., 2020; Giihne,
Mao, and Yu, 2021), and many others (Markovsky, 2012).

The problem of optimizing under rank constraints is
generally NP hard, and as such it is usually solved via
heuristics or approximations (Sun and Dai, 2017). It is
possible, however, to formulate it as an SDP hierarchy similar
to the DPS hierarchy discussed in Sec. IV.A by reformulating
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it as a separability problem (Yu et al., 2022). This allows one
to obtain a sequence of global bounds to the problem that
converge to the optimal value.

The idea is that a state p of dimension d has a rank of at
most k if and only if it is the partial trace of a pure state
|¢) € C? ® CF. The set of such states is hard to characterize,
but it can be handled by first noticing that one is interested
only in its convex hull, and then by noticing that the convex
hull is the partial trace over the last two subsystems of a state
ceD(C! ® Ck ® C! ® CF) that respects the constraints of
being separable over the bipartition (12|34), which is invariant
under a SWAP over the same bipartition, and recovering the
initial p through the appropriate partial trace. Exploiting these,
one can use the DPS hierarchy to characterize the separability
constraint, thereby obtaining the SDP hierarchy for rank-
constrained optimization. Note that although the idea we have
explained here is in terms of quantum states, it also applies to
bound ranks of general matrices.

E. Quantum contextuality

Quantum theory cannot be modeled with hidden variables
that are both deterministic and noncontextual®! (Bell,
1966; Kochen and Specker, 1968). This is known as con-
textuality (Budroni et al., 2022). Contextuality scenarios can
be cast in the language of graph theory, where each input-
output tuple (event) is associated with a vertex, and an edge is
drawn between two vertices if and only if the events can be
distinguished by jointly measurable observables. While many
different contextuality tests can be associated with the same
graph, both the noncontextual hidden variable and the
quantum bounds associated with a given graph can be
bounded in terms of the graph’s independence number and
the Lovész theta function, respectively (Cabello, Severini, and
Winter, 2014); see Eq. (81). These quantities are computable
via LP and SDP, respectively. The connection with the Lovasz
theta function has been leveraged to self-test quantum states in
contextuality scenarios by examining the dual SDP (Bharti
et al., 2019). Generally it is possible to adapt the NPA
hierarchy to arbitrary tests of contextuality by leveraging
the fact that compatible projective measurements commute,
which adds constraints to the moment matrix (Acin
et al., 2015).

A more operational notion of contextuality has also been
proposed that is not specific to quantum theory and not limited
to projective measurements (Spekkens, 2005). Two prepara-
tions (measurements) are considered indistinguishable if they
cannot be distinguished through any measurement (prepara-
tion) allowed in the theory. They are said to belong to the same
context and are therefore assigned the same realist represen-
tation. When operationally indistinguishable preparations give
rise to statistics that do not admit such a realist model, the
theory is said to be contextual. This test can be cast as an LP;
see Selby et al. (2024). The set of preparation contextual
quantum correlations can be bounded by hierarchies of SDPs.

*'This means that each projective measurement is assigned a
definite value that is independent of other compatible measurements
performed simultaneously.
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Two different hierarchies have been proposed. One leverages
the idea and SDP methods of informationally restricted
correlations (Tavakoli, Zambrini Cruzeiro et al., 2022)
reviewed in Sec. VI.C.1 by interpreting the indistinguishability
of two preparations as the impossibility of accessing any
information about which preparation was selected (Tavakoli,
Zambrini Cruzeiro et al., 2021). The other relies on using
unitaries in the monomial representation and connecting them
to POVMs via the fact that every 0 < M < 1 can be written in
terms of a unitary M = 1/2+ (U + U")/4 (Chaturvedi,
Farkas, and Wright, 2021). Both methods require an extensive
use of localizing matrices to deal with mixed states and
nonprojective measurements. Notably, these ideas also enable
the addition of measurement contextuality. The convergence of
either hierarchy to the quantum set remains unknown.
Furthermore, in experimental tests of this type of contex-
tuality, it is not the case that the relevant lab preparations are
precisely indistinguishable, including when the measurements
used to probe their distinguishability are a small subset of the
entire measurement space. Upon accepting the latter limita-
tion, the former issue can be resolved by means of LP by
leveraging the linearity of the operational theory to postpro-
cess the lab data into new data that correspond to exactly
indistinguishable preparations (Mazurek et al, 2016).
Simplified variants of this approach have also been used
for qutrit-based contextuality tests (Hameedi et al., 2017).

F. Symmetrization methods

Many of the most interesting problems in quantum infor-
mation exhibit a degree of symmetry. Exploiting them can
lead to vast computational advantages: turning an intractable
problem into a tractable one, or even making it simple enough
to allow for an analytical solution. Symmetries have been
successfully applied to several problems, for example, poly-
nomial optimization (Gatermann and Parrilo, 2004); nonlocal
correlations (Moroder et al., 2013; Fadel and Tura,
2017; Toannou and Rosset, 2021); quantum communication
(Tavakoli, Rosset, and Renou, 2019); mutually unbiased bases
(Aguilar et al., 2018; Gribling and Polak, 2024), port-based
teleportation (Studzifiski er al, 2017; Mozrzymas et al.,
2018; Mozrzymas, Studzinski, and Kopszak, 2021); unitary
inversion, transposition, and conjugation (Grinko and Ozols,
2022; Ebler et al., 2023; Yoshida, Soeda, and Murao, 2023);
rank-constrained optimization (Yu et al., 2022); and meas-
urement incompatibility (Nguyen et al., 2020).

The fundamental idea behind symmetrization techniques is
that, if both the objective function and the feasible set of an
SDP are invariant under transformation of the variable X by
some function f, one can exploit this symmetry to eliminate
redundant variables and block diagonalize X. Both of these
reductions can drastically simplify the problem.

To be more precise we consider again an SDP in the primal
form of Eq. (1). Assume that there exists a function f such that
(C,f(X)) = (C,X), and furthermore that if X is a feasible
point, thatis, (A;,,X) = b; V iand X > 0, then f(X) is also a
feasible point. For all feasible X and 1€ (0, 1], the point
g(X,4) = AX + (1 = 2)f(X) will then be feasible and attain
the same value of the objective, which follows from linearity
and convexity. Assume also that there exists 1* such that
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Fg(X,21*)) = g(X, 4*), meaning that g(X, A*) is a projection
of X onto a fixed point of f. One can then add the constraint
f(X) = X to the SDP in Eq. (1) without loss of generality. That
is, it is possible to rewrite Eq. (1) as

max (C.X)

such that (A, X) =b; Vi, (121)
f(X) =X,
X = 0.

To see why consider a feasible (or optimal) point X* for the SDP
in Eq. (1). From the previous argument g(X*, A*) will also be
feasible for the original SDP, with the same value of the
objective. Since by assumption it is a fixed point of f, it is also
feasible for the SDP in Eq. (121).

The simplest example of symmetrization is when C, A;, and
b; are all real. Then a function f that leaves the objective and
feasible set of the SDP invariant is complex conjugation, and
the projection onto its fixed point is taking the real part of X.
This symmetrization often delivers significant performance
improvements, as SDP solvers frequently have poor support
for complex numbers.

Symmetrizing an SDP then boils down to identifying f, the
projection onto the fixed point subspace, and using the
constraint f(X) = X to simplify the problem. The theory
for doing so is particularly simple and well developed when f
is a group action (Gatermann and Parrilo, 2004; Bachoc et al.,
2011; Riener et al., 2013), so we present it here while noting
that more general techniques exist (de Klerk, Dobre, and
Pasechnik, 2011; Permenter and Parrilo, 2020).

Let then G be a group, and let p be a representation of the
group, that is, a function g — p,, such that for all g, h € G we
have p,, = pyp,. Here we consider only unitary representa-
tions, which are those in which p -1 = p}'. The group then acts

on the SDP variable as X +— ngp;E. We say that the SDP is
invariant under this group action if for all g we have that
<C7P(;XP;> = <C’X> and <A17X> = bi lmply <A17p(1Xp_tT7> = bi for
all i. Note that we do not need to consider whether p X, p;g =0
for X > 0, as this is always the case.

The projection onto the fixed point subspace is then given
by the group average42

1 .
X =51 2_piXpy
geG

(122)

which can be easily verified to satisfy X = p,Xp} for all g, so
we can add that as a constraint to the SDP.

This constraint allows one not only to eliminate redundant
variables but also to block diagonalize X using Schur’s
lemma. The main idea is that a group representation can be
decomposed as a direct sum of the irreducible representations
with their multiplicities, so there exists a unitary matrix V such
that, for all g,

Vp, Vi = D1, ® Py (123)

*In the case of an infinite but compact group, this is given by
/ Gd,u(g)ngpZ, where p is the Haar measure on G.
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where p; is the ith irreducible representation with dimension
d; and multiplicity n; Now the constraint X = p,Xp} is
equivalent to [X, py) = 0, which implies that the same V also
block diagonalizes X,
VXVI =X @ 1,, (124)

where X' is a Hermitian matrix of dimension 7;.

Computing V can be challenging. For small problems it can
be computed analytically using computer algebra systems
such as GAP (GAP Group, 2022). In the cases where the
representation in question is the tensor product of # unitaries
of dimension d, the permutations between n tensor factors of
dimension d, or a combination, the Schur-Weyl duality can be
used to give an explicit construction of V (Bacon, Chuang, and
Harrow, 2007). In general, though, it can only be computed
numerically, via the use of software such as RepLAB (Rosset,
Montealegre-Mora, and Bancal, 2021).

To illustrate how symmetrization works, we consider a
simple SDP

min Xp 4+ x
X1,X2

2 X1 1 (125)
suchthat X=1|x;, 2 x, | =0.

1 X 2

Equation (125) is invariant under permutation of the first and
third rows and columns of X. Since this permutation is its own
inverse, the underlying group is the symmetric group over two
elements G = {e, p}, where e is the identity and p*> = e. The
group representation that we need is then p, = 1 and

py = (126)

- O O

0 1
1 0
00
We first eliminate variables using the group average,

1

y 2 vy,
1

1

X =5 (0 Xpi+pyXpy) = (127)

where y = (x| + x,)/2 is now the sole variable of the SDP. To
perform the block diagonlization, we note that the symmetric
group over two elements has only two irreducible represen-
tations, 1 and —1. The representation that we are using
consists of two copies of 1 and one copy of —1, and the
unitary that block diagonalizes it is

0 -1
V2 0 |,
0 1

v (128)

1
v=—_Jo
1
with which Vp,Vi = (1 ® —1) & (1, ® 1). The same uni-
tary block diagonalizes X as VXV = (X' ® 1) ® (X* ® 1),

where X' = 1 and X?> = ()\2/5 )3¢§) The SDP was simplified to
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min 2y

!
1 0 0

suchthat X=10 2 yv/2 |>0. (129
0 w2 3

Equation (129) can now be solved as an eigenvalue problem of
a 2 x 2 matrix, with the optimal solution being -2V/3.

X. CONCLUSIONS

Quantum theory promises many advantages in information-
processing tasks. However, in general characterizing the
correlations established by quantum systems is demanding,
both at the complexity theory level and in practice. In this
review we have shown that many questions related to quantum
correlations can be written as, or relaxed to, semidefinite
programming problems. This has enabled researchers to
obtain approximate or exact solutions to many problems
regarding entanglement, nonlocality, quantum communica-
tion, quantum networks, quantum cryptography, etc. For this
reason semidefinite programming has become a central tool in
the field.

LIST OF SYMBOLS AND ABBREVIATIONS

GME  genuine multipartite entanglement
LHV local hidden variable
LP linear program

LOCC local operations and classical communication
MDI measurement-device independent

POVM  positive operator-valued measure

PPT positive partial transpose

PSD positive semidefinite

QKD quantum key distribution

QMP quantum marginal problem

SDI semi—device independent

SDP semidefinite program
SOS sum of squares
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APPENDIX A: IMPLEMENTATION GUIDE

In this appendix we discuss publicly available computer
code packages for SDP relaxation hierarchies addressing
various physics problems. We also discuss different SDP
solvers and programming languages.

SDP solvers require the problem to be input in a standard
form that is roughly similar to Egs. (1) and (2) but with details
that vary with the specific solver. This can be cuambersome for
more complex problems. To get around this it is common to
use modelers, which allow much more flexible forms of input
and automatically translate them to the format required by the
solvers.

The available modelers are

e YALMIP: open source, written in MATLAB-Octave
(Lofberg, 2004).

e CVX: proprietary, written in MATLAB (Grant and
Boyd, 2008).

e CVXPY: open source, written in Python (Diamond and
Boyd, 2016).

e PICOS: open source, written in Python (Sagnol and
Stahlberg, 2022).

e JuMP: open source,
et al., 2023).

There is a large number of solvers available. Here we

mention only a few notable ones:

e SeDuMi: open source, bindings for MATLAB-Octave.
Complex numbers can be handled natively
(Sturm, 1999).

e SDPA: open source, bindings for C, C++, and MATLAB.
The variants SDPA-GMP, SDPA-QD, and SDPA-DD can
solve problems with high or arbitrary precision (Nakata
et al., 2001; Nakata, 2010).

e MOSEK: proprietary, bindings for C, C++, Java, Ju-
lia,MATLAB, .NET, Python, and R. Fast, parallelized
implementation (MOSEK ApS, 2023).

e SCS: open source, bindings for C, C++, Julia,
MATLAB, Python, R, and Ruby. Uses a first-order
method in order to handle large-scale problems (O’Do-
noghue et al., 2016).

e Hypatia: open source, bindings for Julia. Can
handle complex numbers natively and solve problems
with arbitrary precision, and supports a wide variety of
cones other than the SDP one (Coey, Kapelevich, and
Vielma, 2022).

written in Julia (Lubin
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There are also several software packages that implement
some of the SDP relaxations discussed here. Some notable
ones are

e QETLAB: open source, written in MATLAB. Works
with CVX. Implements several of the algorithms dis-
cussed here, including the DPS and NPA hierarchies
(Johnston, 2016).

e Ket: open source, written in Julia. Works with JuMP.
Implements several of the algorithms discussed here,
including the DPS hierarchy (Aradjo et al., 2024).

e togito: open source, written in Python. Works
with CVXPY. Implements several of the algorithms
discussed here, including the DPS and NPA hierarchies
(Russo, 2021).

e MOMENT: open source, written in C++ with bindings for
MATLAB. Works with YALMIP and CVX. Performs
noncommutative polynomial optimization and classical
inflation, with symmetrization support (Garner and
Aragjo, 2024).

e Ncpol2sdpa: open source, written in Python. Works
with SDPA and MOSEK. Performs commutative and
noncommutative polynomial optimization and focuses
on NPA-type problems (Wittek, 2015).

e GloptiPoly: open source, written in MATLAB, works
with YALMIP. Performs commutative polynomial opti-
mization (Henrion, Lasserre, and Lofberg, 2009).

e SOSTOOLS: open source, written in MATLAB. Performs
commutative polynomial optimization (Papachristodou-
lou et al., 2021).

e NCSOStools: open source,
Performs noncommutative polynomial
(Cafuta, Klep, and Povh, 2012).

e Inflation: open source, written in Python, works
with MOSEK. It implements quantum inflation for
quantum and classical correlations (Boghiu, Wolfe,
and Pozas-Kerstjens, 2023).

e RepLAB: open source, written in MATLAB-Octave.
Performs numerical representation theory for the pur-
pose of symmetrization (Rosset, Montealegre-Mora, and
Bancal, 2021).

written in MATLAB.
optimization

APPENDIX B: STRICT FEASIBILITY

In this appendix we prove that the unconstrained NPA
hierarchy is strictly feasible by explicitly constructing a
positive-definite feasible point. We thank Miguel Navascués
for providing this proof.

Instead of the usual basis of projectors to represent Alice’s
and Bob’s measurements {A,,},, and {B,,},, we instead
use the unitary basis of generalized observables, which is
defined as

A, = {IV:_(} w?\/Aa\xv (Bl)
By = o a’fuBb\yv (B2)
where wy = e~®*/N) and w,, = ¢~®*/M)_ The conditions

that {A,;},, and {By,};, are sets of projectors that sum to
identity are mapped onto the condition that A, and B, are
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unitary and that their Nth and Mth powers evaluate to identity,
that is,

A AL =AJA, =1,
BB} = BB, =1,
AY = BM —1.

(B3)

Note that this transformation from projectors to unitaries is
reversible. The inverse operation is given by

=L
Ads =17 Z i AL (B4)
a'=0
| M=
b'=0

Now consider the set A of inequivalent sequences of prod-
ucts of elements in {A,},, that is, monomials that are
not equivalent under Egs. (B3). Define then an infinite-
dimensional, countable Hilbert space H, with a canonical
orthonormal basis whose elements are labeled by monomials
of A,...,A,. That is,
H, = span{|a): a€ A}, (B6)
with (ala’) =8,
Define now the operators {m4(A,)}, € B(H,) through their
action on this orthonormal basis as follows:
wa(Ay)]a) =|Aa) VaeA. (B7)
For each x, m4(A,) is a unitary operator satisfying
7(A,)N = 1. The representation 7, is known in operator
algebras as the left regular representation of {A.}, given
Egs. (B3).
Doing the analogous construction from Bob, we can now
define the moment matrix

Capar = (wllza(a)'za(d) @ zp(b) 75 (6")]lw).

(B8)
a,a €A, b, b B,
where [y) = [1), ® [1)5.
From the definition of the constructions, we have
Copary = (Uma(a) za(a')|1)(1|zp(b) zg(b')|1)
= (ala’){b|b") (B9)
- 5a.a’6b,b’7

so I' = 1, which is positive definite, and the NPA hierarchy
without constraints is strictly feasible, as we wanted to show.

Note that from this construction one can also obtain a
positive-definite feasible moment matrix in the usual basis of
projectors. Using Egs. (B4) and (B5), one constructs the linear
transformation C that takes monomials from the unitary basis
to the projector basis. The desired moment matrix is
then [' = CI'CT = CC".
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