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Cosmological gravitational particle production (CGPP) is the creation of particles in an expanding
universe due solely to their gravitational interaction. These particles can play an important role in the
cosmic history through their connection to various cosmological relics including dark matter,
gravitational-wave radiation, dark radiation, and the baryon asymmetry. This review explains the
phenomenon of CGPP as a consequence of quantum fields in a time-dependent background, catalogs
known results for the spectra and cosmological abundance of gravitationally produced particles of
various spins, and explores the phenomenological consequences and observational signatures of
CGPP.

DOI: 10.1103/RevModPhys.96.045005

CONTENTS

I. Introduction 1
II. Historical Development 3
III. Theoretical Framework 4

A. Quantum scalar field in an FLRW spacetime 4
B. Mode functions and Bogoliubov transformations 6
C. Energy, renormalization, and observables 10

IV. CGPP for Spin-0 Particles 13
A. Inflationary cosmology 13
B. Mode evolution and spectrum 16
C. Resultant particle abundance 20
D. Inhomogeneity 21

V. Extension to Fields with Spin 22
A. CGPP requires conformal symmetry breaking 22
B. Massive spin-1=2 field 23
C. Massive spin-1 field 24
D. Massive spin-3=2 field 26
E. Massive spin-2 field 28
F. Numerical comparison 29
G. Higher-spin particles 29

VI. Recent and Ongoing Activity 30
A. Modeling: Nonminimal gravitational interaction 30
B. Modeling: Scale and shape of inflaton potential 30
C. Modeling: Gravity-mediated thermal freeze-in 31
D. Modeling: Gravity-mediated inflaton annihilation 31
E. Modeling: Interference effects 33
F. Relics: Dark matter 33
G. Relics: Gravitational reheating 34
H. Relics: Baryogenesis 35
I. Relics: Dark radiation 35
J. Relics: Gravitational-wave radiation 36
K. Relics: Primordial black holes 36

L. Observational: Laboratory tests 37
M. Observational: Dark-matter isocurvature 37
N. Observational: Non-Gaussianity 38
O. Observational: Small-scale structure 38
P. Observational: Signatures of late-time decay 39

VII. Outlook 39
Acknowledgments 39
Appendix A: General Relativity 39
Appendix B: FLRW Spacetime 43
Appendix C: Cosmological Perturbations 44
Appendix D: de Sitter spacetime 46
Appendix E: JWKB Method 47
References 49

I. INTRODUCTION

The high temperatures of the early Universe offer an
environment in which to study the properties of known
elementary particles, and to explore the consequences of
hypothetical new particle species. An important feature of
the big-bang laboratory for particle physics is that the high
temperatures of the early Universe are capable of producing
particles of mass far beyond the reach of terrestrial accel-
erators. However, there are two caveats to the expectation that
new particle species were present in the primordial plasma.

(1) Utilizing the hot primordial plasma as a source of new
particles usually assumes that the particles have inter-
actions with standard-model (SM) particles. But what
about a new particle species without interactions with
SM particles? (When we speak of interactions with SM
particles, we do not include gravitational interactions.)
Indeed, many ideas for beyond-the-standard-model
(BSM) physics involve hidden sectors, secluded par-
ticles, the shadow world, or reclusive particle species
with interactions too weak to be populated in the
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primordial plasma. In the extreme these new particles
may interact onlywith SMparticles via the gravitational
force, and their cosmological origin must have been
through gravity. That is the possibilitywe explore in this
review, although many of our results would remain
unchanged if the interactions of the new species with
SM particles were sufficiently weak.

(2) For a particle species to be produced from the primordial
plasma, the temperature of the Universe must have been
high enough to produce the particles. However, the
maximum temperature of the radiation-dominated Uni-
verse may be as low as a few mega-electron-volts
without coming into conflict with observations (de
Salas et al., 2015). But the mechanism of cosmological
gravitational particle production (CGPP) may possibly
produce particles of mass as large as 1014 GeV, even if
themaximum temperature is much less than themass of
the particle or the mass scale of inflation.

There are several proposed scenarios for CGPP. This review
focus on gravitational particle production from the vacuum as
the result of a time evolution of the background gravitational
field due to the expansion of the Universe. (When we refer to
CGPP, we refer to this mechanism.) Cosmological gravitation
particle production is an example of a “semiclassical” process
in the sense that the external gravitational field is not
quantized, but a “spectator” field is quantized, and the
production of the spectator field is a quantum effect.
For the calculation of CGPP, we assume a standard infla-

tionary evolution for the expansion of the early Universe (see
Sec. IV.A), with the initial energy density of the Universe
determined by the potential energy of a scalar field known as
the inflaton. The dynamics of the inflaton field determines the
evolution of the expansion of the Universe.
Since gravity is weak, CGPP is typically inefficient, and

only a small fraction of the inflaton’s energy is transferred to
the spectator field during inflation and at the end of inflation.
This means that the backreaction from CGPP on the inflaton
dynamics can usually be neglected. Although CGPP will have
a minuscule effect in the early Universe, the spectator species
may come to dominate the mass density of the Universe at late
times when they behave classically.
The most familiar example of particle production in an

external field is the “Schwinger effect,” in which a sufficiently
strong external electric field leads to the emergence of
electron-positron pairs from the vacuum. The effect, which
was first predicted by Heisenberg and Euler (1936) based
upon the work of Sauter (1931), was completely understood in
1951 by Schwinger (Schwinger, 1951) with a complete
theoretical description using QED. The basic idea is that an
external electric field interacts with virtual particles, accel-
erating electrons in one direction and positrons in the opposite
direction. If the external field is strong enough to accelerate
particles to energies greater than its mass over a distance
smaller than or equal to the Compton wavelength of the
particle jE⃗j > jE⃗critj ¼ m2

ec3=eℏ, then virtual particles can be
“pulled out” of the vacuum and propagate as real particles.
The rate for this is proportional to expð−πjE⃗critj=jE⃗jÞ. Note
that the electromagnetic coupling e appears in the denomi-
nator of the exponential, implying that the effect is

nonperturbative: it cannot be captured using perturbation
theory to construct a power series around e ¼ 0.
We can use the Schwinger effect as an exemplar to envision

pair production in the expanding Universe (Audretsch and
Schaefer, 1978; Martin, 2008). Imagine a pair of virtual
particles being pulled apart due to the expansion of the
Universe. As space expands, the recessional velocity of the
particles increases with distance (v ¼ Hd; Hubble’s law). At a
distance equal to m−1, the velocity would be H=m. For this to
be of the order of unity requires H to exceed a critical value
Hcrit ∼m. Therefore, if H ≳m, the particles will obtain
relativistic velocities within a Compton wavelength and
particle creation is possible. In analogy with the Schwinger
effect, one might expect particle production proportional to
expð−πHcrit=HÞ ∼ expð−πm=HÞ. Indeed, although we dis-
cuss exceptions and details in this review, this will serve as a
good guide.
The important aspects of CGPP, as opposed to standard

scenarios for cosmological particle production, is that CGPP
operates even when the spectator particle does not couple
directly to standard-model particles or the inflaton, it is
possible to produce particles of mass in excess of the largest
temperature of the radiation-dominated Universe, and CGPP
does not depend on coupling of the spectator particle to the
particle physics standard model.
Early-Universe production from the plasma of SM particles

is the most common assumption for the origin of particle dark
matter. However, to date dark matter has stubbornly evaded
detection through interactions with standard-model particles
via direct detection, indirect detection, or accelerator produc-
tion or detection. Perhaps nature is telling us that dark matter
may not interact with SM particles other than by gravity. If this
is so, the primordial origin of dark matter must presumably be
through the gravitational force. Dark matter is significant
motivation to study early-Universe production of particles
solely through gravitational interactions. It is an especially
natural mechanism to explain the origin of dark matter, which
is known only to interact gravitationally and may not have any
nongravitational interactions with visible matter. CGPP pro-
vides a compelling explanation for the origin of stable relics
and may play a role in other phenomena such as the matter-
antimatter asymmetry; see Sec. VI.H and references therein.
Inflationary cosmology is a remarkable success of modern

cosmology, with extraordinary agreement between theory and
observation. Inflation provides a connection between cosmo-
logical inhomogeneities measured by cosmic microwave
background (CMB) anisotropies and large-scale structure
(LSS) observations and predicts a gravitational-wave back-
ground. The origin of the inhomogeneities and gravitational
waves traces to CGPP of the inflaton field(s) and the metric
field. It is natural to consider the possibility of quantum
production of other fields. We elaborate upon the historical
development of CGPP in Sec. II.
Although there has been much recent work on CGPP, which

we summarize in Sec. VI, it is a phenomenon that has yet to be
fully exploited, so we present this review to provide a
summary of key results, both classic and recent, and to
present a top-to-bottom overview of how the CGPP calcu-
lation is performed so as to provide interested readers with the
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tools that they need to exploit the results of CGPP for new
applications in cosmology.
The input to CGPP is inflation (or an alternative cosmo-

logical history), quantum field theory, general relativity, and
the properties of the spectator particle. The output of CGPP
includes the generation of primordial temperature fluctuation,
primordial gravitational waves, a possible arena for baryo-
genesis, a probe of BSM physics, the origin of dark matter and
particles in a hidden sector, and CMB isocurvature fluctua-
tions. The CGPP input and output are illustrated in Fig. 1.
The remainder of the review is outlined as follows.

Section II contains a short summary of CGPP’s long history.
In Sec. III we establish the theoretical framework for CGPP
using scalar field theory to develop the extension of quantum
field theory (QFT) to curved spacetime. Following that, after
reviewing some salient features of inflationary cosmology, in
Sec. IV we present numerical results and analytic approx-
imations for CGPP of spin-0 particles. Section V contains a
discussion of CGPP for particles with nonzero spin. In Sec. VI
we review some recent work involving CGPP for the
production of cosmological relics and observational signa-
tures. Appendix A contains a refresher on general relativity
(GR), including the frame-field formalism needed for CGPP
of fermions, and establishes the sign choices employed in the
body of the review. In Appendix B we summarize key results
for Friedmann-Lemaître-Robertson-Walker (FLRW) space-
times. In Appendix D we present the solutions to the mode
equation in de Sitter space. Finally, Appendix E reviews the
Jeffreys-Wentzel-Kramers-Brillouin (JWKB) method for
solving wave equations of the form encountered in CGPP
calculations.

II. HISTORICAL DEVELOPMENT

The phenomenon of cosmological gravitational particle
production has been explored through various studies over
the course of nearly a century. CGPP provides a robustly

calculable and practically testable prediction of quantum field
theory in curved spacetime. The most well-studied application
of CGPP is the study of inflationary quantum fluctuations in
the scalar inflaton field and metric, which lead to inhomoge-
neities in the spatial distribution of matter and radiation that
imprint on the anisotropies of the cosmic microwave back-
ground radiation and large-scale structure of the Universe.
Other work on CGPP has sought to apply this phenomenon in
explaining the origin of cosmological relics such as dark
matter. In this section we offer an overview of the key
historical developments in the study of CGPP.
The first paper discussing the creation of particle pairs in

the expanding Universe was Schrödinger’s 1939 paper “The
proper vibrations of the expanding Universe” (Schrödinger,
1939). In this prescient paper Schrödinger was the first to
realize that the expansion of the Universe can mix positive-
and negative-frequency mode solutions of the wave equation.
Schrödinger described this as “mutual adulteration” of pos-
itive- and negative-frequency modes in what he regarded as an
“alarming phenomenon,” although he never stated why he
considered it alarming. He recognized mutual adulteration as
production (or annihilation) of matter “merely by the expan-
sion of the Universe.”He stated that this was a phenomenon of
“outstanding importance,” although he did not specify why.
The paper certainly does not contain a full field-theoretical
calculation (it was, after all, in 1939), and there are a few
technical missteps. Notably Schrödinger suggested that CGPP
should occur for photons, but in the Einstein-Maxwell theory
(massless photons minimally coupled to gravity) the presence
of conformal Weyl invariance prohibits CGPP; we provide
this argument in Sec. V.A. Although Schrödinger claimed that
the phenomenon was of great importance, it does not seem to
have been referenced until 1960 and was never referenced by
Schrödinger.
Research on particle creation in a background gravita-

tional field did not restart in earnest until the thesis of
Leonard Parker in 1965 (Parker, 1965) and papers following
his thesis. Parker’s treatment was the first field-theoretical
analysis. In the conclusion of a 1968 paper (Parker, 1968),
Parker wrote, “… for the early stages of a Friedmann
expansion it [particle creation] may well be of great cos-
mological significance, especially since it seems inescapable
if one accepts quantum field theory and general relativity.”
Parker did not speculate on what the great cosmological
significance might be. He continued to develop the concept,
first alone (Parker, 1969, 1971, 1972) and then with
collaborators including Fulling and Parker (1974), Fulling,
Parker, and Hu (1974), Parker and Fulling (1974), and Ford
and Parker (1977a, 1977b, 1978).
At the same time Hawking (1974) was developing the

theory of particle creation by black holes, another example of
gravitational particle production in a curved spacetime, albeit
not cosmological gravitational particle production resulting
from the expanding Universe. Birrell and Davies (1984)
provided an good review of this early literature.
A related phenomenon developed at around the same time

is the well-known Unruh effect (sometimes referred to as the
Unruh-Davies-Dewitt-Fulling effect) (Fulling, 1973; Davies,
1975; Unruh, 1976; Dewitt, 1979). An observer that moves
with constant proper acceleration in Minkowski spacetime

FIG. 1. CGPP takes as input cosmic inflation, quantum field
theory, general relativity, and the properties of a particle and
outputs observable or potentially observable consequences.
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would measure a thermal bath of particles in the vacuum state
of inertial observers. For a review see Crispino, Higuchi, and
Matsas (2008). The Unruh effect demonstrates how the
presence or absence of particles depends on not only the
state of the system but also the observer, in this case in regard
to inertial versus noninertial observers. It is relevant to theCGPP
discussion in the sense that we are going to discuss how two
different observers, one who uses the early-time positive- and
negative-frequency modes (Schrödinger’s proper vibrations)
and onewhouses the late-time positive- and negative-frequency
modes, can disagree on the number of particles in the system.
Soon after Parker’s 1968 paper, in the Soviet Union

Zel’dovich (1970) considered particle production in a
cosmological setting with a background Kasner metric, a
homogeneous, anisotropic metric of the form ðdsÞ2 ¼ ðdtÞ2−P

3
i¼1t

2piðdxiÞ2. It is a vacuum solution of Einstein’s equation
if the Kasner exponents pi satisfy

P
3
i¼1pi ¼

P
3
i¼1p

2
i ¼ 1.

Zel’dovich appreciated cosmological particle creation, and he
used the Kasner model to explore whether particle creation
could isotropize an initially anisotropic universe and, by
extension, explain how physical processes could turn an
initial anisotropic and inhomogeneous universe into the
observed homogeneous and isotropic Universe. Zel’dovich
continued this line of research in a series of papers, both alone
andwithAlexei Starobinski (Zel’dovich and Starobinsky, 1972,
1977). Zel’dovich indeed identified a problem of great signifi-
cance that is now generally assumed to be solved by inflation.
Others turned to calculations of particle creation in homo-
geneous and isotropic cosmologies (Frolov, Mamaev, and
Mostepanenko, 1976; Grib, Mamaev, and Mostepanenko,
1976; Mamaev, Mostepanenko, and Starobinsky, 1976). A
more complete set of references to work from the Soviet
Union was given in the book Quantum Effects in Strong
External Fields, byGrib,Mamayev, andMostepanenko (1994).
In the 1980s CGPP found a new home in the recently

proposed at the time theory of cosmological inflation
(Starobinsky, 1980; Guth, 1981; Albrecht and Steinhardt,
1982; Linde, 1982). This early period of accelerated expan-
sion was initially lauded for efficiency at simultaneously
solving the horizon, flatness, and monopole problems that had
confounded early efforts to connect cosmology with elemen-
tary particle physics. Before long, studies of quantum fluc-
tuations in the scalar inflaton field and the metric led to
predictions for density perturbations (as well as gravitational-
wave radiation) that provided an explanation for the inho-
mogeneity of the large-scale structure of the Universe and the
subtle anisotropies in the cosmic microwave background
radiation. The first papers explicitly to link density perturba-
tions to particle creation were given by Mukhanov and
Chibisov (1981), Sasaki (1983), and Mukhanov (1988); see
also Kodama and Sasaki (1984). This early literature was
summarized well in the review by Mukhanov, Feldman, and
Brandenberger (1992). Precision measurements of the large-
scale structure and cosmic microwave background have
furnished a wealth of information about the composition
and evolution of the Universe, and their connections with
the epoch of inflation are made possible through the phe-
nomenon of CGPP.

Besides generating primordial density perturbations, and
possibly also gravitational-wave radiation, the phenomenon of
CGPP during inflation may have served another purpose of
great significance. Namely, it may have provided an origin for
cosmological relics such as dark matter, the matter-antimatter
asymmetry, or the primordial plasma itself through gravita-
tional reheating. This idea was first explored by Ford (1987)
and Turner and Widrow (1988), who sought to explain the
origin of light scalar (axion) dark matter via CGPP. A series of
studies in 1998 (Chung, Kolb, and Riotto, 1998a, 1998b;
Kuzmin and Tkachev, 1998, 1999; Chung, 2003) emphasized
the novel role of CGPP for creating superheavy dark matter
with mass comparable to the inflationary Hubble scale
m ≈Hinf . They also expanded the scope of interest to include
CGPP for fermionic dark matter. A natural candidate for
CGPP is the gravitino that arises in theories of supergravity
(Giudice, Riotto, and Tkachev, 1999; Giudice, Tkachev, and
Riotto, 1999; Lemoine, 1999; Kallosh et al., 2000; Kolb,
Long, and McDonough, 2021a) since it may couple weakly to
ordinary matter and may not thermalize with the plasma.
The past several years have seen a growing interest in the

phenomenon of CGPP and its implications for cosmological
relics. Several recent developments are discussed throughout
the review, particularly in Sec. VI. These include the pro-
duction of ultralight spin-1 particles and connections to
isocurvature-free dark photon dark matter, the enhanced
production of massive spin-3=2 particles due to instabilities
associated with a vanishing effective sound speed, the
production of particles via thermal freeze-in with a gravita-
tional mediator, the reinterpretation of CGPP at the end of
inflation as inflaton annihilations, and efforts to detect dark
matter’s gravitational interactions in the laboratory.

III. THEORETICAL FRAMEWORK

In this section we offer a review of the theoretical
framework underlying CGPP, including aspects of quantum
field theory in curved spacetime. Complementary discussions
can be found in classic textbooks by Birrell and Davies
(1984), Mukhanov (2005), Mukhanov and Winitzki (2007),
and Parker and Toms (2009), as well as more recent reviews
(Ford, 2021; Armendariz-Picon and Diez-Tejedor, 2023) and
books (Baumann, 2022). Our goals here are (1) to illuminate
how the framework of quantum field theory in curved
spacetime is employed to derive the equations of motion
for the time-dependent Fourier mode amplitudes χkðηÞ, (2) to
clarify how the cosmological expansion induces a mixing of
positive- and negative-frequency mode functions, (3) to
explain why this mixing can be interpreted as particle
production, and (4) to address the emergence of ultraviolet
divergences in the calculation of observables. In this section
we use scalar quantum field theory to develop formalism and
illustrate notation.

A. Quantum scalar field in an FLRW spacetime

Covariant action for a scalar field. LetΦðxÞ be a real scalar
field, which has spin-0 particles as its quantum excitations,
and let the classical spacetime metric be denoted by gμνðxÞ.
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We consider a massive scalar that interacts only with gravity.
See Appendix A for a refresher on general relativity and an
explanation of our conventions. We consider a theory defined
by the action

S½ΦðxÞ;gμνðxÞ� ¼
Z

d4x
ffiffiffiffiffiffi
−g
p ½L − 1

2
M2

PlR�;

L ¼ 1
2
gμν∇μΦ∇νΦ − 1

2
m2Φ2 þ 1

2
ξΦ2R: ð1Þ

This theory has three model parameters: the reduced Planck
mass MPl ¼ ð8πGÞ−1=2, the scalar field’s mass m, and the
scalar field’s coupling to the Ricci scalar ξ. In the context of
inflationary cosmology, Φ is not the inflaton but rather an
additional scalar spectator field.
Nonminimal coupling to gravity. The dimensionless param-

eter ξ is the coefficient of the dimension-4 operator coupling
Φ to the Ricci scalar. For ξ ¼ 0 we say that the scalar field is
minimally coupled to gravity; for ξ ¼ 1=6 it is conformally
coupled to gravity; and, for other nonzero values of ξ, it is
merely nonminimally coupled to gravity. From the perspective
of effective field theory, Φ2R is just one of many possibly
operators that parametrize Φ’s gravitational interactions; see
Sec. VI.A for a discussion. While this nonminimal coupling is
not needed for CGPP (one is free to set ξ ¼ 0), our motivation
for including the Φ2R operator is primarily pedagogical. The
theory of a conformally coupled scalar (ξ ¼ 1=6) leads to
equations of motion that are similar to the ones arising in
theories of minimally coupled fermions and vectors. We build
intuition for these equations and their solutions by first
investigating the simpler scalar context.
FLRW spacetime. We study the phenomenon of CGPP in

cosmological spacetimes, which are approximately homo-
geneous, isotropic, and expanding. Such spacetimes are
described by the FLRW metric

gFLRW
μν ðxÞ ¼ a2ðηÞdiagð1;−1;−1;−1Þ ð2Þ

where the spacetime coordinate four-vector xμ ¼ ðη; xÞ has
been written in terms of the conformal time coordinate η,
related to coordinate time t by adη ¼ dt, and the comoving
spatial coordinate three-vector x ¼ ðx; y; zÞ. The time-depen-
dent function aðηÞ is called the scale factor, and the spatial
expansion rate HðηÞ ¼ a0ðηÞ=a2ðηÞ is called the Hubble
parameter. Primes denote derivatives with respect to con-
formal time, and ∇ ¼ ð∂x; ∂y; ∂zÞ denotes derivatives with
respect to comoving spatial coordinates. One can evaluate the
usual tensors that arise in GR, finding for the Ricci scalar
RðηÞ ¼ −6a00=a3 ¼ −12H2 − 6H0=a. See Appendix B for a
refresher on the FLRW spacetime.
Canonical kinetic term in FLRW spacetime. In the FLRW

spacetime the scalar field kinetic term is not canonical,
since

ffiffiffiffiffiffi−gp
gμν ∝ a2. When a change of variables Φðη; xÞ ¼

a−1ðηÞϕðη; xÞ is performed, the kinetic term is rendered
canonically normalized and the action becomes

SFLRW½ϕðη; xÞ� ¼
Z

dη
Z

d3x½1
2
ðϕ0Þ2 − 1

2
j∇ϕj2

− 1
2
a2m2

effϕ
2 − 1

2
∂ηðaHϕ2Þ�;

m2
effðηÞ ¼ m2 þ ð1

6
− ξÞRðηÞ: ð3Þ

Note that the canonically normalized field variable ϕðη; xÞ
acquires a time-dependent effective squared mass a2ðηÞm2

effðηÞ
that may be either positive or negative.
Hamiltonian. The scalar field’s dynamics are equivalently

captured in the Hamiltonian formalism. Denoting the field and
its conjugate momentum density by ϕðη; xÞ and πðη; xÞ, the
Hamiltonian can be written as

HðηÞ ¼
Z

d3x½1
2
π2 þ 1

2
j∇ϕj2 þ 1

2
aHðπϕþ ϕπÞ

þ 1
2
ða2m2

eff þ 2a2H2 þ aH0Þϕ2�: ð4Þ

We write πϕþ ϕπ because after quantization ½π;ϕ� ≠ 0.
Canonical quantization. We work in the Heisenberg picture

in which operators evolve subject to the Heisenberg equations
of motion i∂ηO ¼ ½O; H� and states are static i∂ηjψi ¼ 0. Now
ϕ and π are regarded as quantum operators. Canonical
quantization is accomplished by imposing equal-time com-
mutation relations

½ϕðη; xÞ; πðη; yÞ� ¼ iδðx − yÞ;
½ϕðη; xÞ;ϕðη; yÞ� ¼ ½πðη; xÞ; πðη; yÞ� ¼ 0: ð5Þ

The operator equations of motion are

π0 ¼ ∇2ϕ − aHπ − ða2m2
eff þ 2a2H2 þ aH0Þϕ;

ϕ0 ¼ π þ aHϕ; ð6Þ

and they combine to give

ϕ00 − ∇2ϕþ a2m2
effϕ ¼ 0; ð7Þ

which takes the form of a second-order linear wave equation
with a time-dependent effective mass. For any solution of this
equation, the corresponding conjugate momentum density is
simply π ¼ ϕ0 − aHϕ, so we are free to focus on solving the
wave equation.
Evolution equations. Solutions of the linear wave equation

take the form

ϕðη; xÞ ¼
Z

d3k
ð2πÞ3 ½akUkðη; xÞ þ a†kVkðη; xÞ�; ð8Þ

with Ukðη; xÞ ¼ χkðηÞeik·x and Vk ¼ U�k. The complex fields
Ukðη; xÞ and Vkðη; xÞ, called the mode functions, are labeled
with a comoving wave vector k with comoving wave number
k ¼ jkj. The mode functions are orthonormal basis functions
that span the space of solutions of the wave equation. The
complex functions χkðηÞ are called the Fourier mode ampli-
tudes (or sometimes the mode functions). A ladder operator is
assigned to each mode function: ak are paired with Ukðη; xÞ
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and a†k are paired with Vkðη; xÞ. The ladder operators are
required to obey the usual algebra of commutation relations

½ak; a†q� ¼ ð2πÞ3δðk − qÞ
½ak; aq� ¼ ½a†k; a†q� ¼ 0: ð9Þ

Since the wave equation is second order, for each k it admits
a two-dimensional space of solutions, and much of the
analysis of CGPP is based on identifying a “good” basis of
mode functions to span this space such that Ukðη; xÞ corre-
sponds to positive-frequency modes and Vkðη; xÞ corresponds
to negative-frequency modes. We discuss this issue further in
Sec. III.B. In lieu of specifying explicit expressions for the
mode functions at this point, we assume for the moment that
they form a complete and orthonormal basis that is expressed
by the Wronskian conditionsZ

d3xðUkV 0q − VqU0kÞ ¼ ið2πÞ3δðk − qÞ ð10Þ

implying χkχ
0�
k − χ�kχ

0
k ¼ i. The wave equation leads to equa-

tions of motion for the Fourier mode amplitudes called the
mode equation,

χ00kðηÞ þ ω2
kðηÞχkðηÞ ¼ 0: ð11Þ

For each k this is a harmonic oscillator equation with time-
dependent comoving squared angular frequency

ω2
kðηÞ ¼ k2 þ a2ðηÞm2 þ ð1

6
− ξÞa2ðηÞRðηÞ: ð12Þ

Note that ω2
kðηÞ need not be positive. Section III.B discusses

the solutions of Eq. (11). If ξ ¼ 1=6, then the scalar is said to
be conformally coupled to gravity.
The equation of motion presented here [Eq. (11)] resembles

the Mukhanov-Sasaki equation (Baumann, 2022), and the two
equations capture similar physics: the evolution of scalar field
perturbations during an inflationary phase. However, they
differ insofar as the Mukhanov-Sasaki equation accounts for
the backreaction of the inflaton perturbations on the scalar
metric perturbations through the Einstein equation, whereas
our derivation neglects this backreaction since our scalar
spectator field does not dominate the energy density of the
Universe.

B. Mode functions and Bogoliubov transformations

The mode functions χkðηÞ evolve according to the mode
equation (11). We are interested in solving these equations for
cosmologically relevant spacetimes, which are characterized
by a quasi–de Sitter (qdS) phase of inflation followed by
reheating, radiation domination, etc. To understand how such
solutions are obtained, we begin by focusing on the concep-
tually and computationally simpler cases of Minkowski
spacetime and general asymptotically flat spacetimes. After
discussing Bogoliubov transformations and CGPP in this
context, we address cosmologically relevant spacetimes.
Minkowski spacetime. In Minkowski spacetime the FLRW

scale factor is constant [aðηÞ ¼ ā] and there is no cosmological

expansion: HðηÞ ¼ H̄ ¼ 0 and RðηÞ ¼ R̄ ¼ 0. The squared
angular frequency is also constant: ω2

kðηÞ ¼ ω̄2
k ¼ k2 þ ā2m2.

For each wave vector k, the mode equation (11) is a linear,
second-order differential equation in a complex variable, and its
solutions form a four-dimensional vector space.1 Every solution
can bewritten as a linear combination of a pair of basis functions
with complex coefficients normalized to satisfy Eq. (10). The
canonical basis functions e−iω̄kη=

ffiffiffiffiffiffiffiffi
2ω̄k
p

and eiω̄kη=
ffiffiffiffiffiffiffiffi
2ω̄k
p

are
called the positive- and negative-frequencymodes, respectively.
The positive-frequency mode functions are

χkðηÞ ¼
e−iω̄kηffiffiffiffiffiffiffiffi
2ω̄k
p or Ukðη; xÞ ¼

e−iðω̄kη−k·xÞffiffiffiffiffiffiffiffi
2ω̄k
p ; ð13Þ

and they correspond to planewaves propagating in the direction
of kwith phase velocity ω̄k=k. When this set of mode functions
is used to construct the field operator via Eq. (8), the associated
ladder operators ak define a vacuum state j0i such that akj0i ¼
0 for all k. Minkowski spacetime is privileged insofar as all
inertial observers agree on the absence of particles in this
vacuum state and the presence of particles in excited states
(Birrell and Davies, 1984). In other words, there is no CGPP in
Minkowski spacetime.
Building intuition. Minkowski spacetime is special because

it is static. Therefore, it has time translations as an isometry,
and there is an associated Killing vector field i∂=∂η that has
the positive-frequency mode functions (13) as its positive-
eigenvalue eigenfunctions. For cosmological spacetimes that
expand or contract, it is generally not possible to specify
positive-frequency mode functions that hold for all times.
This leads to the situation whereby observers at different times
may decompose the field operator onto different bases of mode
functions and ladder operators. Consequently, the vacuum state
at some initial time can be an excited state at another time. These
concepts are illustrated in the following discussion.
Another way to illustrate this point is to recognize that

nonconformal fields on a time-dependent spacetime back-
ground develop a time-dependent Hamiltonian. For instance,
each Fourier mode of the scalar field ϕkðηÞ ¼ akχkðηÞ has the
dynamics of a quantum simple harmonic oscillator with the
time-dependent natural frequencyω2

kðηÞ. If the frequency were
constant, the ground-state wave function would be a Gaussian.
If the frequency were varied slowly, the wave function would
adjust so as to track the adiabatically varying ground state, and
the system would remain almost unexcited. Alternatively, if
the frequency were varied rapidly, the wave function would be
unable to keep up, and the system would find itself in an
excited state with respect to the new Hamiltonian. When these
concepts are carried over to quantum field theory, the excited
state corresponds to particle production.
Asymptotically flat spacetimes. Next we consider spacetimes

that are only asymptotically flat (Minkowski-like) toward early
and late times. Suppose that the scale factor aðηÞ limits to aIN as
η → −∞ and to aOUT as η → ∞. Denote the corresponding
limits of the comoving angular frequency by

1Solutions of the wave equation (7) form only a two-dimensional
vector space per Fourier mode since ϕ∈R, but the parametrization in
Eq. (8) introduces a twofold redundancy.
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lim
η→−∞

ωkðηÞ ¼ ωIN
k ; lim

η→∞
ωkðηÞ ¼ ωOUT

k ; ð14Þ

which are assumed to be real and positive. In the asymptotic
regimes where the spacetime is approximately Minkowski, the
positive-frequency mode functions take the form appearing in
Eq. (13), with ω̄k replaced by ωIN

k or ωOUT
k . This observation

motivates us to identify solutions of the mode equations,
denoted by χINk ðηÞ and χOUTk ðηÞ, that are asymptotic to the
Minkowski positive-frequencymode functions at either early or
late times,

χINk ðηÞ ∼
1ffiffiffiffiffiffiffiffiffiffi
2ωIN

k

q e−iω
IN
k η as η → −∞;

χOUTk ðηÞ ∼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωOUT

k

q e−iω
OUT
k η as η → ∞: ð15Þ

Using either set of mode functions and a corresponding set of
ladder operators denoted byaINk and aOUTk , one can construct the
field operator as in Eq. (8),

ϕðη;xÞ¼
Z

d3k
ð2πÞ3 ½a

IN
k χINk ðηÞþaIN†−k χ

IN�
k ðηÞ�eik·x

¼
Z

d3k
ð2πÞ3 ½a

OUT
k χOUTk ðηÞþaOUT†−k χOUT�k ðηÞ�eik·x: ð16Þ

The equivalence of the expressions in Eq. (16) and the freedom
to move between them is captured by the Bogoliubov
transformations.
Bogoliubov transformations. In general, pairs of orthonor-

mal basis functions are related to one another through linear
transformations that leave the field operator unchanged.
Consider the matrix

�
αk βk

β�k α�k

�
∈ SUð1; 1Þ; ð17Þ

where the complex constant entries αk and βk satisfy
jαkj2 − jβkj2 ¼ 1. Each Fourier mode of the field operator
can be written as

akχkðηÞ þ a†−kχ
�
kðηÞ ¼

�
ak a†−k

�� χkðηÞ
χ�kðηÞ

�
¼ � ak a†−k

�� α�k −βk
−β�k αk

��
αk βk

β�k α�k

��
χkðηÞ
χ�kðηÞ

�
¼
��

α�k −β�k
−βk αk

��
ak

a†−k

��
T

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
≡
�
ãk ã†−k

�
�
αk βk

β�k α�k

��
χkðηÞ
χ�kðηÞ

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≡
�
χ̃kðηÞ
χ̃�kðηÞ

�
¼ ãkχ̃kðηÞ þ ã†−kχ̃

�
kðηÞ;

where the last line defines a new basis of ladder operators
and mode functions denoted by a tilde. One can verify that
the ladder operators with tildes obey the commutation
relations (9) and the mode functions with tildes obey the
Wronskian condition (10) and mode equations (11). It
follows that the field operator admits a family of equivalent
representations that are related to one another through
SUð1; 1Þmatrices called Bogoliubov transformations. Note
that for fermionic fields the commutation relations are
replaced by anticommutation relations, and the Bogoliubov
transformations are implemented through SUð2Þ matrices
with jαkj2 þ jβkj2 ¼ 1.
Since the IN and OUT mode functions and their complex

conjugates both form complete bases of solutions of the same
linear differential equation, it must be possible to write them
as linear combinations of one another. This is accomplished
using a Bogoliubov transformation with

χINk ðηÞ ¼ αkχ
OUT
k ðηÞ þ βkχ

OUT�
k ðηÞ;

aINk ¼ α�ka
OUT
k − β�ka

OUT†
−k ; ð18Þ

where αk and βk now denote the set of Bogoliubov coefficients
specifically linking the IN and OUT mode functions. Inverting
these relations and using the Wronskian condition allow the
Bogoliubov coefficients to be calculated from the IN and OUT

mode functions,

αk ¼ iðχOUT�k χIN0k − χOUT0�k χINk Þ;
βk ¼ iðχOUT0k χINk − χOUTk χIN0k Þ: ð19Þ

Note that the individual factors and terms on the right-hand sides
may carry time dependence, but this dependence must cancel
when the static Bogoliubov coefficients are constructed.
Bunch-Davies vacuum. The set of ladder operators aINk may

be used to define a vacuum state and construct a Fock space of
multiparticle states. The vacuum state, denoted by j0INi, is
defined by

aINk j0INi ¼ 0 for all k. ð20Þ

That is, it is the state annihilated by all of the IN lowering
operators. The vacuum state is normalized as h0INj0INi ¼ 1.
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Despite the potentially confusing notation, one should not
interpret j0INi as an initial vacuum state that evolves into
another state at late times. Remember that we are working in
the Heisenberg picture, in which states are static; a system
prepared in the state j0INi remains in this state at all times.
Anticipating the application of this discussion to inflationary
cosmology, we refer to j0INi as the Bunch-Davies vacuum
(Bunch and Davies, 1978). In studies of inflationary pertur-
bations, it is customary to assume that the Universe is prepared
in the Bunch-Davies vacuum state.
Particle number. A system prepared in the IN vacuum state

may contain particles with respect to the OUT ladder operators.
The OUT number operator is defined by

NOUT ¼
Z

d3k
ð2πÞ3 a

OUT†
k aOUTk : ð21Þ

If the IN and OUT operators are related through a Bogoliubov
transformation (18) with parameters αk and βk, then the
expected number of particles measured by the OUT number
operator in the IN vacuum state is given by

h0INjNOUTj0INi ¼ V
Z

d3k
ð2πÞ3 jβkj

2: ð22Þ

Equation (22) has an expected IR divergence V ¼ ð2πÞ3δðk −
kÞ associated with the homogeneous nature of particle
production and the system’s infinite volume. Note that if
the system were prepared not in the Bunch-Davies vacuum
state but instead in an excited state, then the subsequent
gravitational production could be Bose enhanced or Fermi
suppressed depending on the quantum statistics of the
spectator particles; see Lozanov (2019) for a discussion of
this scenario.
Number density spectrum. In an FLRW spacetime the

comoving number density of particles that the OUT number
operator measures in the IN vacuum is given by

a3n ¼
Z

d3k
ð2πÞ3 jβkj

2; ð23Þ

and n is the physical number density. One can interpret jβkj2 as
the occupation number of a Fourier mode with the comoving
wave vector k. For bosons 0 ≤ jβkj2, whereas for fermions
0 ≤ jβkj2 ≤ 1. Since βk is independent of the wave vector’s
orientation in the isotropic FLRW spacetime, the angular
integration is trivial. One finds that

a3n ¼
Z

dk
k
a3nk; with a3nk ¼

k3

2π2
jβ2kj; ð24Þ

where a3nk is the comoving number density spectrum, i.e., the
comoving number density of particles per logarithmic wave
number interval.
Pair production. CGPP results from the behavior of

quantum fields on a time-dependent background. Since the
background breaks time-translation invariance, the field’s
energy need not be conserved, but since the background
maintains spatial-translation invariance, the field’s momentum

must be conserved. Consequently, CGPP cannot induce single
particle production; at leading order it corresponds to back-to-
back pair production.
CGPP discussion. We now summarize the essential ingre-

dients thus far. In a curved spacetime that is asymptotically
flat, there is a natural notion of positive- and negative-
frequency modes at early and late times since the spacetime
in those regions is approximately Minkowski. However, the
temporary departure from Minkowski at intermediate time
leads to a mixing of positive- and negative-frequency modes:
the solution χINk ðηÞ that is asymptotic to the positive-frequency
mode at early times can be written as a linear combination of
the function χOUTk ðηÞ that is asymptotic to the positive-
frequency mode at late times and the function χOUT�k ðηÞ that
is asymptotic to the negative-frequency mode at late times.
This mixing of the mode functions is captured by a
Bogoliubov transformation, which implies a linear map
between the associated sets of ladder operators. As such, a
vacuum state with respect to the IN ladder operators may be an
excited state with respect the OUT ladder operators, which is to
say that it contains particles. That is the basis of the
phenomenon of cosmological gravitational particle produc-
tion. The mathematical formalism has broader applicability to
theories with a time-dependent Hamiltonian; the defining
feature of CGPP is that the time dependence is induced by the
cosmological expansion.
Asymptotically adiabatic spacetimes. Ultimately we are

interested in calculating CGPP for cosmological spacetimes
that describe an early epoch of inflation followed by reheating
and a subsequent hot big-bang cosmology. For such space-
times (at least the ones that we consider), the FLRW scale
factor aðηÞ is always growing, the spacetime is not asymp-
totically flat, and how to identify the positive- and negative-
frequency modes and how to define particles become ambigu-
ous. For a general spacetime this ambiguity may be insur-
mountable, but typical cosmological spacetimes have the
appealing property that the comoving angular frequency
ωkðηÞ is slowly varying (adiabatic) at both early and late
times. In particular, one can define a dimensionless parameter
to measure the departure from adiabaticity

AkðηÞ ¼ ω0kðηÞ=ω2
kðηÞ ð25Þ

and verify that Ak → 0 sufficiently quickly as η → �∞.
For asymptotically adiabatic spacetimes a possible defini-

tion of the IN and OUT mode functions is given by

χINk ðηÞ ∼
e−i
R

η dη0ωkðη0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðηÞ

p as η → −∞;

χOUTk ðηÞ ∼ e−i
R

η dη0ωkðη0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðηÞ

p as η → þ∞: ð26Þ

In fact, Eq. (26) defines the positive-frequency mode functions
of zeroth adiabatic order, and the corresponding ladder
operators aINk define an adiabatic IN vacuum j0INi of zeroth
adiabatic order. However, provided that ωkðηÞ is sufficiently
slowly varying at early and late times, the corrections from
keeping terms of higher adiabatic order are vanishing as
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η → �∞, implying that j0INi is an IN vacuum of infinite
adiabatic order. See Appendix E for a discussion of the JWKB
method and adiabatic series.
Reparametrization. To find the solution χINk ðηÞ, it is

useful to adopt the parametrization (Kofman, Linde, and
Starobinsky, 1997)

χINk ðηÞ ¼ α̃kðηÞ
e−iΦkðηÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðηÞ

p þ β̃kðηÞ
eiΦkðηÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðηÞ

p ; ð27Þ

where ΦkðηÞ ¼
R
ηdη0ωkðη0Þ, which introduces the new mode

functions α̃kðηÞ and β̃kðηÞ. The condition in Eq. (26) requires
α̃kðηÞ → 1 and β̃kðηÞ → 0 as η → −∞, and jα̃kðηÞj2 −
jβ̃kðηÞj2 ¼ 1 is maintained by the equations of motion. The
function χINk ðηÞ will solve the mode equation provided that the
new mode functions obey

∂ηα̃kðηÞ ¼ 1
2
AkðηÞωkðηÞβ̃kðηÞe2i

R
η
dη0ωkðη0Þ;

∂ηβ̃kðηÞ ¼ 1
2
AkðηÞωkðηÞα̃kðηÞe−2i

R
η
dη0ωkðη0Þ; ð28Þ

where AkðηÞ is the adiabaticity parameter from Eq. (25).
This parametrization is especially useful because the late-

time behavior of β̃kðηÞ gives the Bogoliubov coefficient βk
without the need to evaluate χOUTk ðηÞ. This can be understood
as follows. The Bogoliubov coefficient βk can be calculated
from Eq. (19) if the mode functions χINk ðηÞ and χOUTk ðηÞ are
known. Since the left- and right-hand sides of Eq. (19) are
independent of time, we are free to evaluate the equation as
η → þ∞. Although χOUTk ðηÞ is unknown, its asymptotic
behavior at late times is known throught the defining
relation (26). After some algebra and while making use of
Eqs. (27) and (28), one finds that

βk ¼ lim
η→∞

iðχOUT0k χINk − χOUTk χIN0k Þ

¼ lim
η→∞

�
β̃k −

i
4
Akðα̃ke−2i

R
η
dη0ωkðη0Þ þ β̃kÞ

�
¼ lim

η→∞
β̃kðηÞ:

In the last equality of the previous equation, it is assumed that
AkðηÞ vanishes sufficiently quickly at late times to neglect the
second term. This calculation reveals that the late-time limit of
the mode function β̃kðηÞ coincides with the Bogoliubov
coefficient βk linking the IN and OUT mode functions, which
is related to the amount of CGPP through Eq. (24). One can
also invert Eq. (27) to find

α̃kðηÞ ¼
ωkχ

IN
k þ i∂ηχINkffiffiffiffiffiffiffiffi

2ωk
p ei

R
η
dη0ωkðη0Þ; ð29aÞ

β̃kðηÞ ¼
ωkχ

IN
k − i∂ηχINkffiffiffiffiffiffiffiffi
2ωk
p e−i

R
η
dη0ωkðη0Þ; ð29bÞ

jβ̃kðηÞj2 ¼
ωk

2
jχINk j2 þ

j∂ηχINk j2
2ωk

−
1

2
: ð29cÞ

Equation (29) is especially useful because the late-time
behavior of β̃kðηÞ gives the Bogoliubov coefficient βk without
needing χOUTk ðηÞ to be evaluated. This can be understood as
follows. The Bogoliubov coefficient βk can be calculated from
Eq. (19) if the mode functions χINk ðηÞ and χOUTk ðηÞ are known.
Since the left- and right-hand sides of Eq. (19) are independent
of time, we can evaluate the equation as η → þ∞. Although
χOUTk ðηÞ is unknown, its asymptotic behavior at late times is
known through the defining relation (26). After some algebra
and also making use of Eqs. (27) and (28), one finds that

βk ¼ lim
η→∞

iðχOUT0k χINk − χOUTk χIN0k Þ

¼ lim
η→∞

�
β̃k −

i
4
Akðα̃ke−2i

R
η
dη0ωkðη0Þ þ β̃kÞ

�
¼ lim

η→∞
β̃kðηÞ:

In the last equality of the previous equation, it is assumed that
AkðηÞ vanishes sufficiently quickly at late times to neglect the
second term. This calculation reveals that the late-time limit of
the mode function β̃kðηÞ coincides with the Bogoliubov
coefficient βk linking the IN and OUT mode functions, which
is related to the amount of CGPP through Eq. (24). One can
also invert Eq. (27) to find

α̃kðηÞ ¼
ωkχ

IN
k þ i∂ηχINkffiffiffiffiffiffiffiffi

2ωk
p ei

R
η
dη0ωkðη0Þ; ð30aÞ

β̃kðηÞ ¼
ωkχ

IN
k − i∂ηχINkffiffiffiffiffiffiffiffi
2ωk
p e−i

R
η
dη0ωkðη0Þ; ð30bÞ

jβ̃kðηÞj2 ¼
ωk

2
jχINk j2 þ

j∂ηχINk j2
2ωk

−
1

2
: ð30cÞ

The last expression in Eq. (29) assumes that ωkðηÞ∈R and
uses the Wronskian condition (10).
Correlation function and power spectrum. The field oper-

ator’s equal-time two-point correlation is given by

h0INjΦðη; xÞΦðη; yÞj0INi ¼ 1

a2ðηÞ
Z

d3k
ð2πÞ3 jχ

IN
k ðηÞj2eik·ðx−yÞ

ð31Þ

for x ≠ y. The corresponding power spectrum is

Δ2
Φðη; kÞ ¼

k3

2π2

Z
d3rh0INjΦðη; xÞΦðη; yÞj0INie−ik·r

¼ 1

a2ðηÞ
k3

2π2
jχINk ðηÞj2; ð32Þ

where y ¼ xþ r. Note that

jχINk ðηÞj2 ¼
1

2ωkðηÞ
fjα̃kðηÞj2 þ jβ̃kðηÞj2

þ 2Re½α̃�kðηÞβ̃kðηÞe2iΦkðηÞ�g: ð33Þ
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Typically the small-scale modes (k → ∞) remain adiabatic,
corresponding to ωkðηÞ ≈ k, α̃kðηÞ ≈ 1, and β̃kðηÞ ≈ 0, which
leads to an asymptotically blue-tilted power spectrum
Δ2

Φðη; kÞ ∼ k2=4π2a2 as k → ∞.
When is a particle a particle? To close this section, we

address several common points of confusion. The phrase
cosmological gravitational particle production uses the word
particle and elicits the image of particle pair creation.
However, when we talk about the inflationary quantum fluc-
tuations of the inflaton field andmetric, we do not usually speak
of particle creation. However, both calculations use the
Bogoliubov formalism to study the evolution of quantum fields
in an expanding universe. Is there some sense in which CGPP
creates particles whereas inflationary quantum fluctuations
creates something else (such as field fluctuations)? In other
words, when can we say that the excitations of a quantum field
correspond to a collection of particles? Several conditions are
required in order to talk about the number density of particles
interpreted in a Minkowskian context.

(1) Our background cosmological model assumes, at
sufficiently early times in the qdS phase, say,
η < ηi, that ωkðηÞ is approximately constant and the
evolution of the mode is approximately adiabatic, and
at sufficiently late times, say, η > ηf, the evolution is
again approximately adiabatic. But for intermediate
times ηi < η < ηf the particle interpretation is
ambiguous because positive- and negative-frequency
solutions are mixing. The evolution is adiabatic when
jAkj ¼ jω0k=ω2

kj ≪ 1. This condition is also necessary
for the identification of β̃k with the Bogoliubov
coefficient βk [see Eq. (29)] and for the decomposition
into positive- and negative-frequency modes to be
performed unambiguously (Birrell and Davies, 1984).
In the aforementioned calculations we assumed that
AkðηÞ → 0 sufficiently quickly as η → �∞, which
allowed for an unambiguous identification of particles
associated with the IN and OUT positive-frequency
mode functions (Birrell and Davies, 1984).

(2) The spacetime curvature must not vary across the
spatial size of the wave packet of momentum k=a
(Mukhanov and Winitzki, 2007). In the FLRW cos-
mology this requires k=a > H: if this condition is not
satisfied, the curvature of spacetime (of order H) will
vary across the size of the wave packet.

(3) The mode must be oscillatory, which implies that
ω2
k > 0. If this condition is not satisfied, the mode

equation does not have oscillatory solutions.
In summary, Fourier modes of the field having comoving

wave number k should admit a particle description at late
times when the mode evolution is adiabatic, when the modes
are inside the horizon, and when the modes are oscillatory. At
intermediate times a particle description may not be appro-
priate. Similar issues arise in the study of particle production
during preheating; see Kofman, Linde, and Starobinsky
(1997) for a discussion.

C. Energy, renormalization, and observables

Section III.B reviewed how to calculate the number of
gravitationally produced particles. If we are interested in

physics such as baryogenesis, i.e., explaining the origin of the
matter-antimatter asymmetry, then this number density is the
observable quantity of interest. If we are instead interested in
relic particles that survive today as dark matter or dark
radiation, which are probed through their gravitational inter-
actions on cosmological scales, then an energy density is the
quantity of interest. In this section we define the energy
carried by gravitationally produced particles and discuss how
to calculate it while handling ultraviolet (UV) divergences. We
are interested in both the average energy density and the
energy inhomogeneities since the latter are probed using the
CMB isocurvature.
Semiclassical gravity. In the framework of semiclassical

gravity, the gravitational field is treated as classical and the
radiation and matter fields are treated as quantum; it is
expected to be a good approximation for systems with small
fluctuations (Kuo and Ford, 1993). Gravity’s response to
radiation and matter is governed by a variant of Einstein’s
equation,

Rμν − 1
2
Rgμν ¼ M−2

Pl hTμνi: ð34Þ

On the left-hand side is the Einstein tensor GμνðxÞ for the
classical gravitational field, and on the right-hand side is an
expectation value of the stress-energy tensor TμνðxÞ for the
theory’s various quantum fields. During inflation the inflaton
field provides the largest contribution to hTμνi and the
contribution from the gravitationally produced particles is
much smaller; i.e., the backreaction from CGPP can be
neglected. However, if the gravitationally produced particles
survive as dark matter at late times, then they provide the
largest contribution to hTμνi during the matter-dominated era.
For the scalar field theory whose action appears in Eq. (1), its
stress-energy tensor is

TμνðxÞ ¼ ð1 − 2ξÞð∂μΦ∂νΦÞ þ ð2ξ − 1
2
Þðgμνgαβ

∂αΦ∂βΦÞ
þ 2ξðgμνΦ□ΦÞ − 2ξðΦ∇μ∂νΦÞ
þ ξðGμνΦ2Þ þ 1

2
ðgμνm2Φ2Þ: ð35Þ

Since this is a composite operator constructed from products
of field operators, one encounters UV divergences upon
calculating its expectation value that need to be regulated
and renormalized.
Energy density. The energy density measured by an

observer with the four-velocity Uμ is

ρðxÞ ¼ h0INjTμνUμUνj0INi: ð36Þ

In the observer’s rest frame Uμ ¼ ð ffiffiffiffiffiffiffiffiffiffiffi
1=g00

p
; 0; 0; 0Þ since

gμνUμUν ¼ 1 normalizes the four-velocity. Decomposing
the field operator onto the IN basis of ladder operators and
mode functions leads to

ρðηÞ ¼ a−4
Z

d3k
ð2πÞ3 [

1
2
jχIN0k j2 þ 1

2
ω2
kjχINk j2

þ 1
2
ð1 − 6ξÞða2H2 − 1

6
a2RÞjχINk j2

− ð1 − 6ξÞaHRe½χINk χIN0�k �]: ð37Þ
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Further using the reparametrization in Eq. (27) and assuming
ωkðηÞ∈R leads to

ρðηÞ ¼ a−4
Z

d3k
ð2πÞ3

�
ωk

2
ðjα̃kj2 þ jβ̃kj2Þ

þ 1

4ωk
ð1 − 6ξÞ

�
a2H2 −

1

6
a2R

�
ðjα̃kj2 þ jβ̃kj2Þ

þ 1

2ωk
ð1 − 6ξÞ

�
a2H2 −

1

6
a2R

�
Re½α̃�kβ̃ke2iΦk �

þ ð1 − 6ξÞaHIm½α̃�kβ̃ke2iΦk �
�
: ð38Þ

Note that several terms vanish if the scalar is conformally
coupled to gravity (ξ ¼ 1=6). The value of this energy density
toward late time η → ∞ is a measure of the amount of particle
production.
UV divergence. The integral in Eq. (37) has a UV divergence

associated with the large k ¼ jkj part of the integration domain.
To identify the divergent behavior, it suffices to consider the
η → −∞ limit since the INmode functions are given byEq. (26).
One finds that thevarious terms inEq. (37) have either quadratic
or quartic divergences as k → ∞.
The appearance of this UV divergence should not be

surprising. After all, a similar divergence arises when one
calculates a free field’s energy density in Minkowski space-
time: each Fourier mode is a free harmonic oscillator with
ground-state energy ω̄k=2, and the number of modes grows
like k3, leading to a quartic divergence k3ω̄k ∼ k4 as k → ∞.
To handle this divergence in Minkowski QFT, the standard
approach is to introduce a counterterm that renormalizes the
cosmological constant (i.e., the vacuum energy). However, the
situation is more subtle in a curved spacetime where ωkðηÞ is
not static, and the divergent part of the integral varies in time.
Adiabatic regularization. We now discuss two strategies for

defining and calculating a renormalized energy density.
Adiabatic regularization (AR) is a prescription for removing
UV divergences that arise in the study of quantum field theory
in curved spacetime (Fulling and Parker, 1974; Fulling,
Parker, and Hu, 1974; Parker and Fulling, 1974). See
Parker and Toms (2009) for an introduction and

Appendix E for supplemental details. To employ AR it is
first necessary to solve the equation of motion using the
JWKB method, which allows the mode functions to be
expressed as a series χkðηÞ ¼ exp½iP∞

n¼−1ε
nsnðηÞ� (known

as an adiabatic series). Observables constructed from the
mode functions such as the energy density are therefore
naturally decomposed into a series. AR calls for the removal
of any order in the series that contains a UV divergence. For
instance, the previously mentioned quartic divergence arises at
leading order in the adiabatic series and, once the order
containing a divergence has been identified, AR requires all
terms at that order to be dropped, whether or not they contain a
UV divergence. In this way one is able to define renormalized
observables that are free of divergences. Although the machi-
nery of adiabatic regularization is general andpowerful, it is also
cumbersome to construct the adiabatic series, and for these
reasons we adopt a different prescription for renormalization.
Renormalization via normal ordering. When one encoun-

ters a quartic divergence in the Minkowski spacetime energy
density, a simple renormalization procedure is to define the
physical energy density using the normal-ordered energy
operator. One can adopt a similar procedure in the FLRW
spacetime (Chung et al., 2005). Define the renormalized
energy density as

ρrenðxÞ ¼ h0INj∶ TμνUμUν∶ j0INi; ð39Þ

where the normal ordering is performed with respect to the
OUT basis of ladder operators. Normal-ordered products of IN-
basis ladder operators are given by

∶ aINk aINq ∶ ¼ aINk aINq þ ð2πÞ3δðkþ qÞα�kβ�k; ð40aÞ

∶ aINk aIN†q ∶ ¼ aIN†q aINk − ð2πÞ3δðk − qÞjβkj2; ð40bÞ

∶aIN†k aINq ∶ ¼ aIN†k aINq − ð2πÞ3δðk − qÞjβkj2; ð40cÞ

∶ aIN†k aIN†q ∶ ¼ aIN†k aIN†q þ ð2πÞ3δðkþ qÞαkβk: ð40dÞ

Using these relations, one can show that the renormalized
energy density is

ρrenðηÞ ¼ a−4
Z

d3k
ð2πÞ3 (Refα

�
kβ
�
k½ð∂ηχINk Þ2 þ ω2

kðχINk Þ2 − 2ð1 − 6ξÞaHχINk ∂ηχ
IN
k þ ð1 − 6ξÞða2H2 − 1

6
a2RÞðχINk Þ2�g

− jβkj2½j∂ηχINk j2 þ ω2
kjχINk j2 − ð1 − 6ξÞaHðχINk ∂ηχ

IN�
k þ χIN�k ∂ηχ

IN
k Þ þ ð1 − 6ξÞða2H2 − 1

6
a2RÞjχINk j2�); ð41Þ

and upon using Eq. (27) it becomes

ρrenðηÞ¼ a−4
Z

d3k
ð2πÞ3



ωkð2Re½α�kα̃kβ�kβ̃k�− jα̃kj2jβkj2− jβ̃kj2jβkj2Þ−

1

2ωk
ð1−6ξÞða2H2− 1

6
a2RÞðjα̃kj2þjβ̃kj2Þjβkj2

þ 1

2ωk
ð1−6ξÞða2H2− 1

6
a2RÞRe½2α�kα̃kβ�kβ̃kþðαkα̃�2k βk−2α̃�kβ̃kjβkj2þα�kβ̃

2
kβ
�
kÞe2iΦk �

þ ð1−6ξÞaHIm½ðαkα̃�2k βk−2α̃�kβ̃kjβkj2þα�kβ̃
2
kβ
�
kÞe2iΦk �

�
: ð42Þ
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The UV divergences are regulated by the factors of βk that
appear in each term. Modes with large k remain approximately
adiabatic at all times [AkðηÞ ≪ 1] and do not experience
appreciable CGPP so jβkj ≪ 1. Provided that βk vanishes
sufficiently quickly as k → ∞, the UV divergence is avoided.
Moreover, since ρren vanishes in the absence of CGPP
(βk ¼ 0), one can interpret this renormalized energy density
as a measure of the energy carried by the gravitationally
produced particles.
Cosmological energy density. For practical application a

simplified expression for the renormalized energy density is
available. At late times the mode functions asymptote to the
Bogoliubov coefficients: α̃kðηÞ → αk and β̃kðηÞ → βk. In
addition, it is typically the case that CGPP is inefficient in
the sense that jβkj ≪ jαkj ≈ 1, which allows terms suppressed
by 3 or 4 powers of βk to be neglected. Finally, in a
cosmological FLRW spacetime, the Hubble parameter HðηÞ
and Ricci scalar RðηÞ are monotonically decreasing. At
sufficiently late times terms suppressed by these factors can
be neglected from the energy density, and the dispersion
relation can be approximated as ω2

k ≈ k2 þ a2m2. With these
simplifications the energy density is approximately

ρrenðηÞ ≈ a−4
Z

d3k
ð2πÞ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ a2ðηÞm2

q
jβkj2: ð43Þ

Since the angular integration is trivial, one can write the
energy density spectrum ρkðηÞ as

ρren ¼
Z

dk
k
ρk; ð44Þ

with ρk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk=aÞ2 þm2

p
nk, where EkðηÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk=aÞ2 þm2

p
is the energy carried per Fourier mode and nkðηÞ ¼
ðk3=2π2a3Þjβkj2 is the number density spectrum from
Eq. (24). For the nonrelativistic modes, which are expected
to carry most of the energy at late times, we further have

ρk ≈mnk and ρren ≈mn, where n is the number density
from Eq. (23).
Energy density inhomogeneities. Since CGPP is fundamen-

tally a quantum phenomenon, one should anticipate the
distribution of gravitationally produced particles to be spa-
tially inhomogeneous even if the underlying FLRW spacetime
were perfectly homogeneous and isotropic. Moreover, these
energy inhomogeneities are a potential signal of CGPP since
the spatial distribution of dark matter is probed by measure-
ments of the cosmic microwave background radiation and
large-scale structure. In other words, CGPP leads to an
isocurvature component that is constrained by current cos-
mological observations and can be searched for in the future.
For this discussion it is useful to identify operators with a hat.

The energy density operator ρ̂ðη; xÞ may be decomposed as

ρ̂ðη; xÞ≕ T̂μνUμUν ≔ ρ̄ðηÞ1̂þ δρ̂ðη; xÞ: ð45Þ

The homogeneous component ρ̄ðηÞ ¼ ρrenðηÞ is simply the
renormalized energy density from the preceding discussion.
The inhomogeneous component δρ̂ðη; xÞ has a vanishing
expectation value in the IN vacuum but contributes to the energy
two-point function. The quantity of interest is the dimensionless
power spectrum of the energy density contrast

Δ2
δðη; kÞ ¼

1

ρ̄2ðηÞ
k3

2π2

Z
d3r e−ik·r

× h0INjδρ̂ðη; xÞδρ̂ðη; xþ rÞj0INi: ð46Þ

The correlation function is independent of x and the orientation
of k due to the homogeneity and isotropy of the IN vacuum state.
The calculation of this quantity is simplified by focusing
on nonrelativistic modes with k ≪ am at late times such
that H ≪ m. Under those assumptions, the leading terms are
given by

Δ2
δðη; kÞ ≈

a−8ðηÞ
2ρ̄2ðηÞ

k3

2π2

Z
d3k0

ð2πÞ3 fj∂ηχ
IN
k0 j2j∂ηχINjk0−kjj2 þ a4m4jχINk0 j2jχINjk0−kjj2

þ a2m2½ðχINk0 ∂ηχIN�k0 ÞðχINjk0−kj∂ηχIN�jk0−kjÞ þ ðχIN�k0 ∂ηχ
IN
k0 ÞðχIN�jk0−kj∂ηχINjk0−kjÞ�g; ð47Þ

and upon using Eq. (27) it becomes

Δ2
δðη;kÞ≈

a−6ðηÞm2

ρ̄2ðηÞ
k3

2π2

Z
d3k0

ð2πÞ3
n
jβ̃k0 j2jα̃jk0−kjj2þRe½α̃�k0 β̃k0 α̃jk0−kjβ̃�jk0−kje2iΦk0−2iΦjk0−kj �

o
: ð48Þ

The k0 integral is free of UV divergences provided that β̃k0
drops off sufficiently quickly toward large k0 ¼ jk0j.
If the integrand is sufficiently strongly peaked at some

k0 ¼ k⋆, then for k ≪ k⋆ the integrand is dominated by k0 ≈
k⋆ and the integral becomes insensitive to k. Evaluating the
integral, one finds that Δ2

δðη; k ≪ k⋆Þ ≈ ð2=a3nÞðk3=2π2Þ,
where ρ̄ðηÞ¼mnðηÞ. Intuitively a causal generationmechanism

implies a finite spatial correlation length and a characteristic k3

power for the energy contrast; this point was recently empha-
sized by Hook, Marques-Tavares, and Racco (2021) and Amin
and Mirbabayi (2022) in other contexts. Since CGPP leads to a
blue-tilted field amplitude power spectrum for many models
(with the notable exception being the minimally coupled scalar
field with m≲Hinf ), a generic prediction of CGPP is a k3
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density contrast.When the inflaton andmetric perturbations are
also taken into account, this implies a negligible isocurvature on
cosmological scales.
The term multiplying m4 in Eq. (47) can also be written as

(Liddle and Mazumdar, 2000; Chung et al., 2005)

Δ2
δðη; kÞ ⊃

m4

ρ̄2ðηÞ
k3

8π

Z
d3k0

Δ2
Φðη; k0ÞΔ2

Φðη; jk0 − kjÞ
k03jk0 − kj3 ; ð49Þ

where we have used Δ2
Φðη; kÞ from Eq. (32). Equation (49)

reveals that the density contrast’s power spectrum is related to a
convolution over the field amplitude’s power spectrum.
However, Eq. (49) should be used carefully since the m4 term
in insolation contains aUVdivergence that cancels out the other

terms. If one replaces Δ2
Φ in this formula with fΔ2

Φ ¼ Δ2
Φ−

k2=4π2a2, then the integral is convergent, and Δ2
δ is typically

well approximated by Eq. (49) after an additional factor of 2 is
included to account for the derivative terms in Eq. (47).

IV. CGPP FOR SPIN-0 PARTICLES

Since CGPP is a consequence of the cosmological expan-
sion, it is reasonable to expect this phenomenon to be most
efficient at the earliest moments in our cosmic history, when
the expansion rate H was the largest. For this reason CGPP is
usually discussed in the context of inflation and reheating. In
this section we provide an overview of inflationary cosmology
followed by a summary of key results for scalar CGPP,
including a discussion of the implications for dark matter.
We focus on spin-0 particles in this section, and studies of
CGPP for fields with nonzero spin are discussed in Sec. V.

A. Inflationary cosmology

We use the phrase inflationary cosmology to denote a
cosmic history in which the Universe experienced an early
qdS phase of inflation, typically followed by a matter-
dominated phase after the end of inflation during the epoch
known as reheating, followed by the decay of the inflaton
condensate into the primordial plasma that signaled the onset
of a radiation-dominated phase and the start of hot big-bang
cosmology. In the years after the seminal work of Starobinsky
(1980), Guth (1981), Albrecht and Steinhardt (1982), and
Linde (1982), many have written about inflationary cosmol-
ogy, including Dodelson (2003), Martin, Ringeval, and
Vennin (2014), and Baumann (2022).
Scalar inflaton field. In this review we focus on single-field

slow-roll inflation driven by a real scalar inflaton field, which
we denote by φðxÞ. However, the phenomenon of CGPP is
generic and is expected to occur for the various known models
of inflation (Martin, Ringeval, and Vennin, 2014). For
concreteness suppose that the inflaton field is minimally
coupled to gravity with the action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g
p ½1

2
gμν∇μφ∇νφ − VðφÞ�: ð50Þ

The remaining model dependence lies in the specification of
the inflaton potential VðφÞ. Typically VðφÞ is assumed to have

a sufficiently wide and flat region in φ that supports a few
dozen e-foldings of inflation and that connects smoothly into a
local minimum at φ ¼ vφ, where the potential is locally
quadratic: VðφÞ ≈m2

φðφ − vφÞ2=2. In other models the mini-
mum is locally quartic or there is no local minimum at all, and
the inflaton instead rolls off to infinity during a kination-
dominated phase. Precision observations of the CMB probe
the flatness of the inflaton potential (Akrami et al., 2020b), but
only away from the minimum, whereas CGPP probes a wider
range of the potential, particularly near the minimum.
During inflation the inflaton field is assumed to dominate the

stress-energy tensor Tμν that appears in Einstein’s equation.
When one focuses on the evolution of the homogeneous and
isotropic background, i.e., perturbations are neglected, the field
is uniform in space φðt; xÞ ¼ φðtÞ and the metric is an FLRW
spacetime ðdsÞ2 ¼ ðdtÞ2 − a2ðtÞjdxj2, where t is coordinate
time. The homogeneous background field’s equation of motion
is φ̈þ 3Hφ̇þ dVðφÞ=dφ ¼ 0, where dots denote ∂t ¼ a−1∂η.
The field’s homogeneous energy density and pressure

ρφðtÞ ¼ 1
2
φ̇2 þ VðφÞ; PφðtÞ ¼ 1

2
φ̇2 − VðφÞ ð51Þ

appear in Einstein’s equation and source the FLRW spacetime.
The equation of state is wφðtÞ ¼ Pφ=ρφ.
Quasi–de Sitter phase of inflation. Inflation is defined as an

epoch during which the comoving Hubble scale is decreasing
and the spacetime expansion is accelerating,

ḋHðtÞ < 0; äðtÞ > 0; or ϵðtÞ < 1: ð52Þ

In these relations dHðtÞ ¼ 2π=aH is the comoving Hubble
length scale, äðtÞ is the expansion’s acceleration in terms of
coordinate time t, and ϵðtÞ ¼ −Ḣ=H2 is the first slow-roll
parameter. The spacetime is said to be quasi–de Sitter because
the Hubble parameter HðtÞ is slowly decreasing, rather than
constant, throughout inflation.
Modes of fixed comoving wave number k are said to leave

the horizon if there is a time at which ðaHÞ−1 drops below k−1.
Modes of the inflaton field that eventually imprint themselves
onto the CMBmust leave the horizon several dozen e-foldings
before the end of inflation (typically 30 to 60), but modes on
much smaller length scales (much larger k) will never leave
the horizon. For studies of CGPP we are often interested in
modes of a spectator field that are just about leaving the
horizon at the end of inflation and have comoving wave
number k ≈ ke ≡ aeHe.
Inflationary observables. Cosmological inflation leaves its

imprint on the temperature and polarization anisotropies of the
cosmic microwave background radiation. Therefore, CMB
measurements probe the primordial scalar metric perturba-
tions (curvature) and tensor metric perturbations (gravitational
waves); definitions and additional details are given in
Appendix C. Precision observations of the CMB by the
Planck satellite telescope furnish measurements of the scalar
power spectrum amplitude lnð1010AsÞ ¼ 3.044� 0.014 and
spectral tilt ns ¼ 0.9649� 0.0042 (Akrami et al., 2020b).
Combining these with data from BICEP2, Keck Array, and
BICEP3 leads to a limit on the tensor-to-scalar ratio r < 0.036
at 95% confidence level (CL) (Ade et al., 2021). The values of
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As and ns imply a slightly red-tilted dimensionless power
spectrum for the primordial (scalar) curvature perturbations
that has an amplitude of Δ2

RðkÞ≈2.099×10−9 for k ≈ kCMB ¼
0.05a0 Mpc−1. Single-field slow-roll inflation predicts the
tensor-to-scalar ratio to be

r ¼ At

As
¼ 2H2

inf

π2M2
PlAs

≈ 0.16

�
Hinf

1014 GeV

�
2

; ð53Þ

where Hinf is the value of the Hubble parameter while the
CMB-scale modes are leaving the horizon. Thus, the obser-
vational constraint on r implies that

Hinf < 0.5 × 1014 GeV: ð54Þ
The abundance of gravitationally produced particles typically
goes as H2

inf , and Eq. (54) restricts the amount of CGPP. If
inflationary gravitational waves are detected with next-
generation telescopes, the value of Hinf may lie close to
the current limit (Kamionkowski and Kovetz, 2016), which is
particularly favorable for CGPP.
The end of inflation. The qdS phase of inflation must end in

order for the hot big-bang cosmology to commence. In most
models of single-field slow-roll inflation, the end of inflation
occurs when the inflaton field reaches a sufficiently steep
region of the inflaton potential. We define the end of inflation
to be the earliest time at which the conditions in Eq. (52) fail.
For instance, at the end of inflation, ϵðteÞ ¼ 1. We denote the
end of inflation with an e subscript: te for the coordinate time,
ηe for the conformal time, ae for the scale factor, He for the
Hubble parameter, and φe for the inflaton field amplitude. It is
convenient to use the end of inflation as a reference point for
measuring time; for example, NðtÞ ¼ ln aðtÞ=ae gives the
signed number of e-foldings that elapse between the time t
and the time te at the end of inflation.
Hubble-scale modes. Modes that are on the Hubble scale at

the end of inflation have a comoving wave number of
k ≈ ke ≡ aeHe. Currently this corresponds to a wavelength
of λphys ¼ 2πa0=ke and a momentum of pphys ¼ ke=a0, where
a0 is the scale factor today. Assuming the cosmological
expansion described later (withwRH ¼ 0), one finds that λphys ≈
ð4 × 10−20 MpcÞH−1=3

12 T−1=3
9 and pphys ≈ ð1 × 10−18 GeVÞ×

H1=3
12 T1=3

9 , where H12¼He=1012GeV and T9¼TRH=109GeV.
Note that 10−20 Mpc ≈ 0.3 km. For reference, cosmological
observables (CMB and large-scale structure) probemuch larger
length scales with k ≈ ð1–104Þk0, where modes that are
on the Hubble scale today have k ≈ k0 ≡ a0H0 ≈ 3.33×
10−4a0h Mpc−1. The expansion rate of the present-day
Universe, which is known as the Hubble constant, is para-
metrized as H0 ¼ H100h, where H100 ≡ 100 ðkm= secÞ=Mpc
and h ¼ 0.674� 0.005 (Aghanim et al., 2020).
Coherent oscillations. After inflation has ended we assume

that the inflaton field finds a local quadratic minimum of its
potential and begins a phase of spatially coherent oscillations.
At this time the equation of motion for the homogeneous
inflaton field is approximately φ̈þ 3Hφ̇þm2

φφ ¼ 0, and the
first Friedmann equation is approximately 3M2

PlH
2 ¼

φ̇2=2þm2
φφ

2=2. These equations are solved by φðtÞ ≈
φeða=aeÞ−3=2 cosðmφtÞ up to corrections that are suppressed

by additional factors of H2=m2
φ or R=m2

φ. The field oscillates
quasiharmonically, while the amplitude decreases monotoni-
cally due to the cosmological expansion. The time-averaged
pressure is close to zero since the systems spends roughly equal
time being potential and kinetic dominated, implying a vanish-
ing equation of state wφ ≈ 0. During the epoch of oscillations,
the Universe is effectively matter dominated by a population of
nonrelativistic inflaton particles.
Nonlinear effects. Since we assume that the inflaton field is

free (apart from its gravitational interaction), it follows that the
equation of motion is linear, and each of the inflaton’s Fourier
modes evolves independently. However, if the inflaton has an
appreciable nongravitational self-interaction, or if it interacts
sufficiently strongly with other fields, then its field equation
develops significant nonlinearity and the Fouriermodes couple.
This nonlinearity may lead to various effects, including
tachyonic instability, driven resonance, parametric resonance,
and inflaton fragmentation (Traschen andBrandenberger, 1990;
Kofman, Linde, and Starobinsky, 1994; Shtanov, Traschen, and
Brandenberger, 1995; Kofman, Linde, and Starobinsky, 1997).
The period during which these effects play a significant role is
called preheating, and it typically occurs soon after the end of
inflation. Preheating is an ever-developing field of study (Amin
et al., 2015; Lozanov, 2019), thanks in part to growing
computational resources that facilitate numerical simulation
(Figueroa et al., 2023). We neglect these nonlinear effects in
what follows since CGPP is mainly sensitive to the background
Friedmann-Lemaître-Robertson-Walker expansion, and it can
remain effectively matter dominated despite nonlinear effects.
Numerical examples. The end of inflation and the inflaton’s

coherent oscillations play an important role in many models of
CGPP. At the end of inflation, the dominant energy compo-
nent in the Universe changes from the inflaton’s potential
energy (with equation of state wφ ≈ −1) to a balance between
its potential and kinetic energies (with a time-average equation
of state wφ ≈ 0). As a result of this shift in dominant energy
component, there is a corresponding change in the cosmo-
logical expansion rate that is parametrized by a, H ¼ a0=a2,
and R ¼ −6a00=a3. In addition, as the inflaton field oscillates
around the minimum of its potential, the scale factor and its
derivatives develop oscillatory components. Besides the
inflaton field and gravity, the various matter-sector fields of
the theory “feel” this change in the cosmological expansion
rate, leading to nonadiabatic evolution and CGPP.
This behavior is illustrated in Fig. 2 for two models of

inflation: quadratic (chaotic) inflation with VðφÞ ¼ m2
φφ

2=2
(Linde, 1983) and a particular implementation of hilltop
inflation with VðφÞ¼m2

φv2ð1−φ6=v6Þ2=72 and v ¼ MPl=2.
The evolution of the scale factor a, the Hubble parameter H,
the Ricci scalar R, and the inflaton field φ are shown as
functions of the conformal time η. Note that the relationships
between η=aeHe and mφðt − teÞ are different in the two
models because quadratic inflation has mφ ≈ 2He and hilltop
inflation has mφ ≈ 30He.
During inflation H, R, and the inflaton field φ are approx-

imately constant, while the growth of the scale factor a
accelerates. If the spacetime were exactly de Sitter, one
would find that aðηÞ ¼ ae=ð1 − aeHeηÞ, HðηÞ ¼ He, and
RðηÞ ¼ −12H2

e. The end of inflation is normalized to
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ηe ¼ 0. After the qdS phase the Hubble parameter begins to
decrease quickly and the growth of the scale factor decelerates.
At this time the inflaton oscillates around the minimum of its
potential with an effective equation of statewφ ≈ 0, correspond-
ing to a matter-dominated phase. If the equation of state were
identically zero, then Friedmann’s equations would give
aðηÞ ¼ aeð1þ aeHeη=2Þ2, HðηÞ¼He=ð1þaeHeη=2Þ3, and
RðηÞ ¼ −3H2

e=ð1þ aeHeη=2Þ6, thereby implying thatHðηÞ ¼
He½aðηÞ=ae�−3=2. Note how the expansion changes abruptly
around the endof inflation. This is one source of nonadiabaticity
that particularly impacts the evolution of modes with comoving
wave number k ≈ aeHe and contributes to CGPP.
Epoch of reheating. During the epoch of coherent oscil-

lations, the inflaton field gradually transfers its energy into
relativistic particles, so this period is also known as the epoch
of reheating. The inflaton’s energy transfer is typically
accomplished through a combination of perturbative decay
channels, for example, φ → SMþ SM, and nonperturbative

channels such as tachyonic instability and parametric reso-
nance; see Amin et al. (2015) for a review of nonlinear
inflaton dynamics and preheating. The inflaton’s decay
products scatter and thermalize to form the primordial plasma,
and we denote the plasma’s temperature by T. Although T
tends to grow due to energy injection from the inflaton decay,
it also tends to decrease due to the cosmological expansion,
with the net effect typically going as T ∝ a−3=8 (Giudice,
Kolb, and Riotto, 2001). When the energy stored in the
growing plasma first exceeds the energy stored in the decaying
inflaton condensate, the point of reheating is said to be
reached. This typically occurs when the age of the
Universe H−1 rises to meet the inflaton’s lifetime Γ−1

φ . We
denote the point of reheating with an RH subscript: tRH for
coordinate time, ηRH for conformal time, aRH for scale factor,
HRH for Hubble parameter, and TRH for plasma temperature.
However, note that “reheat” is somewhat of a misnomer since
TRH is not necessarily the maximum temperature reached after
inflation (Giudice, Kolb, and Riotto, 2001); rather, it is the
maximum temperature of the radiation-dominated Universe.
Moreover, the Universe may have never been “heated” before
it was reheated.
Reheating temperature. The value of TRH is empirically

undetermined. The smallest viable reheating temperature

TðminÞ
RH ≈ 5 MeV is required for successful nucleosynthesis

and neutrino thermalization (de Salas et al., 2015). The largest
possible reheating temperature follows from energy conser-
vation: if the inflaton’s energy were immediately converted
into a thermal bath of radiation at the end of inflation (i.e.,
instantaneous reheating and thermalization), then the plasma
temperature would be

TðmaxÞ
RH ¼

�
ρφðteÞ

π2g�RH=30

�
1=4
¼
�
90H2

eM2
Pl

π2g�RH

�
1=4

≈ ð8×1014 GeVÞ
�

He

1012 GeV

�
1=2
�

g�RH
106.75

�
−1=4

:

ð55Þ

In Eq. (55) g�RH counts the effective number of degrees of
freedom in the plasma at a temperature of TRH. Since
inflationary observables impose an upper limit on He <
Hinf [see Eq. (54)], the reheating temperature is expected
to fall below TRH ≈ 6 × 1015 GeV. For a given He lowering
TRH corresponds to extending the duration of the reheating
epoch. Assuming that the Universe is matter dominated during
reheating (wRH ¼ 0) such that H ∝ a−3=2 for ae < a < aRH,
one finds that

aRH
ae

≈ ð8 × 107Þ
�

He

1012 GeV

�
2=3

×

�
TRH

109 GeV

�
−4=3

�
g�RH
106.75

�
−1=3

: ð56Þ

A different relation is obtained for other choices of wRH. Since
the Universe is radiation dominated at the point of reheating,
the first Friedmann equation implies that π2g�RHT4

RH=30 ¼
3H2

RHM
2
Pl, which gives

FIG. 2. Evolution of the FLRW scale factor aðηÞ, the Hubble
parameter HðηÞ, the Ricci scalar RðηÞ, and the inflaton field
amplitude φðηÞ near the end of inflation. Conformal time is
normalized to vanish at the end of inflation ηe ¼ 0 when the scale
factor and Hubble parameter take the values ae and He. The
curves were calculated by numerically solving the homogeneous
inflaton equation of motion while assuming a quadratic inflaton
potential (upper panel) and a hilltop inflaton potential with v ¼
MPl=2 (lower panel).
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HRH ≈ ð1.4 GeVÞ
�

TRH

109 GeV

�
2
�

g�RH
106.75

�
1=2

: ð57Þ

Equation (57) will prove useful since one can compare m to
HRH to determine whether a field of mass m is released from
Hubble drag during the reheating epoch (HRH < m; “early
reheating”) or during the radiation epoch (m < HRH; “late
reheating”).
Comoving entropy conservation. After reheating is com-

pleted (a > aRH), it is customary to assume that the comoving
entropy density of the primordial plasma remains constant.
The entropy density at time t is written as sðtÞ ¼
ð2π2=45Þg�SðtÞT3ðtÞ, where g�SðtÞ is the effective number
of relativistic species. Entropy conservation after reheating
implies that a3RHsRH ¼ a3ðtÞsðtÞ ¼ a30s0, and thus

a0
aRH

≈ ð1 × 1022Þ
�

TRH

109 GeV

��
g�RH
106.75

�
1=3

; ð58Þ

where T0 ≈ 0.234 meV and g�S;0 ≈ 3.91.
ΛCDM cosmology. After reheating has occurred, the hot

primordial plasma is formed and the subsequent cosmological
evolution is described by the lambda cold dark matter
(ΛCDM) cosmological concordance model. See Kolb and
Turner (1990) for an introduction to big-bang nucleosynthesis
(BBN), radiation-matter equality, recombination, the CMB,
the LSS, and dark energy. The full cosmological expansion
history is illustrated in Fig. 3, which shows the evolution of
the comoving Hubble length scale dHðaÞ ¼ 1=aHðaÞ as a
function of the FLRW scale factor a in terms of its present
value. Reading from the left in Fig. 3, the first segment
corresponds to the epoch of inflation during which HðaÞ ¼
He is approximately constant and dHðaÞ decreases, the second
segment corresponds to the epoch of reheating during which
HðaÞ ∝ a−3ð1þwRHÞ=2, the third segment corresponds to the
radiation-dominated era during which HðaÞ ∝ a−2, the fourth
segment corresponds to the matter-dominated era during
which HðaÞ ∝ a−3=2, and the final segment (which is difficult
to see at a=a0 ≈ 1) corresponds to the Λ-dominated era during
which HðaÞ ¼ H0 is approximately constant. Note that Fig. 3
does not capture the slow evolution of HðaÞ during inflation
and the smooth transition at the end of inflation, which are
shown in Fig. 2.

B. Mode evolution and spectrum

This section discusses the evolution of the mode functions
χkðηÞ and the resultant comoving number density spectrum
a3nk. We consider CGPP for massive spin-0 particles that
correspond to the quantum excitations of either conformally
coupled or minimally coupled scalar fields. Our approach is to
present an example of numerical results, discuss the salient
features, and provide an analytical understanding. A deriva-
tion of the analytical results was provided by Jenks, Kolb, and
Thyme (2024). We discuss conformally coupled scalars and
then minimally coupled scalars. In this section we employ the
dimensionless variables

ã ¼ a=ae; m̃ ¼ m=He; H̃ ¼ H=He;

k̃ ¼ k=aeHe; η̃ ¼ aeHeðη − ηeÞ; ð59Þ

where ae, He, and ηe are the values of the FLRW scale factor,
the Hubble parameter, and the conformal time at the end of
inflation. Recall that Hubble-scale modes at the end of
inflation have k ≈ ke ≡ aeHe corresponding to k̃ ≈ 1.
Procedure. Figure 4 illustrates the key formulas in the

CGPP calculation. To begin, a model of inflation is selected.
The Friedmann equation is then solved along with the
inflaton’s homogeneous equation of motion to find the
FLRW scale factor aðηÞ. If one is solving numerically, it is
necessary to select a wide enough range of η that the modes of
interest are initially inside the horizon (a < k=Hinf ), and
eventually they either reenter the horizon or the field is released
fromHubble drag (H < m). Next the equation ofmotion for the
spectator field (12) is solved alongwith the initial condition (26)
that χINk ðηÞ → e−ikη=

ffiffiffiffiffi
2k
p

as η → −∞. If solving numerically,
one can impose χINk ðηiÞ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðηiÞ

p
and ∂ηχ

IN
k ðηiÞ ¼

−iωkðηiÞχINk ðηiÞ at an early time ηi when the modes with

FIG. 3. Cosmological expansion history. The comoving Hubble
lengthdHðaÞ ¼ 1=aHðaÞ is shown as a function of the FLRWscale
factor a. The three panels show the impact of varying the Hubble
parameter at the end of inflation He (top panel), the reheating
temperature TRH (middle panel), and the equation of state during
reheatingwRH (bottom panel). From top to bottom, the curves show
log10He=GeV¼−2, 2, 6, 10, 14; log10TRH=GeV¼−5, 0, 5, 10,
15; and wRH¼−1=3;0;1=3;2=3;1.
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comoving wave number k are inside the horizon. The mode
functions β̃kðηÞ are calculated using Eq. (29), and CGPP is
completed when jβ̃kðηÞj2 reaches a constant, which coincides
with the Bogoliubov coefficient jβkj2 linking the IN and OUT

ladder operators. Alternatively, one can solve Eq. (28) to obtain
α̃kðηÞ and β̃kðηÞ directly, which is most useful whenω2

k remains
positive. Either way, Eq. (24) gives the comoving number
density spectrum a3nk ¼ ðk3=2π2Þjβkj2, and Eq. (44) gives the
energy density spectrum ρk ¼ Eknk.
Numerical results: Comoving number density spectrum.

Figure 5 shows a selection of numerical results for CGPP of
massive scalars that are conformally coupled to gravity
(ξ ¼ 1=6). Some notable features can be observed: (1) For
small wave numbers, the spectrum scales as nk ∝ k2 for low
mass and scales more steeply for high mass. (2) For inter-
mediate wave numbers, the spectrum reaches a peak at a value
of k that depends on m. (3) Beyond the peak the spectrum
decreases exponentially with increasing k. (4) For still larger k
the spectrum develops a power-law tail that progresses as
k̃−3=2 or k̃−15=2. (5) The amplitude of the spectrum grows
as nk ∝ m as m̃ approaches ≈1 from below, and it decreases
as nk ∝ e−cm̃, where c is a constant, as m̃ increases beyond≈1.
In what follows we discuss each of these features.
Low-k power law. The behavior of the spectrum toward

small k̃ is a simple power law. Modes with small wave
numbers (k̃ < 1) leave the horizon during inflation and reenter
later during the reheating or radiation era. Consequently, the
evolution of the mode functions χkðηÞ is insensitive to the
dynamics of the inflaton field at the end of inflation but instead
can be studied by treating the spacetime as a de Sitter one with
a constant Hubble parameter during inflation. It is well known
that the mode equations for a scalar spectator field in de Sitter
spacetime are Hankel functions; see Appendix D. Using the de
Sitter solution leads to

a3nk
a3eH3

e
≃

1

8π2
k̃3−2Re½ν�m̃1=3 for k̃ < m̃1=3 < 1; ð60Þ

where the index ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4 − m̃2

p
is given by Eq. (D5) with

ξ ¼ 1=6. For m̃ < 1=2 the spectrum scales as k̃2, which agrees

with the scaling seen in Fig. 5. For a larger mass m̃ > 1=2, the
index ν is imaginary, and the spectrum is expected to scale as
k̃3. Figure 5 displays a redder spectrum closer to k̃2 since the
Hubble parameter decreases by a factor of almost 10 during
quadratic inflation, rather than remaining constant as in de
Sitter; see Fig. 2.
Dominant modes: k⋆. For models with m̃ < 1, the spectrum

is largest for values of the comoving wave number around
k̃ ≈ k̃late⋆ ≡ m̃1=3. These correspond to modes that leave the
horizon during inflation and reenter the horizon at the same
time when the Hubble parameter HðηÞ drops below the mass
m and the field is released from Hubble drag. In brief,

Hðη⋆Þ ¼ m; k⋆ ¼ aðη⋆ÞHðη⋆Þ ¼ aðη⋆Þm: ð61Þ

The meaning of the superscript “late” is discussed later.
A blue-tilted spectrum. It is straightforward to calculate the

spectrum analytically for small k̃ where the de Sitter approxi-
mation is applicable. However, we draw attention to the fact

FIG. 4. Graphical summary of the CGPP calculation for infla-
tionary cosmology. One seeks to calculate the comoving number
density spectrum a3nk, which requires the Bogoliubov coefficient
β̃k, which is related to the mode function χINk , which solves the
oscillator equation with a time-dependent frequency ωkðηÞ
subject to a Bunch-Davies initial condition as η → −∞.

FIG. 5. The comoving number density spectrum a3nk resulting
from CGPP for a conformally coupled scalar field in quadratic
inflation assuming late reheating (HRH < m). On the horizontal
axis the comoving wave number is expressed as k̃ ¼ k=aeHe

such that k̃ ≈ 1 corresponds to Hubble-scale modes at the end of
inflation. The various curves show different values of the scalar
field’s mass with m̃ ¼ m=He.
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that the spectrum rises with increasing k̃, corresponding to a
blue spectral tilt. The modes that carry most of the energy have
k̃ ≈ m̃1=3, which is possibly ≈1, corresponding to modes that
are on the Hubble scale at the end of inflation. Therefore, to
calculate the total number of produced particles, it is necessary
to more accurately model the dynamics of the inflaton field at
the end of inflation as the Universe transitions from a quasi–de
Sitter phase of inflation into an effectively matter-dominated
phase of reheating. Chung, Kolb, and Riotto (1998b) noted
that assuming an instantaneous transition from the de Sitter
phase into matter domination can lead to a spurious overesti-
mate of CGPP; see also Li et al. (2019).
Exponential drop. For models with m̃ < 1 the spectrum

begins to drop exponentially for the modes with k̃ > m̃1=3 that
are past the peak. This behavior can be derived analytically via
several related approximations, including the steepest descent
method (Chung, 2003) and the Stokes phenomenon (Li et al.,
2019; Hashiba and Yamada, 2021); see also Birrell and Davies
(1984), Chung, Kolb, and Riotto (1998b), and Chung, Kolb,
and Long (2019) for supplementary discussions. The result is
found to be

a3nk
a3eH3

e
≈

k̃3

2π2
e−Ck̃

3=2=m̃1=2
for m̃1=3 < k̃ <

mφκ

He
; ð62Þ

where C ∼ 2π agrees well with the numerical results and
κ ¼ ð1 −m2=m2

φÞ1=2. The upper boundary mφκ=He is dis-
cussed next.
To develop intuition consider the mode equations in terms

of α̃kðηÞ and β̃kðηÞ from Eq. (28). If one anticipates that CGPP
will be inefficient for m̃ > 1, the solution will have jβ̃kj≪ 1

and jα̃kj ≈ 1. Setting α̃kðηÞ ≈ 1 yields

β̃kðηÞ ≈
Z

η
dη01

2
Akðη0Þωkðη0Þe−2i

R
η0
dη00ωkðη00Þ: ð63Þ

Moreover, for models with m̃ > 1 the nonrelativistic modes
have ωk ≈ am. At late times β̃k → βk, leading to

βk ≈
Z

∞

−∞
dt0

1

2

ω̇kðt0Þ
ωkðt0Þ

e−2imt0 ; ð64Þ

where adη ¼ dt. Equation (64) reveals that βk is the Fourier
transform of ω̇k=2ωk evaluated for an angular frequency of
2m. Since the time dependence is induced by the cosmological
expansion, which varies on the timescale 1=H, one does not
expect ω̇k=ωk to include a mode that varies on the much
shorter timescale of 1=m, which is the origin of the expo-
nential suppression.
High-k power-law tail. For the highest wave number modes

shown in Figure 5, the spectrum develops a power-law tail that
falls off like k̃−3=2 or k̃−15=2, depending on m̃. This behavior is
summarized here and further discussed in Sec. VI.D. At the
end of inflation, the inflaton field oscillates around the
minimum of its potential. If mφ > He, then these oscillations
are rapid, which evades the preceding argument by providing
support for the Fourier transform of ω̇k=ωk at a frequency of
2m ≈ 2mφ. Moreover, the system can be understood to consist

of a collection of cold inflaton particles. These particles
interact gravitationally with one another and with the scalar
spectator. In particular, they can annihilate as φφ → χχ
through an s-channel graviton exchange provided that
m≡mχ < mφ. The χ particles produced in this way carry
a momentum of pχ ≈mφ, which begins to decrease due to
cosmological redshift. The earliest particles to be produced
have a comoving wave number (i.e., comoving momentum) of
k ≈ aemφ, and the last particles to be produced just before
reheating is completed have a comoving wave number of
k ≈ aRHmφ. By considering the scattering rate, one can show
that the spectrum decreases as a power law across this range of
wave numbers. If m < mφ, then the two-to-two channel is
kinematically accessible and it dominates, giving

a3nk
a3eH3

e
≈ Cm̃4k̃−3=2 for

mφκ

He
< k̃ < ãRH

mφκ

He
; ð65Þ

where C ¼ ð9=1024πÞðmφ=HeÞ−5=2κ5=2 is applicable for
quadratic inflation (Chung, Kolb, and Long, 2019).
However, if mφ < m < 2mφ, then the two-to-two channel
is kinematicaly forbidden and the four-to-two channel domi-
nates, giving nk ∝ k̃−15=2 instead. To understand the change in
this power-law behavior in Fig. 5, recall that quadratic
inflation has mφ ≈ 2He, so the break from k̃−3=2 to k̃−15=2

happens at around m̃ ¼ 2.
Although not pronounced in Fig. 5, there are oscillations in

a3nk in the region of k−3=2 scaling. These oscillations are the
result of quantum interference between the 2φ → χχ and
4φ → χχ channels (Basso et al., 2022). The interference is
more pronounced in models with a φ3 term at the bottom of
the inflaton potential such as hilltop inflation, where there is
interference between 2φ → χχ and 3φ → χχ.
Conformally coupled scalar: Summary. To summarize, the

numerical results in Fig. 5 for CGPP of a massive scalar field
that is conformally coupled to gravity are well described by
the following analytical approximations,

a3nk
a3eH3

e
≈

8>>><>>>:
1
8π2

k̃2m̃1=3; 0 < k̃ < m̃1=3;

1
2π2

k̃3e−Ck̃
3=2=m̃1=2

; m̃1=3 < k̃ < mφκ
He

;

Cm̃4k̃−3=2; mφκ
He

< k̃ < ãRH
mφκ
He

;

ð66Þ

provided that m < mφ.
Numerical results: Comoving number density spectrum.

Figure 6 shows a selection of numerical results for CGPP of
massive scalars that are minimally coupled to gravity (ξ ¼ 0).
Several notable features can be observed: (1) For the samemass
(seem=He ¼ 0.1), the spectrum for a minimally coupled scalar
ismuch larger than that for a conformally coupled scalar. (2) For
small wave numbers, the spectrum is nearly flat but slightly red
tilted for low masses m=He ≲ 1, but it becomes increasingly
blue tilted for large masses m=He ≳ 1. (3) For larger wave
numbers, the spectrum decreases as either a power law or an
exponential. In what follows we discuss each of these features.
Contrasting conformal and minimal. The distinct behavior

between the gravitational production of conformally and
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minimally coupled scalars (which are light during inflation)
can be understood by inspecting their respective equations
of motion. Both mode equations take the form χ00kðηÞþ
ω2
kðηÞχkðηÞ ¼ 0, where the angular frequency is given by

Eq. (12): ω2
k ¼ k2 þ a2m2 þ ð1=6 − ξÞa2R. For the confor-

mally coupled scalar, ξ ¼ 1=6 and the a2R term is absent;
however, for the minimally coupled scalar, ξ ¼ 0 and the a2R
term appears with a positive coefficient. During inflation the
Hubble parameter is approximately constant (H0 ≈ 0) and the
Ricci scalar is negative (R ≈ −12H2). Therefore, whereas
ω2
kðηÞ always remains positive for the conformally coupled

scalar, it may become negative for the minimally coupled
scalar, specifically, for a light scalar (m < Hinf ) and for modes
outside the horizon (k < aH). For the tachyonic modes with
ω2
k < 0, the mode functions grow as χkðηÞ ∝ aðηÞ. This

correspond to a frozen amplitude (Φ ∝ a0) for the original
field variable before its kinetic term is canonically normalized;
see Eq. (3). This growth of χkðηÞ for modes outside the
horizon is primarily responsible for the enhanced CGPP for
minimally coupled scalars relative to conformally coupled
scalars.
Low-k behavior. Per the previous discussion regarding the

conformally coupled scalar, the evolution of modes with
k̃ < 1 is captured by the de Sitter approximation, and a simple
analytic form for the spectrum can be derived. Using the
expressions from Appendix D gives

a3nk
a3eH3

e
≃

1

8π2
m̃−1k̃3−2Re½ν� for k̃ < m̃1=3 < 1; ð67Þ

where the index ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9=4 − m̃2

p
is given by Eq. (D5), with

ξ ¼ 0. For m̃ ≪ 9=4 the exponent approaches 0 and the
scaling approaches k̃0, corresponding to a flat spectrum. The
predicted flatness is linked with the assumption of a constant

Hubble parameter throughout inflation. For a model in which
the Hubble parameter decreases significantly, such as quad-
ratic inflation used to derive the numerical results in Fig. 6, the
spectrum is red tilted instead.
Intermediate-k behavior. For models in which the mini-

mally coupled scalar is light (m̃ < 1), the spectrum has a break
at k̃ ≈ k̃late⋆ ≡ m̃1=3. These modes are entering the horizon at
the same time when the field is released from Hubble drag; see
Eq. (61). Modes with larger values of k̃ enter the horizon
earlier during the epoch of reheating, which is assumed to be
effectively matter dominated, while they are still relativistic.
By tracking the evolution of these modes, one finds that

a3nk
a3eH3

e
≈

1

8π2
k̃−3 for m̃1=3 < k̃ <

mφκ

He
: ð68Þ

However, in models with a heavy scalar (m̃ > 1), the modes
with m̃1=3 < k̃ are already nonrelativistic. Consequently, the
power law becomes an exponential.
High-k behavior. The range of modes with aemφκ < k <

aRHmφκ are populated by the inflaton’s coherent oscillations
between the end of inflation and the end of reheating. The
calculation is similar to the previously discussed conformally
coupled scalar. One notable difference is that the cross section
for gravitational production via inflaton annihilations φφ →
χχ is enhanced relative to the conformally coupled calculation
by a factor of m4

φ=m4. Consequently, the spectrum is insensi-
tive to the mass,

a3nk
a3eH3

e
≈ Ck̃−3=2 for

mφκ

He
< k̃ < ãRH

mφκ

He
; ð69Þ

where C ≈ ð9=256πÞðmφ=HeÞ3=2κ5=2 for quadratic inflation.
This mass insensitivity is shown in Fig. 6, as the three red
curves appear to converge at large k̃.
Minimally coupled scalar: Summary. To summarize, the

numerical results in Fig. 6 for CGPP of a massive scalar field
that is minimally coupled to gravity are well described by the
following analytical approximations,

a3nk
a3eH3

e
≈

8>>><>>>:
1
8π2

m̃−1k̃0; 0 < k̃ < m̃1=3;

1
8π2

k̃−3; m̃1=3 < k̃ < mφκ
He

;

Ck̃−3=2; mφκ
He

< k̃ < ãRH
mφκ
He

;

ð70Þ

provided that m ≪ He < mφ. As m rises to approach 3He=2,

the low-k power law begins tilting toward blue as k̃3−2Re½ν�, and
the peak at k̃late⋆ ¼ m̃1=3 moves toward k̃ ¼ 1, which pinches
off the intermediate k̃−3 behavior revealing an exponential
suppression. As m grows to exceed mφ, the k̃

−3=2 power-law
tail gives way to a k̃−15=2 power-law tail associated with 4φ →
χχ scattering.
Dependence on reheating. Finally, we address how the

comoving number density spectrum a3nk depends on the
reheating temperature TRH. For the numerical results in
Figs. 5 and 6, the spacetime background corresponds to a
quasi–de Sitter phase of inflation followed by an effectively

FIG. 6. Same as Fig. 5, but here we show spectra for a minimally
coupled scalar (solid curves). For comparison, the dotted curve
shows a conformally coupled scalar.
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matter-dominated phase of reheating. We have not imple-
mented an inflaton decay rate, and the system remains matter
dominated for an arbitrarily long time. This is a reasonable
approximation when TRH is low and reheating completes at
later times, but the calculation should be modified when TRH
is high and reheating completes at earlier times.
To understand the dependence on reheating, compare the

particle mass m with the Hubble parameter at reheating HRH;
see Eq. (57). If the reheating temperature is low such that
HRH < m, then the field is released from Hubble drag (H
drops belowm) during the epoch of reheating. Modes entering
the horizon at this time correspond to the special wave number
k⋆ defined by Eq. (61), and we have already seen that
k̃late⋆ ¼ m̃1=3. However, if the reheating temperature is high
such that HRH > m, then the field is not released from Hubble
drag until the radiation era. Equation (61) then gives

k̃early⋆ ¼ ã1=4RH m̃
1=2, which has a different scaling with the mass

m̃ ¼ m=He and which depends on the reheating temperature
through the ratio ãRH ¼ aRH=ae; see Eq. (56). In summary, the
two regimes are

late RH∶ HRH < m; k̃late⋆ ¼ m̃1=3;

early RH∶ HRH > m; k̃early⋆ ¼ ã1=4RH m̃
1=2; ð71Þ

where HRH ≶ m is equivalent to ã−3=2RH ≶ m̃.
We have already provided spectra for the late reheating

regime. We now address how the spectra are modified for the
early reheating regime. For illustration we focus on a massive
scalar that is light (m̃ < 1) and minimally coupled to gravity
(ξ ¼ 0). For such a model, the spectrum in the late reheating
regime is given by Eq. (70); in particular, it is flat for k̃ <
k̃late⋆ ¼ m̃1=3 and falls like k̃−3 for k̃ > m̃1=3. Here we focus
only on the low-k modes (k̃ < 1) that leave the horizon during
inflation. For larger TRH the spectrum develops a second break
point corresponding to the modes that reenter the horizon at
the end of reheating; these modes have wave numbers around

k ≈ kRH ≡ aRHHRH corresponding to k̃RH ¼ a−1=2RH . The spec-
trum is modified to

a3nk
a3eH3

e
¼

8>>><>>>:
1
8π2

ã3=4RH m̃
−1=2; k̃ < ã1=4RH m̃

1=2;

1
8π2

ãRHk̃
−1; ã1=4RH m̃

1=2 < k̃ < ã−1=2RH ;

1
8π2

k̃−3; ã−1=2RH < k̃ < 1;

ð72Þ

which is also illustrated in Fig. 7. The highest-k modes enter
the horizon during the reheating era; the intermediate-kmodes
enter the horizon during the radiation era, but before the field
is released from Hubble drag (H > m); and the lowest-k
modes enter the horizon during the radiation era and after the
field is released from Hubble drag (H < m). For instantaneous
reheating (55), ãRH ¼ 1 and the k̃−3 branch is absent.

C. Resultant particle abundance

Depending on the application, the total amount of particles
arising from CGPP is typically quantified using either the
comoving number density a3n or the cosmological energy

fraction today Ω. See Sec. VI for a discussion of applications
including baryogenesis and dark matter.
Comoving number density. The comoving number density

a3n is calculated by integrating the spectrum nk (or np) over
the comoving wave number (or momentum),

a3n ¼
Z

∞

0

dk
k
a3nk: ð73Þ

By performing this calculation for two models discussed in
Sec. IV.B, the conformally coupled scalar and the minimally
coupled scalar, one finds that

a3n ≈

8>>><>>>:
a3eH2

em
16π2

; ξ ¼ 1=6; late RH;

a3eH4
e

8π2m log
klate⋆
kmin

; ξ ¼ 0; late RH;

a9=4e a3=4RHH
7=2
e

8π2m1=2 log kearly⋆
kmin

; ξ ¼ 0; early RH.

ð74Þ

For these estimates we have assumed that m < He. For the
conformally coupled scalar, lowering the mass m reduces
the total number of particles, but for the minimally coupled
scalar it raises the number. For the minimally coupled model,
the spectrum nk is independent of the comoving wave

number for k < k⋆, where klate⋆ ¼ aeH
2=3
e m1=3 and kearly⋆ ¼

a3=4e a1=4RHH
1=2
e m1=2. We regulate the integral by imposing an

IR cutoff k ≥ kmin. A physically motivated choice for the cutoff
is kmin ¼ a0H0 since all the modes that are outside the horizon
today (k < a0H0) appear to be homogeneous on our Hubble
patch. Since they all oscillatewith the same frequencyωk ≈ am,
they are indistinguishable from the k ¼ 0 mode.
Comoving number conservation. After CGPP has com-

pleted, if particle-number-changing reactions are inactive,
then the comoving number density is conserved,

a3n ¼ a3ðtÞnðtÞ ¼ a30n0: ð75Þ

FIG. 7. Illustration of the reheating temperature’s effect on the
comoving number density spectrum a3nk for massive scalars that
are light (m̃ < 1) and minimally coupled to gravity (ξ ¼ 0). In the
late reheating regime, which corresponds to ãRH > m̃−2=3 ¼
104, the spectrum is not sensitive to the reheating temperature.
In the early reheating regime (ãRH < m̃−2=3 ¼ 104), the spectrum
is suppressed by raising the reheating temperature (thereby
reducing aRH).
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Specifically, a3n gives the value today when the FLRW scale
factor is a0 and the cosmological number density is n0. For
example, Eq. (75) would not hold if the particles were
unstable (or at least not cosmologically long-lived).
Similarly, it would be violated if the particles had large
nongravitational interactions that allowed them to thermalize
with the primordial plasma or be produced via thermal freeze-
in; see Sec. VI.C.
Cosmological energy fraction. The cosmological energy

fraction Ω is calculated by evaluating the ratio

Ω ¼ ρ0
ρc

or Ωh2 ¼ ρ0
3M2

PlH
2
100

: ð76Þ

The denominator ρc is the cosmological critical density today,
which is given by ρc ≡ 3M2

PlH
2
0, where H0 ¼ H100h is the

Hubble constant, H100 ≡ 100 ðkm= secÞ=Mpc, and h ¼
0.674� 0.005 (Aghanim et al., 2020). The numerator ρ0 is
the spatially averaged energy density today carried by a
particular species of radiation or matter. For a spatially flat
FLRW cosmology, the values of Ω for all of the cosmological
components must sum to 1, and therefore 0 < Ω ≤ 1 gives the
fractional energy carried by a particular species. For dark

matter in the Universe today, observations of the CMB yield a
measurement of Ωdmh2 ¼ 0.120� 0.001 (Aghanim et al.,
2020); see also Kolb and Turner (1990).
RelatingΩh2 with a30n0. For particles that are nonrelativistic

today, the energy density ρ0 and number density n0 are related
by a factor of mass ρ0 ≈mn0, neglecting kinetic energy.
Writing n ¼ ða30n0=a3eH3

eÞða3eH3
e=a30Þ, the redshift factors can

then be evaluated with the help of Eqs. (56) and (58) to obtain

Ωh2

0.12
≈
�
m
He

��
He

1012 GeV

�
2
�

TRH

109 GeV

��
1

10−5
a30n0
a3eH3

e

�
: ð77Þ

Note that n0 may bring an additional mass dependence. We
emphasize that Eq. (77) holds for any cosmological relic with
mass m and number density n0, not just for gravitationally
produced particles; however, it does assume that wRH ¼ 0

and a3RHsRH ¼ a30s0.
Cosmological energy fraction from CGPP. When we use

the analytical results derived for the two models discussed in
Sec. IV.B, the conformally coupled scalar and the minimally
coupled scalar, the cosmological energy fraction is found to be

Ωh2

0.1
≈

8>>>>>>>><>>>>>>>>:

7
�

m
1011 GeV



2
�

TRH
109 GeV

�
; ξ ¼ 1=6;�

He

1014 GeV

�
2
�

TRH
102 GeV

�
log

�
klate⋆
kmin

�
; ξ ¼ 0; late RH;�

He

1014 GeV

�
2
�

m
10−5 eV

�
1=2
�

g�RH
106.75

�
−1=4

log

�
kearly⋆
kmin

�
; ξ ¼ 0; early RH;

ð78Þ

for m < He. The logarithmic factors depend on He, m, and
TRH. For kmin ¼ a0H0 these factors are on the order of a
few × 10. For the conformally coupled scalar, note that the
cosmological energy fraction decreases for a small mass
like Ωh2 ∝ m2. However, for the minimally coupled scalar,
the energy fraction is insensitive to the mass m in the late
reheating regime, and it varies as Ωh2 ∝ m1=2 in the early
reheating regime. One can see from Eq. (78) that there is
generally a two-parameter family of models for which the
predicted Ωh2 matches the observed dark-matter energy
fraction Ωdmh2 ≈ 0.12.

D. Inhomogeneity

Here we address the spatial inhomogeneity of the gravita-
tionally produced particles, and in Sec. VI.M we discuss the
observational probes of dark-matter spatial inhomogeneities
(dark-matter and radiation isocurvature perturbations), which
are probed in the CMB.
Density contrast power spectrum. To quantify inhomoge-

neity in the gravitationally produced particles, it is useful to
employ the dimensionless energy density contrast power
spectrum Δ2

δðkÞ, which can be calculated using Eq. (48). If
these particles are intended to provide a dark-matter candidate,
then the behavior of Δ2

δðkÞ toward small values of k is

especially important since cosmological observables probe
the dark-matter inhomogeneity on length scales corresponding
to k ≈ 10−4 to 1a0 Mpc−1, which is generally much smaller
than ke ¼ aeHe.
Conformally coupled scalar field. Consider a scalar spec-

tator field that is light during inflation (m < He) and con-
formally coupled to gravity (ξ ¼ 1=6). As remarked following
Eq. (48), if the spectrum nk is sufficiently strongly peaked at
some nonzero k ≈ k⋆, then the dimensionless power spectrum
has a universal scaling Δ2

δðη; k ≪ k⋆Þ ∝ k3. This is the case
for a conformally coupled scalar, which has nk ∝ k2 for small
k and a peak at k ≈ klate⋆ ¼ aeHeðm=HeÞ1=3. The resulting
power spectrum is evaluated to be

Δ2
δðk ≪ k⋆Þ ≈ 24

k3

a3eH2
em

; ξ ¼ 1=6; ð79Þ

which is also 24ðk=klate⋆ Þ3. For the small-scale modes with k
approaching klate⋆ from below, the power spectrum approaches
Oð1Þ, whereas, for the large-scale modes with smaller k, the
power decreases as k3.
The scaling Δ2

δðkÞ ∝ k3 is especially significant if the
conformally coupled scalar is intended to provide a candidate
for dark matter. Note that
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Δ2
δ≈ð8×10−71Þðk=a0H0Þ3ðm=1012GeVÞ−1ðTRH=109GeVÞ−1

is minuscule for cosmological-scale modes today (this esti-
mate assumes that wRH ¼ 0). As Δ2

δ → 0, the dark-matter
inhomogeneities correspond to adiabatic perturbations, and
CMB constraints on dark-matter isocurvature are easily
evaded. For additional details see Sec. VI.M.
Minimally coupled scalar field. Next consider a scalar

spectator field that is light during inflation (m < He) and
minimally coupled to gravity (ξ ¼ 0). The spectrum is
approximately scale invariant on large scales, corresponding
to nk ∝ k0 or βk ∝ k−3 for k < k⋆. As a result the power
spectrum integral in Eq. (48) is dominated by the small jk0j
region of the integration domain. To estimate the power
spectrum, one can neglect the second term in Eq. (48) and
divide the integration domain into two regions kmin < jk0j < k
and k < jk0j < k⋆ while approximating α̃jk0−kj as α̃k in the first
region and α̃k0 in the second. The resulting power spectrum is
evaluated to be

Δ2
δðk ≪ k⋆Þ ∼

logðk=kminÞ
log2ðk⋆=kminÞ

ξ ¼ 0 ð80Þ

up toOð1Þ factors and additional terms that are subleading for
small k. For the minimally coupled scalar spectator the
dimensionless power spectrum is nearly scale invariant,
varying only logarithmically with wave number.
Dark-matter isocurvature. If the gravitationally produced

particles are to provide a viable candidate for dark matter, their
spatial inhomogeneities are constrained by observations of the
CMB anisotropies. In particular, it is necessary to avoid an
unacceptably large value of dark-matter isocurvature on CMB
scales. The connections with isocurvature are further dis-
cussed in Sec. VI. In short, the conformally coupled scalar
evades isocurvature constraints since Δ2

δ ∝ k3 is minuscule on
cosmological scales, whereas the minimally coupled scalar
that is light during inflation is strongly constrained by
isocurvature since Δ2

δðkÞ ∝ log k is nearly scale invariant.
More generally whenever the spectrum is sufficiently blue
tilted, i.e., nk ∝ kn, with n > 0, the power spectrum is strongly
blue tilted (Δ2

δ ∝ k3) and evades isocurvature constraints.

V. EXTENSION TO FIELDS WITH SPIN

The preceding discussion of CGPP in scalar field theories
may be extended to fields with spin. One appealing aspect of
invoking CGPP to explain the origin of cosmological relics,
such as dark matter, is that the exercise of model building is
limited to specifying only the particle’s mass and spin if a
minimal coupling to gravity is assumed. Therefore, it is
worthwhile to survey this limited parameter space by con-
sidering a range of spins.
In this section we first provide a general argument that

CGPP requires conformal symmetry breaking. We then
discuss several representations of the Lorentz group with
nonzero spin. For each representation we illustrate how the
cosmological expansion leads to time-dependent equations of
motion. We highlight how the phenomenon of CGPP differs

for each of these theories from the previously discussed scalar
theories.

A. CGPP requires conformal symmetry breaking

General argument. The phenomenon of CGPP derives from
the mixing of positive- and negative-frequency modes due to a
time-dependent dispersion relation in an expanding universe.
No particle production would occur in Minkowski spacetime.
Since the homogeneous, isotropic, and expanding FLRW
spacetime is related to the homogeneous, isotropic, and static
Minkowski spacetime by a time-dependent conformal trans-
formation, any fields that exhibit a conformal symmetry in
their coupling to gravity do not experience CGPP. For such
fields the trace of the stress-energy tensor is the order
parameter for conformal symmetry breaking, and it can be
used as a diagnostic tool to assess whether CGPP will occur in
a given theory.
Trace of the stress-energy tensor. One can show that Tμ

μ is
the order parameter for conformal symmetry breaking as
follows. Consider a conformal transformation

gμνðxÞ↦ e2ΩðxÞgμνðxÞ; ð81Þ

whereΩðxÞ is a real scalar field. These are also known asWeyl
or scale transformations since they locally stretch or shrink
spacetime. For example, a conformal transformation with
e2Ω ¼ a−2ðηÞ maps the FLRW metric gFLRW

μν ¼ a2ðηÞημν to
the Minkowski metric gMink

μν ¼ ημν. Under an arbitrary infini-
tesimal variation of the metric δgμνðη; xÞ, the variation in the
radiation-matter action is

δSM ¼ −
1

2

Z
d4x

ffiffiffiffiffiffi
−g
p

Tμνδgμν; ð82Þ

which defines the stress-energy tensor Tμν. When one spe-
cializes to a conformal transformation, δgμν ¼ 2δΩgμν gives

δSM ¼ −
Z

d4x
ffiffiffiffiffiffi
−g
p

Tμ
μδΩ: ð83Þ

If the trace of the stress-energy tensor vanishes, then the
matter action is invariant under conformal transformations,
and the previous argument implies that no CGPP will take
place. When quantum effects are taken into account, even
conformally flat spacetimes may admit CGPP via the trace
anomaly hTμ

νi ≠ 0 (Dolgov, 1981). In general, conformal
invariance must be broken for particle creation to occur.
Example: Massless conformal scalar. For the previously

discussed scalar field theory, the trace of the stress-energy
tensor (35) is

Tμ
μ ¼ ð6ξ − 1Þðgμν

∂μΦ∂νΦþΦ□ΦÞ þm2Φ2: ð84Þ

Note that the trace vanishes for the model with m2 ¼ 0 and
ξ ¼ 1=6, and by the preceding argument there should be no
gravitational particle production for a massless scalar that is
conformally coupled to gravity. This conclusion can also be
drawn from the scalar’s mode equation (11), which becomes
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χ00k þ k2χk ¼ 0 through the static squared angular frequency
ω2
k ¼ k2. In the absence of a time-dependent frequency,

positive- and negative-frequency modes do not mix, and no
CGPP occurs. In the broader parameter space, observables
must connect continuously to the absence of CGPP at m2 ¼ 0
and ξ ¼ 1=6. This behavior is reflected in the analytical and
numerical results that appear in Sec. IV.B, which show a
suppression of the cosmological energy fraction Ωh2 as m2

and ξ approach the enhanced conformal symmetry point; see
also Sec. VI.A.
Example: Massless vector (photon). The covariant action

for a massless real vector field AμðxÞ with a minimal coupling
to gravity is written as

S ¼
Z

d4x
ffiffiffiffiffiffi
−g
p ½−1

4
gμρgνσFμνFρσ�; ð85Þ

where Fμν ¼ ∇μAν − ∇νAμ. For example, AμðxÞ could be the
electromagnetic field with the photon as its quantum excita-
tion. The corresponding stress-energy tensor is

Tμν ¼ ð14gμνgρσ − δρμδσνÞgαβFραFσβ: ð86Þ

Note that the parenthetical factor vanishes when it contracts
with gμν. It follows that the stress-energy tensor is traceless
(Tμ

μ ¼ 0), and no CGPP occurs. In other words, a massless
vector boson that is minimally coupled to gravity is also
conformally coupled to gravity. If the conformal symmetry
were broken by introducing a mass m2AμAμ or a nonminimal
coupling to gravity like RAμAμ or RμνAμAν, then CGPP may
occur (see later discussion).

B. Massive spin-1=2 field

The analysis of CGPP for spin-1=2 particles runs parallel to
the procedure discussed previously for spin-0 particles.

Introductions to spinor fields in curved spacetime were given
by Parker and Toms (2009) and Freedman and Van Proeyen
(2012), and their applications to CGPP were discussed by
Kuzmin and Tkachev (1999), Chung et al. (2012), and Boyle,
Finn, and Turok (2022). In this section we present the key
formulas and summarize the main results.
Action in FLRW spacetime. Massive spin-1=2 particles

interacting with gravity are described by a spinor field ΨðxÞ
with the action

S ¼
Z

d4x e

�
i
4
Ψγμ∇μΨ −

i
4
Ψ̄ ∇μ
 �

γμΨ −
1

2
mΨ̄Ψ

�
; ð87Þ

which generalizes the Dirac action (Dirac, 1928; Weyl, 1929)
to curved spacetime. See Appendix A for a refresher on
spinors in curved spacetime and the frame-field formalism.
We require Ψ ¼ ΨC ≡ −iγ2Ψ� such that ΨðxÞ is a self-
conjugate Majorana spinor. When one’s attention is restricted
to an FLRW spacetime, the field equation is

½iγaδμa∂μ − aðηÞm�½a3=2ðηÞΨðη; xÞ� ¼ 0: ð88Þ

This equation of motion for ψ ¼ a3=2Ψ takes the same form as
the Dirac equation inMinkowski spacetime, with the exception
that the massm is replaced by a time-dependent effective mass
aðηÞm. For a massless spin-1=2 particle (m ¼ 0), there is no
explicit time dependence in the equation of motion, no mixing
of positive- and negative-frequency modes, and no particle
production. One also arrives at this conclusion by inspecting the
trace of this theory’s stress-energy tensorTμ

μ ¼ a3mΨ̄Ψ, which
vanishes at m ¼ 0, so the spin-1=2 particle is conformally
coupled to gravity; see Sec. V.A. More generally one expects to
find a suppression of CGPP as m → 0.
Mode equations. Solutions of the field’s equation of motion

take the form

Ψðη; xÞ ¼ ½aðηÞ�−3=2
Z

d3k
ð2πÞ3

X
λ¼�1=2

½ak;λUk;λðη; xÞ þ a†k;λVk;λðη; xÞ�;

Uk;�1=2ðη; xÞ ¼
�

uA;kðηÞ
�uB;kðηÞ

�
⊗ hk;�eik·x; ð89Þ

where Vk;λ ¼ −iγ2U�k;λ. The ladder operators ak;λ and mode
functionsUk;λðη; xÞ are labeledwith a comovingwavevector
k and helicity λ. The two-component spinors hk;� are
eigenspinors of the helicity operator ð1=2Þk̂ · σhk;� ¼
�ð1=2Þhk;� and are normalized such that h†k;2λhk;2λ0 ¼
δλλ0 . We write k ¼ ðk sin θ cosϕ; k sin θ sinϕ; k cos θÞ and

hk;þ ¼
�
e−iϕ cosðθ=2Þ
sinðθ=2Þ

�
; hk;− ¼

�
e−iϕ sinðθ=2Þ
− cosðθ=2Þ

�
ð90Þ

up to irrelevant phases. The time-dependent components of
the spinor wave function uA;kðηÞ and uB;kðηÞ are required to
obey

i∂η

�
uA;k
uB;k

�
¼
�
am k

k −am

��
uA;k
uB;k

�
ð91Þ

in theDirac representationof thegammamatrices. This linear
mode equation takes the same form as the time-dependent
Schrödinger equation for a two-level system with the matrix
on the right-hand side playing the role of the Hamiltonian; its
time-dependent eigenvalues areωkðηÞ¼�½k2þa2ðηÞm2�1=2.
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Ansatz. In analogy with the previously discussed scalar model, one is looking for the mode functions uINA=B;kðηÞ and uOUTA=B;kðηÞ
that solve the mode equation, respect the orthonormality conditions, and have the desired asymptotic behavior toward early and
late times. It is convenient to take the ansatz

 
uINA;k
uINB;k

!
¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðωk þ amÞ=2ωk

p
e−iΦk −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðωk − amÞ=2ωk

p
eiΦkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðωk − amÞ=2ωk

p
e−iΦk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðωk þ amÞ=2ωk

p
eiΦk

!�
α̃k

β̃k

�
; ð92Þ

where ΦkðηÞ ¼
R
ηdη0ωkðη0Þ. The analogous relation for the

scalar model appears in Eq. (27). This introduces the new
mode functions α̃kðηÞ and β̃kðηÞ, which are normalized to
obey jα̃kj2 þ jβ̃kj2 ¼ 1 at all times. The IN mode functions are
asymptotic to the leading-order Wentzel-Kramers-Brillouin
approximation at early times, which corresponds to α̃kðηÞ → 1

and β̃kðηÞ → 0 as η → −∞. In terms of the new mode
functions, the mode equations are

∂ηα̃kðηÞ ¼ −1
2
AkðηÞωkðηÞβ̃kðηÞe2iΦk ;

∂ηβ̃kðηÞ ¼ þ1
2
AkðηÞωkðηÞα̃kðηÞe−2iΦk ; ð93Þ

which has the same form as Eq. (28) for scalars. The
dimensionless variable AkðηÞ, which is defined by

AkðηÞ ¼
a2Hmk

ðk2 þ a2m2Þ3=2 ; ð94Þ

serves as the adiabaticity measure. Note that this is different
from ω0k=ω

2
k ¼ a3Hm2=ðk2 þ a2m2Þ3=2.

CGPP intuition. By inspecting the adiabaticity mea-
sure (94), one can develop intuition for the CGPP of spin-
1=2 particles. Since the equations of motion and adiabaticity
parameter are the same for both λ ¼ �1=2, the two polari-
zation modes will be produced equally. Since AkðηÞ vanishes
as m → 0, we can anticipate a suppression of CGPP for low-
mass spin-1=2 particles. Typically CGPP for spin-1=2 par-
ticles is most efficient for masses around the inflationary
Hubble scale, perhaps m ∼Hinf ∼ 1014 GeV, which corre-
sponds to the superheavy regime. Similarly, since AkðηÞ
vanishes as k → 0, one expects CGPP to be suppressed for
long-wavelength modes, implying negligible power in the
energy contrast on cosmological scales, and, if the particles
survive as dark matter, predominantly adiabatic perturbations.
Both of these behaviors mirror the results for conformally
coupled scalars. Finally, since the mode functions are nor-
malized to obey jα̃kj2 þ jβ̃kj2 ¼ 1, it implies that the
Bogoliubov coefficient jβkj ¼ limη→þ∞ jβ̃kðηÞj cannot exceed
unity. This is a manifestation of the Pauli exclusion principle:
for fermionic CGPP Pauli blocking implies that there can be at
most one particle per mode.
Numerical example. Figure 8 shows the results of a

numerical evaluation of CGPP for a massive spinor field in
quadratic inflation; see the curves labeled sλ ¼ 1=2�1=2. As
expected, the relic abundance of spin-1=2 fermions closely
tracks the abundance of conformally coupled scalars with the

same mass. Since the fermion mass is decreased below
m=He ≈ 1, the comoving number density decreases as a3n ∝
m1 and the cosmological energy fraction decreases as
Ωh2 ∝ m2. CGPP leads to the largest relic abundance for
m=He ≈ 1, and reasonable choices of He and TRH lead to
Ωh2 ≈ 0.12. Therefore, if the fermions are stable, they provide
a candidate for superheavy dark matter. Here we have
considered CGPP for a Majorana spinor field, and the relic
abundance would be doubled for a Dirac spinor field, which
has both spin-1=2 particles and antiparticles as its quantum
excitation. The number density spectrum a3nk (not shown)
also tracks the conformally coupled scalar; it is peaked for
modes with k ≈ ke ¼ aeHe and suppressed for modes with
k ≪ ke. Consequently, Δ2

δðkÞ ∝ k3, and isocurvature con-
straints are easily avoided.

C. Massive spin-1 field

Recently there has been a renewed interest in the cosmo-
logical production of stable massive spin-1 particles
(Dimopoulos, 2006; Chun, Scopel, and Zaballa, 2009;
Graham, Mardon, and Rajendran, 2016; Ema, Nakayama,
and Tang, 2019; Ahmed, Grzadkowski, and Socha, 2020;
Arvanitaki et al., 2021; Gross et al., 2021; Kolb and Long,
2021; Cembranos et al., 2023; Garcia et al., 2023). This
attention is partly motivated by studies of ultralight dark
photon dark matter (Caputo et al., 2021), which is a candidate
for wavelike dark matter with a mass m ≪ 10 eV. When
applied to massive spin-1 particles, the phenomenon of CGPP
can explain the origin of dark photon dark matter as well as its
heavier cousins with m ∼Hinf .
Action in FLRW spacetime. Massive spin-1 particles inter-

acting with gravity are described by a vector field AμðxÞ with
the action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g
p ½−1

4
gμρgνσFμνFρσ þ 1

2
m2gμνAμAν�; ð95Þ

which generalizes the de Broglie–Proca action to curved
spacetime (de Broglie, 1922, 1934; Proca, 1936). The field
strength tensor is Fμν ¼ ∇μAν − ∇νAμ. We require Aμ ¼ AC

μ ≡
A�μ such that AμðxÞ is a self-conjugate real vector. Here a
minimal coupling to gravity is assumed; additional terms such
as RμνAμAν and RgμνAμAν may be introduced to allow for a
nonminimal coupling (Golovnev, Mukhanov, and Vanchurin,
2008; Himmetoglu, Contaldi, and Peloso, 2009), which
impacts CGPP (Kolb and Long, 2021; Cembranos et al.,
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2023; Özsoy and Tasinato, 2023). We assume m ≠ 0 such that
Aμ propagates three polarization modes (two transverse and
one longitudinal) and CGPP may occur. The model with
m ¼ 0 has an enhanced gauge symmetry that reduces the
number of propagating degrees of freedom to simply two
transverse polarization modes, and it has an enhanced con-
formal symmetry that prohibits CGPP; see Sec. V.A.
When gμνðxÞ ¼ gFLRW

μν ðη; xÞ is fixed to be an FLRW metric
with scale factor aðηÞ, the action becomes

S ¼
Z

dηd3x½1
2
A0iA

0
i − 1

2
a2m2AiAi

− 1
2
ϵijkϵlmk

∂iAj∂lAm þ 1
2
m2a2A2

0

þ 1
2
∂iA0∂iA0 − A0i∂iA0�; ð96Þ

where repeated Latin indices are summed from 1 to 3. Among
the four components of Aμ, only three of them are propagat-
ing, while the fourth component is restricted by an algebraic
constraint that links it to the others.
Mode equations. Solutions of the field’s equation of motion

take the form

Aμðη;xÞ¼
Z

d3k
ð2πÞ3

X
λ¼�1;0

½ak;λUk;λ;μðη;xÞþa†k;λVk;λ;μðη;xÞ�;

Uk;λ;0ðη;xÞ¼−i
kiU0k;λ;i

k2þa2m2
;

Uk;λ;iðη;xÞ¼ χk;λðηÞεk;λ;ieik·x; ð97Þ

where Vk;λ;μ ¼ U�k;λ;μ. The ladder operators ak;λ and mode
functions Uk;λ;iðη; xÞ are labeled with a comoving wave vector
k and helicity λ. The three-vectors εk;λ;i are eigenvectors of the
helicity operator ik̂ × εk;λ ¼ λεk;λ and are normalized such that
ε�k;λ;iεk;λ0;i ¼ δλλ0 . If k ¼ kðsin θ cosϕ; sin θ sinϕ; cos θÞ, then

εk;�;i ¼
iffiffiffi
2
p e∓iγ

0B@∓ cos θ cosϕþ i sinϕ

∓ cos θ sinϕ − i cosϕ

� sin θ

1CA;

εk;0;i ¼

0B@ sin θ cosϕ

sin θ sinϕ

cos θ

1CA; ð98Þ

up to an irrelevant phase γ. Note that λ ¼ 0 can be identified as
the longitudinal polarization mode and λ ¼ �1 as the two
transverse polarization modes. The mode functions are
required to solve the equations of motion

ð∂2η þ ω2
TÞχk;� ¼ 0;

ð∂2η þ ω2
LÞ

0B@
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2m2

k2 þ a2m2

s
χk;0

1CA ¼ 0; ð99Þ

where the time-dependent squared frequencies are

ω2
T ¼ k2 þ a2m2;

ω2
L ¼ k2 þ a2m2 þ 1

6

k2R
k2 þ a2m2

þ 3
k2a4H2m2

ðk2 þ a2m2Þ2 : ð100Þ

CGPP intuition. Since the vector field’s equations of
motion (99) take the same form as a scalar field’s equations
of motion (11), the Bogoliubov coefficients are calculated in
the same way. Note that the transverse modes obey the same
equations of motion as the modes of a conformally coupled
scalar field with ξ ¼ 1=6; see Eq. (12). Thus, one should

FIG. 8. The predicted abundance of gravitationally produced
particles per polarization state when quadratic inflation is
assumed. Each curve corresponds to a different model labeled
with the particle’s spin s, helicity λ, and (for scalar fields)
coupling to gravity ξ. For instance, the curve labeled as sλ ¼
10 corresponds to the longitudinal polarization mode of a massive
vector field. Assuming that the particles are stable, the present-
day abundances are given. Top panel: the comoving number
density a3n of produced particles in units of a3eH3

e as a function of
the particle’s mass m. Bottom panel: the cosmological energy
fraction Ωh2 assuming a reheating temperature of TRH ¼
109 GeV and He ¼ 1012 GeV [see Eq. (77)] for the scaling with
TRH and He). The calculation assumes late reheating.
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anticipate the same behavior in regard to CGPP, for example, a
suppression of particle production as m → 0. However, the
longitudinal polarization mode has a time-dependent equation
of motion, even for m ¼ 0, and one expects some amount of
particle production. Remember that sending m → 0 in the de
Broglie–Proca action yields the theory of a massless vector
and a massless scalar with ω2

k ¼ k2 þ a2R=6.
Numerical example. Figures 8 and 9 show the numerical

results when CGPP is evaluated for a massive vector field in
quadratic inflation. The comoving number density spectrum is
shown in Fig. 9 for a vector field with mass m ¼ 0.1He. Both
the transverse and longitudinal polarization modes display a
blue-tilted spectrum that rises like k̃2 for small values of
k̃ ¼ k=aeHe. The spectrum reaches a peak at scales
k̃ ≈ k̃late⋆ ≡ m̃1=3, corresponding to modes that are entering
the horizon at the same time when the field is released from
Hubble drag; see Eq. (61). The suppression of nk toward small
k translates into a similar suppression in the dimensionless
power spectrum Δ2

δðkÞ and allows the model to evade
constraints on dark-matter isocurvature (Graham, Mardon,
and Rajendran, 2016); see Sec. IV.D.
Numerical example. The relic abundance of gravitationally

produced vectors is shown in Fig. 8. The longitudinal
polarization modes are populated more efficiently than the
transverse polarization modes, which corresponds to a larger
comoving number density a3n and cosmological energy
fraction Ωh2. For models with m ≪ He, the production of
transverse polarization modes progresses as a3n ∝ m, similar
to a conformally coupled scalar (sξ ¼ 01=6. However, the
production of longitudinal polarization modes progresses as
a3n ∝ m−1, similar to a minimally coupled scalar (sξ ¼ 00);
see Eq. (74). These calculations assume late reheating (71),
and for early reheating the scaling changes to a3n ∝ m0 for the
longitudinal polarization modes (Graham, Mardon, and

Rajendran, 2016; Ahmed, Grzadkowski, and Socha, 2020;
Kolb and Long, 2021). Both cases are captured by the
relations in Eq. (78), and setting the logarithm factors equal
to 1 gives a good estimate of the particle abundance.

D. Massive spin-3=2 field

A long-standing interest in massive spin-3=2 particles and
their role in cosmology has largely derived from the spin-3=2
gravitino, which is the superpartner to the graviton in theories of
supergravity; for an introduction see Freedman and Van
Proeyen (2012). The gravitino’s weak coupling to ordinary
matter allows these particles to be cosmologically long-lived,
and thus their overproduction in the early Universe through
thermal or nonthermal channels presents a serious constraint on
theories of supergravity in the context of cosmology (Krauss,
1983; Ellis, Kim, and Nanopoulos, 1984; Kawasaki andMoroi,
1995). The implications of CGPP for gravitinos and spin-3=2
particles more generally were explored in several landmark
papers (Giudice, Riotto, and Tkachev, 1999; Giudice, Tkachev,
and Riotto, 1999; Lemoine, 1999; Bastero-Gil and Mazumdar,
2000; Kallosh et al., 2000) and developed further in later studies
(Hasegawa et al., 2017; Garcia et al., 2020; Antoniadis,
Benakli, and Ke, 2021; Dudas et al., 2021; Kolb, Long, and
McDonough, 2021a; Casagrande, Dudas, and Peloso, 2023;
Kaneta et al., 2023).
Action in FLRW spacetime. Massive spin-3=2 particles

interacting with gravity are described by a vector-spinor field
ΨμðxÞ with the action

S¼
Z

d4xe

�
i
4
Ψ̄μγ

μνρ∇νΨρ−
i
4
Ψ̄μ ∇ν
 �

γμνρΨρþ
1

2
mΨ̄μγ

μνΨν

�
;

ð101Þ

which generalizes the Rarita-Schwinger action to curved
spacetime (Rarita and Schwinger, 1941). See Appendix A
for a review of the frame-field formalism. We require Ψμ ¼
ΨC

μ ≡ −iγ2Ψ�μ such that ΨμðxÞ is a self-conjugate vector
spinor. When attention is restricted to an FLRW spacetime,
the field’s equation of motion becomes

½iγabcδμb∂μ − iaHðγaηc0 − γcηa0Þ þ amγac�ða1=2ΨcÞ ¼ 0;

ð102Þ

where Ψc ¼ δμcΨμ. Latin indices are raised and lowered with
the Minkowski metric ηab and inverse ηab.
Mode equations. Solutions of the field’s equation of motion

take the form [see also Kaneta et al. (2023)]

FIG. 9. The comoving number density spectrum a3nk as a
function of k̃ ¼ k=aeHe that results from CGPP for a massive
vector field with m ¼ 0.1He in quadratic inflation. The curves
show the spectra for the single longitudinal polarization mode
and the sum of the two transverse polarization modes.
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Ψaðη; xÞ ¼ ½aðηÞ�−1=2
Z

d3k
ð2πÞ3

X
λ¼�3=2;�1=2

½ak;λUk;λ;aðη; xÞ þ a†k;λVk;λ;aðη; xÞ�;

Uk;λ;0ðη; xÞ ¼
R=3þH2 − 3m2

3ðH2 þm2Þ γ0γiUk;λ;i;

Uk;�3=2;iðη; xÞ ¼
�

uA;3=2;kðηÞ
�uB;3=2;kðηÞ

�
⊗ hk;�εk;�;ieik·x;

Uk;�1=2;iðη; xÞ ¼

 ffiffiffi

1

3

r �
uA;1=2;kðηÞ

∓ uB;1=2;kðηÞ

�
⊗ hk;∓εk;�;i;

− ie∓iγ

ffiffiffi
2

3

r � uA;1=2;kðηÞ þ k
am−iaH uB;1=2;kðηÞ

∓ uB;1=2;kðηÞ � k
amþiaH uA;1=2;kðηÞ

�
⊗ hk;�εk;0;i

�
eik·x; ð103Þ

where Vk;λ;a ¼ −iγ2U�k;λ;a. The ladder operators ak;λ and mode
functions Uk;λ;aðη; xÞ are labeled with the comoving wave
number k and helicity λ. The mode functions carry a spacetime
index a and a suppressed spinor index. The temporal
components are restricted by a constraint equation, and the
spatial components are decomposed onto an orthonormal
basis of helicity eigenspinors hk;� and three-vectors ελ;k;i.
In the Dirac representation of the gamma matrices, the
equations of motion are

i∂η

�
uA;3=2;k
uB;3=2;k

�
¼
�
am k

k −am

��
uA;3=2;k
uB;3=2;k

�
;

i∂η

�
uA;1=2;k
uB;1=2;k

�
¼
�
am csk

c�sk −am

��
uA;1=2;k
uB;1=2;k

�
; ð104Þ

where the time-dependent complex sound speed is

csðηÞ ¼
m2 − ð1=3ÞH2 − ð1=9ÞR

ðm − iHÞ2 : ð105Þ

Note that the helicity �3=2 mode functions solve the same
equation of motion as a spin-1=2 Dirac spinor field, and the
analysis of CGPP is equivalent as well. However, the helicity
�1=2mode functions have a modified gradient term that arose
as a consequence of the constraint that eliminated Ψ0 for Ψi.
CGPP intuition. A novel feature of the spin-3=2 field in the

FLRW spacetime is that the helicity �1=2 polarization modes
develop an effective sound speed csðηÞ that varies in time in
response to the cosmological expansion (Giudice, Tkachev,
and Riotto, 1999; Hasegawa et al., 2017). If the FLRW
expansion is driven by a perfect fluid with an energy density
ρðηÞ and pressure PðηÞ, then Friedmann’s equations may be
used to write the squared sound speed as

jcsðηÞj2 ¼
ð3m2M2

Pl − PÞ2
ð3m2M2

Pl þ ρÞ2 : ð106Þ

Although this quantity cannot be negative, it may drop to zero if
there exists a time η�, or several such times, when Pðη�Þ ¼
3m2M2

Pl. During inflation P < 0 since w ¼ P=ρ ≈ −1, and
jcsj2 > 0 remains positive, but after inflation PðηÞ oscillates

around zero, and if these oscillations have a sufficiently large
amplitude, the sound speedmaymomentarily vanish. Typically
small-scalemodeswith a large comovingwave number k have a
nearly adiabatic evolution, since ω2

k ≈ k2 is approximately
static, and their CGPP is suppressed. However, a vanishing
sound speed momentarily lifts the suppression for CGPP in
high-wave-number modes, allowing for “catastrophic” particle
production up to the cutoff of the theory (Hasegawa et al., 2017;
Kolb, Long, and McDonough, 2021a). These dynamics are
similar to gradient instabilities in other systems where the
squared sound speed is negative; for a few examples see Lue,
Wang, and Kamionkowski (1999), Alexander, Peskin, and
Sheikh-Jabbari (2006), Comelli et al. (2015), and
Gumrukcuoglu et al. (2015). If the gradient instability is to
be avoided, one requires the mass of the spin-3=2 particle to be
larger than the Hubble parameter at the end of inflation:
m >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pmax=3M2

Pl

p
≈He. Unless the mass varies in time, one

is typically considering superheavy CGPP in the context of
spin-3=2 particles.
Numerical example. Figure 8 shows the results of a

numerical evaluation of CGPP for a massive vector-spinor
field in quadratic inflation; see the curves labeled sλ ¼
3=2�3=2 and 3=2�1=2. The spectrum of the helicity �3=2
polarization modes is identical to the spectrum of spin-1=2
particles since their mode equations are identical. CGPP is
more efficient for the helicity �1=2 polarizations. Lowering
the mass toward the threshold of the gradient instability m ≈
He enhances the abundance.
Connections with gravitinos. This discussion has focused

on a spin-3=2 vector-spinor field with a constant mass
parameter m. In theories of supergravity with a spin-3=2
gravitino, the mass parameter may also vary in response to the
evolving scale of supersymmetry breaking (Nilles, Peloso, and
Sorbo, 2001a, 2001b). If dm=dη ≠ 0, the squared sound
speed (106) develops an additional contribution preventing
jcsj2 ¼ 0 (Kolb, Long, and McDonough, 2021a). Similarly,
the mixing of the Goldstino and inflatino can modify the
equations of motion so as to avoid the gradient instability for
models with m < He (Antoniadis, Benakli, and Ke, 2021;
Dudas et al., 2021). For such models the CGPP spectrum is
expected to differ significantly from the fixed-mass vector-
spinor field. Possible connections between gravitino CGPP
and supergravity’s UV embedding were discussed by Kallosh
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and Linde (2004), Antoniadis, Benakli, and Ke (2021),
Castellano et al. (2021), Cribiori, Lust, and Scalisi (2021),
Dudas et al. (2021), Kolb, Long, and McDonough (2021b),
and Terada (2021).

E. Massive spin-2 field

Finally, we discuss the phenomenon of CGPP for a massive
spin-2 tensor field, which is a spectator during inflation and
not the graviton. Several recent studies have explored the idea
that dark matter might be a massive spin-2 particle (Aoki and
Mukohyama, 2016; Babichev et al., 2016a, 2016b; Gorji,
2023; Manita et al., 2023). The properties and interactions of
such particles can be studied in the framework of ghost-free
nonlinear bigravity (Hassan and Rosen, 2012). Here we first
discuss the theory of a massive spin-2 field in an inflationary
cosmology and the resultant CGPP, and afterward we discuss
the connection with bigravity.
Action in FLRW spacetime. To study the gravitational

production of massive spin-2 particles during and after
inflation, one desires an effective field theory that describes
a massive tensor field and a scalar inflaton field on a fixed
curved spacetime background. A relativistically covariant
action can be constructed using a symmetric two-index tensor
field vμνðxÞ. Of the ten independent variables in vμν, only five
of them correspond to the polarization modes of the massive
spin-2 particle, and the remaining variables are eliminated by
constraints or gauge symmetries. Care must be taken to
construct an action that does not promote the extraneous
variables into propagating degrees of freedom, which may be
ghostly having a wrong-sign kinetic term (Hinterbichler,
2012; de Rham, 2014). A free theory with the usual minimally
coupled matter sector can be obtained by expanding the
Einstein-Hilbert action plus the matter sector to quadratic
order in perturbations around any background that satisfies the
GR equations of motion and adding the Fierz-Pauli mass term
(Fierz and Pauli, 1939). The resulting theory of a free massive
spin-2 field on a fixed background is ghost-free, while
nonlinearities generically introduce a ghost.
The aforementioned procedure leads to an action of the

form (Kolb, Ling et al., 2023)

S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ
p ðLð2Þvv þ Lð2Þφvφv þ Lð2Þvφv þ LintÞ; ð107Þ

where Lð2Þvv are terms quadratic in the massive metric perturba-

tion vμνðxÞ including a Fierz-Pauli mass term, Lð2Þφvφv are terms

quadratic in the inflaton perturbationsφuðxÞ,Lð2Þvφv are terms that
mix the scalar metric perturbations with the inflaton perturba-
tions, and Lint are cubic and higher-order terms corresponding
to interactions. It is important to retain the time-dependent
mixing since dropping it would lead to an expression that
violates gauge symmetry and introduces a ghost.
Mode equations. The massive spin-2 field vμνðxÞ may be

decomposed onto components that transform as three-scalars,
three-vectors, and three-tensors under the SOð3Þ symmetry
group of spatial rotations; this is the usual scalar-vector-tensor
decomposition (Baumann, 2022). Upon eliminated compo-
nents that are restricted by constraints, one obtains the

equations of motion for the five polarization modes with
helicities �2, �1, and 0 (Kolb, Ling et al., 2023). The Fourier
components of the helicity �2 modes obey

χ00k;s þ ω2
kχk;s ¼ 0 for λ ¼ �2;

ω2
kðηÞ ¼ k2 þ a2m2 þ 1

6
a2R: ð108Þ

Equations (108) are equivalent to the equations of motion for a
minimally coupled scalar field, which appear in Eq. (11), and
the analysis of CGPP is identical. Moreover, setting m ¼ 0

yields the familiar equations of motion that arise in the study
of primordial gravitational-wave generation during inflation.
The helicity �1 modes obey

χ00k;sþω2
kχk;s¼0 for λ¼�1;

ω2
kðηÞ¼k2þa2m2−f00=f; f¼ a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2þa2m2
p : ð109Þ

For nonrelativistic modes (k < am) both the tensor and vector
polarizations have ω2

k ≈ a2m2 þ a2R=6, and one can antici-
pate similar solutions and implications for CGPP. The
helicity-0 modes have a much more complicated equation
of motion since the scalar metric perturbations mix with the
inflaton perturbation, and the system of 2 degrees of freedom
must be solved simultaneously. Expressions for the quadratic
action were given by Kolb, Ling et al. (2023); see also
Gorji (2023).
CGPP intuition. We emphasize that the helicity-0 mode of a

massive spin-2 field in curved spacetime threatens to acquire a
wrong-sign kinetic term and develop a ghost instability
(Fasiello and Tolley, 2012, 2013). In an FLRW spacetime
this pathology is avoided if the field’s mass respects the lower
limit (Kolb, Ling et al., 2023)

m2 > 2H2ðηÞ½1 − ϵðηÞ�; ð110Þ

where ϵ ¼ −H0=aH2 is the first slow-roll parameter; Eq. (110)
is not an expansion in small ϵ. During the qdS phase of
inflation, the right-hand side of Eq. (110) is approximately
static 2H2

inf , and the Higuchi bound is regained (Higuchi,
1987). After inflation 1 − ϵ < 0 is negative, and the ghost
instability is avoided for any non-negative choice of the
squared mass parameter. Models with m >

ffiffiffi
2
p

Hinf that evade
the ghost during inflation typically have superheavy spin-2
particles, particularly if the energy scale of inflation is high,
say, Hinf ≈ 1014 GeV. Conversely, models of ultralight spin-2
dark matter require additional assumptions (such as a time-
dependent mass or low cutoff) to evade a ghost instability
during inflation.
Numerical example. Figure 8 shows the results of a

numerical evaluation of CGPP for a massive spin-2 tensor
field in quadratic inflation; see the curves labeled sλ ¼ 2�2.
The helicity-�2 mode functions obey the same equation of
motion as a conformally coupled scalar field with the same
mass, and the predictions for CGPP are identical. We do not
show results for the other polarization modes λ ¼ �1
and λ ¼ 0.
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Connection with ghost-free nonlinear bigravity. One may
ask whether the quadratic action presented here can be
extended into a fully nonlinear theory of massive spin-2
particles interacting with gravity without introducing ghosts.
This can be accomplished in the framework of ghost-free
nonlinear bigravity (Hassan and Rosen, 2012); see also the
review by de Rham (2014). Theories of bigravity are for-
mulated in terms of two dynamical metrics, typically denoted
by gμν and fμν, that interact with one another and may interact
with matter. When both metrics are expressed as background
plus perturbation, the quadratic action for the perturbations
describes a massless spin-2 field that corresponds to the usual
gravitational field, as well as an additional massive spin-2
field that corresponds to our vμν. Additional model depend-
ence enters in how the metrics couple to matter. Different
couplings to matter (de Rham, Heisenberg, and Ribeiro, 2015)
may lead to strikingly different results for CGPP (Kolb, Ling
et al., 2023).

F. Numerical comparison

Assumptions. In this section we present the results of
several numerical calculations of CGPP for particles of
different spin. For the examples presented here, we model
the cosmological expansion using quadratic inflation (see
Fig. 2). The inflaton drives a phase of quasi–de Sitter inflation
and afterward oscillates around the minimum of its quadratic
potential during an effectively matter-dominated epoch of
reheating. We do not explicitly model the inflaton decay,
which corresponds to an assumption of late reheating (71). For
the particle species that experiences gravitational production,
we vary its mass m, its spin s, and (in the case of scalars) its
coupling to gravity ξ. For particles with spin (s ≠ 0), we
further distinguish the various polarization modes (labeled as
λ), which experience different levels of gravitational produc-
tion. We neglect nongravitational interactions and assume that
the particles are long-lived; see Sec. VI for remarks on how
relaxing these assumptions could modify the results.
Relic abundance. Figure 8 shows the total abundance of

gravitationally produced particles: the top panel shows the
comoving number density a3n, and the bottom panel shows
the cosmological energy fraction today Ωh2. These quantities
are related by Eq. (77) and we take TRH ¼ 109 GeV, but more
generally Ωh2 ∝ TRH in late reheating.
Superheavy and ultralight dark matter. For Ωh2 ≈ Ωdmh2 ≈

0.12 gravitationally produced particles can make up all of dark
matter. For the spin-0 conformally coupled scalar field
(sξ ¼ 01=6), the spin-1=2 spinor field (sλ ¼ 1=2�1=2), the
spin-3=2 vector-spinor field (sλ ¼ 3=2�3=2), and the spin-2
tensor field (sλ ¼ 2�2), the cosmological energy fraction
decreases toward small mass like Ωh2 ∝ m2. Consequently,
reaching Ωh2 ≈ 0.12 is easier for a larger mass m ≈He,
corresponding to “superheavy” dark matter. However, for the
spin-0 minimally coupled scalar field (sξ ¼ 00) and the longi-
tudinal polarization of the spin-1 vector field (sλ ¼ 10), the
energy fraction is insensitive to the mass Ωh2 ∝ m0. Keep in
mind that this scaling holds onlywhilem > HRH and the system
is in the late reheating regime (71). For smallm the system is in
the early reheating regime andΩh2 decreaseswith decreasingm

[Eq. (78)]. For these models all of the dark matter can be
produced gravitationally for masses as low as m ∼ 10−5 eV.
However, the minimally coupled scalar is constrained by dark-
matter isocurvature; see Sec. VI.M.

G. Higher-spin particles

One may ask how the analysis of CGPP is extended to
particle species with spin s > 2, here called higher-spin
particles, that transform under larger representations of the
Lorentz group. Although no-go theorems forbid higher-spin
particles that are massless (Weinberg, 1964; Coleman and
Mandula, 1967; Aragone and Deser, 1979; Weinberg and
Witten, 1980), particles that are massive may evade these
theorems (Bellazzini et al., 2019). Moreover, such particles
naturally arise in nuclear physics, in condensed matter physics
as composite fermions (Golkar et al., 2016), and play a
starring role in string theory (Sagnotti, 2013), where the
higher-spin fields originating from massive string excitations
are responsible for curing the UV divergences of gravity.
Further motivation is provided by recent interest in higher-
spin particles as candidates for dark matter (Criado et al.,
2020; Alexander, Jenks, and McDonough, 2021; Falkowski,
Isabella, and Machado, 2021; Capanelli et al., 2023; Jenks
et al., 2023).
Higher-spin fields in de Sitter spacetime. While CGPP in

higher-spin theories remains largely unexplored, the results of
a few groundbreaking studies have indicated that CGPP may
provide an explanation for the origin of higher-spin dark
matter. Alexander, Jenks, and McDonough (2021) focused on
bosonic fields of spin s > 2 that are minimally coupled to
gravity and approximated the inflationary spacetime as a de
Sitter one with a constant Hubble parameter H. On this
background the components σμ1���μsðη; xÞ of the higher-spin
field solve the equation of motion ½□ −m2 þ ðs2 − 2s −
2ÞH2�σμ1���μs (Lee, Baumann, and Pimentel, 2016). A ghost
instability develops for small masses, and the avoidance of this
ghost requires m2 ≥ sðs − 1ÞH2, which is a higher-spin
generalization of the Higuchi bound for massive spin-2
particles (Higuchi, 1987). This wave equation takes the same
form as the equation of motion for a minimally coupled scalar
field in de Sitter spacetime, and the previously derived
analytical results for scalar CGPP during inflation can be
carried over with the appropriate replacements. One may
conclude that CGPP provides a viable explanation for the
origin of higher-spin dark matter for a wide range of super-
heavy masses m > H and spins.
Limitations and possible extensions. Treating this as a de

Sitter spacetime is a reasonable approach for studying CGPP
in modes whose nonadiabaticity occurs during inflation as
they leave the horizon, i.e., k ≪ aeHe. For modes on the
Hubble scale at the end of inflation k ≈ aeHe, which tend to
carry most of the particle number, their evolution probes the
transition from inflation to reheating and requires a modeling
of the inflationary cosmology beyond the de Sitter approxi-
mation. This distinction may be especially important for the
helicity-0 mode of the higher-spin field, which can mix with
the scalar inflaton perturbation, leading to an enhancement of
CGPP that is similar to the behavior observed in spin-2 fields.
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VI. RECENT AND ONGOING ACTIVITY

In this section we summarize some of the interesting recent
and ongoing activity in the study of CGPP.

A. Modeling: Nonminimal gravitational interaction

There is some degree of model building freedom with
regard to a particle’s gravitational interaction. A field is said to
be minimally coupled to gravity if its covariant action can be
obtained from the flat spacetime action by promoting the
Minkowski metric to a curved spacetime metric. If the
covariant action contains additional interaction terms, then
the field is said to couple nonminimally to gravity. Some
examples of nonminimal interactions include L ⊃ ΦR, Φ2R,
Ψ̄ΨR, and AμAνRμν.
The presence of a nonminimal interaction can greatly

enhance or diminish the efficiency of CGPP. For example,
a conformally coupled scalar field with Lint ¼ ð1=2ÞξΦ2R and
ξ ¼ 1=6 experiences less CGPP than a minimally coupled
scalar with ξ ¼ 0; see Sec. III. However, a nonminimally
coupled scalar with ξ ≳ 1 can experience significantly more
CGPP (Markkanen and Nurmi, 2017; Markkanen and
Rajantie, 2017; Fairbairn et al., 2019; Cembranos, Garay,
and Sánchez Velázquez, 2020; Clery, Mambrini, Olive,
Shkerin, and Verner, 2022; Garcia, Pierre, and Verner,
2023a; Yu, Fu, and Guo, 2023). This is because the
Fourier mode amplitude χkðηÞ evolves in response to the
time-dependent oscillator equation (11) with frequency
ω2
k ¼ k2 þ a2m2 þ ð1=6 − ξÞa2R, which is dominated by

the a2R term for large ξ. During inflation the Ricci scalar
is approximately constant (R ≈ −12H2), but after inflation
while the inflaton field oscillates during the epoch of reheat-
ing, the Ricci scalar R also oscillates from positive to negative
values; see Fig. 2. Consequently, the frequency develops an
oscillatory component that increases in amplitude for larger ξ
and enhances CGPP.
A global picture on the parameter space of the nonmini-

mally coupled scalar field is shown in Fig. 10. Within the
white region it is possible to find a reheating temperature
Treh ≡ TRH such that the predicted relic abundance equals the
observed dark-matter relic abundance Ωh2 ∝ TRH; see
Eq. (77). In the blue region, which contains the conformally
coupled point ξ ¼ 1=6 at low mass, CGPP is less efficient and
the required reheating temperature Treh > Tmax would exceed
the maximum possible temperature (55). In the green region
where ξ ≫ 1, CGPP is more efficient and the needed reheating
temperature Treh < TBBN would fall below the BBN
temperature.

B. Modeling: Scale and shape of inflaton potential

One appealing aspect of CGPP as the origin of cosmologi-
cal relics is that the assumed gravitational interaction implies a
limited degree of model dependence. For the particle being
produced, one need only specify its spin, its mass, and the
nature of its coupling to gravity. The discussion in Secs. IV
and V illustrates how CGPP depends on these parameters.
Any additional model dependence enters through the physics
of inflation and reheating, which controls the time-dependent

FLRW background aðηÞ. The energy scale of inflation (para-
metrized by He) and the duration of reheating (parametrized
by TRH) directly impact the efficiency of CGPP, and the
dependence of observables on these parameters is easy to
assess; see Sec. IV.C. However, the shape of the inflaton
potential typically has a weaker impact on the CGPP
observables.
To assess the dependence of CGPP on the model of

inflation, we consider three models that were discussed in
Sec. IV.A: quadratic inflation, hilltop inflation, and T-model
α-attractor inflation (α ¼ 1). For each model we choose the
parameters such thatm=He takes the same value. In Fig. 11 we
show the comoving number density spectrum a3nk for a
massive scalar (m=He ¼ 0.1) with a conformal coupling to
gravity (ξ ¼ 1=6). For quadratic inflation and T-model α-
attractor inflation with α ¼ 1, the spectra are indistinguishable
to the eye and hilltop inflation differs by an Oð1Þ factor at the
maximum. Recall that hilltop inflation is not symmetric about
the minimum of the potential, whereas sending α → ∞ in

FIG. 11. Illustration of the insensitivity of CGPP to the shape of
the inflaton potential. The three curves correspond to different
models: hilltop inflation, T-model α-attractor inflation (α ¼ 1),
and quadratic inflation. The comoving number density spectrum
is shown as a function of k=aeHe.

FIG. 10. CGPP predictions and constraints across the parameter
space of a nonminimally coupled real scalar field. Cosmological
inflation is assumed to arise from the T-model α-attractor
inflation (Kallosh and Linde, 2013) with α ¼ 1 and VðφÞ≈
3m2

φM2
Pl tanh

2ðφ= ffiffiffi
6
p

MPlÞ. From Garcia, Pierre, and Verner,
2023a.
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α-attractor inflation yields the parabolic potential of quadratic
inflation. This numerical example illustrates the insensitivity
of CGPP to the shape of the inflaton potential. For studies of
CGPP in models of inflation with a plateau, see Karam,
Raidal, and Tomberg (2021).

C. Modeling: Gravity-mediated thermal freeze-in

During the epoch of reheating, the decay of the inflaton
condensate produces the hot primordial plasma. Consider a
scenario in which the theory contains a hidden sector that
couples weakly to the inflaton and is not populated via
inflaton decays. Nevertheless, if the mass scale of hidden-
sector particles is not much larger than the temperature of the
visible-sector radiation, then one can expect the hidden sector
to be populated via annihilations of visible-sector particles
through gravitational interactions alone. This is a form of UV-
dominated thermal freeze-in (Hall et al., 2010) that is similar
to gravitino production (Nanopoulos, Olive, and Srednicki,
1983; Ellis et al., 1984; Khlopov and Linde, 1984; Olive,
Schramm, and Srednicki, 1985). If the hidden sector contains
stable massive particles, they are candidates for dark matter,
and the freeze-in provides a viable mechanism for their
creation.
To illustrate the parametric dependence of gravity-mediated

thermal freeze-in, consider the following simplified example.
Let the visible-sector particles be represented by S and the
hidden-sector particles be represented by X. Suppose that S
particles are in thermal equilibrium with temperature T, and
that X particles are initially absent but gradually produced via
SS → hμν → XX, where the reaction could be mediated by an
s-channel graviton exchange illustrated in Fig. 12. This
reaction is assumed to arise from a gravitational-strength
coupling such that X population never becomes too large, and
the reverse process can be neglected; i.e., the X particles
freeze in.
The number density nXðtÞ of X particles is required to solve

the Boltzmann equation (Kolb and Turner, 1990)

dnX
dt
þ 3HnX ¼ −hσviSS→XX½ðnXÞ2 − ðneqX Þ2�: ð111Þ

The reaction SS → XX has a temperature-dependent ther-
mally averaged cross section hσviSS→XX (Gondolo and
Gelmini, 1991) that depends on the mass and spin of the
particles involved (Garny et al., 2018, 2019). We take
hσviSS→XX ≈ T2=M4

Pl for these estimates. The number density
nX of X particles is much smaller than the number density neqX

that the X particles would have if they were in equilibrium at
temperature T. If mX ≪ T, then neqX ≈ ζð3ÞT3=π2 up to an
Oð1Þ factor that depends on the spin and number of internal
degrees of freedom associated with the X particles.
To solve the equation it is necessary to specify how the

Hubble parameter HðtÞ and temperature TðtÞ depend on time.
During the epoch of reheating, these variables depend on the
cosmological equation of state and the inflaton’s decay rate.
To make a simple estimate, we suppose that the epoch of
reheating is brief and can be ignored (i.e., there is instanta-
neous reheating). When reheating is completed, the Universe
is radiation dominated at a temperature TRH, and subsequently
HðtÞ ∝ a−2ðtÞ and TðtÞ ∝ a−1ðtÞ. The solution can then be
written as

nXðtÞ ¼
1

a3ðtÞ
Z

t

tRH

dt0 a3ðt0ÞhσviSS→XXðt0Þ½neqX ðt0Þ�2

≈
1

aðtÞ3
ffiffiffiffiffi
10
p

ζ2ð3Þ
π5

a3RHT
6
RH

M3
Pl

: ð112Þ

Note that the number density has a power-law sensitivity to
the maximum temperature TRH, which is characteristic of
UV-dominated freeze-in. Assuming that the X particles
eventually become nonrelativistic, their cosmological energy
fraction today is

ΩXh2 ≈ 0.6

�
mX

1012 GeV

��
TRH

1013 GeV

�
3

ð113Þ

for mX ≲ TRH. Note that this estimate is compatible with the
dark-matter energy fraction Ωdmh2 ≈ 0.12 for appropriate
choices of mX and TRH.
The rough estimate here is provided only for illustrative

purposes. Various studies (Chung, Kolb, and Riotto, 1999;
Garny, Sandora, and Sloth, 2016; Tang and Wu, 2016; Tang
and Wu, 2017; Bernal et al., 2018; Garny et al., 2018; Kaneta,
Mambrini, and Olive, 2019; Chianese, Fu, and King, 2020;
Barman and Bernal, 2021; Chianese, Fu, and King, 2021;
Redi, Tesi, and Tillim, 2021; Garcia et al., 2022; Mambrini,
Olive, and Zheng, 2022; Clery, Mambrini, Olive, Shkerin, and
Verner, 2022; Clery, Mambrini, Olive, and Verner, 2022;
Zhang, Xu, and Zheng, 2023; Zhang and Zheng, 2023) have
more accurately modeled various aspects of the calculation,
including replacing S with the full standard-model particle
content, which affects hσviSS→XX; modeling the plasma
temperature evolution during the epoch of reheating, which
affects the scaling TðaÞ as well as the maximum temperature
(Giudice, Kolb, and Riotto, 2001); and extending the analysis
to models with mX > T, which introduces a Boltzmann
suppression. The conclusion is that gravity-mediated thermal
freeze-in can explain the origin of dark matter and play a
significant role in populating weakly coupled sectors.

D. Modeling: Gravity-mediated inflaton annihilation

During the epoch of reheating, it is often assumed that the
inflaton field oscillates around a quadratic minimum of its
effective potential VðφÞ ≈m2

φφ
2=2. This configuration

FIG. 12. Annihilation channels contributing to gravitational
particle production.
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describes a universe that is permeated by a nonrelativistic
condensate of inflaton particles. Each particle carries an energy
of approximately mφ (neglecting kinetic energy) and, if the
maximum field amplitude is φmax, then the number density of
particles in the condensate is approximately mφφ

2
max=2. We

emphasize that this density can be large. For instance, if the
energy density that drives inflation ρφ ≈ 3M2

PlH
2
e is transferred

entirely to the condensate ρφ ≈m2
φφ

2
max=2, then φmax ≈ffiffiffi

6
p

MPlHe=mφ and nφ ≈ 3M2
PlH

2
e=mφ at the end of inflation

such that the number of inflaton particles per Hubble volume
is nφ=H3

e ≈ 3M2
Pl=mφHe ≫ 1.

The high density of inflaton particles enhances the rate of
inflaton annihilations. Suppose that the theory contains a
particle species X in a hidden sector that couples only
gravitationally to the inflaton. Such particles can be produced
due to inflaton annihilations via an s-channel graviton φφ →
hμν → XX provided that the X particles are lighter than the
inflaton particles mX < mφ such that the two-to-two channel
is not kinematically blocked. To calculate the relic density, one
can solve a Boltzmann equation similar to the one in Eq. (111)
but with the replacements H → Heða=aeÞ−3=2, hσviSS→XX →
ðσvÞφφ→XX ≈m2

φ=M4
Pl, and n

eq
X →nφ≈ð3M2

PlH
2
e=mφÞða=aeÞ−3.

Assuming that the X particles are stable and nonrelativistic,
their present-day cosmological energy fraction is

ΩXh2 ≈ 0.7

�
He

109 GeV

��
mX

109 GeV

��
TRH

1010 GeV

�
×

�ðσvÞφφ→XX

m2
φ=M4

Pl

��
nφðaeÞ

3M2
PlH

2
e=mφ

�
2

; ð114Þ

where the dependence on TRH enters through the redshift
factor, and not because particles are produced thermally from
the plasma. This corresponds to a number density nXðteÞ ≈
6H3

e at the end of inflation: a few particles per Hubble volume.
This normalization of the cross section is appropriate if X is a
minimally coupled scalar, and for other particle species (such
as a conformally coupled scalar) an additional dependence on
mX may enter (Ema, Nakayama, and Tang, 2018). The
predicted ΩXh2 can be comparable to the present-day
observed dark-matter energy fraction Ωdmh2 ≈ 0.12, indicat-
ing that gravity-mediated inflaton annihilations offer a viable
explanation for the origin of dark matter.
Inflaton annihilations lead to a characteristic energy spec-

trum for the produced X particles. Since each inflaton particle
carries an energy of Eφ ≈mφ and assuming mX < mφ, the
two-to-two scattering leads to X particles with momentum
pX ≈mφ at the time of production. Consequently, the first
particles to be produced at the end of inflation have a
comoving momentum (wave number) of k ¼ aemφ, and the
last particles to be produced at the end of reheating have a
larger k ¼ aRHmφ. Conversely, particles with a comoving
wave number k in the range aemφ < k < aRHmφ are produced
at a time when the scale factor is a ¼ k=mφ. For a given k
integrating the Boltzmann equation over one Hubble time
gives

a3nX;k≈a3ðσvÞφφ→XXn
2
φðaÞH−1ðaÞja¼k=mφ

≈ð9a3eH3
eÞ
�

He

109GeV

�
−3=2

�
mφ

109GeV

�
3=2
�

k
aeHe

�
−3=2

;

ð115Þ

which is the comoving number density of X particles with
comoving wave numbers around k. Note that nX;k ∝ k−3=2. If
X particles were heavier such that mφ < mX < 3mφ=2, then
the two-to-two channel would be blocked and the φφφ → XX
channel would be dominant. Since the production rate would
proceed as n3φ, it would decrease more rapidly in time, leading
to a steeper spectrum nX;k ∝ k−9=2. Moreover, these exponents
all assume that wRH ¼ 0, and changing the equation of state
during reheating will change the spectral indices.
Although the preceding discussion characterizes gravita-

tional particle production from inflaton annihilations as a
scattering process, the same phenomenon is also captured by
the Bogoliubov framework. While the inflaton field oscillates
with decreasing amplitude during the epoch of reheating, the
FLRW scale factor aðηÞ develops an oscillatory component as
well; see Fig. 2. The mode equations for a spectator field on
this FLRW background take the form χ00k þ ω2

kðηÞχk ¼ 0; for
example, a minimally coupled scalar field has ω2

kðηÞ¼
k2þa2ðηÞm2þa2ðηÞRðηÞ=6, as in Eq. (11). The Bogoliubov
coefficient βk is calculated by solving Eq. (28) for β̃kðηÞ and
then taking η → ∞, as in Eq. (29). Provided that particle
production is inefficient such that jβkj2 ≪ 1 and jαkj2 ≈ 1, the
solution is written as the integral

βk ¼ −
1

2

Z
∞

−∞
dη

ω0kðηÞ
ωkðηÞ

e−2i
R

η

−∞
dη0ωkðη0Þ: ð116Þ

Equation (116) resembles a Fourier transform, and similar to a
Fourier transform it selects out the amplitude of oscillations in

ω0k=ωk. This leads to βk ≈ βð1→2Þ
k þ βð2→2Þ

k þ βð3→2Þ
k þ � � �,

where βðn→2Þ
k corresponds to the contribution from applying

the stationary phase approximation at a time η� when
n2m2

φ ¼ k2=a2ðη�Þ þm2
X. Each of these terms corresponds

to a scattering channel where n inflaton particles annihilate
into two X particles.
CGPP from homogeneous metric oscillations at the end of

inflation was discussed first by Vilenkin (1985) and Suen and
Anderson (1987) and later by Markkanen and Nurmi (2017).
The scattering description (gravitational annihilation) was
developed by Ema et al. (2015, 2016) and Ema,
Nakayama, and Tang (2018), and its equivalence with the
Bogoliubov formalism was established by Chung, Kolb, and
Long (2019), Basso and Chung (2021), and Kaneta, Lee, and
Oda (2022). Phenomenological applications for the produc-
tion of cosmological relics such as dark matter were explored
in these studies and many others (Ema, Nakayama, and Tang,
2019; Barman and Bernal, 2021; Mambrini and Olive, 2021;
Clery, Mambrini, Olive, Shkerin, and Verner, 2022; Clery,
Mambrini, Olive, and Verner, 2022; Garcia et al., 2022;
Brandenberger, Kamali, and Ramos, 2023). Of particular
note is the relative importance of particle production via
gravity-mediated thermal freeze-in from the plasma and
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gravity-mediated inflaton annihilations. We emphasize that
typically the latter dominates over the former since more
energy is available in the inflaton at the end of inflation than in
the plasma (Clery, Mambrini, Olive, and Verner, 2022).

E. Modeling: Interference effects

The discussion in Sec. VI.D explains that, while the inflaton
field φ oscillates during the epoch of reheating, CGPP can be
described as gravity-mediated inflaton annihilations. Particles
of species X are produced via reactions such as φφ → XX and
φφφ → XX with an s-channel graviton exchange. In familiar
calculations of S-matrix elements, interference effects can arise
when various intermediate states (usually corresponding to
distinct Feynman graphs) contribute to transitions between the
same pair of initial and final states; in short, ifM ¼M1 þM2,
then jMj2 ¼ jM1j2 þ jM2j2 þ 2Re½M�

1M2�, where the last
term is the interference. It appears that reactions such as φφ →
XX and φφφ → XX cannot interfere, since they have different
initial states (two versus three inflaton particles) as well as
different final states (EX ≈mφ versus EX ≈ 3mφ=2). However,
this conclusion is premature.
Basso et al. (2022) argued that interference effects can arise

in CGPP and leave their imprint on the spectrum of produced
particles. This conclusion is most easily understood in the
Bogoliubov formalism since the stationary phase approxima-
tion gives βk ≈ βð2→2Þ

k þ βð3→2Þ
k leading to a comoving number

density

a3nk ∝ jβkj2 ¼ jβð2→2Þ
k j2 þ jβð3→2Þ

k j2 þ 2Re½βð2→2Þ�
k βð3→2Þ

k �;

where the last term is the interference. For one to understand
the interference in the scattering formalism, it is useful to
recognize two important aspects of the calculation. First,
while the inflaton field oscillates after inflation, the quantum
mechanical description of this system is a coherent state
(Albrecht et al., 1994), i.e., a state of indefinite particle
number that is constructed as a coherent superposition of n-
particle states. The notation φφ → XX and φφφ → XX is
potentially misleading since it suggests different initial states,
whereas both reactions correspond to the same initial state,
and they can interfere. Second, the cosmological expansion
reduces the energy of the produced X particles. As a result,
higher-energy X particles produced earlier can interfere with
lower-energy X particles produced later since they all have the
same energy at late times. For instance, if production occurs
via the three-to-two channel at a time when the redshift is
a3→2, then the comoving energy of the X particles is
a3→2ð3mφ=2Þ, and similarly the two-to-two channel gives
a2→2mφ. These comoving energies are equal provided that
a2→2 ¼ ð3=2Þa3→2, and the scatterings can interfere.
These interference effects lead to characteristic “fringes” in

the spectrum nk of gravitationally produced particles. A
combination of constructive and destructive interference leads
to “wiggly” spectra, which have been observed in several
numerical studies of CGPP; see Basso et al. (2022) for
references and additional details. Inspection of the curve
marked k̃−3=2 in Fig. 5 shows such wiggles. They are not

pronounced for quadratic inflation because the symmetry of
the potential precludes the 3 → 2 process, so interference first

appears in βð2→2Þ
k þ βð4→2Þ

k . The 3 → 2 process is allowed for
other models like hilltop inflation, and the interference fringes
are much more pronounced.

F. Relics: Dark matter

Gravitational particle production offers an explanation for
the origin of the cold dark matter. All of the evidence for the
presence of dark matter in the Universe today and throughout
cosmic history derives from dark matter’s gravitational influ-
ence on light, ordinary matter, and itself. Moreover, various
observations constrain dark matter’s nongravitational inter-
actions with itself and ordinary matter. Therefore, one can ask
whether the gravitational force may have also governed the
creation of dark-matter particles.
Various studies by many groups have explored the idea of

gravitationally produced dark matter over the years. Some of
the earliest studies were undertaken by Chung, Kolb, and
Riotto (1998a, 1998b), Kuzmin and Tkachev (1998, 1999),
Chung et al. (2001), and Chung (2003), which focused on
superheavy dark-matter named wimpzillas (Kolb, Chung, and
Riotto, 1999a, 1999b). The phrase wimpzilla was originally
used to describe any superheavy and weakly coupled dark-
matter candidate regardless of its origin; different production
scenarios were considered including thermal freeze-in, non-
thermal production during preheating, direct production from
inflaton decay, and gravitational production. The language
was intended to contrast with the prevailing weakly interacting
massive particle paradigm in which thermal freeze-out of
heavier particles requires larger coupling to yield the same
relic abundance (Griest and Kamionkowski, 1990). Here we
focus on wimpzilla dark matter created by CGPP. In the
wimpzilla regime, the dark matter’s mass is assumed to reside
close to the inflationary Hubble scale and the inflaton mass
scale mχ ≈He ≈mφ. This is because CGPP is strongly
suppressed for mχ ≫ He ≈mφ, thereby making the produc-
tion of heavier particles ineffective [however, see Kannike,
Racioppi, and Raidal (2017) and Kim et al. (2021, 2023)], and
because several considerations disfavored mχ ≪ He ≈mφ.
For spin-1=2 particles and conformally coupled spin-0 par-
ticles, CGPP is suppressed for small mχ , making it difficult to
accommodate all of the dark matter for masses below the
wimpzilla regime; see Sec. V.B. However, for minimally
coupled spin-0 particles, CGPP is effective even for
mχ ≪ He ≈mφ, but such models were found to be in conflict
with CMB limits on dark-matter isocurvature (Chung et al.,
2005), and these constraints were evaded by raising the dark
matter’s mass up to the wimpzilla regime; see Sec. VI.M.
More recent work has explored models that allow for efficient
CGPP of light dark matter away from the classic wimpzilla
regime. For scalar dark matter introducing a nonminimal
gravitational coupling suppresses isocurvature on scales
probed by the CMB (Fairbairn et al., 2019; Garcia, Pierre,
and Verner, 2023a; Kolb, Long et al., 2023). In addition, for
spin-1 particles the isocurvature constraints are evaded since
the evolution of vector and scalar fields differs for
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nonrelativistic modes outside the horizon (Graham, Mardon,
and Rajendran, 2016).
If dark matter were to interact only gravitationally, this

could be considered a “nightmare scenario” from the per-
spective of dark-matter phenomenology. For instance, there
would be no sign of dark matter at direct detection experi-
ments searching for nuclear recoil, no detectable signals of
dark-matter annihilation in the Galactic halo, and no signifi-
cant production of dark matter at high-energy collider experi-
ments. Instead, one would need to search for dark matter’s
gravitational influence in the laboratory or in cosmological
observables; see the forthcoming discussion.
However, from the perspective of effective field theory, one

generally expects dark matter to experience nongravitational
interactions. Provided that these interactions are sufficiently
weak, they would not play a significant role in dark-matter
production, leaving the dark matter’s relic abundance to be
determined by CGPP. The relative importance of nongravita-
tional production (for example, thermal freeze-in) and CGPP
must be assessed on a model-by-model basis to identify the
regions of parameter space where each process dominates
(Kolb and Long, 2017; Chianese, Fu, and King, 2020).
The presence of nongravitational interactions also threatens

to disrupt the dark-matter stability. This issue is particularly
relevant for superheavy dark matter since a larger mass
typically translates into a shorter lifetime for unstable par-
ticles. For illustration consider a real scalar field χ, serving as
the dark-matter candidate, that couples to the standard-model
Higgs doubletΦ viaLint ¼ −cnM3−2n

Pl χðφ†ΦÞn, where cn is an
Oð1Þ coefficient and n ≥ 1 is an integer. Provided that the
decay χ → nΦþ nΦ̄ is kinematically accessible, the decay
rate is parametrically Γχ ∼m4n−5

χ M6−4n
Pl . Comparing the life-

time τχ ∼ 1=Γχ to the age of the Universe today (tU≈
13.7 Gyr) gives

τχ=tU ∼

8>>>>><>>>>>:
10−67m12; n ¼ 1

10−41m−3
12 ; n ¼ 2;

10−16m−7
12 ; n ¼ 3;

1010m−11
12 ; n ¼ 4;

ð117Þ

where m12 ¼ mχ=1012 GeV. For χ to be cosmologically long-
lived (τχ=tU ≫ 1) with a superheavy mass mχ ≈ 1012 GeV, it
is necessary to forbid (or to at least strongly suppress) the
operators with n ¼ 1, 2, 3. One can argue that, when
constructing the effective field theory, we should impose a
symmetry to forbid operators that would mediate χ decay, for
example, a discrete Z2 symmetry that takes χ → −χ and
leaves other fields unchanged. However, this approach runs
counter to the conjectured absence of global symmetries in
theories of quantum gravity (Mambrini, Profumo, and
Queiroz, 2016). Alternatively, if perturbative decay is for-
bidden and the decay must proceed through nonperturbative
phenomena, then the rate for instantonlike transitions can be
estimated as Γχ ∼mχe−4π=αχ , where αχ is the corresponding
non-Abelian gauge coupling (Kuzmin and Rubakov, 1998);
for mχ ¼ 1012 GeV and αχ ¼ 0.1 the lifetime exceeds the
current age of the Universe.

G. Relics: Gravitational reheating

It is often assumed that inflation ends when the inflaton
field finds a local minimum of its potential and begins
oscillating. During the ensuing epoch of reheating, energy
is transferred from the inflaton condensate into a relativistic
plasma though a combination of direct perturbative inflaton
decay and nonlinear processes (preheating) (Traschen and
Brandenberger, 1990; Kofman, Linde, and Starobinsky, 1994;
Shtanov, Traschen, and Brandenberger, 1995; Kofman, Linde,
and Starobinsky, 1997; Amin et al., 2015; Lozanov, 2019).
Reheating is said to be complete when the plasma constitutes
the Universe’s dominant energy component. In this scenario
the plasma inherits most of its energy from the inflaton, but a
fraction may have arisen directly from CGPP (Passaglia et al.,
2021), although typically this fraction is no larger than order
H2

inf=M
2
Pl and is small enough to be neglected.

However, one can imagine that the inflaton’s energy is
depleted before it can be transferred into a plasma. For
example, if the inflaton’s potential minimum is locally
quadratic, then its energy density redshifts down slowly like
matter ρφ ∝ a−3; however, if the inflaton’s potential is flat
with VðφÞ ¼ 0, then the inflaton enters a phase of kination
while its energy redshifts away quickly as ρφ ∝ a−6. In the
latter scenario reheating must be accomplished without rely-
ing on energy transfer from the inflaton.
Gravitational reheating is a scenario in which the plasma’s

energy arises primarily from CGPP rather than from the
inflaton (Ford, 1987). Since the pioneering work by Ford, this
idea has been extensively explored (Copeland, Liddle, and
Lidsey, 2001; Feng and Li, 2003; Liddle and Urena-Lopez,
2003; Sami, Dadhich, and Shiromizu, 2003; Tashiro, Chiba,
and Sasaki, 2004; Chun, Scopel, and Zaballa, 2009;
Nishizawa and Motohashi, 2014; Nishi and Kobayashi,
2016; Dimopoulos and Markkanen, 2018; Figueroa and
Tanin, 2019; Haro, Yang, and Pan, 2019; Hashiba and
Yokoyama, 2019b, 2019c; Opferkuch, Schwaller, and
Stefanek, 2019; Bettoni and Rubio, 2020; Kamada et al.,
2020; Bettoni, Lopez-Eiguren, and Rubio, 2022; Barman,
Bernal, and Rubio, 2023; Haque and Maity, 2023; Haque,
Maity, and Mondal, 2023a, 2023b; Laverda and Rubio, 2023),
frequently in the context of braneworld inflation, quintessen-
tial inflation, and curvaton scenarios. While direct reheating
into the standard model (for example, via the Higgs) has been
considered Figueroa and Byrnes (2017), most studies rely on a
new, heavy, and unstable particle to experience CGPP and
mediate reheating into the standard model. A wide range of
reheating temperatures is accessible as the particle’s mass, and
nonminimal coupling to gravity may be varied.
An important constraint on gravitational reheating involves

the amplification of gravitational-wave radiation. Since a stiff
equation of state (wφ > 1=3) is required to rapidly deplete the
inflaton’s energy density, the inflationary gravitational waves
develop a blue-tilted spectrum that rises toward higher
frequencies (Giovannini, 1998, 1999; Riazuelo and Uzan,
2000; Sahni, Sami, and Souradeep, 2001; Boyle and
Buonanno, 2008). The additional energy in high-frequency
gravitational waves is constrained by big-bang nucleosynthe-
sis and the cosmic microwave background anisotropies that
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probe dark radiation, implying thatΩgwh2 ≲ 10−6 (Sendra and
Smith, 2012; Figueroa and Tanin, 2019). The strong impli-
cations for gravitational reheating were emphasized by
Tashiro, Chiba, and Sasaki (2004), Nishizawa and
Motohashi (2014), Nishi and Kobayashi (2016), and
Figueroa and Tanin (2019), who concluded that the simplest
implementations of gravitational reheating are strongly con-
strained. Viable gravitational reheating may be possible if
there are many particle species experiencing CGPP such that
the energy that they collectively carry counteracts the energy
carried by the two polarizations of the gravitational-wave
radiation.

H. Relics: Baryogenesis

The cosmological excess of matter over antimatter is one of
the long-standing mysteries of modern cosmology (Wilczek,
1980). It is usually assumed that this imbalance arose
dynamically through a process called baryogenesis as a
consequence of the physical laws governing the particle
content of the Universe (Kolb and Wolfram, 1980).
Successful baryogenesis requires particle interactions that
violate certain conservation laws, namely, baryon number
B, charge conjugation C, and charge-parity conjugation CP,
as well as a departure from thermal equilibrium (Sakharov,
1967). Since CGPP leads to the creation of particles in the
early Universe, it is natural to ask whether CGPP may be
responsible for the origin of the matter-antimatter asymmetry.
If the interactions of particles and antiparticles with gravity

respect the conservation lawsB,C, andCP, then baryogenesis
cannot result from CGPP directly since the first two Sakharov
criteria are not satisfied. However, CGPP easily provides the
out-of-equilibrium conditions required by the third Sakharov
criterion. Consequently, one can imagine a framework for
CGPP baryogenesis in which CGPP creates a population of
self-conjugate X particles that decay into particles and anti-
particles through interactions violating B, C, and CP, thereby
generating a net baryon number (Bambi, Dolgov, and Freese,
2007). Similar ideas using nonthermal particle production
during preheating were first developed by Kolb, Linde, and
Riotto (1996) and Kolb, Riotto, and Tkachev (1998).
Alternatively, X may decay by interactions that instead violate
the lepton number, thereby generating a lepton asymmetry that
is converted into a baryon asymmetry by electoweak Chern-
Simons number diffusion (electroweak sphaleron), as in
models of baryogenesis from leptogenesis (Fukugita and
Yanagida, 1986).
Recent studies have explored the implications of CGPP for

baryogenesis (Hashiba and Yokoyama, 2019a; Bernal and
Fong, 2021; Barman, Cléry et al., 2022; Co, Mambrini, and
Olive, 2022; Fujikura, Hashiba, and Yokoyama, 2023).
Several of these works investigated the role of CGPP for
creating a heavy right-handed Majorana neutrino that is long-
lived, decays out of equilibrium, and leads to baryogenesis via
leptogenesis. Similar ideas for baryogenesis have been
explored using noncosmological GPP via primordial black
hole evaporation (Fujita et al., 2014; Aydemir and Ren, 2021;
Datta, Ghosal, and Samanta, 2021; Hooper and Krnjaic, 2021;

Perez-Gonzalez and Turner, 2021; Barman, Borah et al., 2022,
2023; Bernal et al., 2022).

I. Relics: Dark radiation

The present-day Universe may contain an as-yet-unseen
population of dark particles that were relativistic at radiation-
matter equality and may still be relativistic today or even
massless. Various theories of new physics put forward differ-
ent particle candidates for this dark radiation, and they offer
different explanations for its origin. CGPP can contribute to
the population of dark radiation in two ways: by directly
producing the relativistic particles and by producing parent
particles that decay into dark radiation.
For concreteness consider a family of N massless scalar

fields that are minimally coupled to gravity and otherwise
weakly coupled to one another and other particles. Suppose
that the CMB-scale modes leave the horizon during inflation
when a ¼ aCMB, that inflation ends and reheating begins
when a ¼ ae, that the Universe is effectively matter domi-
nated during reheating (wRH ¼ 0), that reheating completes
and radiation-domination begins when a ¼ aRH, and that
comoving entropy is subsequently conserved. In this scenario
CGPP leads to a nearly scale invariant energy spectrum of

radiation for modes with a comoving wave number keq ≡
aeqHeq < k < kRH ≡ a3=2e He=a

1=2
RH that leave the horizon dur-

ing inflation and reenter during the radiation era before
radiation-matter equality. Upon integration of this spectrum,
the cosmological energy fraction today is expected to be

Ωdrh2 ≈ ð3 × 10−14Þ
�
N
1

��
He

1014 GeV

�
2
�
log kRH=keq

60

�
ð118Þ

and insensitive to the reheating temperature. Observational
limits on dark radiation are at the level of Ωdrh2≲
0.05Ωγh2 ≈ 2 × 10−6, and they derive from its would-be
gravitational influence on BBN and the CMB. For instance,
it is customary to write Ωdrh2 ¼ ΔNeffð7=8Þð4=11Þ4=3Ωγh2,
and Planck gives ΔNeff ≲ 0.2 (Aghanim et al., 2020). Since
we have fiducialized He to its maximal allowed value given
r < 0.1, achieving a detectably large Ωdrh2 value would
require a large number of particle species (N ≫ 1).
In other scenarios a larger population of dark radiation

could be obtained. For instance, if the cosmological equation
of state during reheating were stiffer, the high-k modes would
redshift differently, thereby boosting the relic abundance. See
the discussion in Sec. VI.G regarding a kination-dominated
phase of reheating (wRH ¼ 1). Alternatively, dark radiation
could arise indirectly via the decay of gravitationally produced
moduli fields into relativistic particles (Ema et al., 2016). This
scenario has more parametric freedom since one can vary the
moduli mass and decay rate. While the energy is carried by the
nonrelativistic moduli field, it redshifts away only as a−3,
rather than dark radiation’s a−4, and if the moduli decay is
sufficiently delayed, the abundance of dark radiation is
correspondingly enhanced.
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J. Relics: Gravitational-wave radiation

Cosmological inflation predicts a broad spectrum of primor-
dial gravitational-wave radiation (Starobinsky, 1979; Rubakov,
Sazhin, and Veryaskin, 1982; Fabbri and Pollock, 1983; Abbott
and Wise, 1984). On an FLRW background the dispersion
relation of a massless spin-2 field’s transverse polarization
modes (λ ¼ �2) is ω2

kðηÞ ¼ k2 þ a2R=6 ¼ k2 − a00=a, which
is familiar from studies of inflationary gravitational-wave
production; see Sec. V.E and Baumann (2022). This is the
same dispersion relation that one finds for a massless and
minimally coupled scalar field (12), and theCGPP calculation is
thus identical up to a factor of 2 on account of the gravitational
wave’s two polarization modes. A calculation similar to the one
that yielded Eq. (118) now gives a scale invariant spectrum of
gravitational waves across the frequencies feq < f < fRH and
with the present-day amplitude

1

ρc

dρgw;0
d ln f

h2 ≈ 9 × 10−16
�

He

1014 GeV

�
2

;

feq ≈ 5 × 10−17 Hz;

fRH ≈ 200 Hz

�
TRH

109 GeV

�
: ð119Þ

Equation (119) corresponds to a dimensionless strain of about
hcðfÞ ≈ 4 × 10−26ðf=HzÞ−1ðHe=1014 GeVÞ. Although it is
customary to say that inflationary gravitational waves arise
from quantum fluctuations of the metric, it can also be said that
this radiation arises from the phenomenon of CGPP due to the
time-dependent dispersion relation.
Studies of gravitational-wave creation via CGPP often focus

on high-frequency gravitational waves (Grishchuk, 1974;
Yajnik, 1990; Schiappacasse and Ford, 2016) rather than the
low-frequency component that can be probed on CMB scales.
Notable recent studies by Ema et al. (2015), Ghiglieri and Laine
(2015), Nakayama and Tang (2019), Ema, Jinno, and
Nakayama (2020), Ghiglieri et al. (2020), Ringwald,
Schütte-Engel, and Tamarit (2021), Ema, Mukaida, and
Nakayama (2022), Ghiglieri, Schütte-Engel, and Speranza
(2022), Barman, Bernal et al. (2023), Ebadi et al. (2023),
Ghoshal, Samanta, and White (2023), Bernal et al. (2024), and
Hu et al. (2024) explored gravitational-wave production via
inflaton decay, inflaton coherent oscillations and annihilations,
secondary effects, and thermal freeze-in (Weinberg, 1965).
Over the past decade the experimental opportunities for

gravitational-wave detection have expanded with each passing
year. Since the first detection of gravitational waves in 2015,
the LIGO-Virgo-KAGRA Collaboration has proven the tech-
nology of gravitational-wave interferometry to measure the
radiation created by compact object mergers (Abbott et al.,
2016). The planning for future interferometers is already
under way. Proposed ground-based observatories, including
the Einstein Telescope (ET Editorial Team, 2020) and Cosmic
Explorer (Evans et al., 2021), would improve sensitivity at
frequencies of 1–100 Hz, while space-based interferometers,
including LISA (Colpi et al., 2024) and DECIGO (Kawamura
et al., 2021), would extend the search down to millihertz
frequencies. In particular, the success of the LISA Pathfinder
mission (Armano et al., 2016) has fueled enthusiasm over the

prospect of probing primordial gravitationalwaves (Caprini and
Figueroa, 2018). More recently several pulsar timing observa-
tories, including NANOGrav (Agazie et al., 2023), reported the
detection of a signal that could arise from the nanohertz
stochastic gravitational-wave background created by the merg-
ers of supermassive black hole binaries ormay contain evidence
of an exotic cosmological source.Meanwhile, various strategies
are being explored (Aggarwal et al., 2021) to detect high-
frequency gravitational-wave radiation using tabletop experi-
ments in the laboratory. Each of these lines of investigation has
the potential to be transformative in our understanding of
primordial sources of gravitational-wave radiation.

K. Relics: Primordial black holes

There are several interesting links between CGPP and
primordial black holes (PBHs), particularly in regard to their
formation and evaporation (Erfani, 2016). Whereas astro-
physical black holes form when stars collapse, primordial
black holes may have formed in the early Universe due to the
collapse of Hubble-scale overdensities (Carr and Hawking,
1974; Niemeyer and Jedamzik, 1999). The mass scale of
PBHs formed in this way depends on the amount of energy
contained within a Hubble volume at the time when the
overdensity enters the horizon and collapses. Although CGPP
typically leads to small energy density inhomogeneities on
cosmological scales, it can generate larger inhomogeneities on
short scales; see Sec. IV.D. Modes on the Hubble scale at the
end of inflation have k ≈ ke ≡ aeHe and, if these modes
collapse soon after the end of inflation, then the black hole
mass is around

MBH ≈ ρcH−3
e ≈ ð0.3 gÞ

�
He

1014 GeV

�
−1
; ð120Þ

where ρc ¼ 3M2
PlH

2
e is the cosmological critical density at the

end of inflation. Such minuscule black holes would emit
Hawking radiation (Bekenstein, 1973; Hawking, 1974) at a
temperature of TBH ¼ M2

Pl=MBH ¼ He=3 and evaporate on a
timescale of τBH ∼M3

BH=M
4
Pl, assuming they have negligible

spin and electromagnetic charge. If the Universe goes directly
into radiation domination at the end of inflation (instantaneous
reheating), then the black holes would survive for many Hubble

times until the plasma temperature drops to Td ∼M5=2
Pl =M3=2

BH∼
ð1011 GeVÞðHe=1014 GeVÞ3=2. UnlessHe is small, this evapo-
ration would complete long before BBN (T ≈MeV), making
detectable signatures challenging to find.
Even if PBHs are not formed as a direct consequence of

CGPP, the evaporation of PBHs that form in other ways would
lead to the gravitational production of particles. Black holes
emit thermal Hawking radiation into various species of
particles as long as the particle masses are kinematically
accessible (mχ < TBH) and the interactions are not conformal.
This radiation can include the known standard-model elemen-
tary particles, as well as hypothetical new particles such as
dark matter (Fujita et al., 2014; Hooper, Krnjaic, and
McDermott, 2019; Lennon et al., 2018; Morrison,
Profumo, and Yu, 2019). Hooper, Krnjaic, and McDermott
(2019) studied the gravitational production of dark matter via
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black hole evaporation and calculated its cosmological energy
fraction, finding

Ωh2

0.1
∼
�

mX

109 GeV

�
−1
�
MBH

108 g

�
−1
�

fBH
8 × 10−14

�
; ð121Þ

where mX is the dark matter’s mass, MBH is the black hole’s
initial mass before evaporation, and fBH ¼ ρBH=ρR is the
cosmological energy fraction in black holes at 1010 GeV.
These estimates demonstrate that the gravitational production
of massive and stable particles via black hole evaporation is a
viable mechanism to explain the origin of dark matter.

L. Observational: Laboratory tests

The phenomenon of CGPP is not expected to have any
discernible impact on the scale of laboratories in the Universe
today. Owing to the enormous hierarchy between everyday
length scales and the present cosmological horizon, the cos-
mological expansion plays no role. Technically speaking, the
time-dependent frequency ω2

kðηÞ [see Eq. (12)] is approxi-
mately constant on the timescales of an experiment and mode
evolution remains nearly adiabatic without particle production.
Nevertheless, the gravitationally coupled relics produced

via CGPP could potentially be probed by experiments on
Earth (Carney et al., 2022). The expected flux Fχ ≈ ρχvχ=mχ

of χ particles transiting a detector is

Fχ ≈
�

200

ð10 cmÞ2ð1 yrÞ
��

mχ

1014 GeV

�
−1
fρfv: ð122Þ

In Eq. (122) the local mass density ρχ is assumed to be a
fraction fρ of the fiducial local dark-matter density
ρdm ¼ 0.3 GeV=cm3, and the mean velocity vχ is assumed
to be a fraction fv of the fiducial local dark-matter
velocity vdm ¼ 220 km= sec. At a larger mass mχ ¼ MPl ¼
2.4 × 1018 GeV, the flux drops to 0.9=ð100 cmÞ2=yr. These
fluxes are large enough that several CGPP relics could be
incident upon a meter-scale experiment over a year.
The challenge for such an experiment is achieving the

sensitivities needed to detect particles with gravitational-
strength interactions while discriminating signal from noise.
An experimental program has been put forward to accomplish
this formidable task. The Windchime Project (Carney et al.,
2020, 2021; Monteiro et al., 2020; Attanasio et al., 2022)
seeks to employ optically or magnetically levitated sensors to
precisely measure the location of test masses in a three-
dimensional array, and thereby detect the passage of dark
matter as it exerts a subtle tug on the sensors. Sensitivity
projections indicate that Windchime would be most sensitive
to gravitationally interacting ultraheavy dark particles with
masses at or above the Planck scale (∼1019 GeV) (Carney
et al., 2020). Since CGPP is strongly suppressed above the
inflaton mass, typically not much larger than 1014 GeV, it
would be difficult to explain the origin of such heavy dark
particles via CGPP. However, if the interaction is nongravita-
tional, then Windchime’s sensitivity widens to lower masses,
possibly bringing gravitationally produced dark matter within
reach. Optomechanical sensors have long been a powerful tool

in precision experiments (Gonzalez-Ballestero et al., 2021),
including gravitational-wave detection, and they may yet offer
a unique handle in searches for new physics (Moore and
Geraci, 2021).

M. Observational: Dark-matter isocurvature

Observations of the CMB anisotropies and large-scale
structure are compatible with a power spectrum of primordial
density perturbations consisting of only an adiabatic mode,
and they constrain the amplitude of isocurvature modes. In
other words, the primordial dark-matter inhomogeneities
should align in space with the plasma inhomogeneities:
overdensities with overdensities, and underdensities with
underdensities. For models of dark matter that is produced
out of the plasma, such as thermal freeze-out or freeze-in,
there is a negligible isocurvature (Bellomo, Berghaus, and
Boddy, 2023). However, if the dark matter arises from a
physical process that is uncorrelated with the origin of the
plasma (on cosmological scales), which occurs in some
models of CGPP during inflation, then there may be an
unacceptably large isocurvature (Chung et al., 2005; Chung
and Yoo, 2013; Chung, Yoo, and Zhou, 2013; Tenkanen,
2019; Herring and Boyanovsky, 2020; Herring, Boyanovsky,
and Zentner, 2020; Boyanovsky, Rai, and Chen, 2021; Ling
and Long, 2021; Garcia, Pierre, and Verner, 2023a, 2023b;
Kolb, Long et al., 2023). In this section we define the relevant
isocurvature observable, explain how it can be calculated for
models of dark matter produced via CGPP, and discuss the
constraints imposed by CMB measurements. See Appendix C
for a review of cosmological perturbations that includes an
introduction to adiabatic and isocurvature perturbations.
The isocurvature perturbation between dark matter

(denoted by X, with wX ¼ 0) and radiation (denoted by R,
with wR ¼ 1=3) is given by

SXR ¼
δρX
ρ̄X

−
3

4

δρR
ρ̄R

: ð123Þ

This is a gauge-invariant variable that remains unchanged (to
linear order) under a coordinate transformation. If the initial
perturbations were adiabatic, the dark matter’s energy density
contrast δX ¼ δρX=ρ̄X would be linked to the radiation’s δR ¼
δρR=ρ̄R via the relation δX ¼ ð3=4ÞδR. When this relation is
violated, a dark-matter-radiation isocurvature is said to be
present.
To calculate the isocurvature it is convenient to work in the

uniform density gauge, which is defined by the coordinate
system in which the inflaton perturbations vanish [δρϕðη;
xÞ ¼ 0]. If the plasma arises from the decay of the inflaton,
then the radiation perturbations also vanish in this gauge
[δρRðη; xÞ ¼ 0]. It follows that SXR ¼ δX, where δXðη; xÞ ¼
δρX=ρ̄X is the dark matter’s energy density contrast (Chung and
Yoo, 2013). Thus, the gauge-invariant isocurvature power
spectrum equals the power spectrum of the darkmatter’s energy
density contrast in this gauge Δ2

S ¼ Δ2
δ ; an expression for the

latter quantity appears in Eq. (48).
Measurements of the CMB anisotropies are compatible

with vanishing isocurvature. These constraints are typically
expressed in terms of the dimensionless isocurvature power
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spectrum Δ2
Sðη; kÞ. Assuming that the curvature and isocur-

vature are uncorrelated (“axion I”), Planck reported a con-
straint of (Akrami et al., 2020b)

Δ2
S

Δ2
R þ Δ2

S

< 0.038 at 95% CL: ð124Þ

In Eq. (124) the power spectra are evaluated at recombination
η ¼ ηrec for CMB-scale modes k ¼ 0.05a0 Mpc−1 and Δ2

R ≈
2.1 × 10−9 is the amplitude of the curvature power spectrum.
In terms of the dark-matter density contrast, Eq. (124) implies
that Δ2

δ < 8.0 × 10−11 at CMB scales.
For dark matter arising from CGPP, the scale and shape of

the isocurvature power spectrum depends on the spin, mass,
and gravitational coupling of particles. For instance, a
conformally coupled scalar field has Δ2

δ ∝ k3, which may
give Oð1Þ isocurvature at small scales, but it implies a
negligible isocurvature at CMB scales; see Sec. IV.D. A
similar result is obtained for fields with nonzero spin, which
have blue-tilted spectra; see Sec. V. Therefore, CMB limits
on isocurvature are most constraining for models of mini-
mally coupled (ξ ¼ 0) scalar dark matter. If the dark particles
are light (m ≪ He ≲Hinf ), then the power spectrum is nearly
scale invariant (see Sec. IV.D) and its amplitude at CMB scales
comes into conflict with the CMB limits, but lifting the dark
matter’s mass to be m≳He tilts the power spectrum toward
blue and evades the isocurvature constraints (Chung et al.,
2005). Alternatively, introducing a nonminimal coupling to
gravity also leads to a blue tilt and evades these constraints
(Garcia, Pierre, and Verner, 2023a; Kolb, Long et al., 2023),
even for ξ ¼ Oð0.01Þ. These models have inspired searches for
blue-tilted isocurvature in cosmological observables (Chung,
2016; Chung and Upadhye, 2017, 2018).

N. Observational: Non-Gaussianity

Observations of the CMB are compatible with a spectrum of
primordial curvature perturbations such that the amplitude of
each Fouriermode can bemodeled as an independent stochastic
(random) variable with a Gaussian probability distribution
centered at zero. These Gaussian initial conditions are a hall-
mark prediction of single-field slow-roll inflation (Mukhanov,
Feldman, and Brandenberger, 1992). Their Gaussian nature
follows from the fact that the inflaton is weakly coupled to
itself and other fields, and a free scalar field has a Gaussian
wave functional in its ground state (Maldacena, 2003). If the
theory is extended to include nongravitational interactions, the
primordial curvature perturbations develop a larger non-
Gaussian component. This non-Gaussianity manifests in
CMB anisotropy observables at the level of three-point (and
higher-point) correlation functions, which are known as the
bispectrum (trispectrum, etc.). Measurements of the CMB
anisotropies are compatible with Gaussian initial conditions
and thereby constrain theories that predict appreciable non-
Gaussianity (Akrami et al., 2020a).
In theories that extend the inflaton sector to include addi-

tional particles at the same mass scale, which is known as
quasi-single-field inflation, an appreciable non-Gaussianity
can develop in the curvature perturbations (Chen, 2010; Chen

and Wang, 2010a, 2010b; Baumann and Green, 2012; Noumi,
Yamaguchi, and Yokoyama, 2013; Arkani-Hamed and
Maldacena, 2015; Baumann et al., 2018; Arkani-Hamed et al.,
2020). In this way inflationary observables act as a “cosmo-
logical collider” experiment to probe particles and forces
whose high mass scale puts them beyond the reach of
terrestrial high-energy experiments.
In theories where dark matter arises from CGPP, it is natural

to consider new particle species having masses around the
inflationary Hubble scale mχ ≈Hinf . For instance, the gravi-
tational production of spin-1=2 particles is suppressed for
mχ ≪ Hinf since the fermion mass scale is the source of
conformal symmetry breaking; see Sec. V.B. Chung and Yoo
(2013) [see also Hikage et al. (2009), Chung, Yoo, and Zhou
(2015), and Li et al. (2019)] found that the same theories in
which dark matter is produced via CGPP can also lead to an
appreciable CMB non-Gaussianity in the limit of the squeezed
local triangle form. For instance, a benchmark parameter point
predicts that flocalNL ∼ 30, which is now excluded by Planck’s
constraint flocalNL ¼ −0.9� 5.1 (Akrami et al., 2020a). CGPP
can also lead to rare “hot spots” in the CMB (Kim et al., 2021,
2023). These examples illustrate the capability of current and
future probes of CMB non-Gaussianity to test CGPP.

O. Observational: Small-scale structure

If the particles that experience CGPP are going to provide a
viable candidate for dark matter, then they must be sufficiently
cold for radiation-matter equality. For superheavy particles
with mX ≈He, this is easily accomplished. Even if the
spectrum after production is peaked at a high comoving wave
number, say, k ≈ aeHe, corresponding to Hubble-scale modes
at the end of inflation, the characteristic velocity today is still
extremely small:

vX ¼ k=a0mX ≈ 5 × 10−32
�

He

1014 GeV

�
1=3

×

�
TRH

109 GeV

�
1=3
�

mX

1014 GeV

�
−1
: ð125Þ

In Eq. (125) the redshift factors are calculated by assuming
a matter-dominated epoch of reheating (wRH ¼ 0). However,
for models in which gravitational production remains
efficient even for mX ≪ He, the velocity can be much
larger. For instance, taking mX ¼ 10−12 GeV ¼ meV gives
vX ≈ 0.5 × 10−5 ≈ 1.5 km= sec.
Although vX ≈ 10−5 still corresponds to extremely non-

relativistic particles, there is nevertheless a problem with such
“fast” dark matter. For successful structure formation, dark-
matter particles must cluster through their mutual gravitational
attraction, thereby allowing overdensities to grow and form
halos. However, if dark matter travels too quickly it will
“escape” from its initial overdensity before structures can
form. In an FLRW spacetime a free particle travels a distance

lfsðtÞ ¼ aðtÞ
Z

t

0

dt0
vðt0Þ
aðt0Þ ¼ a

Z
a

0

da0
vða0Þ

ða0Þ2Hða0Þ ð126Þ
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in time t called the free-streaming length. For the values ofHe,
TRH, and mX ¼ meV used in Eq. (125), the free-streaming
length today is lfsðt0Þ ≈ 20 Mpc, and it accumulates mostly
during the radiation era. The free-streaming length indicates
the size of structures whose formation are inhibited by the
dark matter’s speediness.
There are various probes of cosmologically small-scale

structure in the spatial distribution of matter (Tulin and Yu,
2018; Drlica-Wagner et al., 2022). For instance, observations
of Lyman-α absorption due to intergalactic neutral hydrogen
in the spectra of distant quasars, i.e., the Lyman-α forest, are
compatible with an ΛCDM-like matter power spectrum at
wave numbers below k ≈ 10a0h Mpc−1 (Viel et al., 2013).
These measurements place upper bounds on the free-stream-
ing length of dark matter, which are frequently used to
constrain warm dark matter (Iršič et al., 2017), but they also
lead to constraints on mX in the CGPP production scenario. A
recent study by Garcia, Pierre, and Verner (2023a) assessed
the impact of Lyman-α observations on a theory of non-
minimally coupled scalar dark matter that is formed by CGPP
during inflation and reheating; see also Haque and Maity
(2022) and Garcia, Pierre, and Verner (2023c). Their param-
eter space constraints are reproduced here as Fig. 10. Observe
that gravitationally produced dark matter with a mass below
mχ ∼ 10−12 GeV (rising to 10−7 GeV for larger nonminimal
coupling ξ) would be in conflict with Lyman-α observations
and is thereby ruled out.

P. Observational: Signatures of late-time decay

If the particles arising from CGPP are unstable but long-
lived, then their late-time decay into visible-sector radiation
could lead to signatures in cosmological and astrophysical
observables. Here we remark on three possible probes of such
an energy injection: nucleosynthesis, CMB spectrum and
anisotropies, and cosmic rays.
The observed abundances of the light elements are com-

patible with the predictions of BBN (Cyburt et al., 2016). The
standard BBN calculation assumes that the Universe is filled
with a plasma of standard-model particles at temperatures
around a few mega-electron-volts. This good agreement
between observation and theory leads to constraints on the
presence of an additional particle species that decay and inject
energy into the plasma (Cyburt et al., 2003; Kawasaki et al.,
2018; Fong, Rahat, and Saad, 2022).
The energy spectrum of the CMB is observed to agree well

with a Planck thermal blackbody distribution (Chluba et al.,
2019). In the standard ΛCDM cosmology, this thermal
distribution arises before recombination because photons
couple to the electron-ion plasma through single-Compton
and double-Compton scattering, which leads to a common
temperature for all species and a vanishing chemical potential
for the photon. However, double-Compton scattering goes out
of equilibrium before single-Compton scattering, and during
this time interval the photon number is approximately con-
served. An energy injection would then lead to a nonzero
photon chemical potential (spectral distortion) (Hu and Silk,
1993), which is constrained by measurements of the CMB
energy spectrum by COBE/FIRAS (Fixsen et al., 1996).
Similarly, energy injection from large-scale inhomogeneities

can leave an imprint on CMB anisotropies (Ali-Haïmoud and
Kamionkowski, 2017; Acharya and Khatri, 2019).
If superheavy particles are decaying in the present-day

Universe, their visible-sector decay products would corre-
spond to highly energetic photons, protons, electrons, posi-
trons, and neutrinos. Of particular interest is the production of
ultra-high-energy cosmic ray (UHECR) protons above the
Greisen-Zatsepin-Kuzmin cutoff Ecr ∼ 1010 GeV (Greisen,
1966; Zatsepin and Kuzmin, 1966). Since protons scatter
on CMB photons via a Δ resonance, the Universe is not
transparent to UHECR protons on cosmological distances.
Conversely, a detection of UHECR protons could be inter-
preted as evidence for a nearby source, such as superheavy
dark-matter decays within the local halo (Kuzmin and
Rubakov, 1998; Kuzmin and Tkachev, 1998, 1999). More
generally, searches with cosmic ray, gamma ray, and neutrino
telescopes are probing long-lived superheavy dark matter
(Aloisio, Matarrese, and Olinto, 2015; Kachelriess,
Kalashev, and Kuznetsov, 2018; Ishiwata et al., 2020;
Chianese et al., 2021a, 2021b; Das, Murase, and Fujii, 2023).

VII. OUTLOOK

How does a strong gravitational field lead to particle
creation? What are the cosmological implications of these
particles and their observational signatures? For nearly the
past 100 years, these questions have guided the study of
cosmological gravitational particle production. Today, a
vibrant community of researchers is working to enrich our
knowledge of CGPP as a mechanism and to explore novel
applications and implications of this phenomenon. With this
review we hope to provide a tool kit that another generation of
researchers can employ to pursue their own studies of CGPP,
derive predictions for cosmological relics, explore the impli-
cations for new directions beyond the standard model, and
propose observational tests.
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APPENDIX A: GENERAL RELATIVITY

This appendix provides a refresher on GR, the relativistic
field theory of gravity that describes its interactions with
radiation and matter. There are many notable textbooks on
GR, including those byWeinberg (1972), Misner, Thorne, and
Wheeler (1973), Landau and Lifschits (1980), Wald (1984),
Wald (1995), Nakahara (2003), Freedman and Van Proeyen
(2012), and Carroll (2019).
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Sign and unit conventions. Different researchers adopt
different conventions when writing the equations of GR. A
table summarizing frequently encountered sign choices was
provided by Misner, Thorne, and Wheeler (1973), and an
appendix of Freedman and Van Proeyen (2012) included
additional signs and phases that arise in the frame-field
formalism. In these appendixes we follow Freedman and
Van Proeyen (2012) and use the symbols α; β; s�; s1; s2;…; s8
to simultaneously track the various sign choices; one can set
α ¼ �1;�i, β ¼ �1, and si ¼ �1. In the body of the review,
we take −iα¼ β ¼ −s� ¼ −s1 ¼ s2 ¼ s3 ¼ s4 ¼ s6 ¼ s8 ¼ 1;
we do not use s5 or s7. This corresponds to ð−;þ;þÞ in the
notation of Misner, Thorne, and Wheeler (1973). In addition,
we work in natural units, setting the speed of light c and the
reduced Planck constant ℏ equal to 1.
Spacetime and metric. The coordinates of four-dimensional

spacetime are denoted by xμ for μ ¼ 0, 1, 2, 3. Gravity is
described by a type ð0; 2Þ tensor field gμνðxÞ, called the metric,
that may vary throughout spacetime. The inverse metric field is
denoted by gμνðxÞ and defined by gμνðxÞgνρðxÞ ¼ δμρ, where δ

μ
ρ

is the Kronecker delta symbol. The determinant of the metric is
denoted by g and appears in the factor

ffiffiffiffiffiffi−gp
. Themetric gives the

differential invariant line element ðdsÞ2 ¼ gμνðxÞdxμdxν. In
Minkowski spacetime the metric is static, homogeneous, and
isotropic; it can be written as

gMink
μν ðxÞ ¼ ημν ¼ s1diagð−1; 1; 1; 1Þ; ðA1Þ

and one can take s1 ¼ �1. Its inverse is gμν
Mink ¼ ημν.

Curvature definitions. Objects that arise in the definition of
spacetime curvature include the Levi-Civita connection (tor-
sion-free affine connection)

Γρ
μνðxÞ ¼ 1

2
gρλð∂μgνλ þ ∂νgμλ − ∂λgμνÞ; ðA2Þ

the Riemann curvature tensor

Rρ
σμνðxÞ ¼ s2ð∂μΓρ

νσ − ∂νΓ
ρ
μσ þ Γρ

μλΓλ
νσ − Γρ

νλΓλ
μσÞ; ðA3Þ

the Ricci tensor RμνðxÞ ¼ ðs2s3Þ−1Rα
μαν, the Ricci scalar

RðxÞ ¼ gμνRμν, and the Einstein tensor GμνðxÞ ¼ Rμν−
ð1=2ÞgμνR. The totally antisymmetric Levi-Civita connection
εμνρσ is normalized as ε0123 ¼ s5 ¼ �1.
Covariant derivatives. Derivatives that transform cova-

riantly under coordinate transformations (diffeomorphisms)
are denoted by ∇μ. Covariant derivatives of scalar, vector, and
rank-2 tensor fields are defined by

∇σS ¼ ∂σS; ðA4aÞ

∇σVμ ¼ ∂σVμ þ Γμ
σρVρ; ðA4bÞ

∇σVμ ¼ ∂σVμ − Γρ
σμVρ; ðA4cÞ

∇σTμν ¼ ∂σTμν þ Γμ
σρTρν þ Γν

σρTμρ; ðA4dÞ

∇σTμ
ν ¼ ∂σTμ

ν þ Γμ
σρTρ

ν − Γρ
σνTμ

ρ; ðA4eÞ

∇σTμ
ν ¼ ∂σTμ

ν − Γρ
σμTρ

ν þ Γν
σρTμ

ρ; ðA4fÞ

∇σTμν ¼ ∂σTμν − Γρ
σμTρν − Γρ

σνTμρ; ðA4gÞ

and the generalization to higher-rank tensors is obvious. When
applied to a type ðp; qÞ tensor with p contravariant (up)
indices and q covariant (down) indices, the covariant deriva-
tive produces a type ðp; qþ 1Þ tensor. The Levi-Civita
connection parallel transports the metric ∇σgμν ¼ 0. The
d’Alembertian operator of a scalar field Φ is

□Φ ¼ gμν∇μ∇νΦ ¼ ð
ffiffiffiffiffiffi
−g
p Þ−1∂μð

ffiffiffiffiffiffi
−g
p

gμν
∂νΦÞ: ðA5Þ

Einstein-Hilbert action and matter. The dynamics of
gravity and its interactions with radiation and matter are
encoded in an action S using the formalism of Lagrangian
mechanics. We treat the radiation and matter as classical fields
and denote them collectively by FiðxÞ. We study a class of
theories whose actions take the form

S½FiðxÞ;gμνðxÞ� ¼ SEH½gμνðxÞ� þ SM½FiðxÞ;gμνðxÞ�; ðA6Þ

where SEH is the Einstein-Hilbert (EH) action and SM is the
radiation-matter action. The EH action is

SEH½gμνðxÞ� ¼ s1s3
1

2
M2

Pl

Z
d4x

ffiffiffiffiffiffi
−g
p

R; ðA7Þ

where MPl is the reduced Planck mass, GN ¼ 1=8πM2
Pl is

Newton’s gravitational constant, and κ2 ¼ 8πGN is the gravi-
tational coupling. The radiation-matter action takes the form

SM½FiðxÞ;gμνðxÞ� ¼
Z

d4x
ffiffiffiffiffiffi
−g
p

L; ðA8Þ

where L is the radiation-matter Lagrangian density.
Einstein’s equation. The equation of motion for the metric,

known as Einstein’s equation, is derived by applying the
variational principle. Imposing δS=δgμν ¼ 0 leads to
Einstein’s equation (Einstein, 1916)

s3Gμν ¼ 8πGNTμν ¼ M−2
Pl Tμν ¼ κ2Tμν: ðA9Þ

When evaluating the variational derivative of the Einstein-
Hilbert term, the following identities prove useful:

δgμν ¼ −gμρgνσδgρσ; ðA10aÞ

δgμν ¼ −gμρgνσδgρσ; ðA10bÞ

δg ¼ ggμνδgμν; ðA10cÞ
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δ
ffiffiffiffiffiffi
−g
p ¼ 1

2

ffiffiffiffiffiffi
−g
p

gμνδgμν; ðA10dÞ

δR ¼ −Rμνδgμν þ s3ð12gρμgσν

þ 1
2
gρνgσμ − gρσgμνÞ∇ν∇μδgρσ; ðA10eÞ

and it follows that δSEH=δgμν ¼ s1s3ð ffiffiffiffiffiffi−gp
=2ÞM2

PlGμν.
Stress-energy tensor. The stress-energy tensor field TμνðxÞ

is defined as the variational derivative of the radiation-matter
action

Tμν ¼ −s1
2ffiffiffiffiffiffi−gp δSM

δgμν : ðA11Þ

Note that the stress-energy tensor is manifestly symmetric
since the inverse metric is symmetric. The scalar Tμ

μ ¼
gμνTνμ is called the trace of the stress-energy tensor. For
theories with fields of half-integer spin, the matter action is
expressed in terms of the frame fields eμaðxÞ (see the forth-
coming discussion) rather than the metric, and the stress-
energy tensor is calculated using

Tμ
a ¼ 1

e
δSM

δeaμ
; Tμν ¼ s1gμρgνση

abeρaTσ
b: ðA12Þ

Perfect fluid stress-energy tensor. In many applications the
radiation-matter sector is modeled as a perfect fluid. In such
systems the stress-energy tensor takes the form

Tμν ¼ ðρþ PÞuμuν þ s1Pgμν; ðA13Þ

where ρðxÞ is the scalar energy density field, PðxÞ is the scalar
pressure field, and uμðxÞ is the vector velocity field. The
vector field is normalized such that gμνuμuν ¼ −s1. It follows
that ρ ¼ Tμνuμuν and 3P ¼ s1Tμ

μ þ ρ.
Canonical stress-energy tensor. For this discussion we

restrict our attention to Minkowski spacetime. If spacetime
translations are a symmetry of the theory, the four Noether
currents form a rank-2 tensor called the canonical stress-
energy tensor, which we denote byΘμν. These currents may be
derived by applying Noether’s theorem; see Weinberg (2005)
for a review. For a theory of fields FiðxÞ, one finds that

Θμν ¼ ∂L
∂ð∂μFiÞ

ηνρ∂ρFi − ημνL: ðA14Þ

Although the canonical stress-energy tensor is conserved
(∂μΘμν ¼ 0), it need not be symmetric or even gauge invariant.
However, if Lorentz invariance is also a symmetry of the
theory, then one can construct a conserved and symmetric
tensor, the Belinfante-Rosenfeld stress-energy tensor, and
denote it by tμν. The relation takes the form tμν ¼ Θμνþ
∂ρBρμν, where Bρμν ¼ −Bμρν is antisymmetric in its first two
indices (Belinfante, 1939, 1940; Rosenfeld, 1940). In
Minkowski spacetime the Belinfante-Rosenfeld stress-energy
tensor tμν coincides with the Hilbert stress-energy tensor Tμν

defined in Eq. (A11) when the action is varied with respect to
the metric. While this discussion is intended to illuminate the
relation between Tμν and conserved quantities in the sense of

Noether’s theorem, ultimately the quantity of interest for
cosmology is Tμν, which appears in Einstein’s equation.
Frame-field formalism. For theories whose matter action

contains particles of half-integer spin, a covariant coupling to
gravity cannot be accomplished within the metric formulation
of general relativity. Instead, for these purposes it is customary
to employ the frame-field formalism,2 which is an elegant and
general formulation of general relativity that allows field
theory with spinors to be extended to curved spacetime.
Hereafter we follow the notation of Freedman and Van
Proeyen (2012).
At any point on the spacetime manifold, one can find a basis

that locally diagonalizes the metric, and with an appropriate
rescaling this yields the metric for Minkowski spacetime
ηab ¼ s1diagð−1; 1; 1; 1Þ. Requiring this diagonalization to be
smooth leads to the relation

gμνðxÞ ¼ eaμðxÞebνðxÞηab; ðA15Þ

where eaμðxÞ for a ¼ 1, 2, 3, 4 is called the frame field.3 The
decomposition of the metric gμνðxÞ into a pair of frame fields
is not unique, and equivalent expressions are related by the
local Lorentz transformations e0aμ ðxÞ ¼ ðΛ−1ÞabðxÞebμðxÞ
under which the frame index transforms and the coordinate
index is inert. However, under coordinate transformations
(diffeomorphisms) the frame field transforms as a set of four
covariant vectors e0aμ ðx0Þ ¼ ð∂xρ=∂x0μÞeaρðxÞ, while the frame
index is inert. Note that detðeÞ≡ e ¼ ffiffiffiffiffiffi−gp

. There exists an
inverse of the frame field, denoted by eμaðxÞ, such that eaμeνa ¼
δνμ and eμaebμ ¼ δba.
Spin connection. Tensor fields of arbitrary rank can be

expressed in the frame-field formalism. For example, a
contravariant vector field VμðxÞ can be written as
VμðxÞ ¼ VaðxÞeμaðxÞ, where VaðxÞ ¼ eaμðxÞVμðxÞ are the
frame components of the vector field, which transform as
scalars under coordinate transformations and as a vector under
local Lorentz transformations. The same holds for covariant
vectors VμðxÞ ¼ eaμðxÞVaðxÞ, where VaðxÞ ¼ eμaðxÞVμðxÞ.
Derivatives of frame vector fields that transform covariantly
under the local Lorentz transformations are given by

DμVa ¼ ∂μVa þ ðs2s4Þ−1ωμ
a
bV

b;

DμVa ¼ ∂μVa − ðs2s4Þ−1ωμ
b
aVb; ðA16Þ

2The frame field was introduced by Cartan (1926), who called
them repéres mobiles (moving frames); in German they are referred
to as vierbeins (four leg), and in the English literature they are usually
called tetrads (Greek for “set of four”). Here we refer to them as frame
fields.

3Frame indices, also called local Lorentz indices, are denoted by the
Latin letters a, b, etc., while coordinate indices are denoted by the
Greek letters μ, ν, etc. Frame indices are raised and lowered by
the Minkoski metric and its inverse ηab and ηab, while coordinate
indices are raised and lowered by the local metric and its inverse gμν

and gμν.
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where the appropriate affine connection, also known as the
spin connection, is given by

ωμ
ab ¼ s2s4½2eν½a∂½μeν�b� − eν½aeb�σeμc∂νecσ �: ðA17Þ

In Eqs. (A16) and (A17), X½aYb� ¼ ðXaYb − XbYaÞ=2. The
spin connection is required to be antisymmetric in its frame
indices: ωμ

ab ¼ −ωμ
ba. The derivatives ∇μVν ¼ eνaDμVa and

∇μVν ¼ eaνDμVa are covariant under coordinate transforma-
tions, transforming as type ð1; 1Þ and ð0; 2Þ tensors, respec-
tively. The Levi-Civita connection is related to the spin
connection by Γρ

μν ¼ eρa∂μeaν þ ðs2s4Þ−1eρaωμ
a
be

b
ν.

Spinor matrices. Let γa for a ¼ 0, 1, 2, 3 denote the set of
four complex 4 × 4 spinor matrices. They obey the Clifford
algebra of anticommutation relations

fγa; γbg ¼ s62ηab1 ¼ ðs6=s1Þ2diagð−1; 1; 1; 1Þ1; ðA18Þ

where 1 is the identity matrix on the spinor indices. For
instance, in the Dirac representation

γ0 ¼
ffiffiffiffiffiffiffiffi
−s6
s1

r �
1 0

0 −1

�
; γi ¼

ffiffiffiffiffiffiffiffi
−s6
s1

r �
0 σi

−σi 0

�
; ðA19Þ

where σi for i ¼ 1, 2, 3 are the Pauli matrices. One can also
define

γ5 ¼ s7iγ0γ1γ2γ3; ðA20aÞ

γab ¼ γ½aγb� ¼ 1
2
ðγaγb − γbγaÞ; ðA20bÞ

γabc ¼ γ½aγbγc� ¼ 1
2
ðγaγbγc − γcγbγaÞ; ðA20cÞ

etc; in addition, Σab ¼ γab=2. Using the frame field, one
defines a set of local gamma matrices

γμðxÞ ¼ eμaðxÞγa ðA21Þ

that satisfy the Clifford algebra locally

fγμðxÞ; γνðxÞg ¼ s62gμνðxÞ1; ðA22Þ

and from which one may construct γμνðxÞ and γμνρðxÞ in
analogy with the previous expressions.
Spinor fields. For spinor fields ΨðxÞ or vector-spinor fields

ΨμðxÞ, one can define the covariant derivatives

DμΨ ¼ ∂μΨþ s2s414ωμabγ
abΨ; ðA23aÞ

∇μΨ ¼ DμΨ; ðA23bÞ

DμΨν ¼ ∂μΨν þ s2s414ωμabγ
abΨν; ðA23cÞ

∇μΨν ¼ DμΨν − Γρ
μνΨρ: ðA23dÞ

Equations (A23a)–(A23d) all transform as spinors under local
Lorentz transformations, whereas only ∇μΨν transforms as a
type ð0; 2Þ tensor under coordinate transformations.
Conjugation. The Hermitian conjugate of the spinor matri-

ces, either γa or γμðxÞ, can be written as

ðγaÞ† ¼ ðs1s�=s6Þγ0γaγ0: ðA24Þ

The Clifford algebra implies that ðγ0Þ† ¼ −s�γ0 and ðγiÞ† ¼
s�γi for i ¼ 1, 2, 3, such that γ0 is Hermitian for s� ¼ −1 and
anti-Hermitian for s� ¼ þ1. Regardless of the sign choices,
ðγ5Þ† ¼ γ5. One can define the Dirac adjoint spinors

Ψ̄ ¼ ði=αÞΨ†γ0; Ψ̄μ ¼ ði=αÞΨ†
μγ0; ðA25Þ

where γ0 ¼ γaja¼0 is the constant spinor matrix and the phase
α takes values �1 or �i. Covariant derivative of the Dirac
adjoint spinors are defined by

Ψ̄ Dμ
 � ¼ ∂μΨ − s2s414ωμabΨ̄γab; ðA26aÞ

Ψ̄ ∇μ
 � ¼ Ψ̄ Dμ

 �
; ðA26bÞ

Ψν Dμ
 � ¼ ∂μΨν − s2s414ωμabΨ̄νγ

ab; ðA26cÞ

Ψ̄ν ∇μ
 � ¼ Ψ̄ν Dμ

 � − Γρ
μνΨρ: ðA26dÞ

Bilinear products. A final sign ambiguity arises in the
complex conjugation of spinor products. If χ1 and χ2 are two
anticommuting variables, such as components of a spinor field
Ψ, then χ1χ2 ¼ −χ2χ1. The complex conjugate of their
product may be evaluated as ðχ1χ2Þ� ¼ −βχ�1χ�2 ¼ βχ�2χ

�
1,

where the sign β ¼ �1 controls whether complex conjugation
also exchanges order. For example, the bilinear product of two
spinors complex conjugates to ðψχÞ� ¼ s8χ̄ψ , where
s8 ≡ βs�α=α� ¼ �1. If s8 ¼ þ1, then ψ̄ψ is real (i.e., it
complex conjugates to itself), but if s8 ¼ −1, then ψ̄ψ is
imaginary and an additional factor of i ¼ ffiffiffiffiffi

s8
p

must be added
when one constructs the Lagrangian mass term. A similar
argument applies for kinetic terms.
Radiation-matter action. The frame-field formalism may be

used to study radiation-matter sectors containing fields of
either integer or half-integer spin, but we employ it only in the
study of spinor fields. The radiation-matter action for free
massive fields of spin s ¼ 0, 1=2, 1, and 3=2 can be written as

SM ¼
Z

d4x
ffiffiffiffiffiffi
−g
p X

s

LðsÞ;

Lð0Þ ¼ −s112g
μν∇μΦ∇νΦ − 1

2
m2Φ2 − s1s312ξRΦ

2;

Lð1=2Þ ¼ ffiffiffiffiffiffiffiffiffi
s8s�
p ð1

4
Ψ̄γμ∇μΨ − 1

4
Ψ̄ ∇μ
 �

γμΨÞ − ffiffiffiffiffi
s8
p 1

2
mΨ̄Ψ;

Lð1Þ ¼ −1
2
gμρgνσFμνFρσ − s112m

2gμνAμAν;

Lð3=2Þ ¼
ffiffiffiffiffiffiffiffiffi
s8s3�

q �
1
4
Ψ̄μγ

μνρ∇νΨρ − 1
4
Ψ̄μ ∇ν
 �

γμνρΨρ

�
−

ffiffiffiffiffiffiffiffiffi
s8s2�

q
1
2
mΨ̄μγ

μνΨν; ðA27Þ
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wherem2,m, and ξ are real parameters, where the nonminimal
coupling in Lð0Þ is normalized such that conformal coupling to
gravity has ξ ¼ 1=6, and where

∇μΦ ¼ ∂μΦ; ðA28aÞ

∇μΨ ¼ ∂μΨþ s2s414ωμabγ
abΨ; ðA28bÞ

Ψ̄ ¼ ði=αÞΨ†γ0; ðA28cÞ

Ψ̄ ∇μ
 � ¼ ∂μΨ̄ − s2s4

1
4
ωμabΨ̄γab; ðA28dÞ

Fμν ¼ ∇μAν − ∇νAμ; ðA28eÞ

∇μAν ¼ ∂μAν − Γρ
μνAρ; ðA28fÞ

∇μΨν ¼ ∂μΨν þ s2s4
1
4
ωμabγ

abΨν − Γρ
μνΨρ; ðA28gÞ

Ψ̄μ ¼ ði=αÞΨ†
μγ0; ðA28hÞ

Ψ̄μ ∇ν
 � ¼ ∂μΨ̄ν − s2s4

1
4
ωμabΨ̄νγ

ab − Γρ
μνΨ̄ρ: ðA28iÞ

Note that theΓρ
μν terms in∇μAν and∇μΨν do not contribute to

the Lagrangian, since the symmetric Levi-Civita connection is
contracted with an antisymmetric tensor. In the body of the
review,we take−iα¼β¼−s�¼−s1¼s2¼s3¼s4¼s6¼s8¼1.

APPENDIX B: FLRW SPACETIME

This appendix summarizes key relations that arise fre-
quently in the FLRW spacetime. We provide expressions
using both coordinate time t and conformal time η so that one
can move between these two conventions. We consider only
the spatially flat FLRW spacetime (k ¼ 0).
Metric. The differential spacetime interval for the homo-

geneous and isotropic FLRW spacetime (Friedmann, 1922,
1924; Lemaître, 1931; Robertson, 1935, 1936a, 1936b;Walker,
1937) can be written as

ðdsÞ2 ¼ s1½−ðdtÞ2 þ a2ðtÞjdxj2�
or

ðdsÞ2 ¼ s1½−a2ðηÞðdηÞ2 þ a2ðηÞjdxj2�: ðB1Þ
Wecall t the time coordinate, η the conformal time coordinate, x
the comoving spatial coordinate, anda the scale factor.Note that
dt ¼ aðηÞdη and dη ¼ dt=aðtÞ, as well as ∂t ¼ a−1ðηÞ∂η and
∂η ¼ aðtÞ∂t. In other words, the nonzero components of the
metric are

g00ðtÞ ¼ −s1 or g00ðηÞ ¼ −s1a2ðηÞ;
giiðtÞ ¼ s1a2ðtÞ or giiðηÞ ¼ s1a2ðηÞ ðB2Þ

for i ¼ 1, 2, 3 (no summation). The metric determinant givesffiffiffiffiffiffi
−g
p ¼ a3ðtÞ or

ffiffiffiffiffiffi
−g
p ¼ a4ðηÞ: ðB3Þ

When conformal time is used, the FLRWmetric can be written
compactly as gμνðηÞ ¼ a2ðηÞημν, where ημν is the Minkowski

metric. Hence, the (spatially flat) FLRW spacetime is con-
formally related to Minkowski spacetime. The components of
the corresponding frame fields are

e0μðtÞ ¼ δ0μ or e0μðηÞ ¼ aðηÞδ0μ;
eiμðtÞ ¼ aðtÞδiμ or eiμðηÞ ¼ aðηÞδiμ ðB4Þ

for μ ¼ 0, 1, 2, 3 and i ¼ 1, 2, 3.
Hubble parameter. Evolution of the scale factor is mea-

sured with the Hubble parameterH, which is defined by either
of the following relations:

HðtÞ ¼ ȧðtÞ
aðtÞ or HðηÞ ¼ a0ðηÞ

a2ðηÞ : ðB5Þ

In Eq. (B5) the dot denotes the derivative with respect to t and
the prime denotes derivatives with respect to η. One can also
define the comoving Hubble parameter HðηÞ ¼ a0ðηÞ=aðηÞ.
The present-day value of the Hubble parameter, which is also
known as the Hubble constant (Hubble, 1929), is denoted by
H0. It is customary to write H0 ¼ 100h km sec−1 Mpc−1,
where the dimensionless factor h ≈ 0.7 ≃ 1=

ffiffiffi
2
p

.
Distances. The distance between any two points in the

expanding Universe changes in time in proportion to the scale
factor a. If at some time the scale factor is a1 and the physical
distance between two points is lphys;1, then at some other time
when the scale factor is a, the distance will be
lphysðaÞ ¼ lphys;1ða=a1Þ. It is often useful to consider a
comoving distance l ¼ lphys=a; the comoving distance is
constant in expansion. Similarly, the momentum of a particle
redshifts in expansion as pphysðaÞ ¼ pphys;1ða1=aÞ, and it is
useful to define a comoving momentum p ¼ apphys.
Analogous relations arise when spatially varying fields are
represented in Fourier space. A Fourier mode with a comoving
wave vector k and a comoving wave number k ¼ jkj corre-
sponds to a comoving wavelength of λ ¼ 2π=k, and it
corresponds to a physical wavelength of λphys ¼ 2πa=k. We
define the comoving Hubble length scale as

dHðtÞ ¼
2π

aðtÞHðtÞ or dHðηÞ ¼
2π

aðηÞHðηÞ : ðB6Þ

Modes with a comoving wavelength λ and a comoving wave
number k ¼ 2π=λ are said to “cross” the Hubble scale (i.e.,
“enter” or “leave” the horizon) when k ¼ aH, corresponding
to λ ¼ dH.
GR tensors. In the FLRW spacetime, the only nonzero

components of the Levi-Civita connection Γρ
μν are

Γ0
00ðtÞ ¼ 0 or Γ0

00ðηÞ ¼ aH;

Γ0
iiðtÞ ¼ a2H or Γ0

iiðηÞ ¼ aH;

Γi
0iðtÞ ¼ H or Γi

0iðηÞ ¼ aH;

Γi
i0ðtÞ ¼ H or Γi

i0ðηÞ ¼ aH ðB7Þ

for i ¼ 1, 2, 3 (no summation). Similarly, the nonzero
components of the spin connection ωμ

ab are
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s1
s2s4

ωi
0iðtÞ ¼ aH or

s1
s2s4

ωi
0iðηÞ ¼ aH;

s1
s2s4

ωi
i0ðtÞ ¼ −aH or

s1
s2s4

ωi
i0ðηÞ ¼ −aH: ðB8Þ

The nonzero components of the Ricci tensor are

s3R00ðtÞ ¼ −3
ä
a

or s3R00ðηÞ ¼ −3
a00

a
þ 3

a02

a2
;

s3RiiðtÞ ¼ aäþ 2ȧ2 or s3RiiðηÞ ¼
a00

a
þ a02

a2
ðB9Þ

for i ¼ 1, 2, 3 (no summation). The Ricci scalar is

s1s3RðtÞ ¼ 6
ä
a
þ 6

ȧ2

a2
or s1s3RðηÞ ¼ 6

a00

a3
: ðB10Þ

The nonzero components of the Einstein tensor are

s3G00ðtÞ ¼ 3
ȧ2

a2
or s3G00ðηÞ ¼ 3

a02

a2
s3;

GiiðtÞ ¼ −2aä − ȧ2 or s3GiiðηÞ ¼ −2
a00

a
þ a02

a2
ðB11Þ

for i ¼ 1, 2, 3 (no summation). For a perfect fluid with energy
density ρ and pressure P, the stress-energy tensor in the fluid’s
rest frame can be written as

T00ðtÞ ¼ ρ or T00ðηÞ ¼ a2ρ;

TiiðtÞ ¼ a2P or TiiðηÞ ¼ a2P ðB12Þ

for i ¼ 1, 2, 3 (no summation). The diagonal entries of
Einstein’s equation give

ȧ2

a2
¼ 1

3M2
Pl

ρ or
a02

a4
¼ 1

3M2
Pl

ρ;

ä
a
¼ −

1

6M2
Pl

ðρþ 3PÞ or
a00

a3
¼ 1

6M2
Pl

ðρ − 3PÞ; ðB13Þ

which are Friedmann’s first and second equations.
Differentiating the first equation in Eq. (B13) gives the
continuity equation

ρ̇þ 3Hðρþ PÞ ¼ 0 or ρ0 þ 3aHðρþ PÞ ¼ 0; ðB14Þ

which expresses energy nonconservation due to the cosmo-
logical expansion H ≠ 0. Note that Friedmann’s equations
allow the Ricci scalar to be written as

s1s3R ¼ M−2
Pl ðρ − 3PÞ; ðB15Þ

which holds using either coordinate or conformal time.
Constant equation of state. Although the energy density ρ

and pressure P may vary in time, it is often the case that their
ratio, the equation of state w ¼ P=ρ, is a constant. In that case
the continuity equation is solved to find

ρðaÞ ¼ ρ1ða=a1Þ−3ð1þwÞ;
PðaÞ ¼ P1ða=a1Þ−3ð1þwÞ;
HðaÞ ¼ H1ða=a1Þ−3ð1þwÞ=2; ðB16Þ

where P1 ¼ wρ1. Frequently encountered equations of state
include
• Kination: w ¼ 1, ρ ∝ a−6, and H ∝ a−3.
• Radiation: w ¼ 1=3, ρ ∝ a−4, and H ∝ a−2.
• Matter: w ¼ 0, ρ ∝ a−3, and H ∝ a−3=2.
• Vacuum: w ¼ −1, ρ ∝ a0, and H ∝ a0.

The cases labeled as radiation andmatter refer more generally
to relativistic and nonrelativistic particles.

APPENDIX C: COSMOLOGICAL PERTURBATIONS

This appendix contains an introduction to cosmological
perturbations. The FLRW spacetime models an idealized
homogeneous and isotropic universe, and describing our
chaotic Universe requires a departure from FLRW. Provided
that this departure is small, it can be treated perturbatively.
Introductions to cosmological perturbation theory are
given in various textbooks and review articles; we follow
Baumann (2022).
Metric perturbations. Allowing for perturbations on the

FLRW metric, the spacetime interval may be written as

ðdsÞ2 ¼ s1a2½−ð1þ 2AÞðdηÞ2 þ 2Bidxidη

þ ðδij þ 2EijÞdxidxj�; ðC1Þ

where Bi¼ ∂iBþ B̂i and Eij ¼ Cδij þ ∂hi∂jiEþ ∂ðiÊjÞ þ Êij.

Note that ∂hi∂jiE ¼ ½∂i∂j − ð1=3Þδij∇2�E and ∂ðiÊjÞ ¼
1=2ð∂iÊj þ ∂jÊiÞ. The functions Aðη; xÞ, Bðη; xÞ, Cðη; xÞ,
and Eðη; xÞ are called the scalar metric perturbations;
B̂iðη; xÞ and Êiðη; xÞ are called the vector metric perturbations;
and Êijðη; xÞ is called the tensor metric perturbation. The
vector and tensor perturbations obey the transverse and
traceless conditions: ∂iB̂i ¼ ∂

iÊi ¼ ∂
iÊij ¼ Êi

i ¼ 0.
Matter perturbations. During and after inflation the

Universe contained various particle species, including the
inflaton, the standard-model particles, and the dark matter. We
label the particle species with an index s. When interactions
are neglected, the total stress-energy tensor can be expressed
as a sum over the component stress-energy tensors associated
with each species: Tμν ¼

P
sðTsÞμν. The component stress-

energy tensors may be decomposed as

ðTsÞ00 ¼ −s1ðρ̄s þ δρsÞ;
ðTsÞ0i ¼ s1ðρ̄s þ P̄sÞvs;i;
ðTsÞi0 ¼ −s1ðρ̄s þ P̄sÞvs;i;
ðTsÞij ¼ s1½ðP̄s þ δPsÞδji þ ðΠsÞij�; ðC2Þ

where vs;i ¼ ∂ivs þ v̂s;i, qs;i ¼ ∂iqs þ q̂s;i, and ðΠsÞij ¼
∂hi∂jiΠs þ ∂ðiΠ̂s;jÞ þ Π̂s;ij. The functions ρ̄sðηÞ and P̄sðηÞ are
the background energy density and pressure, δρsðη; xÞ and
δPsðη; xÞ are the energy density and pressure perturbations,
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vs;iðη; xÞ is the velocity perturbation, qs;iðη; xÞ ¼ ðρ̄s þ P̄sÞvs;i
is the momentum density perturbation, and ½Πsðη; xÞ�ij is the
anisotropic stress perturbation. Note that the vector and tensor
perturbations are transverse and traceless: ∂

iv̂s;i ¼ ∂
iq̂s;i ¼

∂
iðΠsÞij ¼ ðΠsÞii ¼ 0. One often frequently encounters the
velocity divergence θs ¼ ∂

ivs;i, the scaled anisotropic stress
ðσsÞij ¼ 2ðΠsÞij=½3ðρ̄s þ P̄sÞ�, and the energy density contrast
δs ¼ δρs=ρ̄s.
Continuity equation. The stress-energy tensor, which is

expressed as ∇μTμ
ν ¼ 0, is covariantly conserved. At the

background level this leads to the energy continuity equation

∂ηρ̄s ¼ −3Hð1þ wsÞρ̄s; ðC3Þ

where ws ¼ P̄s=ρ̄s is the equation of state.
Coordinate transformations. Under a general coordinate

transformation

xμ ↦ xμ þ ξμðxÞ; ðC4Þ

where we can write ξ0 ¼ T and ξi ¼ ∂
iLþ L̂i, where

∂
iL̂i ¼ 0. The functions Tðη; xÞ and Lðη; xÞ parametrize the
two scalar gauge freedoms, and the function L̂iðη; xÞ para-
metrizes the single vector gauge freedom. Invariance of the
spacetime interval to linear order in ξμ implies the following
transformation rules for the metric perturbations:

A ↦ A − ∂ηT −HT; ðC5aÞ

B ↦ Bþ T − ∂ηL; ðC5bÞ

C ↦ C −HT − 1
3
∇2L; ðC5cÞ

E ↦ E − L; ðC5dÞ

B̂i ↦ B̂i − ∂ηL̂i; ðC5eÞ

Êi ↦ Êi − L̂i; ðC5fÞ

Êij ↦ Êij: ðC5gÞ

Recall that H ¼ aH is the comoving Hubble parameter.
Note that the tensor perturbations remain invariant. In addi-
tion, the matter perturbations transform as

δρs ↦ δρs − ∂ηρ̄sT; ðC6aÞ

δPs ↦ δPs − ∂ηP̄sT; ðC6bÞ

qs;i ↦ qs;i þ ðρ̄s þ P̄sÞ∂ηLi; ðC6cÞ

vs;i ↦ vs;i þ ∂ηLi; ðC6dÞ

ðΠsÞij ↦ ðΠsÞij: ðC6eÞ

Note that the anisotropic stress remains invariant.
Gauge fixing. A judicious choice of the scalar transforma-

tion parameters Tðη; xÞ and Lðη; xÞ may be used to remove

some of the scalar metric perturbations; this procedure is
known as gauge fixing. Popular gauge choices have special
names; for example, Newtonian gauge sets B ¼ E ¼ 0,
synchronous gauge sets A ¼ B ¼ 0, spatially flat gauge sets
C ¼ E ¼ 0, uniform density gauge sets δρs ¼ 0, and comov-
ing gauge sets qs ¼ 0 for some species s (typically the inflaton
during inflation).
Gauge-invariant variables. Whenever possible, it is best to

work with quantities that are left unchanged under a coordinate
transformation, at least to linear order in ξμ; these are known as
first-order gauge-invariant variables (Bardeen, 1980; Bardeen,
Steinhardt, and Turner, 1983). Useful gauge-invariant variables
include the comoving density contrast Δðη; xÞ ¼PsΔs, the
curvature perturbation ζðη; xÞ ¼Psζs, and the curvature
perturbation Rðη; xÞ ¼PsRs. Each of these quantities can
be expressed as a sum over gauge-invariant components for
each particle species,

Δs ¼
δρs
ρ̄s
þ ∂ηρ̄s

ρ̄s
ðvs þ BÞ; ðC7aÞ

ζs ¼ −Cþ 1

3
∇2EþH

δρs
∂ηρ̄s

; ðC7bÞ

Rs ¼ −Cþ 1
3
∇2E −Hðvs þ BÞ: ðC7cÞ

Similarly, the relative curvature perturbation carried by two
different particle species, denoted by Ssrðη; xÞ for species s and
r, is a gauge-invariant variable known as the isocurvature
perturbation,

Ssr ¼ −3ðζs − ζrÞ ¼
1

1þ ws

δρs
ρ̄s

−
1

1þ wr

δρr
ρ̄r

; ðC7dÞ

where we have used the energy continuity equation (C3) in the
second equality.
Adiabatic and isocurvature modes. To solve for the

evolution of the cosmological perturbations, it is necessary
to set initial conditions for the various gauge-invariant
variables. The initial condition is said to be in the adiabatic
mode if Ssrðηinit; xÞ ¼ 0 for all species s and r. This is a well-
motivated assumption since it arises naturally in single-field
inflation, where all of the various particle species arise from a
common source, namely, the inflaton field. However, if any of
the Ssr are allowed to be nonzero initially, then an isocurvature
mode is said to be present.
Power spectra. The two-point correlations of the curvature

and isocurvature are encoded in the corresponding power
spectra. We can write the power spectra as

Δ2
XYðη; kÞ ¼

k3

2π2

Z
d3rh0INjXðη; xÞYðη; yÞj0INie−ik·r; ðC8Þ

where y ¼ xþ r and where X, Y stand for either R or S. For
CMB studies it is customary to parametrize the initial
curvature power spectrum as Δ2

R ≡ Δ2
RR ¼ Asðk=kCMBÞns−1

where the fiducial wave number kCMB ¼ 0.05a0 Mpc−1 cor-
responds to the typical scales probed by CMB observations.
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APPENDIX D: DE SITTER SPACETIME

This appendix contains expressions for solutions of the
mode equations in de Sitter spacetime, a discussion of why
CGPP does not take place in a de Sitter universe, and a
discussion of applications to CGPP in an inflationary cosmol-
ogy. This appendix is partly adapted from Birrell and
Davies (1984).
de Sitter spacetime. The de Sitter spacetime (de Sitter,

1916a, 1916b, 1917) is defined as the set of points
ðz0; z1; z2; z3; z4Þ that lie on the four-dimensional hyperboloid
z20 − z21 − z22 − z23 − z24 ¼ −1=H2 that is embedded in five-
dimensional Minkowski spacetime with a length element

ðdsÞ2 ¼ s1

�
−ðdz0Þ2 þ

X4
i¼1
ðdziÞ2

�
: ðD1Þ

Points in de Sitter space can be written as

z0 ¼ ð2ηÞ−1ðη2 − x21 − x22 − x23 − 1=H2Þ;
z1 ¼ −ðHηÞ−1x1;
z2 ¼ −ðHηÞ−1x2;
z3 ¼ −ðHηÞ−1x3;
z4 ¼ ð2ηÞ−1ðx21 þ x22 þ x23 − η2 − 1=H2Þ ðD2Þ

using the four-dimensional coordinates η;x1;x2;x3∈ð−∞;∞Þ,
and the metric is

ðdsÞ2 ¼ s1
H2η2

�
−ðdηÞ2 þ

X3
i¼1
ðdxiÞ2

�
: ðD3Þ

For η∈ ð−∞; 0Þ the distance between points of fixed comov-
ing separation is growing like −1=Hη as η increases, at η ¼ 0

there is a coordinate singularity, and for η∈ ð0;∞Þ the
distance is shrinking. The de Sitter spacetime metric takes
the same form as the spatially flat FLRW metric
equation (B1) with aðηÞ ¼ −1=Hη. One can verify that the
Hubble parameter and the Ricci scalar are constant: H ¼
a0=a2 and s1s3R ¼ 12H2.
Mode functions. In de Sitter spacetime with Hubble

parameter H, the scalar field’s mode equation (11) becomes

χ00kðηÞ þ ω2
kðηÞχkðηÞ ¼ 0; ðD4Þ

where ω2
kðηÞ ¼ k2 þ ðm2=H2 − 2þ 12ξÞ=η2. There is an

infinite one-parameter family of models with m2=H2 − 2þ
12ξ ¼ 0 for which the dispersion relation is independent of
time ω2

k ¼ k2, the mode functions are the usual χk ∝ e∓ikη of
Minkowski spacetime, and no particle production occurs. To
study solutions for general parameters, one can first put this
equation into a familiar form by defining x ¼ kη∈ ð−∞;∞Þ,
y ¼ χkðηÞ=

ffiffiffiffiffi
kη
p

, and

ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
−
m2

H2
− 12ξ

r
: ðD5Þ

With these substitutions the mode equation is recast in the
form of Bessel’s equation,

x2y00ðxÞ þ xy0ðxÞ þ ðx2 − ν2ÞyðxÞ ¼ 0: ðD6Þ

Its solutions are linear combinations of Bessel functions of the
first and second kinds JνðxÞ and YνðxÞ. In particular, we focus
on Hankel functions of the first and second kinds Hð1;2Þν ðxÞ ¼
JνðxÞ � iYνðxÞ and write the solutions as

χkðηÞ ¼ C1

ffiffiffiffiffiffiffiffi
−kη

p
Hð1Þν ð−kηÞ

þ C2

ffiffiffiffiffiffiffiffi
−kη

p
Hð2Þν ð−kηÞ: ðD7Þ

Note that both the square-root function and the Hankel
functions are double valued in the complex kη plane with a
single branch point at kη ¼ 0, and we can orient their branch
cuts to lie along the positive real axis, kη∈R>0. Similarly, as
m=H and ξ are analytically continued into the complex plane,
ν is interpreted as the double-valued square-root function,
and the Hankel functions may be evaluated with the
complex index. Note that Hankel functions satisfy the relation

Hð1;2Þ−ν ðzÞ ¼ e�iπνHð1;2Þν ðzÞ for z; ν∈C.
Bunch-Davies vacuum condition. The IN and OUT mode

functions χINk ðηÞ and χOUTk ðηÞ correspond to the solutions that
have the asymptotic forms in Eq. (26). The complex integra-
tion constants C1 and C2 can be chosen to yield the IN mode
function χINk ðηÞ. Hankel functions are asymptotic to
(Abramowitz and Stegun, 1964)

Hð1Þν ðzÞ ∼
ffiffiffiffiffi
2

πz

r
eiðz−νπ=2−π=4Þ as jzj→ ∞;

Hð2Þν ðzÞ ∼
ffiffiffiffiffi
2

πz

r
e−iðz−νπ=2−π=4Þ as jzj → ∞ ðD8Þ

for argðzÞ thoughout the first sheet, and for fixed ν. Choosing
C1 ¼

ffiffiffiffiffiffiffiffiffiffi
π=4k

p
eiðνπ=2þπ=4Þ and C2 ¼ 0 gives

χINk ðηÞ ¼
ffiffiffiffiffi
π

4k

r ffiffiffiffiffiffiffiffi
−kη

p
Hð1Þν ð−kηÞeiðνπ=2þπ=4Þ; ðD9Þ

which is asymptotic to

χINk ðηÞ ∼
1ffiffiffiffiffi
2k
p e−ikη as kη → −∞ ðD10Þ

at early times for any value of ν. For kη∈ ð0;∞Þ we evaluate
these functions above the cut on the first Riemann sheet.
These mode functions solve the scalar field’s equation of
motion in de Sitter spacetime along with the Bunch-Davies
initial condition.
Special cases. For models involving a massless scalar, or

more generally m ≪ H, the mode functions simplify. Here we
regain expressions that are familiar from studies of scalar
inflaton perturbations during inflation (Baumann, 2022). For
the massless and conformally coupled scalar, setting m ¼ 0

and ξ ¼ 1=6 yields
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χINk ðηÞ ¼ i

ffiffiffiffiffi
π

4k

r ffiffiffi
z
p

Hð1Þ1=2ðzÞ ¼
1ffiffiffiffiffi
2k
p eiz; ðD11Þ

whereas for the massless and minimally coupled scalar, setting
m ¼ 0 and ξ ¼ 0 yields

χINk ðηÞ ¼ −
ffiffiffiffiffi
π

4k

r ffiffiffi
z
p

Hð1Þ3=2ðzÞ ¼
1ffiffiffiffiffi
2k
p

�
1þ i

z

�
eiz; ðD12Þ

where z≡ −kη. As expected, the massless and conformally
coupled scalar’s mode functions are equivalent to the positive-
frequency mode functions in Minkowski spacetime; see the
discussion in Sec. V.A. However, the minimally coupled
scalar’s mode functions grow relatively by a factor of 1=kη
as modes leave the horizon, and −1 ≪ kη < 0.
Connection to inflation. During the epoch of inflation, the

Hubble parameter varies slowly (ϵ ¼ −H0=aH2 ≪ 1), and the
expanding branch of de Sitter spacetime is a good approxi-
mation for the spacetime. Consequently, the de Sitter mode
functions (D9) are a good approximation of the evolution of
the spectator field. At early times they are compatible with the
Bunch-Davies initial condition (D10). At late times they
progress to

χINk ðηeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

π

4aeHe

r
Hð1Þν ðk=aeHeÞeiðνπ=2þπ=4Þ; ðD13aÞ

jχINk ðηeÞj ¼
1ffiffiffiffiffi
2k
p for m ¼ 0; ξ ¼ 1=6; ðD13bÞ

jχINk ðηeÞj ¼
1ffiffiffiffiffi
2k
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2eH2

e

k2

s
for m ¼ 0; ξ ¼ 0; ðD13cÞ

where we have defined the “end of inflation” as
ηe ¼ −1=aeHe. Although the Hubble parameter begins to
vary significantly at the end of inflation, thus invalidating the
de Sitter solution, these expressions typically provide reliable
approximations that can be used as initial conditions for the
mode equations during reheating after inflation.

APPENDIX E: JWKB METHOD

This appendix contains a review of the Jeffreys-Wentzel-
Kramers-Brillouin method (Jeffreys, 1925; Brillouin, 1926;
Kramers, 1926; Wentzel, 1926). The JWKB method can be
applied to derive approximate solutions to equations of the
form

y00ðxÞ þQðxÞyðxÞ ¼ 0; ðE1Þ

where QðxÞ is a differentiable function. See Bender and
Orszag (1999) for an introduction to asymptotic methods and
perturbation theory, and see Parker and Toms (2009) for
applications of JWKB to QFT in curved spacetime (such as
adiabatic subtraction and trace anomaly).
Motivation. Equations of this form arise in the description

of both classical and quantum physical systems. In classical
mechanics the displacement of a one-dimensional harmonic
oscillator with a time-dependent natural frequency is governed

by d2x=dt2 þ ω2ðtÞxðtÞ ¼ 0. In quantum mechanics the
wave function of a nonrelativistic mass moving in a one-
dimensional static potential is governed by d2ψ=dx2þ
ð2m=ℏ2Þ½E − VðxÞ�ψðxÞ ¼ 0. In quantum field theory the
Fourier mode amplitudes of a free scalar field in an FLRW
spacetime are governed by χ00kðηÞ þ ω2

kðηÞχkðηÞ ¼ 0, which we
encountered in Eq. (11). Similar second-order linear equations
appear in the study of free fields with spin; see Sec. V.
Strategy. The JWKB method draws upon perturbation

theory and asymptotic series to tackle equations of the form
of Eq. (E1) (as well as more general equations). To appreciate
the strategy note that if QðxÞ ¼ q2 is a constant, one can
immediately identify the four-dimensional space of solutions
yðxÞ ¼ C1e−iqx þ C2eiqx for arbitrary complex coefficients
C1; C2 ∈C. This observation motivates one to seek a solution
for general QðxÞ using perturbation theory, with the constant
case taken as the expansion point. The JWKB method entails
the construction of a power series. With the exception of
special cases such as the constant QðxÞ ¼ q2, the resultant
power series is divergent. However, the first few terms in this
series typically provide a good approximation to the desired
solution. In this appendix we explain the conceptual under-
pinnings of the JWKB method and remark upon its applica-
tion to QFT in curved spacetime.
Adiabatic parameter. Since Eq. (E1) is easily solved for the

constantQðxÞ, this suggests that approximate solutions should
be available for slowly varying QðxÞ with small time deriv-
atives. To seek out such solutions, introduce an expansion
parameter ε∈R at each appearance of a derivative: ∂x → ε∂x.
In principle, QðxÞ may be constructed from derivatives as
well, so we should write QðxÞ ¼P∞

n¼0ε
nQnðxÞ. With these

substitutions one obtains an infinite one-parameter family of
equations,4

ε2y00ðx; εÞ þ
X∞
n¼0

εnQnðxÞyðx; εÞ ¼ 0: ðE2Þ

Once Eq. (E2) is solved, the desired solution is yðx; 1Þ. Since ε
tracks time derivatives, it is called the adiabatic parameter (or
T ¼ ε−1, the slowness parameter), and OðεnÞ terms are of nth
adiabatic order.
JWKB ansatz. Since the equation with the constant QðxÞ is

solved using an exponential function, this observation moti-
vates one to search for solutions that can be written as

ỹðx; εÞ ¼ exp

�
1

ε

X∞
n¼0

εnSnðxÞ
�
: ðE3Þ

It may not be the case that solutions of Eq. (E2) can be written
in this form. Nevertheless, it is valuable to search for such

4It may appear that introducing ε has made the problem more
difficult since, rather than needing to solve the single equation (E1), it
is now necessary to solve an infinite family of equations. However, if
we assume that the solutions of Eq. (E2) can be expressed as a Taylor
series in powers of an arbitrary ε, then we can solve order by order in
powers of ε. In this way perturbation theory substitutes one difficult
problem for an infinite number of easy problems (Bender and Orszag,
1999).
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solutions since, even if they do not solve the equation, they
may provide a good approximation to the desired solution.
Putting this ansatz into the equation for yðx; εÞ and solving
order by order in powers of ε yields

½S00ðxÞ�2 ¼ −Q0ðxÞ;
2S00ðxÞS01ðxÞ ¼ −Q1ðxÞ − S000ðxÞ;
2S00ðxÞS02ðxÞ ¼ −Q2ðxÞ − S001ðxÞ − ½S01ðxÞ�2; ðE4Þ

etc. Note that there are two solution branches corresponding
to S0ðxÞ ¼∓

R
xdx0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Q0ðx0Þ

p
.

Discussion. If the series ỹðx; εÞ is convergent at ε ¼ 1, then
yðxÞ ¼ ỹðx; 1Þ is the desired solution to the original equation.
However, for the situations of interest, the series typically
diverges for any nonzero ε. In that case the formal series
should be understood as an asymptotic expansion of the
solution at small adiabatic parameter,

yðx; εÞ ∼ ỹðx; εÞ as ε → 0: ðE5Þ

This outcome may seem like a failure since the goal was to
solve the equation with ε ¼ 1, but Eq. (E5) gives the
asymptotic form of the solution as ε → 0. Nevertheless, it
is often the case that an asymptotic series, when truncated to a
low order, provides a good approximation. For instance,
truncating the series at OðεNÞ and taking ε ¼ 1 results in
the function

yðNÞðxÞ ¼ exp

�XN
n¼0

SnðxÞ
�
: ðE6Þ

To be concrete suppose that Q0ðxÞ ¼ ½qðxÞ�2 and QnðxÞ ¼ 0

for n ≥ 1. For N ¼ 1 we then have

yð1ÞðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
2qðxÞp exp

�
−i
Z

x
dx0qðxÞ

�
; ðE7Þ

which is the leading-order JWKB approximation. Although
yð1ÞðxÞ is not a solution of Eq. (E1) [except for special cases
like the constant qðxÞ], it typically provides a good approxi-
mation. Adding a few more terms in the asymptotic series will
typically improve the approximation, but eventually adding
more terms will expose the divergence of the series and cause
the approximation to degrade. The onset of the divergence is
controlled by the magnitude of the derivatives of qðxÞ: since
yð1ÞðxÞ is an exact solution for the constant qðxÞ, one expects
yð1ÞðxÞ to be a good approximation when qðxÞ is slowly
varying, i.e., adiabatic. It is customary to define a dimension-
less measure of the adiabaticity of the system as

AðxÞ ¼ jq0ðxÞ=qðxÞ2j; ðE8Þ

which corresponds to the fraction by which qðxÞ changes
during each oscillation cycle. Smaller AðxÞ corresponds to a
more adiabatic system, and yð1ÞðxÞ provides a better approxi-
mation of the desired solution.

Applications to QFT in curved spacetime. In the remainder
of this appendix, we focus on applications of the JWKB
method to studies of QFT in curved spacetime. For concrete-
ness we use the scalar field in FLRW spacetime as an example.
The scalar field’s Fourier mode amplitudes χkðηÞ obey the
second-order, linear differential equation (11). When the
adiabatic parameter ε is introduced, the equation of motion
becomes

ε2χ00ðη; εÞ þ ω2ðη; εÞχðη; εÞ ¼ 0; with

ω2ðη; εÞ ¼ ½k2 þ a2ðηÞm2� þ ½ð1
6
− ξÞa2ðηÞRðηÞ�ε2; ðE9Þ

where we have dropped the subscript k to simplify the
notation. Since the Ricci scalar RðηÞ involves two time
derivatives, this term develops a factor of ε2. For studies of
QFT in curved spacetime, it is customary to write the JWKB
ansatz as (Birrell and Davies, 1984)

χ̃ðη; εÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Wðη; εÞp exp

�
−
i
ε

Z
η
dη0Wðη0; εÞ

�
; ðE10Þ

where the power series Wðη; εÞ ¼P∞
n¼0ε

nWnðηÞ satisfies

½Wðη; εÞ�2 ¼ ω2ðη; εÞ − ε2

2

�
W00ðη; εÞ
Wðη; εÞ −

3

2

�
W0ðη; εÞ
Wðη; εÞ

�
2
�
:

ðE11Þ

Equating order by order in powers of ε yields

½W0ðηÞ�2¼k2þa2ðηÞm2≡ ½ω0ðηÞ�2;

2W0ðηÞW2ðηÞ¼
�
1

6
−ξ

�
a2ðηÞRðηÞþ3

4

�
W00ðηÞ
W0ðηÞ

�
2

−
1

2

W000ðηÞ
W0ðηÞ

;

ðE12Þ

and WnðηÞ ¼ 0 for odd n. Once again there are two solution
branches, with W0ðηÞ ¼ �ω0ðηÞ, which correspond to pos-
itive- and negative-frequency modes, respectively. The Nth-
order JWKB approximation is obtained by truncating the
series at OðεNÞ and setting ε ¼ 1,

χðNÞðηÞ ¼ exp ½−i R η dη0PN
n¼0Wnðη0Þ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
P

N
n¼0WnðηÞ

p : ðE13Þ

For instance, the leading-order JWKB approximation is

χð0ÞðηÞ ¼ exp½−i R η dη0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ a2ðη0Þm2

p
�

½2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ aðηÞ2m2

p
�1=2 : ðE14Þ

Adiabatic vacuum. One application of the JWKB method
for QFT in curved spacetime is the definition of the adiabatic
vacuum (Birrell and Davies, 1984; Mukhanov and Winitzki,
2007). Although the JWKB approximation is not a solution of
the original equation, it can be used as an initial condition at
conformal time η0 to define an exact solution,

Edward W. Kolb and Andrew J. Long: Cosmological gravitational particle production …

Rev. Mod. Phys., Vol. 96, No. 4, October–December 2024 045005-48



χðη0Þ ¼ χðNÞðη0Þ; χ0ðη0Þ ¼
dχðNÞ

dη

����
η¼η0

: ðE15Þ

The solution consistent with these initial conditions is known
as the Nth-order adiabatic mode function at time η0. The
vacuum state annihilated by the corresponding ladder oper-
ators is known as the Nth-order adiabatic vacuum, j0ad;η0i.
If the system is strongly adiabatic at early times, i.e.,
ω0ðηÞ=ω2ðηÞ → 0 as η → −∞, then all the vacuum prescrip-
tions agree asymptotically, thereby providing a naturally
unique vacuum state.
Adiabatic regularization. The construction of adiabatic

orders through the JWKB method also proves useful for
handling UV divergences through the technique of adiabatic
regularization (Parker and Toms, 2009). Calculating observ-
ables that are nonlinear in the fields, such as expectation
values of the stress-energy tensor, generally leads to UV
divergences. Adiabatic regularization entails expressing the
observable as a power series in the adiabatic parameter ε and
removing all of the terms at a given order if any of those terms
contain a UV divergence. For a schematic example suppose
that we calculate an observable and find that it can be written
as O¼ða0Þε0þða2þb2þc2Þε2þða4þb4Þε4þ���, where
the coefficients represent momentum integrals. Suppose that
a0 and b2 are integrals with UV divergences while the other
terms are finite. Adiabatic regularization then requires the
removal of all terms at ε0 and ε2, leaving only Oreg ¼
ða4 þ b4Þε4 þ � � �. Adiabatic regularization proves useful in
several derivations, including the conformal anomaly in the
trace of the stress-energy tensor.
Extensions. Whereas this discussion has focused on the

JWKB method for equations of the form of Eq. (E1), which
arise in bosonic field theories (Ferreiro, Monin, and Torrenti,
2023; Ferreiro and Torrenti, 2023; Marañón González and
Navarro-Salas, 2023), a similar method is available for the
linear, coupled equations that arise in theories of fermions. See
Durrer, Marozzi, and Rinaldi (2009), Dumlu and Dunne
(2010), Landete, Navarro-Salas, and Torrenti (2013),
Dabrowski and Dunne (2014, 2016), del Rio, Navarro-
Salas, and Torrenti (2014), Landete, Navarro-Salas, and
Torrenti (2014), Enomoto and Matsuda (2021, 2022), Sou,
Tong, and Wang (2021), Hashiba, Ling, and Long (2022), and
Corbà and Sorbo (2023). See Sola Peracaula (2022) and
references therein for a discussion of the implications of the
cosmological constant problem.
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