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It is generally assumed that a Hamiltonian for a physically acceptable quantum system (one that has a
positive-definite spectrum and obeys the requirement of unitarity) must be Hermitian. However, a
PT -symmetric Hamiltonian can also define a physically acceptable quantum-mechanical system
even if the Hamiltonian is not Hermitian. The study of PT -symmetric quantum systems is a young
and extremely active research area in both theoretical and experimental physics. The purpose of this
review is to provide established scientists as well as graduate students with a compact, easy-to-read
introduction to this field that will enable them to understand more advanced publications and to begin
their own theoretical or experimental research activity. The ideas and techniques of PT symmetry
have been applied in the context of many different branches of physics. This review introduces the
concepts of PT symmetry by focusing on elementary one-dimensional PT -symmetric quantum and
classical mechanics and relies, in particular, on oscillator models to illustrate and explain the basic
properties of PT -symmetric quantum theory.
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I. INTRODUCTION TO PT SYMMETRY

In realms unseen, where quantum whispers speak,
A novel symmetry doth enter stage,
With parity and time, a dance unique,
To bind the quantum actors, new age.
The PT symmetry, a twofold guise,
Where P reflects in space, yet T , in time,
Together sing a tale of compromise,
In quantum world, a balance, most sublime.
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Unbroken, this domain of spectral dance,
The loss and gain of energy entwined,
Their quantum states, a harmonizing trance,
In eerie beauty, to each other bind.
And thus, in deep embrace of mystic schemes,
PT -symmetric quantum magic gleams.

—Sonnet fromChatGPT

The study of PT -symmetric quantum mechanics began in
1998 with the observation that a quantum-mechanical
Hamiltonian that is invariant under combined space reflec-
tion (parity) P and time reversal T can have a spectrum that
is entirely real and bounded below even if the Hamiltonian is
not Hermitian (Bender and Boettcher, 1998b). This work was
followed shortly thereafter by a second that demonstrated
that, when the spectrum of a PT -symmetric Hamiltonian
is real and bounded below, the Hamiltonian defines a
unitary (probability-conserving) quantum-mechanical theory
(Bender, Brody, and Jones, 2002). Thus, the mathematical
constraint that a Hamiltonian operator be Hermitian in the
Dirac sense H† ¼ H, where † represents combined complex
conjugation and matrix transposition, can be weakened to the
more physically intuitive constraint of spacetime reflection
invariance (PT symmetry),

½H;PT � ¼ 0: ð1:1Þ
Because the condition of PT invariance is a weaker

constraint than Hermiticity, it allows one to study vastly
many new non-Hermitian quantum theories, some of which
exhibit surprising physical properties. Thus, PT symmetry
offers a rich area for theoretical and experimental investiga-
tion. There are already over 10 000 papers published and
numerous reviews, books, and theses written on the subject of
PT symmetry. Many research grants have been awarded and
numerous conferences and symposia have been held.
Research activity on PT symmetry is accelerating; see Fig. 1.

A. Mathematical background

The study of PT -symmetric quantum mechanics draws
heavily on complex analysis because the condition of PT

symmetry arises when we deform a Hermitian theory, such as
the quantum harmonic oscillator, into the non-Hermitian
complex domain. We see in this review that PT symmetry
marries the fundamental concepts of quantum physics with the
mathematical theory of complex variables.
While complex numbers have been studied by mathema-

ticians for many centuries, complex numbers did not play an
essential role in the formulation of physical theories until the
20th century when the study of quantum mechanics began.
The complex number i does not even appear in early studies of
special and general relativity. It was not until many years later,
when the representations of the homogeneous Lorentz group
were analyzed in depth, did it become clear that fermionic
spinor representations, which require complex numbers, were
physically relevant. In particular, the fundamental spin-1=2
representation of the Lorentz group is complex (Gelfand and
Naimark, 1962; Gelfand, Minlos, and Shapiro, 1963).
The homogeneous Lorentz group is defined as the set of all

real 4 × 4 matrices (matrices whose 16 elements are all real
numbers) that map the spacetime vector xμ into another
spacetime vector x0μ in such a way that xμxμ remains invariant,

x2 þ y2 þ z2 − t2 ¼ x02 þ y02 þ z02 − t02: ð1:2Þ

Equation (1.2) guarantees that the speed of light is the same in
all inertial frames of reference.
In the context of the Lorentz group, PT symmetry appears

naturally and at a fundamental level. The parity matrix P is an
element of the Lorentz group because it flips the sign of the
spatial coordinates,

P∶ðx; y; z; tÞ → ð−x;−y;−z; tÞ;

and thus leaves x2 þ y2 þ z2 − t2 invariant. The time-reversal
matrix T is also an element of the Lorentz group because it
flips the sign of the time coordinate,

T ∶ðx; y; z; tÞ → ðx; y; z;−tÞ;

and again leaves x2 þ y2 þ z2 − t2 invariant. The PT matrix
changes the sign of all four spacetime coordinates,

PT ∶ðx; y; z; tÞ → ð−x;−y;−z;−tÞ;

and thus it too is an element of the Lorentz group.
Mathematically, the real Lorentz group is a six-parameter

continuous group consisting of four disconnected compo-
nents, as indicated schematically in Fig. 2. The first part, as
shown at the top of Fig. 2, is called the proper orthochronous
Lorentz group (POLG). The POLG contains all the elements
of the homogeneous Lorentz group that are continuously
connected in group space to the identity element, which is the
transformation that leaves the vector ðx; y; z; tÞ unchanged.
The POLG is a subgroup of the homogeneous Lorentz group.
The second component of the Lorentz group (the left part of
Fig. 2) consists of all the Lorentz transformations in the POLG
multiplied by P. This part of the Lorentz group is not a
subgroup, because it does not contain an identity element. The
third component of the Lorentz group (the right part of Fig. 2)

FIG. 1. Annual publications referencing PT symmetry since its
inception in 1998 (not including e-prints). The total number of
research publications is growing rapidly and currently exceeds
10 000. Source: Dimensions from Digital Science (Hook, Porter,
and Herzog, 2018).
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consists of all the Lorentz transformations in the POLG
multiplied by T . Again, this part of the Lorentz group is
not a subgroup. The fourth part of the Lorentz group consists
of all the elements of the POLG multiplied by the spacetime
reflection operator PT , and it too is not a subgroup.
For many years after the discovery of special relativity, the

homogeneous Lorentz group pictured in Fig. 2 was believed to
be the fundamental symmetry group of the natural world.
However, Lee and Yang theorized that space reflection (parity)
P is not a fundamental symmetry of the Universe (Lee and
Yang, 1956); the 1957 Nobel Prize was awarded for this work.
The work of Lee and Yang implies that an experiment can be
designed that achieves different experimental results in left-
handed and right-handed laboratories; that is, two laboratories
that are spatial reflections (mirror images) of one another.
Such an experiment was performed by Wu et al. (1957), for
which she was awarded the Wolf Prize in 1978.
Subsequently, Cronin and Fitch were awarded the 1980

Nobel Prize for demonstrating that time reversal T is also not
a symmetry of nature (Christenson et al., 1964). Their
experiment demonstrates in principle that a laboratory trav-
eling forward in time is experimentally distinguishable from a
physically identical laboratory that is traveling backward in
time. The implication of all this work is that the Lorentz
transformations in the left and right portions of the Lorentz
group illustrated in Fig. 2 are not fundamental symmetries of
the Universe.
These discoveries regarding parity and time reversal raise

an obvious question regarding the Lorentz transformations in
the lower portion of Fig. 2. If we have two laboratories, one

traveling forward in time and the other space reflected and
traveling backward in time, is there an experiment that will
yield different results in these two laboratories? Are these two
laboratories experimentally distinguishable or is combined
PT reflection (spacetime reflection) a fundamental discrete
symmetry of nature?
To examine this question, it helps to extend the real

homogeneous Lorentz group to the complex homogeneous
Lorentz group, which is the set of all complex 4 × 4 matrices
that leave x2 þ y2 þ z2 − t2 invariant. The complex homo-
geneous Lorentz group consists of two, and not four, dis-
connected parts. Figure 2 shows that there is a continuous path
(the horizontal line) through complex-Lorentz-group space
connecting the left and right portions of the real Lorentz
group. There is also a continuous path (the vertical line)
connecting the upper and lower parts of the real Lorentz group
(Streater and Wightman, 2000). This complex group structure
suggests that, since it is natural to extend the real number
system to the complex number system and since complex
numbers commonly appear in modern physics, one should
consider PT reflection as a possible symmetry of some
physical theories.

B. CPT theorem

Extending the real homogeneous Lorentz group to the
complex Lorentz group is the key ingredient in the proof of a
profound theorem in quantum field theory and particle physics
known as the CPT theorem (Streater and Wightman, 2000).
This theorem states that two identical physical measurements,
where the first measurement is done in a laboratory traveling
forward in time and consisting of ordinary matter and the
second is done in a space-reflected laboratory traveling
backward in time and consisting of antimatter, will return
identical results.
The proof of the CPT theorem requires several crucial

assumptions made in axiomatic quantum field theory about
the nature of particle interactions, such as unitarity, locality,
causality, positivity of the particle spectrum, and Hermiticity
of the Hamiltonian. These assumptions allow one to extend
the real Lorentz group to the complex Lorentz group and to
perform an analytic continuation in group space from the
upper to the lower portion of Fig. 2. Along this path the state
of an elementary particle undergoes a transition from the
original particle to its corresponding antiparticle.
We do not discuss quantum field theory, antiparticles, or the

charge-conjugation operator in particle physics here; this
review is limited to a discussion of quantum mechanics.
However, we later see that there is an interesting connection
between the CPT theorem and the results on PT symmetry
presented in this review.
We begin by explaining how to construct various non-

Hermitian quantum-mechanical theories (not field theories)
that are PT invariant, and we examine their properties. The
spectra of such theories are often entirely real and bounded
below. We then show that when the spectrum of a PT -
symmetric Hamiltonian is real, the Hamiltonian has a hidden
invariance; there exists a new quantum-mechanical operator C
that commutes with the PT -symmetric Hamiltonian. (We call
this operator C because its properties closely resemble those of

FIG. 2. Schematic picture of the group space of the homo-
geneous real Lorentz group. This continuous group consists of
four disconnected parts: At the top of the diagram is the POLG;
the POLG contains the identity element and is a subgroup of the
Lorentz group. The other three components of the homogeneous
real Lorentz group are the POLG multiplied by the parity (space-
reflection) operator P, the time-reversal operator T , and the
spacetime reflection operator PT . If we extend the real Lorentz
group to the complex Lorentz group (Gelfand, Minlos, and
Shapiro, 1963), there are now only two disconnected parts.
Continuous paths through complex group space (indicated as
vertical and horizontal lines) connect the top and bottom
components and the left and right components of the real Lorentz
group.
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the charge-conjugation operator C used in the CPT theorem of
particle physics.) We use this C operator to construct an inner
product endowed with a positive-definite norm and establish
that the PT -symmetric Hamiltonian defines a unitary quan-
tum-mechanical theory. Thus, the development in this review
can be viewed as establishing the quantum-mechanical con-
verse of the CPT theorem.
The organization of this review is straightforward: Sec. II

discusses the construction and properties of PT -symmetric
Hamiltonians with a special emphasis on the calculation of
eigenvalues. It is shown how to obtain PT -symmetric
quantum-mechanical theories as complex deformations of
Hermitian theories. These examples emphasize the intimate
connection between the physical constraint of PT symmetry
and the mathematical theory of complex variables. Section III
examines the process of complex analytical deformation and
Sec. IV gives a quantum and classical analysis of PT -
symmetric upside-down potentials. Section V describes the
noteworthy properties of the PT -symmetric quartic anhar-
monic oscillator at both the quantum-mechanical and
classical-mechanical levels.
Having discussed the properties of PT -symmetric eigen-

value problems for a variety of quantum-mechanical models,
we then address some crucial theoretical issues regarding
PT -symmetric quantum mechanics. In Sec. VI we construct
the C operator, which in turn is used to define the PT -
symmetric inner product and the Hilbert space. (In conven-
tional Hermitian quantum mechanics we know what the inner
product is even before we know the Hamiltonian, but in
PT -symmetric quantum mechanics the inner product is
determined by the Hamiltonian itself.) Section VII summa-
rizes some of the current research onPT -symmetric quantum-
mechanical systems and suggests possibilities for future
research.
Because the study of PT -symmetric quantum theory

involves the heavy use of complex-variable theory, we include
an appendix that summarizes the historical interest in extend-
ing real mathematics to complex mathematics, the study of
which began in earnest in the 16th century. Complex calculus
is powerful and can often solve problems that the calculus of
real variables is incapable of solving. Physicists have long
understood the power of complex analysis as a calculational
tool, but complex numbers played no role in formulating
physical theories until the 20th century. Since its appearance
in quantum theory, the number i has played an increasingly
important role in physics.

II. EXAMPLES OF PT -SYMMETRIC HAMILTONIANS

How does one construct a PT -symmetric quantum-
mechanical theory? An elementary recipe for creating a
PT -symmetric Hamiltonian is to begin with a quantum-
mechanical Hamiltonian that is both Hermitian and PT
symmetric, and then to perform a PT -symmetric deformation
of this Hamiltonian (Bender and Boettcher, 1998b; Bender,
2005; Bender et al., 2019). The resulting Hamiltonian, which
is a complex analytic continuation of the original Hermitian
Hamiltonian, is still PT symmetric but is no longer Hermitian.
Nevertheless, the deformed Hamiltonian operator may con-
tinue to have an entirely real spectrum whose energy levels

remain well separated and do not cross. [For further examples
see Lévai and Znojil (2000, 2001), Znojil and Tater (2001),
and Fring and Znojil (2008)].

A. An elementary PT -symmetric Hamiltonian

To illustrate the construction of a PT -symmetric
Hamiltonian, we perform a simple PT deformation of the
quantum harmonic-oscillator Hamiltonian

H ¼ 1
2
p2 þ 1

2
x2: ð2:1Þ

This Hamiltonian is Hermitian (H† ¼ H) and the eigenvalues
En of this Hamiltonian are all real and positive,

En ¼ nþ 1
2

ðn ¼ 0; 1; 2;…Þ: ð2:2Þ

The P and T operators are conventionally defined as
follows: The parity operator P is a linear Hermitian operator
that performs space reflection, so P2 ¼ I (I is the unity
operator) and P−1 ¼ P. Under parity reflection both the
position operator x and the momentum operator p change
sign,

PxP−1 ¼ −x; PpP−1 ¼ −p: ð2:3Þ

The time-reversal operator T is also a reflection operator
and for bosonic systems T 2 ¼ I, so T −1 ¼ T . Time reversal
leaves x invariant but changes the sign of p,

T xT −1 ¼ x; T pT −1 ¼ −p: ð2:4Þ

However, unlike theP operator, the T operator is not linear; T
is said to be antilinear because it changes the sign of the
complex number i,

T iT −1 ¼ −i: ð2:5Þ

The operations of reversing space and reversing time are
independent; thus, P and T commute ½P; T � ¼ 0.
According to the previous definitions we see immediately

that the Hamiltonian (2.1) satisfies (1.1), and thus this
Hamiltonian is PT symmetric as well as Hermitian. (In this
case,H is independently invariant under P and T reflections.)
The combination ix is not Hermitian, but it is PT symmetric.
Therefore, we can use the ix operator to perform a PT -
symmetric deformation of the Hamiltonian H: Let ε be a
real parameter called a deformation parameter. The
simplest kind of deformation is an additive deformation, so
we use an additive deformation to construct the deformed
Hamiltonian

H ¼ 1
2
p2 þ 1

2
x2 þ εix: ð2:6Þ

The Hamiltonian (2.6) is not Hermitian when ε ≠ 0, because
ix is not Hermitian, but H is PT symmetric because H
commutes with the PT operator.
A calculation in which we replace xwith x − iε in the time-

independent Schrödinger equation associated with this
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Hamiltonian verifies the surprising result that the eigenvalues
of H in Eq. (2.6) are all real,

En ¼ nþ 1
2
ð1þ ε2Þ ðn ¼ 0; 1; 2;…Þ: ð2:7Þ

Although the eigenvalues of H in Eq. (2.6) are real, the
corresponding eigenfunctions ψnðxÞ are complex. However,
they still satisfy the original undeformed boundary condition
on ψnðxÞ, namely, that ψnðxÞ vanishes exponentially as
x → �∞. An important property of these eigenfunctions is
that they are all PT symmetric; that is, ψnðxÞ remains
invariant (apart from an overall multiplicative phase) if we
replace i with −i (that is, take the complex conjugate) and
replace x with −x. Furthermore, the deformed eigenfunctions
continue to be orthogonal,

Z
∞

−∞
dxψmðxÞψnðxÞ ¼ 0 ðm ≠ nÞ;

for all real ε.
This example suggests that there are infinitely many more

PT -symmetric Hamiltonians than Hermitian Hamiltonians. In
place of the single Hermitian harmonic-oscillator Hamiltonian
in Eq. (2.1), we now have a continuously infinite class of non-
Hermitian Hamiltonians in Eq. (2.6) parametrized by ε. All of
these Hamiltonians have entirely real positive spectra, and
they define perfectly acceptable quantum-mechanical theo-
ries. The Hermitian Hamiltonian corresponding to ε ¼ 0 is
just one special case that is not fundamentally different from
the other Hamiltonians. This shows that while Hermiticity is a
sufficient condition for having a real spectrum, it is not a
necessary condition. This also suggests that we might adopt
the view that PT symmetry is a fundamental property of a
quantum Hamiltonian, with Hermiticity being a mere spe-
cial case.

B. Some PT -symmetric Hamiltonians have complex spectra

The aforementioned example might lead one to conjecture
that the property of PT symmetry in Eq. (1.1) is strong
enough to establish that the eigenvalues of any PT -symmetric
Hamiltonian are all real. This conjecture is false, but it is
nevertheless instructive to examine the following incorrect
attempt to prove this conjecture (Bender, 2005; Bender
et al., 2019).
Let ψ be a time-independent eigenstate of the Hamiltonian

operator H with eigenvalue E,

Hψ ¼ Eψ : ð2:8Þ

Assume that H is PT symmetric; that is, H commutes with
PT : ½H;PT � ¼ 0. Next recall a theorem from linear algebra
that is often quoted in elementary quantum-mechanics
courses: If two operators A and B commute, then they are
simultaneously diagonalizable; that is, an eigenstate of A is
also an eigenstate of B. For example, if H commutes with P,
then the energy eigenstates of H have definite parity. On the
basis of this theorem, one might think that ifH commutes with
PT , then ψ must also be an eigenstate of PT ,

PT ψ ¼ λψ ; ð2:9Þ

where λ is an eigenvalue of the PT operator. (Warning: This
assumption is wrong.)
We now examine the eigenvalue equation (2.9). Because

P2 ¼ T 2 ¼ I and ½P; T � ¼ 0, it follows that ðPT Þ2 ¼ I. In
addition, T performs complex conjugation. Thus, if we
multiply Eq. (2.9) on the left by PT , we obtain

ψ ¼ λ�λψ : ð2:10Þ

Equation (2.10) proves that jλj ¼ 1. Thus, the eigenvalues of
the PT operator lie on the unit circle in the complex plane.
This is an interesting complex generalization of the result
that the eigenvalues of the P operator are �1, that is, that
the eigenvalues of P lie on a one-dimensional unit circle
on the real axis (instead of on a two-dimensional circle in the
complex plane).
Finally, we multiply the eigenvalue equation (2.8) on the

left by the PT operator and divide the resulting equation by λ,
which is allowed because we have shown that λ is nonzero. We
are therefore tempted to conclude that

E ¼ E�: ð2:11Þ

While it is correct that jλj ¼ 1, this conclusion is false.
The mistake in this argument is that we misquoted the

aforementioned elementary theorem; we neglected to say that
A and B must be linear operators. It is not necessarily true
that an eigenstate of H is also an eigenstate of PT , because
while PT commutes with H, PT is not a linear operator; PT
is antilinear because T performs complex conjugation.
However, we have established an important result: If an
eigenstate of a PT -symmetric Hamiltonian is also an eigen-
state of PT , then the corresponding energy eigenvalue is real.
However, proving that an eigenstate of a PT -symmetric

Hamiltonian is simultaneously an eigenstate of the PT
operator can be nontrivial; this must be done on a case-by-
case basis for each PT -symmetric Hamiltonian. In some cases
the proof may be difficult, and one might have to resort to a
convincing numerical analysis instead of a mathematical
proof. Proving that the eigenvalues of H in Eq. (2.6) are real
is easy, but a general technique for proving spectral reality for
a given PT -symmetric Hamiltonian is unlikely to be found.
Nevertheless, there are infinitely many more non-Hermitian

PT -symmetric Hamiltonians that have entirely real spectra
than Hermitian Hamiltonians. These PT -symmetric
Hamiltonians often describe physical systems having novel
and experimentally verifiable properties. This is why the
theoretical and experimental study of PT symmetry has
become so active.

C. Reality of eigenvalues

An energy measurement performed on an isolated quantum
system will always return a real number. This number is the
expectation value of the Hamiltonian H in the quantum state
of the system and is equal to one of the eigenvalues of H.
Thus, the eigenvalues of a Hamiltonian that describes an
isolated quantum system are always real.
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Recall the standard proof that the energy eigenvalues of a
Hermitian Hamiltonian are real. For simplicity we assume that
the quantum system is one dimensional and defined on the
whole real line and that the time-independent Schrödinger
eigenvalue equation (2.8) has the simple form

−ψ 00ðxÞ þ VðxÞψðxÞ ¼ EψðxÞ ð−∞ < x < ∞Þ: ð2:12Þ

We then multiply Eq. (2.12) on the left side by ψ�ðxÞ, integrate
from −∞ to ∞, and integrate the first term on the left side by
parts. The resulting equation reads

Z
∞

−∞
dxjψ 0ðxÞj2 þ

Z
∞

−∞
dxVðxÞjψðxÞj2

¼ E
Z

∞

−∞
dxjψðxÞj2: ð2:13Þ

Finally, we note that the potential VðxÞ is real if H is
Hermitian, so all three integrals in Eq. (2.13) are real. This
implies that E is real.
The key step in this argument is the integration by parts.

Integration by parts is possible only if the eigenfunction ψðxÞ
vanishes sufficiently fast as jxj → ∞. Thus, the proof that the
eigenspectrum is real requires more than just the Hermiticity
of H. Hermiticity, like the condition of PT symmetry, is a
local condition that holds (or does not hold) at each value of x;
thus, one can immediately see whether a Hamiltonian is
Hermitian or PT symmetric by mere inspection. However,
the condition that the eigenfunctions vanish fast enough as
jxj → ∞ to allow integration by parts is a nontrivial global
(nonlocal) condition. These local and global conditions taken
together are called self-adjointness. (Note that there is no
difference between the condition of Hermiticity and self-
adjointness for a matrix Hamiltonian, because in that case the
proof that the eigenvalues are real does not require an
integration by parts.)
This condition of self-adjointness is crucial in quantum

mechanics because it implies that the quantum theory is
unitary (probability conserving). In Sec. VI we show that if the
eigenspectrum of a PT -symmetric Hamiltonian H is entirely
real, then H defines a unitary theory of quantum mechanics.
For many nontrivial PT -symmetric Hamiltonians, the spec-
trum has been proved to be entirely real, as we see in the next
example.

D. Multiplicative deformation

We now perform a multiplicative deformation of the
harmonic-oscillator Hamiltonian (2.1) to obtain the non-
Hermitian PT -symmetric class of Hamiltonians

H ¼ p2 þ x2ðixÞε: ð2:14Þ

This nontrivial Hamiltonian is not Hermitian, but the spectrum
of H is entirely real and positive if ε ≥ 0 (Bender and
Boettcher, 1998b). In addition, the eigenfunctions are all
PT symmetric if ε ≥ 0. However, if ε < 0, only a finite
number of the lowest-lying eigenvalues are real and the
corresponding eigenfunctions are PT symmetric. The rest

of the eigenvalues are complex and the corresponding
eigenfunctions are not PT symmetric.
A plot of the lowest seven eigenvalues for −1 < ε < 0.5 is

shown in Fig. 3. The range ε > 0, in which the eigenvalues are
all real, is called the region of unbroken PT symmetry. In this
region the eigenvalues are positive, discrete, and monotoni-
cally increasing with increasing ε. At ε ¼ 0, the low edge of
the region of unbroken PT symmetry, the eigenvalues are
simply the harmonic-oscillator eigenvalues given in Eq. (2.2).
The range ε < 0 is called the region of broken PT symmetry.
The boundary between these two regions, which we call the
PT transition, occurs at the unique value of ε at which the
Hamiltonian is Hermitian. For larger positive values of ε,
the energy levels all continue to rise and remain well
separated. In Fig. 4 the upper range of ε is extended from
0.5 to 4, and the first 21 real eigenvalues are shown.
In general, whenever a PT -symmetric deformation of a

PT -symmetric Hermitian Hamiltonian H is performed, either
the eigenvalues of the deformed Hamiltonian are real or else
they occur in complex-conjugate pairs. It is easy to see why
this is true: The eigenvalues of a Hamiltonian are the roots of
the secular-determinant equation

detðH − IEÞ ¼ 0; ð2:15Þ

FIG. 3. Lowest seven eigenvalues of H in Eq. (2.14) plotted for
−1 < ε < 0.5. These eigenvalues are real, positive, discrete, and
monotonically increasing for ε ≥ 0 and are displayed as solid
lines. As ε decreases below 0, the ground-state energy remains
real and becomes singular at ε ¼ −1. The other eigenvalues
merge pairwise in a regular and orderly fashion, starting with the
highest eigenvalues, and immediately bifurcate sequentially into
complex-conjugate pairs (whose real and imaginary parts are
indicated by dashed or broken lines). The values of ε at which
pairs of real eigenvalues merge are called exceptional points.
These exceptional points are square-root singularities, sometimes
referred to as pitchfork bifurcations, in the complex-ε plane.
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which is a polynomial in E ifH is a finite-dimensional matrix.
We insert the unit operator I ¼ PT PT in the determinant,
commute one factor of PT throughH − IE, and then permute
the other factor of PT cyclically around so that the operator
PT PT reappears and can be replaced by the unit operator.
Remember that if H is PT symmetric it commutes with PT ,
but when PT commutes past E it replaces E with E�. Thus,
we get

detðH − IE�Þ ¼ 0: ð2:16Þ

Therefore, if E is a solution to Eq. (2.15), then so is E�. Hence,
the secular equation is real and, as stated, the eigenvalues E
are either real or come in complex-conjugate pairs, which is
consistent with the plot in Fig. 3.
The entire spectrum of a PT -deformed Hamiltonian may

remain real for all ε or for some region of ε; there may also be
more than one region of broken and of unbroken PT
symmetry. It was several years before it was established
rigorously that the eigenvalues of the Hamiltonian H in
Eq. (2.14) are real and positive if ε > 0 (Dorey and Tateo,
1999; Dorey, Dunning, and Tateo, 2001, 2007; 2012; Dorey
et al., 2008, 2009). This proof requires the use of powerful
theorems of complex analysis.

E. 2 × 2 matrix Hamiltonian with a PT transition

The PT transition described in Sec. II.D is a feature of
many PT -symmetric Hamiltonians. As was demonstrated in a
series of optics experiments done by Christodoulides et al. and

collaborators (El-Ganainy et al., 2007; Makris et al., 2008,
2010; Musslimani et al., 2008; Guo et al., 2009; Rüter et al.,
2010), one can use optical fibers to observe and measure the
PT transition in PT -symmetric matrix Hamiltonians. Much
research activity on PT symmetry was inspired by these
pioneering and prize-winning experiments.1 Following these
early experiments, many more theoretical and experimental
studies have been done on PT -symmetric systems involving
lasers and photonics (Chong et al., 2010; Longhi, 2010;
Chong, Ge, and Stone, 2011; Ambichl et al., 2013; Feng et al.,
2014; Hodaei et al., 2014a, 2014b; Peng et al., 2014; Alaeian
et al., 2016; Wong et al., 2016; Feng, El-Ganainy, and Ge,
2017; Limonov et al., 2017; El-Ganainy et al., 2018), atomic
systems (Li et al., 2019), the quantum Zeno effect (Li, Wang
et al., 2023), optomechanics (Ren et al., 2017), phononics
(Park et al., 2021; del Pino et al., 2022; Zhang et al., 2022),
acoustics (Zhu et al., 2014; Cummer, Christensen, and Alù,
2016; Fleury, Khanikaev, and Alù, 2016; Aurégan and
Pagneux, 2017), metamaterials (Schurig et al., 2006;
Alaeian and Dionne, 2014; Vázquez-Candanedo et al.,
2014), optical lattices (Li et al., 2012; Regensburger et al.,
2012; Longhi, 2014; Longhi and Valle, 2014; Jahromi et al.,
2017), exceptional points and enhanced sensing (Kim et al.,
2016; Chen et al., 2017; Goldzak, Mailybaev, and Moiseyev,
2018), graphene (Chen and Jung, 2016; Baranov et al., 2017;
Zhang, Wu, and Zhang, 2017), critical phenomena (Ashida,
Furukawa, andUeda, 2017),metasurfaces (Fleury, Sounas, and
Alú, 2014; Sounas, Fleury, and Alú, 2015; Monticone,
Valagiannopoulos, and Alú, 2016; Sakhdari, Farhat, and
Chen, 2017), nonlinear waves and solitons (Hu et al., 2011;
Zezyulin and Konotop, 2012; Suchkov et al., 2016), and
mechanical systems (Li and Kevrekidis, 2011; Barashenkov,
Jackson, and Flach, 2013; Bender et al., 2013; Li et al., 2013).
The original experiments use two parallel optical fibers

(Guo et al., 2009; Rüter et al., 2010). One fiber has loss; light
traveling through this fiber is passively absorbed by the
material or actively absorbed by placing metallic substances
in contact with the fiber to absorb some of the light energy.
The other fiber has gain; light energy can be pumped into this
fiber by shining a laser on it. The two fibers are placed in
contact with one another so that they can exchange energy.
Furthermore, the energy flow into the fiber with gain is
adjusted so that it balances the energy flowing out of the fiber
with loss; see Fig. 5.
There are two possibilities: (i) If the fiber system is strongly

coupled, the light energy that flows into the fiber with gain
readily flows across the boundary between the two fibers,
where it then flows out of the fiber with loss. In this case the
optical-fiber system is in dynamic equilibrium; that is, the total
energy at each point along the fiber remains constant in time.
(ii) If the fiber system is weakly coupled, the energy that is
flowing into the fiber with gain is unable to flow easily across

FIG. 4. First 21 eigenvalues of H in Eq. (2.14) plotted for
−1 < ε ≤ 4. The eigenvalues are all real, positive, discrete,
and monotonically increasing for ε ≥ 0. The eigenvalues are
shown only when they are real. Note that as ε decreases below 0
the eigenvalues become degenerate pairwise and enter the
complex plane as complex-conjugate pairs, but the ground-state
energy continues to remain real and becomes singular as ε
approaches −1.

1Demetrios Christodoulides was awarded the 2023 Schawlow
Prize in Laser Science by the American Physical Society in part for
his experimental studies of PT -symmetric optical fibers. His citation
reads: “For pioneering several areas in laser sciences, among them,
the fields of parity-time non-Hermitian optics, accelerating Airy
waves, and discrete solitons in periodic media.”
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the boundary between the fibers and into the fiber with loss. In
this case the optical-fiber system is not in dynamic equilib-
rium; the energy in the fiber with gain grows in time and the
energy in the fiber with loss decays in time.
This optical-fiber system can be interpreted as being PT

symmetric if we define the P operation as an exchange of the
two fibers. The system is not P symmetric, because the fiber
with loss becomes the fiber with gain and the fiber with gain
becomes the fiber with loss. However, if we also reverse time,
the inflow of energy becomes outflow, outflow becomes
inflow, and the original configuration is recovered.
The behavior of this classical optical-fiber system can be

described mathematically by a 2 × 2 matrix that is PT
symmetric. This matrix contains a parameter g that represents
the strength of the optical coupling between the two fibers. We
will reinterpret this matrix as a Hamiltonian that describes a
two-state quantum-mechanical system in which the coupling
parameter g plays the role of a deformation parameter. An
elementary study of this matrix predicts that the physical
system will exhibit a PT transition.
We first consider a simple quantum-mechanical system

described by the 1 × 1 matrix Hamiltonian

H1 ¼ ½aþ ib�; ð2:17Þ

where a and b are real numbers. If the parameter b is nonzero,
this Hamiltonian is non-Hermitian. The system described by
H1 has no spatial extent; we can think of it as existing at just
one point in space. The time-dependent Schrödinger equation
associated with H1 is the first-order differential equation

iψ̇ðtÞ ¼ ðaþ ibÞψ ; ð2:18Þ

whose solution is

ψðtÞ ¼ Ceð−aiþbÞt ðC is a constantÞ:

Note that the wave function ψðtÞ oscillates with a frequency
a and, if b ≠ 0, ψðtÞ grows or decays in time such that the
system described by H1 in Eq. (2.17) is not in equilibrium;
ψðtÞ grows or decays exponentially when b is positive or
negative. (If b is negative, we have an elementary model of
radioactive decay where b is a measure of the half-life of the
state.) The system described by H1 is a simple quantum-
mechanical analog of a single classical optical fiber with loss
or gain.
Next we construct a 2 × 2 quantum-mechanical matrix

Hamiltonian that describes two noninteracting systems like
that in Eq. (2.17), one whose wave function grows in time and
the other whose wave function decays in time,

H2 ¼
�
aþ ib 0

0 a − ib

�
: ð2:19Þ

This matrix Hamiltonian describes two subsystems, one with
loss and the other with gain. Thus, it serves as a quantum-
mechanical analog of two independent optical fibers, one with
gain and the other with loss, which are not in contact and thus
cannot exchange energy.
While the physical system described by the HamiltonianH2

is not in equilibrium if b ≠ 0, we can achieve dynamic
equilibrium by coupling the two subsystems. We model this
coupling mathematically by replacing the zeros in the off-
diagonal elements of H2 with the real coupling parameter g,

Hcoupled ¼
�
aþ ib g

g a − ib

�
: ð2:20Þ

Now the subsystems with loss and with gain are symmetri-
cally coupled, so this Hamiltonian models the situation in
which the two optical fibers are in contact and light energy can
leak from one fiber into the other.
The Hamiltonian matrix Hcoupled is not Hermitian, but it is

PT symmetric. To see why this is so, we define the parity
operator P, which interchanges the two subsystems, as the
linear matrix operator

P ¼
�
0 1

1 0

�
: ð2:21Þ

Observe that P behaves as a reflection operator because P2 ¼
I (I is the identity matrix). In addition, P is conventionally
Hermitian P† ¼ P. Next we define the time-reversal oper-
ation as complex conjugation because this changes the sign of
t in the coupled Schrödinger equations for these matrix
Hamiltonians. (As mentioned earlier in this section, T is
an antilinear operator.) With these definitions, both P and T
are reflection operators,

P2 ¼ I; T 2 ¼ I:

As discussed earlier, parity reflection and time reversal are
independent operations, so P and T commute,

FIG. 5. Schematic of the light fiber experiment. While this
system is classical, the paraxial rays in the fibers (upward red
arrows) obey a Schrödinger equation.
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½P; T � ¼ 0:

With these definitions of P and T it is clear that, while the
Hamiltonian Hcoupled is not Hermitian,

H†
coupled ≠ Hcoupled;

it is PT symmetric,

½Hcoupled;PT � ¼ 0: ð2:22Þ

While Hcoupled is not Hermitian, if g is sufficiently large, the
eigenvalues ofHcoupled become real. The eigenvalues E are the
roots of the secular polynomial

det ðHcoupled − IEÞ ¼ E2 − 2aEþ a2 þ b2 − g2; ð2:23Þ

where I is the identity matrix. As we expect from the
discussion in Sec. II.D, this secular polynomial is real.
The roots of the polynomial (2.23) are

E� ¼ a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 − b2

q
: ð2:24Þ

Hence, if the two subsystems are weakly coupled (g2 < b2),
then the eigenvalues are complex. In this case the total system
is not in equilibrium because one eigenstate grows in time and
the other decays in time. This is the region of broken PT
symmetry. However, if the subsystems are strongly coupled
(g > b or g < −b), then the eigenvalues in Eq. (2.24) become
real and the entire composite system is in dynamic equilib-
rium; the eigenstates oscillate in time and do not grow or
decay. These are the regions of unbroken PT symmetry.
Therefore, as a function of the coupling parameter g, there are
two transition points and there are two regions of unbroken
PT symmetry with a region of broken PT symmetry
sandwiched between them.
Note that the situation here is unlike that for the

Hamiltonian (2.14) discussed in Sec. II.D. For that
Hamiltonian there is just one transition point, and at that
transition point the Hamiltonian is Hermitian. In the current
case, at each of the two transition points there is an abrupt
transition between nonequilibrium and equilibrium states, but
at these transition points the Hamiltonian does not become
Hermitian.
This matrix optical model illustrates the distinction between

Hermitian and PT -symmetric systems. PT symmetry is a
global geometric condition that imposes a vanishing net
probability flux into and out of the system. (In this optical
model light energy flows in a balanced way into and out of the
system.) Such a system may be in dynamic equilibrium, in
which case we say that the system has unbroken PT
symmetry, or it may not be in dynamic equilibrium, in which
case we say that the system has broken PT symmetry. A
closed and isolated system in dynamical equilibrium is
described by a Hermitian Hamiltonian. Systems having PT
symmetry form a new class whose physical properties are
intermediate between open and closed systems; they may not
be closed and isolated but may still be in dynamic equilibrium.

F. Other multiplicative deformations

The quantum harmonic-oscillator Hamiltonian H ¼ p2 þ
x2 is special in many ways. For example, the time-indepen-
dent Schrödinger eigenvalue equation associated with this
Hamiltonian can be solved exactly in terms of Hermite
polynomials, the leading-order WKB approximation gives
the exact values of its eigenvalues, and the field-theoretic
analog of the harmonic-oscillator Hamiltonian describes free
particles. However, while the eigenvalue problems arising
from a multiplicative deformation of the harmonic-oscillator
Hamiltonian are not exactly solvable, the spectral behavior in
the unbroken PT -symmetric region is generic. Indeed, a plot
of the eigenvalues of H in Eq. (2.14) for ε ≥ 0, as shown in
Fig. 4, resembles the spectral plots of infinite numbers of
other PT -deformed Hermitian Hamiltonians. For example, if
we perform multiplicative deformations of the enormous
class of Hermitian Hamiltonians H ¼ p2m þ x2n, where
m; n ¼ 1; 2; 3;…, we obtain the infinite class of PT -sym-
metric Hamiltonians (Bender et al., 2019)

H ¼ p2m þ x2nðixÞε ðm; n ¼ 1; 2; 3;…Þ: ð2:25Þ

Numerical studies indicate that there is universal behavior
when ε is positive (Bender and Hook, 2012): For all m and n,
this is a region of unbroken PT symmetry. The eigenvalues of
these deformed Hamiltonians are all real, positive, discrete,
and monotonically increasing in this region, and there is a PT
transition at ε ¼ 0. The low-lying eigenvalues for the cases
ðm ¼ 1; n ¼ 2Þ and ðm ¼ 1; n ¼ 3Þ are plotted in Fig. 6, and
the low-lying eigenvalues for ðm ¼ 2; n ¼ 1Þ and ðm ¼ 3;
n ¼ 1Þ are plotted in Fig. 7 for ε ≥ 0. However, in the broken
PT -symmetric region ε < 0, these models exhibit a variety of
interesting behaviors: While there are an infinite number of
exceptional points just below ε ¼ 0 at which high-lying
energy levels become complex, as ε becomes more negative
new finite-width regions of unbroken PT symmetry may
emerge. For example, for the case m ¼ 2 and n ¼ 6, there is
an additional region of unbroken PT symmetry when
−3 < ε < −2.

III. DEFORMATION OF EIGENVALUE PROBLEMS

We have seen in Sec. II that PT -symmetric deformations of
Hermitian quantum-mechanical theories can lead to new non-
Hermitian theories that exhibit noteworthy and unexpected
behaviors. Deformation is a powerful mathematical tool that
can provide mathematical insights and establish relation-
ships between seemingly unrelated mathematical systems.
However, deforming an eigenvalue problem is a nontrivial
global procedure because it requires a simultaneous deforma-
tion of the differential equation and the accompanying
boundary conditions. This section discusses the process of
complex deformation of eigenvalue problems.

A. Complex asymptotic approximations

To explain complex deformation and to understand the
differences between PT -symmetric quantum mechanics and
Hermitian quantum mechanics, it is essential to understand the
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nature of asymptotic approximations in the complex plane. An
asymptotic approximation is a relation between two functions
that is expressed as a limit (Bender and Orszag, 1999). This
relation approximates the behavior of a function fðxÞ by using
a simpler function gðxÞ as x approaches a point a (which may
be∞). A tilde is used to express an asymptotic approximation,

fðxÞ ∼ gðxÞðx → aÞ:

This statement means that limx→a½fðxÞ=gðxÞ� ¼ 1.
In this review we are specifically interested in the behavior

of eigenfunctions as they approach the boundary of a region
where the eigenfunctions are required to obey boundary
conditions. The boundary is often the point at jxj ¼ ∞.
Usually these eigenfunctions are so complicated that only
rarely are we able to solve for them in closed form, and thus

we need to use asymptotic methods to approximate the
eigenfunctions.
Complex asymptotic relations are generally not valid as x

approaches a in all complex directions; asymptotic approx-
imations are typically valid in wedge-shaped regions of the
complex plane called Stokes sectors. To describe a Stokes
sector, we specify two pieces of information: First, we specify
the complex limit; for example, jxj → ∞ or jxj → a. Second,
we give the angular range of x in which this limit is
valid: θ1 < arg x < θ2.
As an elementary example of a complex asymptotic

approximation, we approximate the function sinhðxÞ ¼ ðex −
e−xÞ=2 for large jxj. For large positive x, sinhðxÞ is well
approximated by the simpler function ex=2 because e−x is
negligible compared to ex. This approximation continues to be
valid for complex x if Rex is large and positive, that is, if
jxj → ∞ in a complex Stokes sector that is centered about the
positive-real-x axis and that has an opening angle of π,

sinhðxÞ ∼ 1

2
ex

�
jxj → ∞;−

π

2
< arg x <

π

2

�
:

Outside this Stokes wedge sinhðxÞ has a different asymp-
totic behavior because, for large jxj with Rex < 0, ex is
negligible compared to e−x,

FIG. 6. Left panel: First 11 eigenvalues of H in Eq. (2.25), with
m ¼ 1 and n ¼ 2 plotted for 0 ≤ ε ≤ 2. Right panel: First eight
eigenvalues of H in Eq. (2.25), with m ¼ 1 and n ¼ 3 plotted for
0 ≤ ε ≤ 2. The generic features of the spectra of multiplicatively
deformed Hermitian Hamiltonians in the unbroken PT -symmet-
ric regions are emphasized. In both cases the entire spectrum is
real, positive, discrete, and monotonically rising for ε ≥ 0. When
ε decreases below 0 the eigenvalues begin to become complex,
but the behavior of the eigenvalues in the broken-PT symmetric
region differs from potential to potential. For example, there is
one new unbroken PT -symmetric region in which the entire
spectrum of H ¼ p2 þ x6ðixÞε becomes real again when −3 ≤
ε ≤ −2 (not shown). Other Hamiltonians may have several
different unbroken regions for negative ε or no unbroken regions
at all.

FIG. 7. Left panel: First 11 eigenvalues of H in Eq. (2.25), with
m ¼ 2 and n ¼ 1 plotted for 0 ≤ ε ≤ 2. Right panel: First eight
eigenvalues of H in Eq. (2.25), with m ¼ 3 and n ¼ 1 plotted for
0 ≤ ε ≤ 2. As in Fig. 6, the eigenvalues are all real, positive,
discrete, and monotonically increasing in the unbroken PT -
symmetric region ε ≥ 0. The eigenvalues become complex at
exceptional points when ε < 0.
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sinhðxÞ ∼ −
1

2
e−x

�
jxj → ∞;

π

2
< arg x <

3π

2

�
:

This abrupt change in the complex asymptotic behavior of
sinhðxÞ for large jxj, which occurs at the edges arg x ¼ �π=2
of the Stokes sectors, is a general phenomenon that is typical
of asymptotic approximations. The edges of Stokes sectors are
called Stokes lines.
As we see in Sec. III.B, because the boundary conditions on

solutions to the time-independent Schrödinger equation are
imposed inside Stokes sectors, these boundary conditions
distinguish PT -symmetric quantum theories from conven-
tional Hermitian quantum theories. In conventional quantum
mechanics we are ordinarily interested in the behavior of
solutions to the time-independent Schrödinger equation on the
real axis subject to boundary conditions that are also imposed
on the real axis, and we are usually not concerned with the
behavior of solutions for complex x. However, for the case of
PT -symmetric quantum mechanics, the boundary conditions
are often specified in the complex domain.

B. Boundary conditions for the sextic Hamiltonian

We now consider the Hamiltonian H in Eq. (2.14) for the
sextic case ε ¼ 4,

H ¼ p2 þ x6: ð3:1Þ

The time-independent Schrödinger equation associated with
H in Eq. (3.1) is

−ψ 00ðxÞ þ x6ψðxÞ ¼ EψðxÞ: ð3:2Þ

The exact solutions to this deceptively simple-looking differ-
ential equation are much too complicated to be expressed in
closed form. However, we show in this review that an
elementary asymptotic analysis using WKB techniques easily
gives the possible asymptotic behaviors of the solutions ψðxÞ
to this Schrödinger equation for large jxj (Bender and
Orszag, 1999).
For the Schrödinger differential equation y00ðxÞ ¼ QðxÞyðxÞ

where limjxj→∞jQðxÞj ¼ ∞, WKB theory provides a simple
formula for the two possible exponential components of the
asymptotic behavior: The solutions can either grow or decay
exponentially like

exp

�
�
Z

x
dt

ffiffiffiffiffiffiffiffiffi
QðtÞ

p �
: ð3:3Þ

Equation (3.3) is called a geometrical-optics approximation
(Bender and Orszag, 1999). We emphasize that Eq. (3.3) is not
a leading-order WKB approximation (called a physical-optics
approximation): it is simply the exponential component of the
WKB approximation. From Eq. (3.3) we see that the possible
exponential behaviors of solutions to Eq. (3.2) for large jxj
are expð�x4=4Þ.
If we were to treat H in Eq. (3.1) as a conventional

Hermitian Hamiltonian, we would require the eigenfunctions
to vanish as jxj → ∞ on the real-x axis. A numerical

calculation would then show that the eigenvalues are all
discrete, real, and positive. The approximate values of the
lowest five of these eigenvalues are

E0 ¼ 1.145…; E1 ¼ 4.339…; E2 ¼ 9.073…;

E3 ¼ 14.935…; E4 ¼ 21.714…: ð3:4Þ

However, if we treat H as a PT -symmetric Hamiltonian, we
find that, while the eigenvalues are again all discrete, real, and
positive, they are different from and larger than those in
Eq. (3.4). The approximate values of the lowest five eigen-
values are

E0 ¼ 2.439…; E1 ¼ 11.882…; E2 ¼ 25.412…;

E3 ¼ 42.024…; E4 ¼ 61.222…: ð3:5Þ

These are the PT eigenvalues that are shown in Fig. 4.
It is noteworthy that one Hamiltonian can have two

completely different spectra. The reason for this is that a
Hamiltonian specifies only the local behavior and not the
global behavior of the eigenfunctions. That is, the
HamiltonianH specifies the Schrödinger differential equation,
which in turn determines the relationships between the
eigenfunctions and their derivatives at the point x.
However, H does not specify the global boundary conditions
on the solutions to the differential equation.
Treating Eq. (3.1) as a conventional Hermitian

Hamiltonian, we require that the solutions to Eq. (3.2) be
normalizable (square integrable) on the real-x axis. This
means that the solutions must decay like expð−x4=4Þ as
x → ∞ and as x → −∞; we exclude the solutions to the
Schrödinger equation that blow up like expðx4=4Þ as x → ∞
or as x → −∞. Like the function sinh x discussed in
Sec. III.A, the validity of these exponentially decaying
behaviors is not limited to the real-x axis; these behaviors
continue to be valid in the complex-x plane in two Stokes
sectors, each having an angular opening of π=4. One sector is
centered about the positive-real axis and the other is centered
about the negative-real axis.
To summarize, the conventional quantum-mechanical

eigenfunctions ψðxÞ, which satisfy the differential equa-
tion (3.2) and vanish asymptotically as x approaches �∞,
continue to vanish exponentially as jxj → ∞ in two Stokes
sectors whose opening angles are given by

−
π

8
< arg x <

π

8
; −

9π

8
< arg x < −

7π

8
: ð3:6Þ

These Stokes sectors are displayed in Fig. 8 in yellow.
On the Stokes lines at the edges of the Stokes sectors

[Eq. (3.6)], the character of the conventional Hermitian
eigenfunctions, whose eigenvalues are given in Eq. (3.4),
changes abruptly. If we cross the Stokes lines at

arg x ¼ � π

8
; arg x ¼ −π � π

8
;

the conventional eigenfunctions no longer vanish exponen-
tially for large jxj and instead grow exponentially. However, if
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we impose new boundary conditions that require the solution
to the Schrödinger equation (3.2) to vanish exponentially in
two Stokes sectors of an angular opening π=4 and centered
about −π=4 and −3π=4,

−
3π

8
< arg x < −

π

8
; −

7π

8
< arg x < −

5π

8
; ð3:7Þ

we find an entirely new spectrum of eigenvalues; the lowest
five are listed in Eq. (3.5). The Stokes sectors in Eq. (3.7) are
colored blue in Fig. 8. As explained in Sec. III.D, these Stokes
sectors are obtained when we continuously deform the
boundary conditions for the PT -symmetric Hamiltonian in
Eq. (2.14) as ε → 4.
There are two more pairs of Stokes sectors shown in Fig. 8,

the gray pair and the red pair. The gray Stokes sectors are

complex conjugates of the blue sectors. Note that the sextic
Hamiltonian in Eq. (3.1) is special because it is real. Thus, in
addition to PT symmetry (left-right symmetry in the complex
plane), H exhibits another discrete symmetry, namely, com-
plex-conjugation symmetry, which, as explained in Sec. II, is
time-reversal symmetry. The operator T performs a reflection
about the real axis, so Fig. 8 is up-down symmetric. As a
consequence of this symmetry, the eigenvalues associated
with the gray pair of Stokes sectors are identical to those in the
blue Stokes sectors. These eigenvalues are listed in Eq. (3.5).
The eigenvalues associated with the red pair of Stokes

sectors are the negatives of the eigenvalues listed in Eq. (3.4).
To see why this is so, we rotate the eigenvalue problem
associated with the yellow Stokes wedges by 90°; that is, we
replace x in the eigenvalue equation (3.2) with ix. The new
eigenvalue equation reads

−ψ 00ðxÞ þ x6ψðxÞ ¼ −EψðxÞ:

We have recovered the original Hermitian eigenvalue
problem except that E is multiplied by −1 and ψðxÞ vanishes
as x → �i∞. The eigenspectrum associated with this boun-
dary-value problem is unbounded below. This sign change
occurs for all Hamiltonians of the form

H ¼ p2 þ x2þ4n ðn ¼ 0; 1; 2;…Þ: ð3:8Þ

The simplest case (n ¼ 0) of this spectral sign-flip phenome-
non is discussed in Sec. III.C.

C. Complex deformation of the harmonic oscillator

As explained earlier in this section, when we perform a
deformation of an eigenvalue problem associated with a
Hamiltonian, we must be careful to deform the boundary
conditions on the eigenfunctions in addition to deforming the
Schrödinger equation. If we neglect to do so, we may
encounter contradictions and paradoxes.
For example, consider the quantum harmonic-oscillator

Hamiltonian

H ¼ p2 þ ω2x2; ð3:9Þ

where ω is a positive parameter associated with the classical
spring constant. The Schrödinger eigenvalue problem for this
elementary Hamiltonian reads

−ψ 00ðxÞ þ ω2x2ψðxÞ ¼ EψðxÞ: ð3:10Þ

The conventional Hermitian boundary conditions on the
eigenfunctions are

lim
x→�∞

ψðxÞ ¼ 0: ð3:11Þ

This is an exactly solvable eigenvalue problem. As we saw in
Sec. II.A, the eigenfunctions are Hermite functions (Hermite
polynomials multiplied by Gaussians) and the eigenvalues are
all positive,

FIG. 8. Stokes sectors for the eigenfunctions of the sextic
Hamiltonian (3.1). If the eigenfunctions are required to vanish
exponentially in the yellow pair of Stokes sectors containing the
positive-real axis and the negative-real axis [Eq. (3.6)], the
associated eigenvalues are those of the conventional Hermitian
x6 potential that are listed in Eq. (3.4). However, if the
eigenfunctions are required to vanish exponentially in the blue
pair of Stokes sectors adjacent to and below the yellow Stokes
sectors [Eq. (3.7)], the associated eigenvalues, which are listed in
Eq. (3.5), are those of the PT -symmetric sextic theory in
Eq. (2.14), with ε ¼ 4. Since the sextic Hamiltonian is real,
the Schrödinger eigenvalue problem is symmetric under complex
conjugation, so the array of Stokes sectors is up-down symmetric.
Hence, the eigenvalues associated with the gray pair of Stokes
sectors are identical to those associated with the blue pair. The
dots indicate the locations of the classical turning points, which
are the solutions to the equation x6 ¼ E. Each horizontal (left-
right-symmetric) pair of turning points corresponds to a real
spectrum. A fourth pair of Stokes sectors (in red) is centered
about the positive-imaginary and negative-imaginary axes. This
pair of Stokes sectors, which does not contain turning points, is
obtained by rotating the yellow pair by 90°. The eigenvalues
associated with the eigenfunctions that vanish exponentially in
the red Stokes sectors are the negatives of the Hermitian
eigenvalues listed in Eq. (3.4).
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En ¼ ð2nþ 1Þω ðn ¼ 0; 1; 2;…Þ: ð3:12Þ

We now perform a smooth complex deformation of the
Hamiltonian (3.9) by rotating the parameter ω, which is
initially real and positive, into the complex plane,

ω → ωeiθ: ð3:13Þ

If we rotate ω by an angle π, that is, θ∶0 → π, then ω changes
sign. Under this rotation the Hamiltonian (3.9) remains
unchanged. However, its eigenvalues all change sign. Thus,
this Hamiltonian possesses two different spectra; it has an
entirely negative spectrum in addition to the usual positive
spectrum (3.12). Given our previous discussion of the x6

potential (Sec. III.B), this conclusion is not surprising.
The advantage of this harmonic-oscillator example is that

the simplicity of the Hamiltonian allows us to understand what
happens as we continuously deform the boundary condi-
tions (3.11) together with the differential equation (3.10).
Initially, when θ ¼ 0, the eigenfunctions ψnðxÞ all vanish
exponentially on the positive-x and the negative-x axes like

expð−1
2
ωx2Þ ðx → �∞Þ: ð3:14Þ

This exponentially decaying Gaussian behavior persists
into a pair of Stokes sectors of an angular opening π=2 that are
centered about the positive-x and negative-x axes. However,
when we rotate ω into the complex plane according to
Eq. (3.13), we must also replace the formula for the expo-
nential Gaussian decay in Eq. (3.14) with

expð−1
2
eiθωx2Þ: ð3:15Þ

Thus, as θ increases from 0 to π and ω rotates counterclock-
wise, the pair of Stokes sectors (in which the eigenfunctions
decay exponentially) correspondingly rotates clockwise like a
propeller at an angle of π=2. The opening angles of the two
sectors remain constant during this rotation, but the orientation
of the Stokes sectors changes and the wedges end up centered
about the positive-imaginary-x and negative-imaginary-x axes
when θ ¼ π.
This argument makes it clear that the Hamiltonian (3.9) has

two independent spectra, one entirely positive and the other
entirely negative, just like the energy levels associated with the
red pair of Stokes sectors in Fig. 8. The positive-spectrum case
is physically relevant. However, while a negative spectrum
may be interesting from a mathematical point of view, a
negative spectrum is physically unacceptable because the
energy levels are not bounded below. This violates the basic
physical requirement of stability, namely, that a physical
system must have a lowest-energy (ground) state.

D. Boundary conditions for H = p2 + x2ðixÞε

We now return to the sextic Hamiltonian discussed in
Sec. III.B. The question that we must answer is: Why do we
require that the eigenfunctions of the PT -symmetric
Hamiltonian H ¼ p2 þ x2ðixÞε in Eq. (2.14) with ε ¼ 4
satisfy the vanishing boundary conditions shown in Fig. 8?
(And more generally for any Hamiltonian, what determines

the appropriate pair of Stokes sectors in which to impose the
boundary conditions on the eigenfunctions?) To address this
question, we go back to the WKB formula in Eq. (3.3). This
formula implies that the eigenfunctions of H either grow or
decay exponentially for large jxj like

exp

�
� 2

4þ ε
iε=2x2þε=2

�
: ð3:16Þ

To determine the appropriate choice of signs for particular
values of ε, we begin by setting ε ¼ 0, which reducesH to the
harmonic-oscillator Hamiltonian. As explained in Sec. III.B,
we get a real positive spectrum if we require that the
eigenfunctions of the harmonic-oscillator Hamiltonian vanish
in Stokes sectors centered about the positive-real-x and
negative-real-x axes. The angular opening of these sectors
is π=2. From Eq. (3.16) we see that if we continuously deform
H by smoothly increasing the real parameter ε, both Stokes
sectors rotate downward toward the negative-imaginary-
x axis.
Specifically, for ε ≥ 0 the right Stokes sector rotates

clockwise and is centered about the angle

θcenter;right ¼ −
πε

8þ 2ε
; ð3:17Þ

and the left Stokes sector rotates counterclockwise and is
centered about the angle

θcenter;left ¼ −π þ πε

8þ 2ε
: ð3:18Þ

In addition, the angular opening θopening angle of each Stokes
sector is given by

θopening angle ¼
2π

4þ ε
: ð3:19Þ

Thus, the sectors become thinner (θopening angle decreases) as ε
increases.
This pair of Stokes sectors is shown in Fig. 9 for four values

of ε. Note that at ε ¼ 4 we recover the PT -symmetric
orientation of the blue Stokes sectors shown in Fig. 8, which
was used in the discussion of the sextic PT -symmetric
Hamiltonian in Sec. III.A. As ε → ∞, the sectors become
infinitely thin and lie along the negative-imaginary axis. In
this limit we obtain the PT -symmetric square well (Bender
et al., 1999). For all ε > 0 the pair of Stokes sectors in Fig. 9 is
PT symmetric (left-right symmetric), which enforces the
global PT symmetry of the eigenfunction problem.
Figure 9 also shows that as ε increases there are more and

more classical turning points. These turning points are
solutions to the equation

x2ðixÞε ¼ E:

If ε is not an integer, the function x2ðixÞε is defined on a
Riemann surface with a branch cut running from x ¼ 0 to ∞
and, because we want the eigenvalue problem associated with
the Hamiltonian (2.14) to respect PT symmetry (left-right
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symmetry), we take this branch cut to lie along the positive-
imaginary-x axis. (The four configurations in Fig. 9 corre-
spond to integer values of ε, so there are no branch cuts.) As ε
increases smoothly through real values, the density of turning
points increases and new pairs of turning points continue to
emerge through the branch cut on the positive-imaginary-x
axis. One of the turning points in each new pair rotates
clockwise and the other rotates counterclockwise as ε
increases.
When ε ranges from 0 to 1, there are only two turning points

on the principal sheet of the Riemann surface (the top diagram
in Fig. 9). As ε approaches 1, the first new pair of turning
points appears on the positive-imaginary-x axis. When ε is
exactly 1, these turning points coincide (the second diagram in
Fig. 9). As ε increases above 1, the coincident turning points
split with one moving east and the other moving west. When ε
reaches 2, the four turning points on the principal sheet exhibit
left-right and up-down symmetry (the third diagram in Fig. 9).
At ε ¼ 3 another pair of turning points enters the principal
sheet, and when ε ¼ 4 the six turning points are now arranged
in a regular hexagon (the fourth diagram in Fig. 9).
We emphasize that the continuous deformation described

by Eqs. (3.17) and (3.18), in which we smoothly increase ε,
preserves the global PT symmetry of the eigenvalue problem.
The HamiltonianH is locally PT symmetric for any real value
of ε. But the boundary conditions also must remain PT
symmetric (left-right symmetric) in order for the eigenfunc-
tions to vanish in the left and right sectors displayed in Fig. 9.
Remember that PT symmetry corresponds to left-right

symmetry in the complex-x plane becauseP reflects x through
the origin,

P∶x → −x;

and T performs complex conjugation, which reflects x about
the real axis,

T ∶x → x�:

Thus, the combined effect of a PT reflection corresponds to a
reflection about the imaginary axis. It is noteworthy that PT
(left-right) reflection and complex conjugation (up-down
reflection) are an orthogonal pair of independent discrete
symmetries.

E. Sextic potential revisited

We now return to the Hamiltonian (3.1) discussed in
Sec. III.A. We have stated that this sextic Hamiltonian has
two positive-real spectra that depend on the choice of
boundary conditions; that is, depending on the pair of
Stokes sectors inside of which the eigenfunctions are required
to vanish as jxj → ∞. The conventional Hermitian eigenvalues
are associated with the left-right-symmetric pair of Stokes
sectors that contain the real axis; the first five of these
eigenvalues are listed in Eq. (3.4). The PT -symmetric
eigenvalues are associated with the left-right-symmetric pair

FIG. 9. Pairs of Stokes sectors in the complex-x plane in which
the eigenfunctions of the PT -symmetric Hamiltonian H ¼ p2 þ
x2ðixÞε vanish as jxj → ∞. The sectors are displayed for ε ¼ 0
(harmonic oscillator), ε ¼ 1 (imaginary cubic oscillator), ε ¼ 2
(upside-down quartic oscillator), and ε ¼ 4 (right-side-up sextic
oscillator). As ε increases smoothly, the sectors rotate downward
and become narrower. The dots indicate the locations of classical
turning points. Note that the turning points also rotate downward
as ε increases (they rotate slightly faster than the sectors) and
reach the positions shown in Fig. 8.
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of Stokes sectors below and adjacent to the Hermitian pair; the
first five eigenvalues associated with this pair of Stokes sectors
are listed in Eq. (3.5). These two pairs of sectors are shown in
Fig. 8, and the second pair of Stokes sectors is also shown in
the fourth diagram of Fig. 9.
There is a third pair of left-right-symmetric Stokes sectors

not shown in Fig. 9. This pair (shown in gray in Fig. 8) lies
above and adjacent to the Hermitian pair of Stokes sectors.
The eigenvalues associated with this third pair of sectors are
identical to those associated with the second pair of Stokes
sectors. This is because the sextic Hamiltonian is real; there-
fore, in addition to PT symmetry (left-right symmetry), it also
has complex-conjugate (up-down) symmetry in the com-
plex plane.
An easy way to verify that the sextic Hamiltonian has two

different spectra is simply to calculate the eigenvalues. The
Schrödinger equation (3.2) cannot be solved analytically.
However, WKB theory gives a good semiclassical approxi-
mation to both spectra. The WKB procedure is straightfor-
ward (Bender and Orszag, 1999): To begin, we find the
turning points x� that separate the classically allowed and
classically forbidden regions; these turning points satisfy the
equation VðxÞ ¼ E. We then evaluate the integral in the WKB
quantization condition

Z
xþ

x−

dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðxÞ − E

p
∼ ðnþ 1

2
Þπ ðn → ∞Þ: ð3:20Þ

Finally, we solve the resulting equation algebraically for En.
The accuracy of this WKB calculation increases rapidly with
increasing n.
For the conventional Hermitian theory, the turning points

are the real roots of the equation x6 ¼ E,

x� ¼ �E1=6:

Thus, the quantization condition (3.20) for the Hermitian
theory reads

Z
E1=6

−E1=6
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffi
E − x6

p
¼ ðnþ 1

2
Þπ:

We evaluate this integral in terms of gamma functions and
solve for En,

En ∼
�ð4nþ 2Þ ffiffiffi

π
p

Γð2=3Þ
Γð1=6Þ

�
3=2

ðn → ∞Þ: ð3:21Þ

From Eq. (3.21) we numerically read off the first five WKB
approximations to the Hermitian eigenvalues,

E0 ¼ 0.801 � � � ; E1 ¼ 4.161 � � � ; E2 ¼ 8.954 � � � ;
E3 ¼ 14.832 � � � ; E4 ¼ 21.622 � � � : ð3:22Þ

These approximations are in good agreement with the
numerical results in Eq. (3.4), and the accuracy of the
WKB calculation improves rapidly with increasing n.
For the PT -symmetric sextic theory in Fig. 9, the turning

points lie inside the lower pair of Stokes sectors at

x− ¼ E1=6e−2iπ=3 and xþ ¼ E1=6e−iπ=3. To evaluate the inte-
gral in the WKB quantization formula (3.20), it is simplest to
integrate along a radial line from x− to the origin and then
along a second radial line from the origin out to xþ. Evaluating
these two integrals in terms of gamma functions and then
combining the results gives a formula that differs from that in
Eq. (3.21) for the Hermitian case by a multiple of 23=2:

En ∼
�ð8nþ 4Þ ffiffiffi

π
p

Γð2=3Þ
Γð1=6Þ

�
3=2

ðn → ∞Þ: ð3:23Þ

From Eq. (3.23) we read off the first five WKB approxima-
tions to the PT -symmetric eigenvalues,

E0 ¼ 2.265 � � � ; E1 ¼ 11.770 � � � ; E2 ¼ 25.954 � � � ;
E3 ¼ 41.950 � � � ; E4 ¼ 61.157 � � � : ð3:24Þ

Once again these approximations are in good agreement with
the numerical calculations reported in Eq. (3.5). As noted in
Sec. III.B, the PT eigenvalues are larger than the correspond-
ing Hermitian eigenvalues.
As explained in Sec. III.B, any pair of Stokes sectors

(regardless of whether they have a PT -symmetric orientation)
provides a setting for a specific eigenvalue problem with its
own tower of eigenvalues. However, we cannot impose
exponentially vanishing boundary conditions on solutions
in adjacent pairs of Stokes sectors. This is because an
exponentially decaying solution becomes an exponentially
growing solution as we cross the Stokes line separating the
two sectors. Thus, we must cross at least two Stokes lines to
formulate an eigenvalue problem in which the solutions decay
exponentially in two directions.
There are 20 nonadjacent pairs of Stokes sectors in Fig. 8

inside of which we can formulate eigenvalue problems. Three
left-right pairs give rise to positive spectra (blue-blue, yellow-
yellow, and gray-gray pairs), three up-down pairs give rise to
negative spectra (gray-blue, red-red, and gray-blue pairs), and
the 14 other nonadjacent pairs give rise to complex spectra.
Having examined the multiple-spectrum phenomenon at the

quantum and at the semiclassical (WKB) level, it is interesting
to study it at the classical level. For the sextic Hamiltonian
H ¼ p2 þ x6, Hamilton’s equations of motion read

ẋðtÞ ¼ ∂H
∂p

¼ 2p;

ṗðtÞ ¼ −
∂H
∂x

¼ −6x5: ð3:25Þ

Equations (3.25) imply that the classical energy E ¼ H is a
constant of the motion, so from the first equation in
Eqs. (3.25) we obtain a first-order differential equation for
the motion of a classical particle in the complex plane,

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
½x0ðtÞ�2 þ ½xðtÞ�6

q
: ð3:26Þ

Without loss of generality we can fix the value for E, say,
E ¼ 1, and choose an initial position xð0Þ for the particle.
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Equation (3.26) then determines the classical path xðtÞ of the
particle for all times t > 0.
Figure 10 displays three topological classes of paths for

E ¼ 1. These positive-energy classical paths are all closed and

periodic. Each class of paths is associated with one of the three
pairs of Stokes sectors in Fig. 8 for which the quantum theory
has positive spectra, and thus each class is associated with a
pair of turning points.
The classical orbits associated with the yellow sectors all

have the same period

P1 ¼
Γð1=6Þ ffiffiffi

π
p

3Γð2=3Þ : ð3:27Þ

However, the periods of the classical orbits associated with the
gray-gray and blue-blue sectors are half as long,

P2 ¼
Γð1=6Þ ffiffiffi

π
p

6Γð2=3Þ : ð3:28Þ

Thus, these classical particles move faster than the particles
whose orbits have period P1. This is not surprising, because in
the associated quantum theories the energy eigenvalues (3.5)
of the gray-gray and blue-blue sectors are larger than the
corresponding energy eigenvalues (3.4) of the yellow-yellow
sectors.
If the classical energy is negative, there are still three

families of closed paths, but the orientation of these paths is
rotated by 90° compared to those in Fig. 10. The paths for
E ¼ −1 are shown in Fig. 11. These paths correspond to the
Stokes-sector pairs in Fig. 8 that are shown as gray-blue, red-
red, and blue-gray sectors and for which the quantum energy
levels are negative (Bender, Hook, and Klevansky, 2012).
The classical-particle trajectories shown in Figs. 10 and 11

fall into three different families in which each orbit is
associated with a distinct initial condition. The three families
of orbits together cover the entire complex plane, with limiting
separatrix curves at the edges of the regions. A classical path
that originates in one of the three regions never crosses into
another region.
The six regions of particle trajectories displayed in Figs. 10

and 11 correspond to the six real quantum spectra that one

FIG. 10. Classical paths in the complex-x plane for the sextic
Hamiltonian H ¼ p2 þ x6 for which the energy E ¼ 1. These
paths are all closed and periodic. The classical turning points are
indicated by black dots. The central group of paths is associated
with the classical turning points at�1 in the yellow Stokes sectors
in Fig. 8. All of these paths enclose the turning points at�1, except
for the special path that oscillates between them; these paths all
have the same periodP, which is given inEq. (3.27). The upper and
lower groups of paths are associated with the classical turning
points in the gray and blue Stokes sectors in Fig. 8. These paths all
have the same period,which is given inEq. (3.28), but this period is
half as long as the period of the paths in the central region because
the particles are moving faster. This is consistent with the
quantized version of this Hamiltonian because at the quantum
level the corresponding energies are higher. An important feature
of PT -symmetric quantum theory is emphasized here: In the
classical analog of the quantum theory the particles move through
the complex plane. Thus, unlike the Hamiltonian operator, the
operator xðtÞ, which represents the instantaneous position of a
quantum particle, is not a quantum observable; see Sec. III.F.

FIG. 11. Classical paths in the complex-x plane for the sextic
HamiltonianH ¼ p2 þ x6 for the energy E ¼ −1. The black dots
show the locations of the classical turning points. Like the paths
in Fig. 10, there are three families of closed periodic orbits; the
periods of these orbits are the same as those of the corresponding
orbits in Fig. 10. The paths shown begin at i (connecting the
turning points) and 2i in the central region and at �1.167
(connecting the turning points) and �2 and �4 in the left and
right regions.
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obtains by imposing vanishing boundary conditions in the six
pairs of Stokes sectors (three horizontal and three vertical) in
Fig. 8. However, there are 14 more quantum-mechanical
eigenvalue problems corresponding to other nonadjacent pairs
of Stokes sectors. All of these eigenvalue problems have
complex energies, which suggests that the quantum states
corresponding to these eigenvalue problems grow or decay in
time and tunnel to different regions of the complex domain.
The classical analog of this quantum behavior is shown in

Fig. 12, which is a complex-energy version of Fig. 10. In
Fig. 12 we choose a complex energy E ¼ 1þ 0.2i that has a
relatively small imaginary part, and we plot the trajectory of a
classical particle that begins on the positive-imaginary axis at
xð0Þ ¼ 1.167i. This trajectory remains in the upper region for
several cycles but eventually spirals outward and enters the
middle region. It then spirals inward as it encircles the central
pair of turning points. The particle then goes between the two
turning points and spirals outward. At this point the particle
enters another region, spirals inward and outward again, and
continues in this manner to enter and leave one region after

another. The path of this classical motion is uniquely
determined by the initial condition xð0Þ, and this trajectory
does not cross itself. Figure 12 suggests that the path is
ergodic and space-filling.
The path plotted in Fig. 12 exhibits deterministic random

behavior as it travels from region to region. To verify this, we
plot in Fig. 13 the path of the particle from t ¼ 0 to t ¼ 250.
The horizontal gray lines indicate the region the particle visits
as a function of the time t. As is typical of chaotic behavior,
this pattern is highly sensitive to the choice of initial con-
dition: For an arbitrarily small change in xð0Þ, the pattern
eventually becomes completely different.

F. Measuring the position of a particle

The central region in Fig. 10 contains a continuously
infinite number of classical paths that are all up-down and
left-right symmetric. At the quantum level, the expectation
value of the x operator is the functional average over all
classical paths, so by symmetry we know immediately that

FIG. 12. Complex-energy version of Fig. 10. If the energy of the classical particle is complex, the particle is no longer confined to one
of the three regions in Fig. 10. The energy of the particle is taken to be E ¼ 1þ 0.2i. As a result, the pairs of turning points are no longer
horizontal (left-right symmetric). The upper pair of turning points is located at −0.514 743þ 0.858 312i and 0.485 949þ 0.874 936i,
the middle pair is located at �ð1.000 69þ 0.016 624 5iÞ, and the lower pair is located at −0.485 949 − 0.874 936i and
0.514 743 − 0.858 312i. The initial position of the particle is xð0Þ ¼ 1.167i. The particle exhibits deterministic random behavior
as it tunnels from region to region. The trajectory is uniquely determined by its initial position and the path of the particle never crosses
itself. Each time the particle enters a region, it spirals inward and then outward, then enters an adjacent region in a deterministic random
fashion. The trajectory of the particle is plotted from t ¼ 0 until t ¼ 37.70. The color scheme below the plot enables one to trace the path
of the particle from region to region. The particle goes from the upper to the middle to the lower region and back to the middle region.
The detailed motion of this particle up to the longer time t ¼ 250 is shown in Fig. 13.
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this expectation value is 0. This result is correct: The particle
spends as much time to the right of the origin as to the left of
the origin and as much time above the real axis as below the
real axis, so if we could perform many experiments in which
we measure the instantaneous complex position of the particle
and then average these measurements, we would find that
hxi ¼ 0. Indeed, for the Hermitian x6 theory the expectation
value of the x operator is 0.
However, if we were to average the PT -symmetric paths in

the upper-half or lower-half plane in Fig. 10, we would find
that the expectation value of the x operator for these PT -
symmetric theories is a positive-imaginary or negative-
imaginary number. How can the expectation value of an
operator be imaginary? The short answer to this question is
simply that in PT -symmetric quantum theory the position
operator is not an observable. Indeed, when we extend a

Hermitian quantum theory to a non-Hermitian PT -symmetric
quantum theory, particle trajectories are no longer confined to
the real-x axis and particles travel through the complex-x
plane. Since the outcome of a position measurement in
nonrelativistic quantum mechanics should be a real number,
we can no longer say that the x operator is an observable.
This statement should not be surprising because in general

the position of a quantum particle is not an observable. In
quantum electrodynamics, for example, the expectation value
of the electron field is not measurable because the result would
be complex. We can in principle measure the instantaneous
position of the energy density or the charge density of the
electron even though we cannot measure the actual position of
the electron.
In general in relativistic particle physics the location of a

particle cannot be an observable because if we attempt to trap

FIG. 13. A plot of the classical particle in Fig. 12 for t ¼ 0 until t ¼ 250. The path cycles through the color scheme that is used in
Fig. 12. To provide additional assistance with tracking the complex motion of the particle, only the imaginary part of the position of the
particle is plotted. In addition, the horizontal gray lines are provided to identify the region that the particle occupies. The height of the
gray lines is the average of the imaginary parts of the turning points in each region. Note that the particle exhibits deterministic random
behavior as it goes from region to region; when it leaves the middle region, it makes a deterministic random choice of whether to enter
the upper or the lower region. If we label the upper, middle, and lower regions as U,M, and L, we see that as t ranges from 0 to 250 the
particle is in 17 regions: U;M;L;M; L;M;U;M;U;M;U;M;U;M;U;M; L; …. The depicted behavior can be interpreted as being a
classical analog of the time-energy quantum uncertainty principle. If we increase (decrease) the imaginary part of the energy ImE of the
particle, the average time T spent in each of the three regions decreases (increases) in such a way that the product ðImEÞT remains
constant.
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the particle in an arbitrarily small box, the uncertainty
principle implies that the momentum of the particle, and thus
the energy of the particle, would be arbitrarily large. The
particle would therefore pair produce and not be in the box at
all. The center of energy of a system, such as an atom, is
measurable, but not the positions of the components of the
system.
Even in elementary nonrelativistic Hermitian quantum

mechanics, when a particle tunnels it is a virtual particle,
and its instantaneous position or its tunneling trajectory cannot
be observed or measured. One can view the process of
tunneling as one in which the particle is following a complex
trajectory (Bender, Brody, and Hook, 2008; Bender and Hook,
2011; Turok, 2014). Only in elementary quantum mechanics,
which is a nonrelativistic approximation to relativistic quan-
tum mechanics, can the x operator be treated as an observable.
(We examine these issues further in Sec. VI when we discuss
the PT -symmetric inner product and expectation values.)
Nevertheless, in PT -symmetric quantum mechanics there

are other measurable observables, the most important being
the Hamiltonian operator. In any physical theory the ability to
make an energy measurement is a fundamental requirement.
In Hermitian quantum mechanics when we try to observe the
position of a particle, we are actually performing an energy
measurement. Energy absorbed and emitted from the particle
if the particle is on the real axis enters a detector and is
transferred to a film (or a nerve cell in a retina). We then infer
from this energy transfer where the particle is located. In any
viable physical theory, whether or not it is possible to measure
the position of a particle, it is crucial that we can still perform
an energy measurement, and the outcome of such a meas-
urement must be a real number. (Observables are discussed
further in Sec. VI.H.)
Because energy is a measurable observable, one may

wonder how an upside-down potential such as −x4 can have
a positive-energy spectrum; see Fig. 4 for ε ¼ 2, for example.
One might think that an upside-down potential would be
unstable and could not bind positive-energy bound states. We
see in Sec. IV that an upside-down potential can indeed have
stable positive-energy states. This is because extending the
real numbers to the complex numbers gives up an important
property of the real numbers, namely, the ordering principle.
That is, if a and b are complex numbers, inequalities such as
a > b or a < b no longer make sense. When we say that a
potential is unstable because it is unbounded below, we are
implicitly using a real inequality that, as we emphasize in
Sec. IV, no longer applies in the context of PT -symmetric
quantum theory.

G. The x10 potential

This section has focused on Hamiltonians of the form of
Eq. (3.8) whose right-side-up potentials x2þ4n (n ≥ 0 integer)
are real and positive. In the complex-x domain these
Hamiltonians all possess two independent symmetries, left-
right symmetry (PT symmetry) and up-down symmetry
(complex-conjugation symmetry). For n ¼ 0 (the quantum
harmonic oscillator) there is one positive-real (Hermitian)
spectrum; for n ¼ 1 (the sextic oscillator) there are two
different positive-real spectra, the Hermitian spectrum

associated with the yellow-yellow pair of Stokes sectors
and the PT -symmetric spectrum associated with the gray-
gray and blue-blue pairs of Stokes sectors in Fig. 8. There is
no positive spectrum associated with the red-red pair of
sectors; this is because there are no turning points inside
these sectors; see Fig. 8.
The pattern is clear: For a x2þ4n potential there are 2nþ 1

left-right-symmetric Stokes sectors, but because of up-down
(complex-conjugation) symmetry there are nþ 1 different
real positive discrete spectra. The central pair of sectors gives
the Hermitian energy levels, which are the smallest levels of
the multiple-eigenvalue spectrum. Moving downward or
upward, the energy levels associated with each successive
pair of left-right sectors continue to be real and become
correspondingly larger.
To illustrate this pattern we consider the case n ¼ 2, which

corresponds to the x10 potential. There are now five horizontal
pairs of Stokes sectors in the complex-x plane for the
Schrödinger equation

−y00ðxÞ þ x10yðxÞ ¼ EyðxÞ;

and each sector has an opening angle of π=6; see Fig. 14.
Because of up-down symmetry there are now three distinct
positive-energy spectra. There are always two fewer turning
points than Stokes sectors and, as with Fig. 8, the red up-down
pair of Stokes sectors is not associated with a positive
spectrum because there are no turning points in this sector.
As we saw in the sextic case, the WKB quantization

condition (3.20) gives good approximations for each of the
three eigenspectra. There are five pairs of turning points,

FIG. 14. Stokes sectors for the x10 theory. There are six pairs of
Stokes sectors, each having an opening angle of π=6. There are
also ten classical turning points (dots) separated by angles of π=5.
Each left-right-symmetric (PT -symmetric) pair of turning points
is associated with a positive discrete quantum-mechanical spec-
trum. There are ten turning points (black dots) and 12 Stokes
sectors, and as a consequence the red up-down-symmetric pair of
Stokes sectors does not contain any turning points. These sectors
are not associated with a positive spectrum. This figure is the
analog of Fig. 8 for the x6 theory.
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which are the roots of the equation x10 ¼ E. The central
(Hermitian) turning points lie on the real axis at

x� ¼ �E1=10;

and the next two PT -symmetric pairs of turning points are
situated at

x� ¼ e−4iπ=5E1=10 and e−iπ=5E1=10

and at

x� ¼ e−3iπ=5E1=10 and e−2iπ=5E1=10:

The semiclassical WKB approximation to the Hermitian
energy levels is

En ∼
�ð6nþ 3Þ ffiffiffi

π
p

Γð3=5Þ
Γð1=10Þ

�
5=3

ðn → ∞Þ:

From this formula we can read off approximations to the first
five Hermitian eigenvalues,

E0 ¼ 0.737…; E1 ¼ 4.596…; E2 ¼ 10.768…;

E3 ¼ 18.866…; E4 ¼ 28.680…: ð3:29Þ

The middle pair of turning points leads to the WKB
approximation to the PT -symmetric energy spectrum

En ∼
�ð6nþ 3Þ ffiffiffi

π
p

Γð3=5Þ
cosðπ=5ÞΓð1=10Þ

�
5=3

ðn → ∞Þ;

for which the first five eigenvalues are approximately

E0 ¼ 1.049 � � � ; E1 ¼ 6.543 � � � ; E2 ¼ 15.330 � � � ;
E3 ¼ 26.858 � � � ; E4 ¼ 40.831 � � � : ð3:30Þ

These eigenvalues are larger than the corresponding Hermitian
eigenvalues in Eq. (3.29) by a factor of 1.424.
The lower pair of turning points leads to the WKB

approximation

En ∼
�ð6nþ 3Þ ffiffiffi

π
p

Γð3=5Þ
cosð2π=5ÞΓð1=10Þ

�
5=3

ðn → ∞Þ:

These PT -symmetric eigenvalues are larger than the corre-
sponding eigenvalues in Eq. (3.29) by a factor of 7.780:

E0 ¼ 5.214 � � � ; E1 ¼ 32.539 � � � ; E2 ¼ 76.235 � � � ;
E3 ¼ 133.568 � � � ; E4 ¼ 203.053 � � � : ð3:31Þ

We obtain the spectrum in Eq. (3.30) by analytically
continuing the Hamiltonian H ¼ p2 þ x6ðixÞε, whose eigen-
values are shown in Fig. 6 (right panel), from the Hermitian
case (ε ¼ 0) to the non-Hermitian PT -symmetric case
(ε ¼ 4). The PT -symmetric spectrum (3.31) is obtained by
analytically continuing the Hamiltonian (2.14) in ε, as shown

in Fig. 9, from the Hermitian case (ε ¼ 0) to the non-
Hermitian PT -symmetric case (ε ¼ 8).
The appearance of three real spectra suggests a possible

particle-physics interpretation. Currently there are three
known families of leptons (the electron, the muon, and the
tau), which all have similar physical properties, except for one
obvious feature, namely, that the masses of each successive
family are greater. By merely extending a Hermitian theory
into the complex domain, we obtain similarly structured
families (Bender and Klevansky, 2010). Furthermore, as we
saw in Sec. III.F, if the energies of the states are slightly
complex, the particles become unstable and can decay into
one another.
The five real quantum spectra of the x10 potential, one

Hermitian spectrum and two identical up-down-symmetric
pairs of spectra, correspond to the five left-right-symmetric
pairs of turning points in Fig. 14. These spectra have clear
classical analogs. Figure 15 shows all classical trajectories
corresponding to a real positive energy E ¼ 1. These trajec-
tories are all closed and periodic and they fill five distinct
regions in the complex plane. There are two left-right pairs of
regions that are symmetric under complex conjugation (up-
down reflection) and that correspond to PT -symmetric
theories, as well as a central region that corresponds to the
Hermitian quantum theory. The trajectories in each region all

FIG. 15. Complex classical trajectories for the HamiltonianH ¼
p2 þ x10 corresponding to the energy E ¼ 1. There are five
regions of periodic trajectories, and all trajectories in each region
have the same period. Three trajectories are shown in each region,
one trajectory joining the turning points, which represents a
particle that oscillates between the turning points, and two others,
which represent a particle that encircles the turning points. The
periods in the central region are the longest and those in the outer
regions are shorter. The regions are divided by separatrices that
run off to ∞. These regions along with the separatrices cover the
entire complex plane. The black dots indicate the locations of the
classical turning points. The classical paths shown begin at �6i,
�3i, �1.21i, �0.368i, �0.5i, �0.665i, 3=2, and 1.
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have the same periods. The trajectories in the central region
have the longest periods, and the trajectories in the upper and
lower regions have shorter periods. These five regions along
with the separatrices that divide the regions cover the entire
complex plane.
Replacing x with ix in the Schrödinger equation −y00ðxÞ þ

x10yðxÞ ¼ EyðxÞ corresponds to changing the sign of E.
Correspondingly, at the classical level, if we plot the classical
trajectories for E ¼ −1, Fig. 15 is rotated by 90°; see Fig. 16.
In summary, there are 54 nonadjacent pairs of Stokes

sectors in Fig. 14 in which we can formulate eigenvalue
problems. Five pairs of sectors lead to positive-real spectra, of
which three are distinct, and these are associated with the five
regions of classical orbits plotted in Fig. 15. Five more pairs of
sectors lead to negative-real spectra, of which three are
distinct, and these are associated with the five regions of
classical orbits shown in Fig. 16. The 44 remaining pairs of
Stokes sectors are associated with complex eigenvalues
(Bender, Hook, and Klevansky, 2012).

IV. UPSIDE-DOWN POTENTIALS

This section examines Hamiltonians whose potentials have
the general form

VðxÞ ¼ −x4n ðn ¼ 1; 2; 3;…Þ:

Like the potentials discussed in Sec. III, these potentials are
real if x is real and they have an infinite number of positive-
energy PT -symmetric bound states; see Figs. 3 and 4. We
obtain these upside-down potentials by setting ε ¼ 2; 6; 10;…
in Eq. (2.14). These potentials are profoundly different from
the right-side-up x2, x6, and x10 potentials discussed in Sec. III
because if the theories associated with these upside-down

potentials are treated as Hermitian quantum theories, they do
not have real energy levels. However, as PT -symmetric
theories, their energy levels are all real, positive, and discrete.
The conventional (real-axis-only) treatment of upside-down

potentials precludes the possibility that such potentials could
have bound states. Rather, upside-down potentials are nor-
mally used as one-dimensional models of tunneling. One
might think that an upside-down potential cannot confine a
bound state simply because at the classical level the potential
exerts a real force on a classical particle that tends to push the
particle away from the peak of the potential. However, this
argument fails in the context of PT -symmetric quantum
mechanics because in the complex plane the intuitive concept
of a potential being unbounded below does not apply. As
explained in Sec. III.F, the complex number system is not
ordered; one cannot say that a complex number is greater than
or less than another complex number. The notion of
“unbounded below” relies on the ordering principle, which
holds only in the real number system.
This section examines the subtle question of how an upside-

down potential can actually confine particles and possess
bound states, and we explain this both physically and
mathematically. We begin with an examination of the −x4
potential.

A. Classical particle in a quartic upside-down potential

Setting ε ¼ 2 in Eq. (2.14) leads to the quartic Hamiltonian

H ¼ p2 − x4: ð4:1Þ

This real PT -symmetric Hamiltonian is special because it is
independently symmetric under space reflection P and time
reversal T . As discussed, treating H conventionally we would
say that a particle with positive energy and subject to forces
provided by the upside-down −x4 potential cannot be in a
stable bound state. If a classical particle with positive energy
and subject to this potential is initially located at a point x, the
particle feels a positive force if x > 0 and a negative force if
x < 0. Regardless of its initial velocity, the particle is pushed
away from the origin and, as it moves further from the origin,
the potential steepens so the force on the particle gets stronger.
Thus, the particle accelerates to infinity. But is it gone forever?
We can use complex analysis to examine this deceptively

simple problem. At the classical level it is easy to solve the
equations of motion and to calculate the time for a classical
particle under the influence of an upside-down quartic
potential to escape to infinity.2 Hamilton’s equations of
motion for H in Eq. (4.1) read

FIG. 16. Complex classical trajectories for the x10 theory with
E ¼ −1. This plot is identical to that in Fig. 15 except that it is
rotated by 90°. The paths shown begin at i, �4i, �6i, �6, �4,
�0.66, �0.3682, �0.3688, and �1.21.

2Classical studies of PT -symmetric systems include (Bender,
Boettcher, and Meisinger, 1999; Nanayakkara, 2004a, 2004b;
Bender, Chen et al., 2006; Bender and Darg, 2007; Bender, Holm,
and Hook, 2007a, 2007b; Bender, Brody, and Hook, 2008; Bender
and Hook, 2008; Curtright and Fairlie, 2008; Arpornthip and Bender,
2009; Bender, Feinberg et al., 2009; Smilga, 2009; Bender, Hook,
and Kooner, 2010; West, Kottos, and Prosen, 2010; Anderson,
Bender, and Morone, 2011; Brody and Graefe, 2011; Bender, Hook,
and Klevansky, 2012; Bender and Hook, 2014; Bender et al., 2014,
2016; Berry, 2020; Mudute-Ndumbe and Graefe, 2020).
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dx
dt

¼ ∂H
∂p

¼ 2p;
dp
dt

¼ −
∂H
∂x

¼ 4x3: ð4:2Þ

The Hamiltonian H is a constant of the motion and the
initial energy of the particle is E. Following the classical
analysis in Sec. III.E, we use the first equation of motion to
eliminate p and then write H ¼ E as a nonlinear first-order
differential equation.

dx
dt

¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ x4

p
;

where we have taken a square root and used the initial
conditions xð0Þ ¼ 0 and pð0Þ ¼ ffiffiffiffi

E
p

. This differential equa-
tion is separable, and thus the time T ¼ R

dt that it takes for
the particle to reach x ¼ ∞ is

T ¼
Z

∞

0

dx

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ x4

p : ð4:3Þ

We can evaluate Eq. (4.3) in terms of gamma functions,

T ¼ ½Γð1=4Þ�2
8

ffiffiffi
π

p E−1=4; ð4:4Þ

but the point of this calculation is merely that this integral
exists, so the particle reaches infinity in finite time.
If we repeat this calculation for a general upside-down

−jxjN potential, we merely replace x4 in Eq. (4.3) with xN .
Evidently there is a transition at N ¼ 2 that corresponds to an
upside-down harmonic (parabolic) potential. If N > 2 an
evaluation of the integral shows that the particle reaches
infinity in finite time, but if N ≤ 2 the particle takes infinitely
long to reach infinity. Thus, we have a peculiar version of the
Zeno paradox: If N ≤ 2 the particle cannot reach infinity even
though it is approaching infinity at an ever increasing speed,
while if N > 2 the particle gets to infinity in finite time T.
This result raises an interesting question. IfN ≤ 2, we know

the location of the particle for all time; it is continuing forever
on its journey to infinity. But if N > 2, where is the particle
when t > T?
This is a question that is extremely difficult to answer using

real analysis. There is a singularity on the real-N axis, so we
cannot keep N real and examine what happens if we smoothly
increase N past 2. However, Fig. 9 provides insight and
suggests that we should use complex-variable theory to
analyze this problem. This figure shows that at the quantum
level the boundary conditions on the eigenvalue problem for
ε ¼ 2 are imposed in Stokes sectors whose upper edges lie on
the real axes.
In general, the angular opening of a Stokes sector does not

include the edges of the sector. In this case the opening
angular ranges

−
π

3
< θright < 0; −π < θleft < −

2π

3

do not include the angles 0 and −π, so the Stokes sectors lie
just below the real axis. Thus, at the quantum level one should
not think of a particle as traveling to infinity exactly along the

real axis; rather, the quantum particle travels infinitesimally
below the real axis in the complex plane. We first study this
behavior by understanding the classical dynamical motion in
the complex plane and then approach the real axis as a limiting
process. In effect, this analysis allows us to bypass and evade
the singularity on the real axis at N ¼ 2. We then find that
even at the classical level a complex upside-down quartic
potential confines particles.
We now examine the complex classical particle trajectories

for the general x2ðixÞε potential in Eq. (2.14). At ε ¼ 0 the
complex trajectories for a classical particle of energy E ¼ 1 in
the harmonic potential are pictured in Fig. 17. All but one of
these trajectories are ellipses whose foci are the two turning
points on the real axis at x ¼ �1. The trajectory on the real
axis between the turning points is a degenerate ellipse. The
notable feature of this complex dynamical system is that the
periods of all the ellipses are the same because of the Cauchy
integral theorem. (Keplerian orbits are also ellipses, but
particles traveling in outer orbits go faster than particles in
inner orbits.)
The situation becomes more complicated when ε ¼ 2

because, as we already know from Fig. 9, there are four
turning points rather than two; see Fig. 18. There are two
turning points in the upper-half x plane and two in the lower-
half x plane. The arrangement of these turning points is

FIG. 17. Complex orbits for a classical particle in the harmonic-
oscillator potential x2. The particle has an energy E ¼ 1. The
possible paths of the particle are all ellipses whose foci are
located at the classical turning points x ¼ �1. Particles move
slower in areas of heavier shading. (The classical turning points
are indicated by dots, which are located at the centers of the
shaded regions.) The main feature of these orbits is that, because
of Cauchy’s integral theorem, their periods are all the same.
Therefore, particles in the outer orbits move faster than particles
in the inner orbits. This is unlike the case of Keplerian
gravitational orbits, which are also ellipses, because particles
in the distant Keplerian orbits move more slowly than particles in
the inner orbits. (A year on Pluto is much longer than an
Earth year.).
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up-down symmetric because of complex-conjugation sym-
metry (reality of the Hamiltonian) and also left-right sym-
metric because of PT symmetry. As in Fig. 17, all classical
orbits are closed and periodic, and the set of orbits is both left-
right and up-down symmetric. The classical orbits in the
lower-half x plane correspond to the Stokes sectors in the
lower-half plane for the case ε ¼ 2 in Fig. 9. Like the classical
orbits in Fig. 17, the orbits in Fig. 18 all have the same period
P, which is twice the value of T in Eq. (4.4),

P ¼ ½Γð1=4Þ�2
4

ffiffiffi
π

p E−1=4: ð4:5Þ

Thus, as in Fig. 17, particles in the outer orbits go faster than
particles in the inner orbits.
Figure 18 shows that, as the orbits increase in size, the

lower parts of the upper orbits and the upper parts of the lower
orbits become flat and run parallel and close to the real axis.
As an orbit approaches the real axis, a particle that starts at the
origin runs off to ∞ along a straight line infinitesimally close
to the real axis and reaches∞ in finite time P=2. It then runs at
infinite speed in a D-shaped roughly semicircular path from
þ∞ to −∞ in no time, and finally returns to the origin in time
P=2. The particle does not stay at infinity; rather, it periodi-
cally returns to the origin.
How can a particle that travels to þ∞ immediately come

back from −∞? Is x ¼ þ∞ not infinitely far from x ¼ −∞?
The answer is that on the real axis þ∞ is indeed infinitely far
from −∞, but we are studying classical-particle motion in the
complex plane. In the complex plane the point at infinity is
unique; þ∞ and −∞ are the same point. Thus, the particle
does not jump from þ∞ to −∞; if it is at þ∞, it is already
at −∞.
Most importantly the particle moves slowly when it is near

the origin and rapidly when it is far from the origin. Since the
probability of finding the particle in a given segment of its
orbit is inversely proportional to the speed of the particle, a
particle that begins at the origin will never be found in the
complex plane where it is moving infinitely fast, and it is most
likely to be found on the real axis near the origin. For this −x4
potential the probability density ρðxÞ of finding the particle of
energy E on the real axis at any point x is simply [see Chap. 1
the work of Bender et al. (2019)]

ρðxÞ ∝ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ x4

p
: ð4:6Þ

Since the integral of ρðxÞ is finite, the classical particle
behaves as if it is in a normalized dynamical bound state
that is localized at the origin. We emphasize that, even though
the particle is subject to a repulsive potential, it is most likely
to be found at the origin.3

B. Quantum particle in a quartic upside-down potential

In Sec. IV.A we used complex-variable methods to show
that a classical particle subject to a PT -symmetric −x4
potential can be in a dynamically stable bound state that is
localized at the origin. However, it is not obvious how a
quantum particle would behave in such a potential. One might
try to analyze this problem on the real axis by approximating
the −x4 potential with an infinite descending-staircase poten-
tial or with a washboard potential (Cheng et al., 2018).
However, once again the simplest way to solve the quantum
eigenvalue problem associated with this upside-down quartic
potential is to examine it in the complex plane.
The Schrödinger equation associated with the

Hamiltonian (4.1) is

FIG. 18. Complex classical orbits for the upside-down quartic
−x4 potential. All orbits are closed and periodic and all orbits
have the same period. As in Fig. 17, particles move slower in
areas of heavier shading, and the classical turning points are
indicated by dots. The set of all orbits exhibits up-down and left-
right symmetry, and no orbit crosses the real axis. As the orbits
get closer to the real axis, they get larger and approach the shape
of a D lying on its side. In the limit as its orbit approaches the real
axis, the classical particle zooms out to infinity along a path that
is infinitesimally close to the real axis, travels at infinite speed
around the rounded part of the D, and comes back up the real axis
to its starting point, all in finite time. Since the particle moves
slowly when it is near the origin and rapidly when it is far from
the origin, at any given time the particle is most likely to be found
close to the origin. Thus, the classical particle is in a localized
dynamical bound state centered about the origin.

3A classical particle in a right-side-up potential, such as
VðxÞ ¼ þx4, oscillates between the walls of the potential. Such a
particle is most likely to be found near the turning points at the edges
of the potential, where it moves slowly.
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−ψ 00ðxÞ − x4ψðxÞ ¼ EψðxÞ: ð4:7Þ

Following the classical analysis in Sec. IV.A, we require that
the solution ψðxÞ to this equation satisfy complex boundary
conditions, namely, that ψðxÞ vanishes in the Stokes sectors
shown in Fig. 9 for ε ¼ 2 as jxj → ∞. A numerical calcu-
lation shows that the spectrum is real, positive, and discrete;
see Fig. 4. The first five eigenvalues are

E0 ¼ 1.477 � � � ; E1 ¼ 6.003 � � � ; E2 ¼ 11.804 � � � ;
E3 ¼ 18.459 � � � ; E4 ¼ 25.792 � � � : ð4:8Þ

This eigenvalue problem cannot be solved in closed form.
However, we can perform a leading-order semiclassical WKB
calculation using the turning points in the lower-half x plane
that are shown in Fig. 18. The standard WKB quantization
condition is

Z
xþ

x−

dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ x4

p
∼ ðnþ 1

2
Þ ðn → ∞Þ;

where in this case the turning points are given by

x− ¼ E1=4e−3iπ=4; xþ ¼ E1=4e−iπ=4:

To evaluate the WKB integral, we integrate from x− to the
origin and then from the origin to xþ along radial lines in the
complex-x plane. The resulting integrals are easy to evaluate
in terms of gamma functions,

En ∼
�ð6nþ 3Þ ffiffiffiffiffi

2π
p

Γð3=4Þ
2Γð1=4Þ

�4=3
ðn → ∞Þ: ð4:9Þ

This WKB formula (4.9) gives the following approximations
to the first five eigenvalues:

E0 ¼ 1.377 � � � ; E1 ¼ 5.956 � � � ; E2 ¼ 11.769 � � � ;
E3 ¼ 18.432 � � � ; E4 ¼ 25.769 � � � : ð4:10Þ

As we can see, the WKB approximation in Eq. (4.9) provides
increasingly accurate approximations to the numerical values
of the eigenvalues in Eq. (4.8) as n increases.
The noteworthy feature of the eigenvalues in Eq. (4.8) is

that these quantum-mechanical energy levels are all real.
Thus, as in the classical case, a quantum particle in this
upside-down potential is in a stable bound state. Even though
the potential is upside down, the particle wave function
remains localized at the origin; the quantum particle is
permanently confined and does not escape to infinity.

C. Elementary proof of spectral reality

We cannot calculate the eigenvalues and eigenfunctions
of the Hamiltonians H ¼ p2 þ x2ðixÞε (ε > 0) analytically,
but, as mentioned in Sec. II, it was proved using sophisti-
cated mathematical techniques that the spectra of these
Hamiltonians are all real, positive, and discrete (Dorey,
Dunning, and Tateo, 2001). However, the upside-down
quartic Hamiltonian (4.1) is special; the unique value

ε ¼ 2 is the only known case for which one can prove
reality, positivity, and discreteness using nothing more
advanced than elementary calculus. An early study of the
ε ¼ 2 case of Buslaev and Grecchi (1993) was followed by
two more papers (Bender, Brody et al., 2006; Jones and
Mateo, 2006). We now present a short proof of reality.
We begin with the time-independent Schödinger eigenvalue

differential equation associated with H in Eq. (4.1),

−
ℏ2

2m
ψ 00ðxÞ − gx4ψðxÞ ¼ EψðxÞ; ð4:11Þ

where we have inserted the dimensional parameters ℏ, g, and
m for clarity in the subsequent discussion. The boundary
conditions on ψðxÞ, as shown in Fig. 9 for the case with ε ¼ 2,
are that limjxj→∞ ψðxÞ ¼ 0 in two Stokes sectors of angular
opening π=3 adjacent to and below the positive and negative
real-x axis.
For the differential equation (4.11), we impose vanishing

boundary conditions on a specially chosen curve in the
complex plane that we express in parametric form as

x ¼ −2iL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ iy=L

p
ð−∞ < y < þ∞Þ;

where y is a real variable. Note that this curve terminates
inside the Stokes sectors at the angles −π=4 and −3π=4.
We use the previous parametric representation to replace the

independent variable x in Eq. (4.11) with y and get the
differential equation

−
ℏ2

2m

�
1þ iy

L

�
ϕ00ðyÞ − iℏ2

4Lm
ϕ0ðyÞ

− 16gL4

�
1þ iy

L

�
2

ϕðyÞ ¼ EϕðyÞ; ð4:12Þ

where ψðxÞ ¼ ϕðyÞ. The parameter L has units of length

L ¼ λ

�
ℏ2

mg

�
1=6

;

where λ is an arbitrary dimensionless number. The constant L
serves to make the subsequent equations dimensionally
consistent. (This parameter drops out at the end of the
calculation.)
Next we take a Fourier transform of Eq. (4.12). This

transform has the general form

f̃ðpÞ≡
Z

∞

−∞
dy e−iyp=ℏfðyÞ:

Since the Fourier transforms of f0ðyÞ and yfðyÞ are ipf̃ðpÞ=ℏ
and iℏf̃0ðpÞ, the Fourier transform of Eq. (4.12) is

1

2m

�
1 −

ℏ
L

d
dp

�
p2ϕ̃ðpÞ þ ℏ

4Lm
pϕ̃ðpÞ

− 16gL4

�
1 −

ℏ
L

d
dp

�
2

ϕ̃ðpÞ ¼ Eϕ̃ðpÞ: ð4:13Þ
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We simplify Eq. (4.13) and get

− 16gL2ℏ2ϕ̃00ðpÞ þ
�
−

ℏp2

2mL
þ 32gL3ℏ

�
ϕ̃0ðpÞ

þ
�
p2

2m
−

3pℏ
4mL

− 16gL4

�
ϕ̃ðpÞ ¼ Eϕ̃ðpÞ: ð4:14Þ

Note that the variable p in Eq. (4.14) is not a conventional
momentum variable. Considered as an operator, p represents
−iℏðd=dyÞ and not −iℏðd=dxÞ.
The next step is to convert Eq. (4.14) to a conventional

Schrödinger equation by eliminating the one-derivative term.
This is done by making the elementary change of dependent
variable

ϕ̃ðpÞ ¼ eQðpÞ=2ΦðpÞ:

To eliminate Φ0ðpÞ from the resulting equation, we then
require QðpÞ to satisfy a first-order differential equation
whose solution is

QðpÞ ¼ 2L
ℏ

p −
1

96gmL3ℏ
p3:

The Schrödinger equation satisfied by ΦðpÞ is then

−16gL2ℏ2Φ00ðpÞ þ
�
−

ℏp
4mL

þ p4

256gm2L4

�
ΦðpÞ ¼ EΦðpÞ:

Finally, we perform a scaling transformation of the inde-
pendent variable,

p ¼ zL
ffiffiffiffiffiffiffiffiffiffiffi
32mg

p
:

This replaces the p variable, which has units of momentum,
by z, which is a coordinate variable having units of length. The
resulting eigenvalue equation, which is posed on the real-z
axis, is

−
ℏ2

2m
Φ00ðzÞ þ

�
−ℏ

ffiffiffiffiffi
2g
m

r
zþ 4gz4

�
ΦðzÞ ¼ EΦðzÞ: ð4:15Þ

The new eigenvalue equation (4.15), which no longer
contains the length parameter L, is the final result of the
calculation. The new independent variable z has dimensions of
length although it is not a conventional coordinate variable
because it is odd under time reversal.
The eigenvalue equation (4.15) is similar in structure to the

original eigenvalue equation (4.11), but there are two signifi-
cant differences: (i) The quartic term in the potential has
changed sign, so the upside-down quartic potential has
become a conventional right-side-up quartic potential.
(ii) There is a new linear potential term proportional to
Planck’s constant ℏ. This linear term is called a quantum
anomaly, which means that it has no classical analog. (The
effect of this parity-anomaly term is discussed in Sec. IV.D.)
The Hamiltonian H̃ for which Eq. (4.15) is the eigenvalue

equation is

H̃ ¼ p̃2

2m
− ℏ

ffiffiffiffiffi
2g
m

r
zþ 4gz4: ð4:16Þ

We emphasize that this Hamiltonian differs from

H ¼ p2

2m
− gx4; ð4:17Þ

the Hamiltonian H associated with Eq. (4.11). At the quantum
level the Hamiltonian H̃ in Eq. (4.16) is conventionally
Hermitian and the potential is bounded below on the real-z
axis; H̃ is also PT symmetric because the sequence of
transformations used to obtain H̃ all respect PT symmetry.
Note that the potential in Eq. (4.16) is PT symmetric because,
while z and p̃ are canonically conjugate operators satisfying
the usual commutation relation ½z; p̃� ¼ i, the new variable z
behaves like a momentum rather than a coordinate variable.
The point of this calculation is simply that, while we cannot

calculate exactly the eigenvalues of H (with PT -symmetric
boundary conditions imposed in the Stokes sectors shown in
Fig. 9 for ε ¼ 2) or the eigenvalues of H̃ (with conventional
boundary conditions imposed on the real axis), we have
shown that these two Hamiltonians are isospectral; that is,
they have exactly the same eigenvalues. Because the potential
of H̃ rises to þ∞ as x → �∞, we know that the entire
spectrum of H̃ is real and discrete. This proves that the
eigenvalues of the PT -symmetric HamiltonianH are also real
and discrete.
This elementary calculation easily generalizes if we include

a quadratic term in the PT -symmetric quartic Hamiltonian,

H ¼ p2 þ μ2x2 − gx4: ð4:18Þ

The corresponding isospectral Hermitian Hamiltonian is just
slightly more complicated than that in Eq. (4.16),

H̃ ¼ p2 − 2ℏ
ffiffiffi
g

p
zþ 4g

�
z2 −

μ2

4g

�
2

: ð4:19Þ

[The isospectral Hamiltonian (4.19) was also derived by
Buslaev and Grecchi (1993), Bender, Brody et al. (2006),
and Jones and Mateo (2006).] However, the calculation in this
section does not generalize to any other Hamiltonians of the
form of Eq. (2.14); it works only for ε ¼ 2. The techniques
used in this calculation do extend to the higher-derivative
PT -symmetric class of Hamiltonians of the form

Hn ¼ pn − gðixÞn2 ðn ¼ 2; 3; 4;…Þ;

but the resulting isospectral Hamiltonians are complicated
(Bender and Hook, 2008).

D. Discussion of the parity anomaly

The equations of motion for the quartic Hamiltonian (4.17)
are parity symmetric. The explicit violation of parity sym-
metry that emerges in the transformed Hamiltonian in
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Eq. (4.16) occurs at large values of x in the PT -symmetric
Hamiltonian H̃, where the boundary conditions on the
eigenfunction ψðxÞ in Eq. (4.11) are imposed. (These boun-
dary conditions are PT symmetric, but they are not parity
symmetric.) Because we have taken a Fourier transform to
obtain the Schrödinger eigenvalue equation (4.15), the parity-
breaking anomaly that we see in the Hamiltonian (4.16) now
manifests itself at small values of z in the Hamiltonian (4.16)
and not in the boundary conditions at z ¼ �∞.
The parity-breaking term in H̃ at z ¼ 0 is proportional

to ℏ, so there is no classical analog of this parity-breaking
anomaly. Thus, while the two Hamiltonians H and H̃
have identical quantum-mechanical spectra, these two
Hamiltonians determine different classical behaviors, which
we demonstrate by comparing the classical trajectories for
these two Hamiltonians. To begin, we plot in Fig. 19 a pair
of classical trajectories for the PT -symmetric Hamiltonian
H in Eq. (4.17) for the case m ¼ 1, g ¼ 1, and E ¼ 1.
These trajectories begin at x ¼ �2.0i and resemble the
trajectories in Fig. 18, although they have a classical period
of P ¼ 2.622 060.
Next, using the same valuesm ¼ 1, g ¼ 1, and E ¼ 1 along

with ℏ ¼ 1, we plot in Fig. 20 a typical closed classical

trajectory for the isospectral Hermitian Hamiltonian H̃ in
Eq. (4.16); this trajectory begins at x ¼ −1. The period of the
trajectory is 2.495 467, which is shorter than the periods of the
trajectories in Fig. 19.
Finally, we plot in Fig. 21 a classical trajectory of H̃ in

Eq. (4.16) for the valuesm ¼ 1, g ¼ 1, and E ¼ 1, except that
now we set ℏ ¼ 0. The period of this trajectory is exactly the
same as the period of the classical trajectory of H in Fig. 19.

FIG. 19. Typical complex trajectories for H in Eq. (4.17) with
m ¼ 1, g ¼ 1, and E ¼ 1. These trajectories begin at x ¼ �2.0i.
The trajectories are similar to the closed trajectories in Fig. 18,
but they have a classical period of 2.622 060. The dots indicate
the locations of the classical turning points.

FIG. 20. Complex classical trajectory for the isospectral Ham-
iltonian H̃ in Eq. (4.16) with m ¼ 1, g ¼ 1, ℏ ¼ 1, and E ¼ 1.
The trajectory begins at x ¼ −1. The quantum energy levels of
this Hamiltonian are the same as those of H, but the classical
period of the trajectory is 2.495 467, which is shorter than the
periods of the trajectories in Fig. 19. The dots indicate the
locations of the classical turning points.

FIG. 21. Peanut-shaped complex classical trajectory for the
Hamiltonian H̃ in Eq. (4.16) with m ¼ 1, g ¼ 1, and E ¼ 1, but
with the quantum anomaly removed by setting ℏ ¼ 0. The period
2.622 060 of this trajectory is now the same as the period of the
trajectories in Fig. 19. However, the trajectory begins at x ¼ −1
and is plotted for a time that is equal to the shorter period of the
trajectory in Fig. 20. Note that this trajectory does not close. This
is because, while the Hamiltonians H in Eq. (4.17) and H̃ in
Eq. (4.16) have the same quantum energy levels, they differ at the
classical level because H̃ has a quantum-anomaly term. As in
Figs. 19 and 20, the dots indicate the locations of the classical
turning points.
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To demonstrate the effect of the quantum anomaly, we plot a
trajectory beginning at x ¼ −1 for the shorter period T ¼
2.495 467 from Fig. 20. This trajectory does not have enough
time to close.

E. Comparison of the x4 and − x4 potentials

As explained in Sec. II, to obtain the quartic PT -symmetric
Hamiltonian H ¼ p2 − x4, we smoothly deform in ε the
Hamiltonian H ¼ p2 þ x2ðixÞε from the harmonic-oscillator
Hamiltonian H ¼ p2 þ x2 at ε ¼ 0 to the quartic PT -
symmetric Hamiltonian H ¼ p2 − x4 at ε ¼ 2. This exponen-
tial analytic continuation in the variable ε is elaborate, and one
wonders whether this PT -symmetric Hamiltonian can be
obtained by a simpler procedure such as a complex rotation of
a parameter. That is, one might begin with the Hermitian
HamiltonianH ¼ p2 þ x4 and insert the multiplicative param-
eter eiθ into the potential term,

Hθ ¼ p2 þ eiθx4: ð4:20Þ

If θ ¼ 0, Hθ has the right-side-up quartic potential of
the Hermitian Hamiltonian, and we rotate smoothly to
θ¼ π,Hθ has the upside-down potential of the PT -symmetric
Hamiltonian.
If we perform such a rotation, we do indeed obtain the

Hamiltonian operator H ¼ p2 − x4, but this rotation pro-
cedure fails to recover the PT -symmetric properties of the
H ¼ p2 − x4 Hamiltonian because the eigenvalue problems
associated with the Hermitian Hamiltonian and the PT -
symmetric Hamiltonian are not analytic continuations of
one another.
To understand why we cannot rotate smoothly from

a conventional Hermitian quartic Hamiltonian to a PT -
symmetric quartic Hamiltonian, we examine the eigenvalue
problem associated with Eq. (4.20). Following the procedure
explained in Sec. III.C for performing a rotation of the
harmonic-oscillator eigenvalue problem, we note that when
θ ¼ 0 the possible large-jxj exponential behaviors of solutions
to the eigenvalue differential equation associated with H0 are
expð�x3=3Þ. For large positive x the eigenfunctions decay as
expð−x3=3Þ, and for large negative x the solutions decay as
expðx3=3Þ. These asymptotic behaviors continue to be valid in
Stokes sectors of angular opening π=3 centered about the
positive-real-x and negative-real-x axes.
There are two ways to perform the θ rotation of Hθ; we can

rotate clockwise from θ ¼ 0 to −π or rotate counterclockwise
from θ ¼ 0 to π. If we rotate clockwise, the two sectors in
which the eigenfunctions vanish exponentially rotate counter-
clockwise together (like a propeller) at an angle of π=6. If we
rotate counterclockwise, these two sectors rotate together
(again like a propeller) at an angle of π=6, but in the clockwise
direction. In both cases one sector rotates downward and the
other rotates upward; one sector ends up above the real axis
with its lower edge on the real axis and the other ends up
below the real axis with its upper edge on the real axis. These
two orientations of the sectors are shown in Figs. 22(a)
and 22(b).

In both orientations [Figs. 22(a) and 22(b)] the original
parity symmetry of the Hamiltonian Hθ at θ ¼ 0 is preserved.
Under a reflection through the origin, the two sectors are
interchanged and a point x in one sector goes into the
corresponding reflected point −x in the other sector. In both
cases the configurations of these sectors are P symmetric but
not PT symmetric (left-right symmetric).
The energy eigenvalues in the parity-symmetric case are all

complex. The θ-rotated Hamiltonian has no bound states;
depending on the sign of the imaginary part of the energy
eigenvalue, the states either grow or decay exponentially in
time. In contrast, the diagrams in Figs. 22(c) and 22(d) are PT
symmetric (just like the Stokes sectors in the ε ¼ 2 diagram in
Fig. 9). In this case the energy eigenvalues are all real and
positive.
The Hamiltonians in both the P-symmetric and PT -

symmetric cases are the same, and thus the time-independent
Schrödinger equation in both cases is the same. However, the
boundary conditions at jxj ¼ ∞ are different. These two
different models can be regarded as distinct phases of the
Hamiltonian H ¼ p2 − x4 because they exhibit different
global symmetries, namely, P-reflection and PT -reflection
symmetries. (This distinction resembles the difference in the
long-range global symmetries between an ice crystal and
liquid water.)
To better understand what is happening in the P-symmetric

case, we examine the large-jxj exponential behaviors of the
eigenfunctions of the rotated Hamiltonian H ¼ p2 − x4. An
exponential WKB approximation to the eigenfunctions shows
that on the real-x axis the eigenfunctions are wavelike; they
behave for large jxj as expð�ix3=3Þ. Depending on the
orientation of the Stokes sectors, waves either approach the
origin symmetrically from the right and left or propagate away
from the origin symmetrically to the right and left:

⟶ ðx ¼ 0Þ⟵ or ⟵ðx ¼ 0Þ ⟶ : ð4:21Þ

If the waves in Eq. (4.21) propagate inward, the state is
populating in time; if the waves recede from the origin, the
state is depopulating in time. In either case these systems are
not in equilibrium. Because the rotated Hamiltonian is real,
these systems must be invariant under complex conjugation
(up-down reflection) and, as we can see, the outgoing and
incoming configurations of Stokes sectors become inter-
changed under this symmetry operation. Correspondingly,
the imaginary parts of the eigenvalues change sign under
complex conjugation. We conclude that the rotation procedure
fails to recover PT -symmetric boundary conditions.
In contrast, for PT -symmetric boundary conditions the

waves propagate inward on one side of the origin and outward
on the other side,

⟶ ðx ¼ 0Þ ⟶ or ⟵ðx ¼ 0Þ⟵: ð4:22Þ

This means that the PT -symmetric eigenstates are in dynamic
equilibrium; they neither populate nor decay with time. Thus,
the energy eigenvalues are real.
Just as there are two P-symmetric configurations in

Eq. (4.21) of the Stokes sectors of the rotated Hamiltonian
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that are interchanged under complex conjugation (up-down
reflection), there are also two PT -symmetric (left-right-
symmetric) configurations of the Stokes sectors. In addition
to the configuration of Stokes sectors adjacent to and below the
real axis (the ε ¼ 2 diagram in Fig. 9), there is a another
possible configuration of the PT -symmetric (left-right-
symmetric) Stokes sectors adjacent to and above the real axis,
as shown in Fig. 22(d). We obtain these Stokes sectors by
smoothly deforming (analytically continuing) the Hamiltonian
H ¼ p2 þ x2ð−ixÞε from ε ¼ 0 to ε ¼ 2. This deformation
again breaks parity symmetry but preservesPT symmetry. The
resulting PT -symmetric Hamiltonian has the same form as
Eq. (4.1), but now the eigenfunctions vanish exponentially in a
PT -symmetric pair of Stokes sectors lying above the real axis.
The corresponding eigenvalues are identical to the eigenvalues
for the configuration in the third diagram of Fig. 9. There is no
physical difference between these up-up and down-down
configurations, because one is obtained from the other by
complex conjugation, that is, by changing the sign of i. (The
sign of the complex number i is arbitrary and cannot have any
physical consequences.)
The state of dynamic equilibrium exhibited in Eq. (4.22) is

in perfect analogy with the energy flow in the optical system
depicted in Fig. 5; the incoming and outgoing waves to the left
and right of the origin in Eq. (4.22) show that there is an exact
balance of loss and gain. Thus, the system is in dynamic
equilibrium. This balance was emphasized and investigated at
the quantum level by Ahmed, Bender, and Berry (2005). We
can also see this dynamic balance at the classical level in
Fig. 18, which shows that classical particles near the real axis
are always traveling in the same direction; these particles
approach the origin on one side and recede from the origin on
the other.

This balanced loss-and-gain behavior has been seen in
many optical laser experiments performed on PT -symmetric
systems and is referred to as unidirectional propagation
(Ahmed, Bender, and Berry, 2005; Mostafazadeh, 2014)
and reflectionless scattering (Chong et al., 2010). The generic
phenomenon of reflectionless scattering suggests the possibil-
ity of performing new tabletop macroscopic quantum-
mechanical experiments in which a one-dimensional particle
beam is incident on an upside-down quartic potential (or other
upside-down potentials such as −x6 or −x8). In such experi-
ments one measures the amplitude of the reflected wave. If the
energy of the incident wave is adjusted so that there is no
reflected wave, one has a direct measurement of a PT -
symmetric energy level. This kind of experiment was origi-
nally proposed by Bender and Gianfreda (2018); in a recent
paper such an experiment was proposed for a cold-atom beam
incident on the much wider class of real Hamiltonians of the
form H ¼ p2 − jxjε (Soley, Bender, and Douglas Stone,
2023). Such Hamiltonians are independently P symmetric
and T symmetric.

V. ANHARMONIC OSCILLATORS

Thus far we have focused on PT -symmetric Hamiltonians
whose potentials are monomials in x and noninteger powers of
x. In this section we discuss potentials of quartic anharmonic
form ax2 þ bx4. The Hermitian anharmonic oscillator, whose
Hamiltonian is

H ¼ 1
2
p2 þ 1

2
m2x2 þ gx4 ðg > 0Þ; ð5:1Þ

has been studied intensively for many decades by mathemati-
cal physicists. The time-independent Schrödinger differential
equation associated with this Hamiltonian is

−1
2
ψ 00ðxÞ þ 1

2
m2x2ψðxÞ þ gx4ψðxÞ ¼ EψðxÞ: ð5:2Þ

This differential equation cannot be solved in closed form,
but the anharmonic-oscillator model that it represents has been
examined in depth because it is an excellent intellectual
laboratory in which to analyze perturbation theory, summation
theory, Padé theory, dispersion relations, diagrammatic expan-
sions, and variational and semiclassical techniques. This
model is especially interesting because it is a quartic quantum
field theory in one-dimensional spacetime and does not have
the problem of infinities requiring renormalization. Thousands
of papers have been written on the properties of the quantum
anharmonic oscillator following the early studies (Bender and
Wu, 1968, 1969, 1973; Simon and Dicke, 1970).
The PT -symmetric Hamiltonian

H ¼ 1

2m
p2 þ μ2

2
x2 − gx4 ðg > 0Þ ð5:3Þ

is obtained formally by changing the sign of g in Eq. (5.1).
This sign change leads to a significant change in the nature of
the physics, depending on whether the unstable boundary
conditions in Eq. (4.21) or the PT -symmetric boundary
conditions in Eq. (4.22) are imposed.

FIG. 22. Stokes sectors in the complex-x plane in which the
eigenfunctions for the upside-down quartic Hamiltonian H ¼
p2 − x4 are required to vanish exponentially. In (a) and (b) the
pair of Stokes sectors is symmetric under parity reflection P and
the eigenvalues are all complex. However, in (c) and (d) the pairs
of Stokes sectors are PT symmetric and the eigenvalues are all
real and positive. Thus, there are two different phases of the
Hamiltonian H, and they are distinguished by having different
global symmetries: P in (a) and (b) and PT in (c) and (d).
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The anharmonic potentials of H in Eqs. (5.1) and (5.3) are
plotted as functions of real x in Figs. 23 and 24 for g > 0 (left
diagrams) and for g < 0 (right diagrams). The left diagrams
illustrate the infinitely rising potential, which confines an
infinite-real-positive discrete spectrum. The ground-state
energy level is also indicated. In the right diagrams the locally
rising parabolic potential near x ¼ 0 is overwhelmed for large
jxj by the upside-down quartic potential. The conventional
interpretation of this upside-down configuration is that there
are no bound states and that the unstable low-energy states
tunnel outward to ∞, as shown in Fig. 23 (right diagram).
The potential in the Hamiltonian (5.3) is more complicated

than the pure quartic potential in Eq. (4.11) because Eq. (5.3)
has a quadratic term, but the same differential-equation
analysis used in Sec. IV.C straightforwardly yields the iso-
spectral Hermitian Hamiltonian

H̃ ¼ p̃2

2m
− ℏ

ffiffiffiffiffi
2g
m

r
zþ 4g

�
z2 −

μ2

8g

�
2

; ð5:4Þ

which has a right-side-up potential. Thus, despite its upside-
down potential, the energy levels of H in Eq. (5.3) are all
discrete, real, and positive. Note also that for the general

anharmonic Hamiltonian in Eq. (5.3) the form of the parity-
anomaly term in Eq. (5.4) remains unchanged from that
in Eq. (4.15).
As a function of real x, the potential in Eq. (5.3) is upside

down, but the PT -symmetric interpretation of this
Hamiltonian is that there are incoming waves on one side
of the potential and outgoing waves on the other side; see
Eqs. (4.21) and (4.22). Because of these balanced loss-and-
gain boundary conditions, the unstable tunneling state in
Fig. 23 (right diagram) becomes dynamically stable, as
indicated by the bold line in Fig. 24 (right diagram).

A. Particle-physics analysis of PT -symmetric bound states

In four-dimensional spacetime a −ϕ4 quantum field theory
is of particular interest because it might be a good model for
describing the dynamics of the Higgs sector of the standard
model. This is because the −ϕ4 theory is asymptotically free
and thus nontrivial (Symanzik, 1975; Bender, Milton, and
Savage, 2000; Bender and Jones, 2011). Furthermore, the one-
point Green’s function h0jϕj0i is nonvanishing (Bender,
Meisinger, and Yang, 2001).
A four-dimensional quantum field theory is an extremely

complicated mathematical construct. However, as stated ear-
lier in this section, the quantum anharmonic oscillator (5.3) is
a model quantum field theory for the simple case of one-
dimensional spacetime. Such a model describes a universe that
has no spatial extent, so nothing moves; all that happens is that
this elementary system evolves in time. Nevertheless, this
model is instructive because its nontrivial energy spectrum
E0; E1; E2;… can be interpreted in particle-theory language as
the energies of multiparticle states.
We begin by interpreting the quantum-mechanical ground

state of Eq. (5.3) as the particle-physics vacuum state. In
particle physics the vacuum state is the state of no particle
excitations and, because there is no absolute energy scale, the
vacuum state is defined to have zero energy.
The one-particle state is the lowest-energy excitation above

the vacuum state. In particle-physics language this energy is
called the mass gap, and it represents the renormalized mass
M of a free particle,

M≡ E1 − E0:

The state associated with the second quantum-mechanical
energy level E2 is the two-particle state. In particle physics the
energy of this state is again measured relative to the vacuum
state: E2 − E0. The two-particle state is interpreted as a bound
state if it has negative binding energy B2,

B2 ¼ ðE2 − E0Þ − 2M < 0:

This inequality indicates that the energy of the two-particle
state is less than the mass 2M of two free particles. If B2 is
negative, one can think of the two particles as having an
attractive force; energy would be required to decompose the
state into two free particles. Since this quantum system has no
spatial extent, this force has no spatial dependence.
Conversely, if E2 − E0 is greater than 2M, this force is
interpreted to be repulsive.

FIG. 23. Schematic plot of the right-side-up and upside-down
potentials for the Hamiltonians (5.1) (left diagram) and (5.3)
(right diagram). The usual Hermitian interpretation of these
potentials is that, if the sign of g is changed from a positive
value to a negative value, the stable ground state indicated by a
heavy line in the left diagram becomes unstable (dashed line) in
the right diagram and tunnels through the barriers (dotted lines)
out to ∞. [This instability is also indicated in Eq. (4.21).]

FIG. 24. Schematic potentials for the Hamiltonians (5.1) (left
diagram) and (5.3) (right diagram) plotted as functions of real x.
The PT -symmetric boundary conditions shown in the right
diagram indicate balanced unidirectional incoming waves on
one side of the potential and outgoing waves on the other side.
The resulting energy levels of this upside-down potential are all
real and the states are all stable. [See also Eq. (4.22).]
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The energies of the higher excitations are also measured
relative to the vacuum energy En − E0 (n ¼ 2; 3; 4;…) and, if
the energy En − E0 of an n-particle state is less than the mass
nM of n free particles,

Bn ≡ ðEn − E0Þ − nM < 0; ð5:5Þ

we interpret this state as a bound state. Positive energy would
be required to decompose this bound state into its n particle
constituents. Conversely, if Bn is positive, the state is
unbound.
Note that the Hamiltonians whose spectra are shown in

Figs. 6 and 7 have no quadratic term, and therefore in particle-
theory language these are massless field theories. These
spectra become more widely separated with increasing energy,
and thus the binding energies Bn in Eq. (5.5) are all positive.
This indicates that these theories have no bound states.
In contrast, the Hamiltonian (5.3) describes a theory having

a more elaborate physical structure. The numerical calcula-
tions of Bender et al. (2001) show that for small positive g the
first few states of H in Eq. (5.3) are bound states. They found
that as g increases the number of bound states decreases until,
when g=μ3 exceeds a critical value of about 0.0465, there are
no bound states at all. Thus, Eq. (5.3) describes a system in
which there are a finite number of stable particles if g is small.
We have shown that the PT -symmetric Hamiltonian H in

Eq. (5.3) and the Hermitian Hamiltonian H̃ in Eq. (5.4) are

isospectral. It is easier to calculate the eigenvalues of a
Hermitian than a non-Hermitian Hamiltonian, and a study
of H̃ using the Arnoldi algorithm (Arnoldi, 1951) showed that
the bound states are a direct consequence of the anomaly term
in this Hamiltonian. To demonstrate this, we insert a multi-
plicative parameter α that quantifies the strength of the
anomaly term in H̃, and for simplicity we setm ¼ μ ¼ ℏ ¼ 1,

H̃α ¼
p̃2

2
− αℏ

ffiffiffiffiffi
2g

p
zþ 4g

�
z2 −

1

8g

�
2

: ð5:6Þ

Setting α ¼ 0 eliminates the parity-anomaly term in H̃α, so
the potential becomes a symmetric double well, as shown in
Fig. 25. The mass splitting in a symmetric double well is
exponentially small because the splitting is a consequence of
semiclassical tunneling between the wells, so the free-
particle mass M associated with Hα is small. An elementary
WKB calculation shows that for large n the quantum-
mechanical energy levels En of H̃ grow like n4=3. Thus,
Bn in Eq. (5.5) is positive for all n ≥ 2 and there cannot be
any bound states. Figure 25 displays the first 11 quantum-
mechanical energies of this system for the case of g ¼ 0.046
and α ¼ 0 in Eq. (5.6).

FIG. 25. Potential of the Hermitian Hamiltonian (5.4) plotted as
a function of real z for the case of α ¼ 0 and g ¼ 0.046 in
Eq. (5.6). The energy levels are indicated by horizontal lines.
Because α ¼ 0, there is no parity anomaly and the double-well
potential is symmetric. Therefore, the mass gap M is small, and
consequently there are no bound states at all. This shows that the
occurrence of bound states is attributable to the parity anomaly.
The eigenvalues shown have the numerical values 0.796 906,
0.978 769, 2.105 61, 3.085 58, 4.352 15, 5.765 71, 7.315 58,
8.983 21, 10.7563, 12.6253, and 14.5825.

FIG. 26. Spectrum of the Hamiltonian H̃ in Eq. (5.6) for
g ¼ 0.046, which is slightly smaller than the critical value
g ¼ 0.0465. Unlike Fig. 25, where α ¼ 0, here we have taken
α ¼ 1 so that the parity-breaking anomaly term is present and the
potential no longer has a symmetric double well. The lowest 11
energy eigenvalues are now 0.455 521, 1.257 51, 2.052 47, 3.096
57, 4.350 04, 5.764 41, 7.313 88, 8.981 41, 10.7545, 12.6235,
and 14.5806. The mass gap M is 1.257 51 − 0.455 521 ¼
0.801 99. The mass of the two-particle state is 2.052 47−
0.455 521 ¼ 1.596 95, which is slightly less than 2M. Therefore,
the two-particle state is weakly bound (like a deuterium nucleus).
There is only one bound state for this value of g.
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If α ¼ 1, the double-well potential becomes asymmetric, so
the lowest two states are no longer approximately degenerate;
see Fig. 26. As a result bound states can occur near the bottom
of the potential well. However, higher-energy states eventually
become unbound because the level spacing increases with
increasing n. For larger g the number of bound states becomes
smaller because the depth of the double well decreases, and
for sufficiently large g there are no bound states at all. In
Fig. 26 we display the potential in Eq. (5.6) for α ¼ 1 and
g ¼ 0.046, which is less than the critical value of g ¼ 0.0465.
For this value of g there is just one bound state.
For smaller values of g, the number of bound states

increases. In Fig. 27 we take g ¼ 0.02 and α ¼ 1. The lowest
14 eigenvalues are shown in the figure. There are seven bound
states. To see that the spectrum shown in Fig. 27 includes
seven bound states, we plot in Fig. 28 the values of Bn in
Eq. (5.5) as a function of n. Note that the states become more
tightly bound as n increases until n ¼ 5; for higher n the states
become more weakly bound, and when n > 8 there are no
more bound states.

B. Classical symmetric double-well potentials

We have seen in Sec. V.A that if we eliminate the parity-
breaking anomaly term, which is proportional to ℏ, from the
quartic Hamiltonian H̃ in Eq. (5.4) we obtain a simpler class
of parity-symmetric anharmonic potentials that no longer
exhibit the particle-physics feature of quantum bound states.
However, at the classical level these simple double-well
potentials still display a variety of notable mathematical
behaviors. Specifically, if a classical-particle in such a

symmetric double-well potential is given a complex energy,
the resulting complex path of the particle may exhibit strange
new kinds of resonant tunneling behaviors.
The complex classical tunneling behaviors described in this

section appear to be generic, so we restrict our discussion here
to one special case of the Hamiltonian in Eq. (5.6) with α ¼ 0,

H ¼ p2 − 5x2 þ x4: ð5:7Þ

A plot of this parity-symmetric double-well potential for the
Hamiltonian (5.7) is given in Fig. 29.
If we put a classical particle having negative real energy in

one well of the potential VðxÞ ¼ −5x2 þ x4 shown in Fig. 29,
the particle will oscillate back and forth between the turning
points in that well, but it is classically forbidden to enter the
other well. This is true even for complex orbits. To illustrate
this, we insert a particle of energy E ¼ −1 in various initial
positions xð0Þ in the potential VðxÞ,

FIG. 27. Spectrum of the Hamiltonian H̃ in Eq. (5.6) for g ¼
0.02 and α ¼ 1. The first 14 eigenvalues En are shown; their
numerical values are 0.483 726, 1.413 55, 2.252 27, 2.960 41,
3.627 77, 4.442 72, 5.401 71, 6.470 44, 7.631 62, 8.874 51,
10.1913, 11.576, 13.0235, and 14.5299. From these numbers
one can verify that there are seven bound states; see Fig. 28.

FIG. 28. Binding energies Bn ¼ ðEn − E0Þ − nM plotted as a
function of n for g ¼ 0.008 333 and α ¼ 1, where En are shown
in Fig. 27. A negative value of Bn indicates a bound state. There
are seven bound states. Note that as n increases, the states become
more tightly bound until n ¼ 5. For larger n the states become
less tightly bound, and for n > 8 there are no more bound states.

FIG. 29. Typical example of a symmetric quartic double-well
potential. This potential VðxÞ ¼ −5x2 þ x4, which is associated
with the Hamiltonian (5.7), has minima at x ¼ � ffiffiffiffiffiffiffiffi

5=2
p

. The
depth of the potential is 25=4.
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xð0Þ ¼ �2;�3;�5: ð5:8Þ

For the initial condition �2, the particle remains on the x
axis and oscillates between the turning points, as shown in
Fig. 30. For the initial condition �3 or �5, the particle is
initially in a classically forbidden region; in this case the
particle travels in a closed complex orbit that encloses the
turning points. In all cases the particle cannot cross from one
well to the other. The orbits associated with the left (right) well
stay in the left (right) complex-x plane. If the energy of the
particle is real, the path of the particle cannot cross the
separatrix line Rex ¼ 0. Thus, if the energy of the particle is
real, tunneling between the left and right wells is strictly
forbidden.
The behavior of the classical orbits shown in Fig. 30 is not

surprising. However, if the energy of the classical particle is
complex, the classical particle can tunnel from well to well. To
demonstrate this we take E ¼ −1þ 0.5i and choose the initial
condition xð0Þ ¼ 0.9. As shown in Fig. 31, the particle spirals
outward in the right well and crosses the imaginary axis. It
then spirals inward, crosses the real axis between the left pair
of turning points, spirals outward and crosses the imaginary
axis to the right well, and continues this process. This is a
classical analog of quantum tunneling (Bender, Brody, and
Hook, 2008). (We have already seen complex classical
tunneling in Fig. 12.)
To illustrate this classical tunneling process more clearly,

we plot in Fig. 32 the imaginary part of xðtÞ as a function of
time. Note that the time spent in each well varies somewhat.
However, if we average the times spent in each well from the
time the particle crosses the imaginary-x axis until it recrosses
the imaginary axis and designate this average dwell time as T,
we find that T is inversely proportional to ImE. This is the
complex classical equivalent of the time-energy uncertainty

principle (Bender, Brody, and Hook, 2008; Bender and
Hook, 2011).
For each initial condition xð0Þ, there is a unique complex-

energy particle trajectory in the complex-x plane, and Fig. 31
suggests that a typical complex trajectory is infinitely long,
nonintersecting, and space filling. The set of these complex
trajectories possesses some unusual topological features. For
example, we can plot a classical trajectory for long times and
record the points on the imaginary axis where the trajectory
crosses this axis. We find that there are intervals containing
these points inside of which all trajectories crossing this axis
represent particles that are moving in the same direction. In
one such case the imaginary axis contains just two such
intervals; all trajectories crossing above a point on the
imaginary axis represent particles traveling to the right, and
all trajectories below this point represent particles traveling to
the left.
In other cases we find adjacent (arbitrarily close) trajecto-

ries crossing the imaginary axis on which particles are moving
in opposite directions. This can happen because the classical
equation of motion (Newton’s law) is second order in time, so
two trajectories can be arbitrarily close to one another and yet
represent particles moving in opposite directions without
violating continuity. (This cannot happen in first-order linear
dynamical systems.) To understand this nonviolation of
continuity, note that the Hamiltonian equation of motion
has the form p2 þ VðxÞ ¼ E. Thus, if we are given the
complex position xðtÞ of the particle at a time t, we know
the square of its velocity p2 at a time t. Hence, the particle can
be moving in one of two directions. The choice of direction is
not determined locally by the equation of motion; rather, it is
determined globally by the initial condition xð0Þ.

FIG. 30. Classical trajectories for particles of real energy E ¼
−1 in the potential VðxÞ ¼ −5x2 þ x4, which is plotted in Fig. 29.
The four turning points, which are the solutions to the equation
VðxÞ ¼ −1, are indicated by dots on the x axis. For the initial
condition xð0Þ ¼ �1, the particle oscillates between the turning
points on the x axis. For the initial conditions xð0Þ ¼ �3 and
xð0Þ ¼ �5, the particle is initially in a classically forbidden
region and begins by moving perpendicularly to the x axis. The
particle then continues in a closed complex orbit that encloses the
turning points. In all cases the classical particle can never cross
from one well to the other. The set of all orbits on each side of the
imaginary axis is space filling and the imaginary axis is a
separatrix line.

FIG. 31. Classical analog of quantum tunneling. A particle in
the potential VðxÞ ¼ −5x2 þ x4 in Fig. 29 is given a complex
energy E ¼ −1þ 0.5i, and its initial position is xð0Þ ¼ 0.9. The
particle spirals outward (blue trajectory), and at t ¼ 4.34 it
crosses the imaginary-x axis. (A particle having real energy
can never cross the separatrix on the imaginary axis, as Fig. 30
shows.) The particle trajectory (now colored gray) spirals inward,
crosses the real axis between the left pair of turning points (black
dots), and spirals outward. It then crosses the imaginary axis at
t ¼ 14.73 and the trajectory (now colored red) spirals inward,
crosses the real axis between the right pair of turning points, and
spirals back outward. The plot of the red trajectory terminates at
t ¼ 23.56.
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It is especially surprising that for each real value of the
energy ReE there are special unique imaginary values of the
energy ImE for which the classical trajectories are not
infinitely long. These finite-length particle trajectories start
at a turning point in one well, unwind, cross the imaginary
axis, spiral inward, and terminate in finite time at a turning
point in the other well. These classical trajectories oscillate
between pairs of turning points in different wells, and they
occur only for isolated discrete values of ImE.
Figure 33 shows a pair of such paths for the case of

E ¼ −1þ 1.57321i. The unusual classical trajectories in the
figure are complex classical resonant analogs of the semi-
classical WKB quantization condition [such as that in
Eq. (3.20)]. If the energy were real, say, E ¼ −1, the classical
particle would be confined to one of the two potential wells in
Fig. 29; the classical path would resemble one of the
trajectories shown in Fig. 30. Ordinarily, if the energy had
a generic nonzero imaginary value E ¼ −1þ ai, the trajec-
tory would resemble the infinitely long trajectory in Fig. 31.
However, for this special nonzero imaginary value of the
energy, the particle oscillates from well to well along a finite-
length path in the complex plane like a resonant quantum
particle. The period of oscillation of the trajectory in Fig. 33
is P ¼ 8.493 14.
If we take the real part of the energy to be −2, the particle is

deeper in the potential well in Fig. 29 and the resonant
complex classical particle takes longer to oscillate from well
to well. The precise imaginary part of the energy at which
resonant tunneling occurs is ImE ¼ 1.425 11 � � � and the
oscillation period is P ¼ 13.9754 � � �. The classical path of
this particle is shown in Fig. 34. The period of this motion is
longer than the period in Fig. 33 because the particle requires
two turns in each well before it can escape.
Although the red and blue paths in Fig. 34 have the same

period, their topology is different: The blue particle trajectory
follows a continuous, finite-length path that begins at a turning
point in one well, makes two rotations, crosses the imaginary
axis at the origin, makes two more rotations, and terminates at
a turning point in the other well. However, the red particle
trajectory begins at a turning point, makes two rotations, and
runs along the imaginary axis to �i∞ in finite time. The
particle then comes back along the imaginary axis from∓ i∞,
executes two rotations in the other well, and ends at a turning
point in the same time as the blue particle. This particle

trajectory goes from one well to the other well without
crossing the imaginary axis between the wells. (This path
along the imaginary axis is reminiscent of the path out to �∞
along the real axis of the limiting trajectory in Fig. 18.) Each

FIG. 32. Real-time interpretation of Fig. 31. The imaginary
part of the complex trajectory xðtÞ is plotted as a function of time
t. As in Fig. 31 the energy of the classical particle is E ¼
−1þ 0.5i and the initial condition is xð0Þ ¼ 0.9, and the color
coding is unchanged: 0 ≤ tblue ≤ 4.34; 4.34 ≤ tgray ≤ 14.73;
14.73 ≤ tred ≤ 23.56.

FIG. 33. Two finite-length classical trajectories that oscillate
between a turning point in the left well and a turning point in the
right well. This strange resonant behavior is reminiscent of
semiclassical quantization. Given a value of the real part of
the energy in the well, these finite-length trajectories occur only
for isolated discrete values of the imaginary part of the energy. In
this picture the classical particle is moving in the potential
VðxÞ ¼ −5x2 þ x4 shown in Fig. 29, and it has a complex
classical energy E ¼ −1þ 1.573 21i. The trajectories oscillate
between turning points at −0.533 77þ 0.318 18i and
−2.195 98 − 0.077 34i in the left well and at 0.533 77 −
0.318 18i and 2.195 98þ 0.077 34i in the right well. Note that
this configuration is symmetric if we replace x with −x and
interchange the red and blue curves. The oscillation period of
each trajectory is P ¼ 8.493 14.

FIG. 34. Two classical trajectories that oscillate between pairs
of turning points: one in the left well and one in the right well of
the potential shown in Fig. 29. The classical energy is
−2þ 1.425 11i, so the real part of the energy is lower in the
well than in Fig. 33. The classical paths shown differ dramatically
from those in Fig. 33. While the blue path has a finite length, the
red path is infinitely long; the red particle zooms off to �i∞ and
comes back from∓ i∞ in finite time. Unlike the paths in Fig. 33,
the red and the blue paths here are independently symmetric
under complex parity: x → −x. The turning points are located at
−2.1438 − 0.079 533i and −0.687 039þ 0.248 171i in the left
well and at 0.687 039 − 0.248 171i and 2.1438þ 0.079 533i in
the right well. Note that the red trajectory manages to go from one
well to the other without ever crossing the imaginary axis.
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trajectory in Fig. 34 is separately invariant under the complex
parity reflection x → −x.
If the real part of the energy of the particle is ReE ¼ −3, the

particle is even deeper in the well and it takes even longer for
the particle to escape from the well; it does so resonantly if the
imaginary part of the energy is ImE ¼ 1.133 03 � � �. For this
special case Fig. 35 shows that the blue trajectory makes five
spiral rotations before it escapes from the well and crosses the
imaginary axis into the other well. The red trajectory also
makes five rotations before leaving the well and going out to
�∞, but like the red trajectory in Fig. 34 it reaches the well on
the other side of the imaginary axis in the same time as the
blue trajectory without crossing the imaginary axis. The
period of this motion is P ¼ 24.5576 � � �.
Finding the discrete complex classical energies for this

symmetric double-well problem is analogous to finding the
discrete quantum energies in a symmetric potential well.
Like the quantum case, the eigenstates in the classical case
are finite-period curves connecting the turning points, and
they are also states of the parity operator. This enforces the
observation of Bender, Brody, and Hook (2008) regarding
the similarity between quantum mechanics and complex
classical mechanics.

C. PT -symmetric quasiexactly solvable Hamiltonians

In studying PT -symmetric Hamiltonians, one may find new
non-Hermitian quantum-mechanical models that exhibit unusual
behaviors that were previously discovered for Hermitian
Hamiltonians. For example, Hermitian Hamiltonians have
been found for which it is possible to calculate exactly some

(but not all) of the eigenfunctions and corresponding
eigenvalues. Such Hamiltonians are said to be quasiexactly
solvable (QES).
Before the introduction of PT -symmetric Hamiltonians in

1998, it was believed that the lowest-degree one-dimensional
QES polynomial potential is sextic (Ushveridze, 1994). This
belief was based on the assumption that a Hamiltonian must
be Hermitian. However, the quartic PT -symmetric anhar-
monic potential

VðxÞ ¼ −x4 þ 2iax3 þ ða2 − 2bÞx2 þ 2iðab − JÞx; ð5:9Þ

where a and b are continuous real parameters and J is a
positive integer, provides a simpler and even more general
two-parameter family of QES quartic potentials (Bender and
Boettcher, 1998a). This potential is an additive generalization
of the −x4 potential discussed in Sec. IV.A. The quasiexactly
solvable spectra of this family of quartic potentials are real,
discrete, and bounded below, and the quasiexact portion of the
spectra consists of the lowest J eigenvalues. These eigenval-
ues are the roots of a Jth-degree polynomial.
To find the eigenfunctions and eigenvalues of H ¼ p2þ

VðxÞ, we substitute

ψðxÞ ¼ e−ix
3=3−ax2=2−ibxPJ−1ðxÞ; ð5:10Þ

where

PJ−1ðxÞ ¼ xJ−1 þ
XJ−2
k¼0

ckxk ð5:11Þ

FIG. 35. Two finite classical trajectories that oscillate between pairs of turning points in the left and right wells in Fig. 29. The energy of
the classical particles is −3þ 1.133 03i, so the real part of the energy is lower down in the well than in Fig. 34. As in Fig. 34 the red path
runs up and down the imaginary axis and is infinitely long, but the total time of flight is finite. The trajectories terminate at the turning
points, which are located at −2.082 − 0.074 401 2i and −0.839 548 − 0.184 508i in the left well, and at 0.839 548 − 0.184 508i and
2.082þ 0.074 401 2i in the right well. As in Fig. 34 each trajectory is separately symmetric under complex parity x → −x. The red
trajectory again goes from one well to the other without crossing the imaginary axis.
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is a polynomial of degree J − 1, into the Schrödinger equation

− ψ 00ðxÞ þ ½−x4 þ 2iax3 þ ða2 − 2bÞx2
þ 2iðab − JÞx�ψðxÞ ¼ EψðxÞ ð5:12Þ

associated with the QES potential VðxÞ in Eq. (5.9).
The energy eigenvalues associated with J ¼ 1, 2, and 3 are

the zeros of the increasingly higher-order polynomial equations

Q1ðEÞ ¼ E − b2 − a;

Q2ðEÞ ¼ E2 − ð2b2 þ 4aÞEþ b4 þ 4ab2 − 4bþ 3a2;

Q3ðEÞ ¼ E3 − ð3b2 þ 9aÞE2 þ ð3b4 þ 18ab2 − 16b

þ 23a2ÞE − b6 − 9ab4 þ 16b3 − 23a2b2

þ 48ab − 15a3 − 16: ð5:13Þ

The roots ofQJðEÞ are the QES portion of the spectrum ofH. It
has been shown numerically that the nontrivial (non-QES) part
of the spectrum is entirely real throughout the ða; bÞ plane
(Bender and Boettcher, 1998a).

D. Hermitian and PT -symmetric anharmonic oscillators

As mentioned, for decades the quartic anharmonic oscillator
has served as an intellectual laboratory for understanding
physical mechanisms and developing calculational tools.
This subsection summarizes what has been learned from the
study of the Hermitian and the PT -symmetric anharmonic
oscillators.

1. Hermitian anharmonic oscillator

The motivation to study the Hermitian anharmonic oscil-
lator can be traced back to the classic Dyson (1952) paper on
the divergence of perturbation theory in quantum electrody-
namics (QED). Dyson argued that the weak-coupling pertur-
bation expansion in QED, which is a formal series in powers
of the fine-structure constant α ≈ 1=137, is divergent.
The reasoning in Dyson’s paper goes as follows. The

classical Coulomb force between a positive and a negative
charge is proportional to α and is attractive. But if the sign of α
were changed, this force would become repulsive. A con-
vergent perturbation series in powers of α would define an
analytic (smooth) function of α in the neighborhood of α ¼ 0.
This neighborhood would contain both positive-real and
negative-real values of α.
The vacuum state (ground state) in QED is stable for

positive α and consists of a cloud of virtual electron-positron
pairs. However, for negative α like charges would attract and
unlike charges would repel, so virtual pairs of electrons and
positrons in the vacuum would repel. This suggests that the
vacuum state for α < 0would be unstable; it would tunnel to a
lower-energy state containing growing heaps of electrons and
positrons at opposite ends of the Universe. Hence, one would
expect there to be an abrupt discontinuity in the physics at
α ¼ 0. This implies that a perturbation series expansion in
powers of α would have a zero radius of convergence.
The conclusion of Dyson’s novel argument is correct: In

general perturbation series in powers of a coupling constant

diverge in quantum mechanics and in quantum field theory.
However, the subtle problem with this argument, as the study
of the PT -symmetric −x4 anharmonic oscillator shows (see
Fig. 24), is that a repulsive potential can still confine an
infinite spectrum of real-energy bound states. In particular, the
lowest-energy state (the vacuum state) of a repulsive potential
can be stable.
The two anharmonic-oscillator Hamiltonians discussed

earlier in this section reveal the flaw in Dyson’s argument.
The Hermitian Hamiltonian (5.1) has a positive coupling
constant and an attractive potential, while the PT -symmetric
Hamiltonian (5.3) has a negative coupling constant and a
repulsive potential (on the real axis). Yet, the eigenvalues of
both anharmonic-oscillator Hamiltonians are entirely real and
positive and the states are stable.
Nevertheless, as Dyson argued the point α ¼ 0 in the

complex-α plane is indeed a singularity. This singular point
is the boundary between two different theories, one with
α > 0 for which there is an attractive force between an electron
and a positron, and the other with α < 0 for which there is a
repulsive force between an electron and a positron. However,
the vacuum state in both theories could well be stable.
There is a simple reason why quantum-mechanical and

field-theoretic perturbation expansions diverge: The nth term
in the perturbation expansion is a sum of Feynman diagrams
having n vertices. The average size of an n-vertex Feynman
diagram is typically of order cn, where c is a constant, but the
number of Feynman diagrams grows factorially for large n.
This is why perturbation series diverge.
This factorial growth is a direct consequence of graph

counting and combinatorics. Following the publication of
Dyson’s seminal paper, many papers were published in which
the perturbation expansions for various field-theoretic models
were shown to be divergent (Hurst, 1952; Petermann, 1953;
Thirring, 1953; Glimm and Jaffe, 1968). These papers
established bounds on the size of Feynman diagrams and
estimated the growth in the number of such diagrams. Because
of this broad interest in the nature of perturbation theory, the
Hermitian anharmonic oscillator was identified as an ideal
model in which to study perturbation theory in depth.
An analysis of the Hermitian anharmonic oscillator in 1968

showed that the underlying reason for the divergence of
perturbation series is the presence of square-root branch-point
singularities in the complex-coupling-constant plane (the
complex-g plane) (Bender and Wu, 1968, 1969). Originally
these singularities were discovered in the context of the
Hermitian anharmonic-oscillator model (5.1), but the appear-
ance of square-root singularities in the complex-coupling-
constant plane is a generic phenomenon. These singularities,
originally called Bender-Wu singularities, are now usually
referred to as exceptional points. Bender and Wu showed that
there are infinite sequences of square-root singularities in the
complex-g plane and that these sequences approach the origin
g ¼ 0. Thus, the origin in the coupling-constant plane is a
nonisolated singularity. This explains at a deep level why
perturbation series in powers of a coupling constant have a
vanishing radius of convergence.
The Bender-Wu singularities provide a clear physical

explanation of the divergence of perturbation series. At each
square-root branch-point singularity, two different energy
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levels cross; that is, two energy levels analytically continue
into one another. Thus, in perturbative eigenvalue problems an
eigenvalue spectrum is not just a set of unrelated energies
fEnðgÞg. Rather, there is an analytic eigenvalue function EðgÞ
that is defined on a multisheeted Riemann surface. The nth
eigenvalue EnðgÞ is the value of the complex function EðgÞ on
the nth sheet of the Riemann surface. We arrive at an elegant
picture of quantization: The quantization of eigenvalues is
topological; the nth eigenvalue corresponds to the nth sheet of
a complex-g Riemann surface.

2. Elementary model of topological quantization

The 2 × 2 Hermitian matrix Hamiltonian

H ¼
�
a 0

0 b

�
þ g

�
0 1

1 0

�
ð5:14Þ

clearly illustrates this topological picture of quantization. This
Hamiltonian describes two states of energy a and b that
interact with the coupling strength g. To calculate the
eigenvalues of H, we construct the secular equation, which
is the quadratic polynomial

detðH − IEÞ ¼ E2 − Eðaþ bÞ þ ab − g2: ð5:15Þ

The roots of Eq. (5.15) are the two eigenvalues E�ðgÞ of H,

E�ðgÞ ¼ 1
2
ðaþ b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða − bÞ2 þ 4g2

q
Þ: ð5:16Þ

The eigenvalues EðgÞ are real and distinct when g is real
because H in Eq. (5.14) is Hermitian. However, as functions
of complex g, these eigenvalues become analytic continua-
tions of one another. The function EðgÞ has two square-root
branch-point singularities in the complex-g plane; these
branch points lie on the imaginary-g axis at

g ¼ �1
2
ja − bji: ð5:17Þ

Thus, the function EðgÞ is defined on a two-sheeted Riemann
surface. These two sheets are joined at the branch cut
connecting the two branch points.
This complex picture of quantization is completely

general and extends from matrix Hamiltonians to continuum
Hamiltonians. For the general perturbed Hamiltonian

H ¼ p2 þ VðxÞ þ gWðxÞ; ð5:18Þ

if we construct the perturbation series

ENðgÞ ∼
X∞
n¼0

angn ð5:19Þ

for the Nth eigenvalue of H, the regions of convergence of
these series are determined by square-root singularities in the
complex-g plane where the Nth eigenvalue crosses with other
eigenvalues (Bender, Happ, and Svetitsky, 1974).
There are rare examples of Hamiltonians for which the

singularities are not square-root singularities; there may be

cube-root or other higher-order algebraic singularities. [See,
for example, the study of theD-dimensional square well given
by Bender, Boettcher, and Lipatov (1992).] However, the
generic picture is universal: At branch-point singularities the
eigenvalues cross; each eigenvalue is associated with a sheet
in a complex-g Riemann surface.
This discussion of perturbation theory suggests a compre-

hensive research project that has not yet been published. It
would be interesting to locate and classify the branch-point
singularities in the complex-g plane associated with the
quartic PT -symmetric Hamiltonian (5.3) (as well as for other
PT -symmetric Hamiltonians).

3. Large-order behavior of perturbation theory

The Hermitian anharmonic oscillator is an ideal model to
study the large-order behavior of the coefficients in a
perturbation series; that is, the asymptotic growth of the
coefficients an in Eq. (5.19) as n → ∞. Complex-variable
theory determines the precise growth of these coefficients.
The eigenvalues of the Hermitian oscillator (5.1) are

analytic functions of the coupling constant g on the principal
sheet of the complex-g plane, except for a cut on the negative-
g axis (Loeffel et al., 1969; Loeffel and Martin, 1970; Simon
and Dicke, 1970). This discovery led to the derivation of a
dispersion relation that determines the precise large-order
behavior of perturbation coefficients (Bender and Wu, 1971).
For example, the large-n asymptotic behavior of the pertur-
bation coefficients an for the ground-state energy E0ðgÞ of H
in Eq. (5.1) is

an ∼
m
2

ffiffiffi
6

p

π3=2
ð−1Þnþ1Γ

�
nþ 1

2

��
24g
m3

�
n

ðn → ∞Þ:

The dispersion-relation technique for finding the large-
order behavior of perturbation coefficients became known
as Bender-Wu theory. Bender-Wu techniques apply to both
PT -symmetric and Hermitian theories, and they apply in
quantum field theory as well as in quantum mechanics
(Brézin, Le Guillou, and Zinn-Justin, 1977; Itzykson,
Parisi, and Zuber, 1977; Parisi, 1977; Lipatov, Bukhvostov,
and Malkov, 1979).
It is necessary to know the large-order behavior of the

perturbation coefficients in order to justify using summation
techniques, such as Borel summation and the Padé approxi-
mation, to sum divergent perturbation series and obtain
arbitrarily accurate results (Simon and Dicke, 1970; Bender
and Dunne, 1999; Bender and Weniger, 2001; Caliceti,
Cannata, and Graffi, 2006). Summation techniques are effec-
tive for both Hermitian and PT -symmetric theories.

4. Summation of divergent perturbation series

An important property of real summable divergent pertur-
bation series is that the coefficients in the series alternate in
sign. If this condition holds, Borel and Padé summations
typically converge to a real number. If the coefficients in the
perturbation series are real but do not alternate in sign, the
summation may not converge or may converge to a complex
number even if the perturbation series represents a real
number.
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The cubic anharmonic-oscillator Hamiltonian

H ¼ p2 þ x2 þ gx3 ðg realÞ ð5:20Þ

has perturbation expansions that do not oscillate in sign. For
example, the perturbation series about the harmonic-oscillator
ground-state energy E0ð0Þ ¼ 1 has the form

E0ðgÞ ∼
X∞
n¼0

ang2n ðg → 0Þ: ð5:21Þ

This series in powers of g2 diverges; the perturbation
coefficients an are real and grow factorially with n. However,
the an do not alternate in sign with increasing n, so this series
is not uniquely Borel or Padé summable. The sign of the
imaginary part of the Borel sum may be either positive or
negative. The series coefficients are real, but the series
represents a complex number. This is because the eigenstate
of this cubic Hamiltonian either grows or decays in time
depending on the boundary conditions on the eigenfunctions.

5. Perturbation series for PT -symmetric oscillators

If we replace g with ig in the Hamiltonian (5.20) and in the
perturbation series (5.21), the perturbation parameter ðigÞ2 for
the cubic PT -symmetric Hamiltonian

H ¼ p2 þ x2 þ igx3 ð5:22Þ

becomes negative. Now, the perturbation series for this
Hamiltonian has real coefficients that alternate in sign.
There is no ambiguity; this series is uniquely Borel and
Padé summable, and the Borel and Padé sums of this
divergent series converge to the real ground-state energy
of this PT -symmetric Hamiltonian (Caliceti, Graffi, and
Maioli, 1980; Bender and Dunne, 1999; Caliceti, Cannata,
and Graffi, 2006).
As a second example, we consider the Hermitian quartic

anharmonic oscillator (5.1). The perturbation series for its
ground-state energy E0ðgÞ has the form

X∞
n¼0

angn; ð5:23Þ

where the perturbation coefficients an are real, alternate in
sign, and grow factorially with n (Bender and Wu, 1968,
1969, 1973). This series is uniquely Borel and Padé sum-
mable, and these summation methods converge to the exact
value of the real ground-state energy (Loeffel et al., 1969).
The question is: What happens if we replace g with −g in

the perturbation series (5.23)? The resulting series is not
uniquely Borel summable because the coefficients do not
alternate in sign. The reason for this is that the nonalternating
perturbation series does not represent the ground-state energy
of the PT -symmetric quartic Hamiltonian (5.3). We cannot
simply replace g in the perturbation series for the ground-state
energy of the Hermitian Hamiltonian in Eq. (5.1) with −g and
expect to obtain a perturbation expansion that represents the
ground-state energy of the PT -symmetric Hamiltonian (5.3).

As explained in Sec. IV.E, making the local replacement
g → −g leads to one of two possible theories, either the
conventional upside-down-potential theory whose boundary
conditions are displayed in Eq. (4.21) or the PT -symmetric
theory whose boundary conditions are shown in Eq. (4.22). In
the first case the energy eigenvalues are complex and the sign
of the imaginary part of the energy corresponds to whether the
boundary conditions represent outgoing or incoming waves.
In the second case the energy is real because we now have a
dynamically stable configuration with balanced outgoing and
incoming waves (balanced loss and gain).
The perturbation series that correctly represents the energy

levels of the PT -symmetric quartic Hamiltonian (5.3) consists
of two parts: First, there is the real nonalternating asymptotic
perturbation series obtained by replacing g with −g in
Eq. (5.23). The terms in this series are obtained by doing a
Rayleigh-Schrödinger perturbative calculation (or, equiva-
lently, by evaluating sums of Feynman diagrams). The
Borel sum of this series gives rise to exponentially small
imaginary contributions of the form ie−3=g. Second, there are
nonperturbative contributions coming from saddle points in
the complex plane (Bender, Branchina, and Messina, 2013).
These saddle points contribute exponentially small imaginary
terms of the form ie−3=g, and these terms exactly cancel the
imaginary terms arising from the Borel sum of the non-
alternating perturbation series (Bender and Dunne, 1996).
Perhaps the most noteworthy feature of the PT -symmetric

quantum anharmonic oscillator is this cancellation between
perturbative and nonperturbative contributions. This cancel-
lation allows the PT -symmetric anharmonic oscillator to be a
viable quantum-mechanical theory with a positive-real-energy
spectrum.

VI. THIS IS QUANTUM MECHANICS
(NOT ONLY COMPLEX ANALYSIS)

In Secs. I–V we used complex-variable techniques to study
the spectral properties of PT -symmetric Hamiltonians. We
have shown that a PT -symmetric Hamiltonian can possess an
eigenvalue spectrum that is real and bounded below even if the
Hamiltonian is non-Hermitian. By itself this is a significant
result because the conventional view is that spectral reality and
positivity are properties that are reserved for Hermitian
Hamiltonians. However, quantum mechanics is more than
just the spectral properties of a Hamiltonian. The deeper
question is whether a non-Hermitian Hamiltonian can actually
define a physical theory of quantum mechanics.
The Hamiltonian for an isolated quantum system must have

a real energy spectrum because an energy measurement must
give a real number. Furthermore, the energy spectrum must be
bounded below to satisfy the physical requirement that an
isolated system have a stable ground state. However, the
systems discussed in this review are more general than
conventional Hermitian quantum systems because they are
coupled to the environment.
Hermiticity is a powerful condition because if H is

Hermitian, every eigenvalue of H is real. We proved this in
Sec. II, but a quick formal proof goes as follows: Take the
Hermitian conjugate of the eigenvalue equation HjEi ¼ EjEi

Carl M. Bender and Daniel W. Hook: PT -symmetric quantum mechanics

Rev. Mod. Phys., Vol. 96, No. 4, October–December 2024 045002-37



to get hEjH† ¼ hEjE� and then multiply this equation on the
right by jEi. This givesEhEjEi¼E�hEjEi. Therefore,E ¼ E�.
The condition of PT symmetry is weaker than the

condition of Hermiticity. As shown in Sec. II.D, if the
Hamiltonian is PT symmetric, all we know is that the secular
equation is real. Ordinarily systems that are coupled to the
environment are not Hermitian, because they have loss to
the environment (such as radioactive decay) or gain from the
environment (such as scattering). The PT -symmetric systems
discussed here are novel because they are coupled to the
environment in such a way that loss to the environment is
exactly balanced by gain from the environment. This is
illustrated in Figs. 5 and 24 (right diagram). Although one
would expect the Hamiltonian for a system coupled to the
environment to have a complex spectrum, in the unbroken
phase a PT -symmetric system has an entirely real spectrum.
Moreover, a PT -symmetric system in the unbroken phase

satisfies the additional requisites to be a quantum-mechani-
cal system. A quantum-mechanical system must have a
Hilbert space of state vectors that is endowed with an inner
product having a positive norm. (The norm of a state
represents a probability, which must be positive.) In addition,
the Hamiltonian of the theory must generate unitary time
evolution because probability must be preserved in time.
These requirements are met if the Hamiltonian is
Hermitian (H† ¼ H).
These requirements are also met if the Hamiltonian satisfies

the less restrictive condition of unbroken PT symmetry. In
this section we demonstrate that these requisites are met if the
PT -symmetric Hamiltonian has an unbroken PT symmetry
and is also symmetric. (All Hamiltonians discussed in this
review are symmetric.) However, this technical assumption of
symmetry is in fact not necessary; these requisites are also met
if the PT -symmetric Hamiltonian is not symmetric, but the
argument is more complicated because it requires the use of a
biorthogonal basis (Weigert, 2003; Krejčiřík, Bíla, and Znojil,
2006; Curtright and Mezincescu, 2007; Brody, 2014).

A. Finding the inner product

The principal difficulty in showing that a non-Hermitian
PT -symmetric Hamiltonian in a region of unbroken PT
symmetry defines a theory of quantum mechanics is finding a
positive-definite inner product with respect to which the
eigenstates of the Hamiltonian are orthogonal. For the case
of a Hermitian Hamiltonian this is not a problem, because the
inner product is the same for all such Hamiltonians. In
coordinate space, the Hermitian inner product is

hϕjψi ¼
Z

dxϕ†ðxÞψðxÞ; ð6:1Þ

where the adjoint symbol † indicates combined matrix trans-
pose and complex conjugation.
However, for a PT -symmetric Hamiltonian we do not

know in advance the definition of the inner product. Rather, in
PT -symmetric quantum mechanics the Hamiltonian itself
determines its own Hilbert space and associated inner product.
We assume here that we have found the eigenvalues En and

eigenfunctions ψnðxÞ of the PT -symmetric Hamiltonian H

using numerical and/or analytical methods and that the En are
all real; that is, we are in a region of unbroken PT symmetry.
We showed in Sec. II.B that this is equivalent to assuming that
the eigenfunctions ψnðxÞ ofH are also eigenfunctions4 of PT .
Having found the eigenfunctions of H, we must find an

inner product with respect to which these eigenfunctions are
orthogonal. Unlike conventional quantum mechanics, where
we know what the inner product is even before we are given
the Hamiltonian, for a PT -symmetric Hamiltonian we begin
by making a plausible guess for what the inner product might
be. We argue by analogy: For a Hermitian Hamiltonian, where
H ¼ H†, the inner product is given in Eq. (6.1), so for a PT -
symmetric Hamiltonian, where H ¼ HPT , we replace the
symbol † with PT and conjecture that the appropriate inner
product would be

ðψ ;ϕÞPT ≡
Z
C
dx ½ψðxÞ�PT ϕðxÞ

¼
Z
C
dx ½ψð−xÞ��ϕðxÞ; ð6:2Þ

where C is an integration contour that terminates in the Stokes
sectors in which we impose the boundary conditions on the
eigenvalue equation associated with the Hamiltonian. We refer
to the inner product (6.2) as the PT inner product. With this
conjecture for the PT inner product, we can immediately use
integration by parts to verify that eigenfunctions of H
associated with different eigenvalues are orthogonal.
Although the PT inner product establishes orthogonality, it

is not yet acceptable, because there is no guarantee that the
norm of every eigenfunction will be positive; we seek a
positive-definite inner product. [Nonpositive inner products,
which are associated with Kreı̆n spaces, are still of interest in
mathematical physics. See Chap. 8 in the work of Bender et al.
(2019).] Therefore, we must improve the definition of the
inner product in Eq. (6.2). To do so we construct a new
operator called C that ensures that the norms of all eigen-
functions are strictly positive.

B. The C operator and the CPT inner product

If the parameters of a PT -symmetric Hamiltonian H are
chosen such that all of the eigenvalues are real (the PT
symmetry is unbroken), there exists a new linear operator C
that commutes with both H and PT . The existence of an
operator that commutes with H reveals that, in the unbroken
PT -symmetric region, the Hamiltonian has a new and
unexpected symmetry. (We use the symbol C to represent
this symmetry operator because the properties of C are similar
to those of the charge-conjugation operator in particle

4Unlike the case of Hermitian Hamiltonians, the zeros of sub-
sequent eigenfunctions of non-Hermitian PT -symmetric Hamilto-
nians do not interlace. These eigenfunctions exhibit the phenomenon
of winding, which is a non-Hermitian analog and generalization of
Hermitian interlacing (Bender, Boettcher, and Savage, 2000; Ere-
menko, Gabrielov, and Shapiro, 2008; Hezaro, 2008; Schindler and
Bender, 2018).
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physics.) The C operator is the missing component of the
conjectured PT inner product in Eq. (6.2).
The appropriate adjoint for the definition of the inner

product combines C conjugation and PT conjugation,

hψ jϕiCPT ≡
Z
C
dxψCPT ðxÞϕðxÞ; ð6:3Þ

where

ψCPT ðxÞ ¼
Z
C
dyCðx; yÞψ�ð−yÞ: ð6:4Þ

The inner product (6.3) is called the CPT inner product. This
inner product fulfills the requirements that a quantum theory
have a Hilbert space with a positive-definite norm and be a
unitary theory.
We soon construct the C operator as a sum over the

eigenfunctions of the Hamiltonian H, but we must first
normalize these eigenfunctions. We have already shown in
Eq. (2.9) that the eigenfunctions ψnðxÞ of H are also
eigenfunctions of the PT operator with eigenvalue λ.
Furthermore, Eq. (2.10) shows that λ is a pure phase:
λ ¼ eiα, where λ and α depend on n.
We define PT - normalized eigenfunctions ϕnðxÞ as

ϕnðxÞ≡ e−iα=2ψnðxÞ: ð6:5Þ

With this definition ϕnðxÞ is still an eigenfunction of H, and
by construction it is also an eigenfunction of PT with
eigenvalue 1. One can also show both numerically and
analytically that for H in Eq. (2.14) the algebraic sign of
the PT norm in Eq. (6.2) of ϕnðxÞ is ð−1Þn for all n and for all
values of ε > 0 (Bender, Brody, and Jones, 2002, 2004). Thus,
we multiply each eigenfunction of H by a real number so that
their PT norms are now exactly ð−1Þn,

Z
C
dx½ϕnðxÞ�PT ϕnðxÞ ¼

Z
C
dx½ϕnð−xÞ��ϕnðxÞ

¼ ð−1Þn; ð6:6Þ

where the contour C lies in the Stokes sectors in Fig. 9.
In terms of these PT -normalized eigenfunctions there is a

simple but unusual statement of completeness,

X∞
n¼0

ð−1ÞnϕnðxÞϕnðyÞ ¼ δðx − yÞ: ð6:7Þ

This statement of completeness has been verified analytically
and numerically to great precision for all ε > 0 (Mezincescu,
2000; Bender and Wang, 2001), and a proof was given by
Weigert (2003). Using Eq. (6.6) one can verify that the left
side of Eq. (6.7) satisfies the delta-function integral iden-
tity

R
dyδðx − yÞδðy − zÞ ¼ δðx − zÞ.

To illustrate this normalization procedure, we consider the
elementary case of the harmonic-oscillator eigenfunctions.
For the Hamiltonian H ¼ p2 þ x2, which is both Hermitian
and PT symmetric, the eigenfunctions are Gaussians multi-
plied by Hermite polynomials,

ψ0ðxÞ ¼ exp ð−1
2
x2Þ;

ψ1ðxÞ ¼ x exp ð−1
2
x2Þ;

ψ2ðxÞ ¼ ð2x2 − 1Þ exp ð−1
2
x2Þ;

ψ3ðxÞ ¼ ð2x3 − 3xÞ exp ð−1
2
x2Þ:

We normalize these eigenfunctions so that they are also
eigenfunctions of the PT operator with eigenvalue 1,

ϕ0ðxÞ ¼ a0 exp ð−1
2
x2Þ;

ϕ1ðxÞ ¼ a1ix exp ð−1
2
x2Þ;

ϕ2ðxÞ ¼ a2ð2x2 − 1Þ exp ð−1
2
x2Þ;

ϕ3ðxÞ ¼ a3ið2x3 − 3xÞ exp ð−1
2
x2Þ:

The real numbers an are chosen so that the integral in Eq. (6.6)
evaluates to ð−1Þn for all n. If we then substitute the
eigenfunctions ϕnðxÞ into Eq. (6.7) and perform the summa-
tion, we obtain the delta function in Eq. (6.7).
Finally, we construct the C operator. Recall from Eq. (6.6)

that half of the energy eigenstates of H have a positive PT
norm and half have a negative PT norm. This condition is
similar to what Dirac encountered in formulating the spinor
wave equation for fermionic quantum theory (Dirac, 1942). To
solve this problem Dirac interpreted the negative-norm states
as antiparticles and constructed a new inner product that
changed the negative signs to positive signs. We follow
Dirac’s construction: Note that if the Hamiltonian H has an
unbroken PT symmetry, there exists an additional symmetry
of H represented by a linear operator that we call C. This
operator arises because there are equal numbers of positive-
PT -norm and negative-PT -norm states, all with real energy
eigenvalues. In coordinate space the operator C that embodies
this symmetry is a sum over the PT -normalized eigenfunc-
tions of the PT -symmetric Hamiltonian,

Cðx; yÞ≡X∞
n¼0

ϕnðxÞϕnðyÞ: ð6:8Þ

Equation (6.8) looks like the unusual completeness con-
dition in Eq. (6.7) except that the factor of ð−1Þn is absent. We
can use Eqs. (6.6) and (6.7) to verify that the square of C is
unity: C2 ¼ 1. In coordinate space this equation reads

Z
C
dyCðx; yÞCðy; zÞ ¼ δðx − zÞ: ð6:9Þ

The eigenvalues of C are�1, so C is a reflection operator. In
addition, it is easy to verify that ½C; H� ¼ 0, and because C is
linear it follows that the eigenstates of H have definite C
values,

CϕnðxÞ ¼
Z
C
dyCðx; yÞϕnðyÞ

¼
X∞
m¼0

ϕmðxÞ
Z
C
dyϕmðyÞϕnðyÞ

¼ ð−1ÞnϕnðxÞ: ð6:10Þ
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As a reflection operator, the C operator resembles the parity
operator in quantum mechanics or the charge-conjugation
operator in quantum field theory.
The precise meaning of C is that it represents the meas-

urement of the sign of thePT norm in Eq. (6.6). The operators
P and C are both reflection operators, and they are distinct
square roots of the unity operator δðx − yÞ. That is,
P2 ¼ C2 ¼ 1. However, P ≠ C. The parity operator in coor-
dinate space is real because Pðx; yÞ ¼ δðxþ yÞ, but the
Cðx; yÞ operator is complex because it is a sum of products
of complex functions. The operators P and C do not commute,
but C does commute with PT .
We now examine the properties of the CPT inner product

defined in Eq. (6.3). Like the PT inner product in Eq. (6.2),
this new inner product is phase independent. In addition,
because the time-evolution operator is e−iHt (as in ordinary
quantum mechanics) and because H commutes with PT and
with CPT , both the PT inner product and the CPT inner
product remain time independent as the states evolve.
However, the advantage of the CPT inner product is that,
unlike the PT inner product, the CPT inner product is
positive definite. This is because C contributes a factor of
−1when it acts on states with a negativePT norm. In terms of
the CPT conjugate, the completeness condition in coordinate
space reads

X∞
n¼0

ϕnðxÞ½CPT ϕnðyÞ� ¼ δðx − yÞ: ð6:11Þ

We can also construct representations of other linear
operators in terms of the eigenstates ϕnðxÞ: The coordinate-
space representation of the parity operator is

Pðx; yÞ ¼ δðxþ yÞ ¼
X∞
n¼0

ð−1ÞnϕnðxÞϕnð−yÞ;

and the coordinate-space representations of the Hamiltonian
and of the Green’s function (the inverse of the Hamiltonian
operator) are

Hðx; yÞ ¼
X∞
n¼0

ð−1ÞnEnϕnðxÞϕnðyÞ;

Gðx; yÞ ¼
X∞
n¼0

ð−1Þn 1

En
ϕnðxÞϕnðyÞ:

From the previous equation for Gðx; yÞ, we can verify
that this Green’s function is the functional inverse of H:R
dyHðx; yÞGðy; zÞ ¼ δðx − zÞ. For example, for the PT -

symmetric Hamiltonian (2.14), the Green’s function Gðx; yÞ
satisfies the differential equation

�
−

d2

dx2
þ x2ðixÞε

�
Gðx; yÞ ¼ δðx − yÞ:

We solve this differential equation in terms of associated
Bessel functions in the two regions x > y and x < y and then
patch the solutions together at x ¼ y to obtain a closed-form

coordinate-space expression for Gðx; yÞ (Mezincescu, 2000;
Bender and Wang, 2001). We then integrate Gðx; xÞ with
respect to x to obtain an exact formula for the spectral ζ
function for all values of ε > 0,

ζðεÞ¼
X∞
n¼0

1

EnðεÞ
¼
�
1þcos ½3επ=ð2εþ8Þ�sin½π=ð4þεÞ�

cos ½επ=ð4þ2εÞ�sin ½3π=ð4þεÞ�
�

×
Γ½1=ð4þεÞ�Γ½2=ð4þεÞ�Γ½ε=ð4þεÞ�

ð4þεÞð4þ2εÞ=ð4þεÞΓ½ð1þεÞ=ð4þεÞ�Γ½ð2þεÞ=ð4þεÞ� :

This formula has been verified numerically to over 20 decimal
places (Bender and Wang, 2001).

C. Discussion of the CPT inner product

For a quantum theory defined by a Hermitian Hamiltonian,
the Hilbert space of physical states is specified even before the
Hamiltonian H is known. The inner product for this Hilbert
space is defined with respect to Dirac Hermitian conjugation
(combined complex conjugation and matrix transposition).
Once a Hermitian Hamiltonian has been selected, the standard
procedure is to find the eigenvectors and eigenvalues of this
Hamiltonian.
In contrast, for a PT -symmetric quantum theory, the inner

product is determined by the Hamiltonian itself and thus is
determined dynamically. One must first solve for the eigen-
values and eigenstates of H and then show that we are in an
unbroken PT -symmetric region before we can know what the
Hilbert space and the associated inner product of the theory
are. This is because the C operator is constructed from the
eigenstates of the Hamiltonian, and the CPT inner product is
determined by these eigenstates. The Hilbert space consists of
all complex linear combinations of the eigenstates of H.
The C operator does not exist as a distinct entity in

conventional Hermitian quantum mechanics. For example,
if we let the parameter ε in Eq. (2.14) tend to 0, the C operator
in this limit becomes identical to P, and the CPT operator
becomes T , which performs complex conjugation. Hence, as
ε tends to 0, the inner product defined with respect to CPT
conjugation reduces to the inner product of conventional
quantum mechanics and Eq. (6.7) reduces to the usual
Hermitian statement of completeness for a symmetric
Hamiltonian,

X
n

ϕnðxÞϕ�
nðyÞ ¼ δðx − yÞ:

The CPT inner product in Eq. (6.3) is independent of the
choice of integration contour C as long as C terminates inside
the Stokes sectors associated with the boundary conditions for
the eigenvalue problem. [In ordinary quantum mechanics the
positive-definite inner product has the form

R
dx f�ðxÞgðxÞ,

where the integral is taken along the real axis. The path of
integration cannot be deformed into the complex plane,
because the integrand is not analytic.] The path integrals
representing both the PT inner product and the CPT inner
product have the advantage of analyticity and path independ-
ence. The PT inner product is not positive definite, but it is
satisfying that one can still construct a positive-definite metric
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by using CPT conjugation without disturbing the path
independence of the inner-product integral.
The operator e−iHt performs time evolution regardless of

whether the theory is determined by a PT -symmetric
Hamiltonian or a conventional Hermitian Hamiltonian. To
show that time evolution in a PT -symmetric quantum
system is unitary, we must demonstrate that the norm of
the state does not change as the state vector evolves in time:
Let ψ0ðxÞ be a vector at t ¼ 0 in the Hilbert space spanned by
the energy eigenstates. It evolves into the state ψ tðxÞ at time t
according to

ψ tðxÞ ¼ e−iHtψ0ðxÞ:

With respect to the CPT inner product the norm of ψ tðxÞ
does not change in time, because H commutes with CPT .

D. Example: PT -symmetric 2 × 2 matrix Hamiltonian

We illustrate the formal procedures for calculating the C
operator and the inner product by using the PT -symmetric
matrix Hamiltonian in Eq. (2.20), which we rewrite in polar
form as

H ¼
�
reiθ g

g re−iθ

�
: ð6:12Þ

The three parameters r, s, and θ are real. This symmetric
Hamiltonian is not Hermitian. However, as shown in Sec. II.E,
it is PT symmetric, where the parity operator is given in
Eq. (2.21) and the T operator performs complex conjugation.
Following the previously outlined procedures, we first

calculate the eigenvalues and eigenfunctions of the
Hamiltonian (6.12). From Eq. (2.23) we obtain

E� ¼ r cos θ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 − r2 sin2 θ

q
: ð6:13Þ

As we saw for H in Eq. (2.20), there are two parametric
regions for H in Eq. (6.12), one for which the square root is
real and the other for which it is imaginary. In the region of
broken PT symmetry g2 < r2 sin2 θ, the eigenvalues form a
complex-conjugate pair. In the region of unbroken PT
symmetry g2 ≥ r2 sin2 θ, the eigenvalues are real and the
simultaneous eigenstates of the operators H and PT are

jEþi ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2 cos α
p

�
eiα=2

e−iα=2

�
;

jE−i ¼
iffiffiffiffiffiffiffiffiffiffiffiffiffi

2 cos α
p

�
e−iα=2

−eiα=2

�
; ð6:14Þ

where sin α ¼ ðr=gÞ sin θ.
Next we calculate the PT inner product,

ðE�; E�ÞPT ¼ �1; ðE�; E∓Þ ¼ 0; ð6:15Þ

where ðu; vÞPT ¼ ðPT uÞ · v. As expected from Eq. (6.6), the
PT inner product has a metric of signature ðþ;−Þ. In
addition, note that if the condition g2 > r2 sin2 θ for unbroken

PT symmetry is violated, the states (6.14) are not eigenstates
of PT , because α is imaginary. Also, in the region of broken
PT symmetry, the PT norms of the energy eigenstates
vanish.
We then use Eq. (6.8) to construct the C operator,

C ¼ 1

cos α

�
i sin α 1

1 −i sin α

�
: ð6:16Þ

A brief calculation verifies that, as predicted, the C operator
commutes with H and satisfies C2 ¼ 1. As expected, the
eigenvectors of H are simultaneously eigenvectors of C with
eigenvalues þ1 and −1,

CjE�i ¼ �jE�i: ð6:17Þ

As expected, the eigenvalues of C are again the signs of the
PT norms of the corresponding eigenstates.
Finally, we construct the CPT inner product

hujviCPT ¼ ðCPT uÞ · v

by using the operator C. This inner product is positive definite
because hE�jE�i ¼ 1. The two-dimensional Hilbert space
spanned by jE�i and with inner product h·j·i has the signature
ðþ;þÞ. This completes the construction of the Hilbert space.
It is instructive to demonstrate that the CPT norm of any

vector in the Hilbert space (that is, any linear combination of
the eigenvectors) is positive. For the vector ψ ¼ ðabÞ, where a
and b are arbitrary complex numbers, we calculate that

T ψ ¼
�
a�

b�

�
; PT ψ ¼

�
b�

a�

�
;

CPT ψ ¼ 1

cos α

�
a� þ ib� sin α

b� − ia� sin α

�
: ð6:18Þ

Hence,

hψ jψiCPT ¼ ðCPT ψÞ · ψ

¼ 1

cos α
½a�aþ b�bþ iðb�b − a�aÞ sin α�:

Thus, if we take a ¼ xþ iy and b ¼ uþ iv, with x, y, u, and
v real, then

hψ jψiCPT ¼ 1

cos α
½x2 þ v2 þ y2 þ u2

þ 2ðxv − yuÞ sin α�: ð6:19Þ

It is easy to prove that this CPT inner product is positive and
that it vanishes only if x ¼ y ¼ u ¼ v ¼ 0.
We can now formulate the statement of completeness for

the PT -symmetric Hamiltonian (6.12). Following the nota-
tion used in conventional quantum mechanics, we denote the
CPT conjugate of jui as huj; that is, the CPT adjoint operator
converts the ket vector into the bra vector. The completeness
condition then has the form
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jEþihEþj þ jE−ihE−j ¼
�
1 0

0 1

�
: ð6:20Þ

Furthermore, using the CPT conjugate hE�j, we can represent
the C operator for H in Eq. (6.12) as

C ¼ jEþihEþj − jE−ihE−j: ð6:21Þ

The change in sign between Eqs. (6.20) and (6.21) is the two-
dimensional analog of the sign change in the formulas for
completeness in Eq. (6.7) and for the C operator in Eq. (6.8).
Note that as θ approaches 0, the Hamiltonian (6.12)

becomes Hermitian and the C operator reduces to the parity
operator P. This illustrates that, for a symmetric Hermitian
matrix, CPT invariance reduces to the conventional condition
of Hermiticity: H ¼ H�.

E. Calculating the C operator

The difference between PT -symmetric quantum mechanics
and Hermitian quantum mechanics is the existence of a C
operator. Only a non-Hermitian PT -symmetric Hamiltonian
possesses a C operator that is distinct from the parity operator
P. However, although the C operator is represented as the
formal infinite series in Eq. (6.8), it is not easy to calculate C
by summing this series directly. In Sec. II.D we evaluated the
sum for the case of a 2 × 2matrix, but evaluating the sum for a
continuum theory would require that we find analytic expres-
sions for all of the eigenfunctions ϕnðxÞ of H. Moreover, such
a procedure would be hopeless in quantum field theory
because in field theory there is no simple analog of the
Schrödinger eigenvalue equation.
The first calculation of the C operator was perturbative.

Bender, Meisinger, and Wang (2003) considered the cubic
PT -symmetric Hamiltonian

H ¼ 1
2
p2 þ 1

2
x2 þ iεx3 ð6:22Þ

and treated ε as a small real parameter. When ε ¼ 0, the
HamiltonianH reduces to the harmonic-oscillator Hamiltonian
whose eigenfunctions are Hermite functions. Each eigenfunc-
tion ofH is then expressed as a perturbation series in powers of
ε, and the first few terms of these perturbation series are
calculated. The perturbation series are substituted into
Eq. (6.8), and the summation over the eigenfunctions is done
for the first few powers of ε. The result is a formal perturbation
expansion of the C operator in powers of ε.
This calculation is complicated but instructive because it

shows that the result for C simplifies dramatically if the C
operator is written as the exponential of an operator Q (which
in quantum mechanics is a real function of the operators x and
p) multiplied by the parity operator P,

C ¼ eQðx;pÞP: ð6:23Þ

Furthermore, it shows that limε→0 Q ¼ 0, which verifies that C
approaches P in the limit as the Hamiltonian becomes
Hermitian.

We now exploit the representation (6.23) for the C operator
for two elementary cases. To begin, we consider the complex
shifted harmonic oscillator H ¼ p2=2þ x2=2þ iεx in
Eq. (2.6). As shown in Sec. II.A, this Hamiltonian has an
unbroken PT symmetry for all real ε, and its eigenvalues
En ¼ nþ 1=2þ ε2=2 are all real. The exact formula for C for
this Hamiltonian is C ¼ eQP, where

Q ¼ −εp: ð6:24Þ

In the limit ε → 0 the shifted Hamiltonian (2.6) becomes
Hermitian and C reduces to the parity operator P.
Next we reconsider the non-Hermitian 2 × 2 matrix

Hamiltonian (6.12). We rewrite the C operator in Eq. (6.16)
for this Hamiltonian as C ¼ eQP, where

Q ¼ 1

2
σ2 log

�
1 − sin α
1þ sin α

�
ð6:25Þ

and σ2 is the Pauli matrix

σ2 ¼
�
0 −i
i 0

�
: ð6:26Þ

Once again, in the limit θ → 0 the Hamiltonian (6.12)
becomes Hermitian and the C operator reduces to the parity
operator P.

F. Algebraic calculation of the C operator

Calculating the C operator is difficult and has only rarely
been done exactly. However, in this subsection we show that
there is a simple-looking set of three algebraic equations that
serve as a general starting point for the calculation. These
algebraic equations avoid the formidable task of evaluating the
sum over eigenstates in Eq. (6.8). Furthermore, the algebraic
technique generalizes from quantum mechanics, where the
eigenstates are known at least in principle, to quantum field
theory.
For any PT -symmetric Hamiltonian H the C operator has

three fundamental algebraic properties. First, C commutes
with the spacetime reflection operator PT ,

½C;PT � ¼ 0; ð6:27Þ

although C does not commute with P or T separately. Second,
C is a reflection operator, so

C2 ¼ 1: ð6:28Þ

These first two conditions are kinematic in character and are
valid for any PT -symmetric Hamiltonian in the unbroken
PT -symmetric region. The third condition is that C commutes
with the Hamiltonian

½C; H� ¼ 0; ð6:29Þ

so C is time independent. This third condition is dynamical in
character because it depends on the Hamiltonian. To
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summarize, C is a time-independent PT -symmetric reflection
operator.
To solve Eqs. (6.27)–(6.29) for a quantum-mechanical

system defined by a Hamiltonian of the form H ¼ Hðx; pÞ,
we substitute the operator representation for C in Eq. (6.23)
into Eqs. (6.27)–(6.29) and try to solve the resulting
equations for Qðx; pÞ. Substituting Eq. (6.23) into Eq. (6.27)
gives

eQðx;pÞ ¼ PT eQðx;pÞPT ¼ eQð−x;pÞ:

This implies that Qðx; pÞ is an even function of x. Next we
substitute Eq. (6.23) into Eq. (6.28),

eQðx;pÞPeQðx;pÞP ¼ eQðx;pÞeQð−x;−pÞ ¼ 1:

This equation implies that Qðx; pÞ ¼ −Qð−x;−pÞ and,
because Qðx; pÞ is an even function of x, it must be an
odd function of p. These two properties of Q are general and
hold for any PT -symmetric Hamiltonian.
The third condition [Eq. (6.29)] imposes the dynamics

specified by the Hamiltonian that defines the quantum-
mechanical theory. Substituting C¼eQðx;pÞP into Eq. (6.29),
we obtain an exact equation satisfied by Q

eQðx;pÞ½P; H� þ ½eQðx;pÞ; H�P ¼ 0: ð6:30Þ
Finding an exact solution to Eq. (6.30) is difficult, but

perturbative methods can be used to solve for Q.
[Nonperturbative techniques such as semiclassical approxi-
mations may also be helpful (Bender and Jones, 2004).] To
illustrate the perturbative approach, we examine Eq. (6.30) for
the case of the cubic Hamiltonian H in Eq. (6.22). We write
H ¼ H0 þ εH1, where H0 ¼ p2=2þ x2=2 is the harmonic-
oscillator Hamiltonian, which commutes with P, and
H1 ¼ ix3, which anticommutes with P. Equation (6.30) then
simplifies to

2εeQðx;pÞH1 ¼ ½eQðx;pÞ; H�: ð6:31Þ
Next we expand Qðx; pÞ as a perturbation series in odd

powers of ε,

Qðx; pÞ ¼ εQ1ðx; pÞ þ ε3Q3ðx; pÞ þ � � � ; ð6:32Þ

and substitute this expansion into the exponential eQðx;pÞ. This
leads to a sequence of equations that can be solved system-
atically for the operator functions Qnðx; pÞ ðn ¼ 1; 3; 5;…Þ
subject to the symmetry constraints that ensure that the
conditions (6.27) and (6.28) are met. The first two of these
equations are

½H0; Q1� ¼ −2H1;

½H0; Q3� ¼ −1
6
½Q1; ½Q1; H1��: ð6:33Þ

To solve these equations we substitute a polynomial with
arbitrary coefficients for Qn and then calculate the coeffi-
cients. For example, to solve the first equation in Eqs. (6.33),
we substitute for Q1 the most general Hermitian cubic
polynomial that is even in x and odd in p,

Q1ðx; pÞ ¼ Ap3 þ Bxpx;

where A and B are numerical coefficients. The operator
equation for Q1 is satisfied if A ¼ −4=3 and B ¼ −2. It is
tedious but routine to continue this process to obtain higher-
order perturbative approximations to Q.

G. Isospectral Hermitian and PT -symmetric Hamiltonians

In Sec. V we constructed a quartic Hermitian Hamiltonian
whose eigenvalues are the same as the eigenvalues of a quartic
PT -symmetric Hamiltonian. The transformation from the
PT -symmetric to the Hermitian Hamiltonian in that case
was simple and explicit, but to date no other nontrivial
examples of exact isometric pairs of PT -symmetric and
Hermitian Hamiltonians of the form H ¼ p2 þ VðxÞ have
been found. However, it is possible to construct a formal
(nonexplicit) similarity mapping from a PT -symmetric
Hamiltonian H to an equivalent Hermitian Hamiltonian h,

h ¼ e−Q=2HeQ=2: ð6:34Þ

This mapping makes use of the square root of the
positive operator eQ (Mostafazadeh, 2002a, 2002b, 2002c,
2003a, 2003b).
The new Hamiltonian h is equivalent to H in the sense that

it is isospectral to (has the same eigenvalues as) H. To explain
the similarity transformation (6.34), we begin by recalling
from Eq. (6.23) that the C operator has the general form
C ¼ eQP, where Q ¼ Qðx; pÞ is a real function of the
dynamical operator variables x and p of the quantum theory.
We then multiply C on the right side by the parity operator P
to obtain eQ,

eQ ¼ CP: ð6:35Þ

This shows that CP is a positive and invertible operator.
To show that h in Eq. (6.34) is Hermitian, we take the

Hermitian conjugate of Eq. (6.34),

h† ¼ eQ=2H†e−Q=2; ð6:36Þ

and rewrite this formula as h† ¼ e−Q=2eQH†e−QeQ=2. We then
use Eq. (6.35) to replace eQ with CP and e−Q with PC,

h† ¼ e−Q=2CPH†PCeQ=2: ð6:37Þ

Next we replace H† with PHP. (This identity was established
by Mostafazadeh (2003a)]. This gives

h† ¼ e−Q=2CPPHPPCeQ=2 ¼ e−Q=2CHCeQ=2:

Finally, recalling that C commutes with H [see Eq. (6.29)] and
that the square of C is unity [see Eq. (6.28)], we reduce the
right side of Eq. (6.37) to the right side of Eq. (6.34). This
verifies that h is Dirac Hermitian.
We have shown that, for a non-Hermitian PT -symmetric

Hamiltonian H whose PT symmetry is unbroken, it is
possible (at least in principle) to use Eq. (6.34) to construct
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a Hermitian Hamiltonian h that is isospectral to H. Assuming
that H has an unbroken PT symmetry is crucial because it
allows us to construct C, which in turn allows us to construct
the similarity operator eQ=2.
This similarity transformation raises a crucial question that

has not yet been answered: Are PT -symmetric Hamiltonians
physically new and distinct from ordinary Hermitian
Hamiltonians, or do they describe exactly the same physical
processes that ordinary Hermitian Hamiltonians describe?
That is, is PT -symmetric quantum mechanics physically
new and different from conventional Hermitian quantum
mechanics or are PT -symmetric Hamiltonians just compli-
cated similarity transformations of conventional Hermitian
Hamiltonians?
One possible response to this question is calculational in

character. Equation (6.34) is a formal similarity transfor-
mation that maps a PT -symmetric Hamiltonian H having
unbroken PT symmetry to a Hermitian Hamiltonian h that
is isospectral withH. However, except in rare cases, actually
constructing this transformation is extremely difficult.
[See, for example, the discussion of the C operator for a
PT -symmetric square well (Bender et al., 1999; Znojil,
2001, 2006; Bagchi, Mallik, and Quesne, 2002; Bender
et al., 2019).] Perturbative calculations can certainly
be performed, but they are also complicated and not
likely to provide transparent analytical insights. A PT -
symmetric Hamiltonian H may have a simple local structure
that makes it easy to use in performing calculations, but
the isospectral Hermitian h is typically nonlocal because
its interaction term has arbitrarily high powers of the
variables x and p (Bender, Chen, and Milton, 2006).
Thus, it is not only difficult to calculate using the
Hermitian Hamiltonian h but also virtually impossible
because the usual regulation schemes, especially in quantum
field theory, are inadequate.
Even for the one nontrivial example in Sec. V for which

there is actually a closed-form quartic potential for bothH and
h, it is not possible to construct the C operator in simple closed
form. This is because the mapping from H to h involves a
Fourier transform, and thus the mapping is nonlocal; see
Sec. IV.C.
Moreover, while the PT -symmetric H and the Hermitian h

are isospectral, we saw in Secs. IV.C and IV.D that there are
profound differences between these Hamiltonians at the
classical level; h has a quantum anomaly (that is, h depends
explicitly on Planck’s constant ℏ). We conclude that, although
the formal mapping from H to h is theoretically interesting, it
does not have any practical calculational value.
A second response to the question as to whether PT -

symmetric Hamiltonians are physically new is of greater
significance because it has far-reaching theoretical implica-
tions. The mapping from H to h in Eq. (6.34) is a similarity
transformation and not a unitary transformation. A unitary
transformation is bounded, but the similarity transformation
operator eQ is unbounded. Thus, the HamiltoniansH and h are
formally isospectral, but the mapping between the
Hamiltonians is unlikely to be one to one, because it may
not map all the vectors in the Hilbert space associated with h
onto all the vectors in the Hilbert space associated with H.

For a finite-dimensional matrix Hamiltonian like that in
Eq. (6.12), the operator eQ is bounded; see Eqs. (6.16)
and (6.25). However, for continuum Hamiltonians such as
Eq. (2.14), the mapping eQ is unbounded. Thus, there may be
experimentally measurable physical differences between H
and h, perhaps some sort of Bohm-Aharanov-like effect. This
issue has theoretical importance because it relates to whether
PT -symmetric quantum mechanics is physically different
from ordinary quantum mechanics. Bender et al. (2019)
devoted an entire chapter to a discussion of this question.
Finally, we emphasize that the formal mapping from a PT -

symmetric HamiltonianH to a Hermitian Hamiltonian h is not
possible unless H has an unbroken PT symmetry. The
mapping from H to h cannot be analytically continued from
the unbroken to the broken region. For example, the entire
analysis in Sec. VI.D fails if g2 < r2 sin2ðθÞ. IfH has a broken
PT symmetry, there are usually a finite number of real
eigenvalues and an infinite number of complex eigenvalues,
as in Fig. 3. In fact, this is what we see in the real world; there
are a small number of stable fundamental particles, and the
rest are unstable (Bender et al., 2016).

H. Observables

In Hermitian quantum mechanics a linear operator A must
be Hermitian to be an observable: A ¼ A†. This condition
ensures that the expectation value of A in a state is real.
Furthermore, operators in the Heisenberg picture evolve in
time according to AðtÞ ¼ eiHtAð0Þe−iHt, so the Hermiticity
condition is maintained in time.
In PT -symmetric quantum mechanics, the condition for an

operator A to be an observable is

AT ¼ CPT ACPT ; ð6:38Þ

where AT is the matrix transpose of A (Bender, Brody, and
Jones, 2002, 2004). If Eq. (6.38) holds at t ¼ 0, then it
continues to hold for t > 0 because we have assumed that the
Hamiltonian H is symmetric (H ¼ HT). This condition also
guarantees that the expectation value of A in any state is real.
As stated, the symmetry requirement (6.38) for A to be an
observable involves matrix transposition. Thus, Eq. (6.38) is
more restrictive than necessary, and it was generalized by
Mostafazadeh and Batal (2004), Jones (2005), and
Mostafazadeh (2005). If the matrix-transpose-symmetry con-
dition on the Hamiltonian is removed, we must again
introduce a biorthogonal basis (Weigert, 2003; Curtright
and Mezincescu, 2007; Brody, 2014).
The operator C itself satisfies Eq. (6.38), so it is an

observable. The Hamiltonian is also an observable.
However, as explained in Sec. III.F, the x operator in PT -
symmetric quantum theory is not an observable and the p
operator is also not an observable. Indeed, as noted earlier the
expectation value of x in the ground state is a negative-
imaginary number. Thus, PT -symmetric quantum mechanics
is somewhat similar to fermionic quantum field theories, in
which the fermion field is complex and does not have a
classical limit.
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To see why the expectation value of the x operator in
PT -symmetric quantum mechanics is a negative-imaginary
number, we examine the classical trajectories shown in Fig. 9.
All of these classical trajectories have left-right (PT ) sym-
metry, but not up-down symmetry. Furthermore, the classical
paths spend more time in the lower-half complex-x plane.
Thus, the average classical position must be a negative-
imaginary number. Just as the classical particle moves about
in the complex plane, the quantum probability current flows
about in the complex plane (Bender et al., 2010a, 2010b). One
plausible interpretation of PT -symmetric quantum mechanics
is that it describes extended rather than pointlike objects,
where these objects extend in the imaginary as well as in the
real direction.

VII. OPPORTUNITIES FOR RESEARCH

The study of PT symmetry is a rich source of theoretical
and experimental research problems. This section gives a
summary of some of the research accomplishments thus far.
This area of physics will continue to provide a vast range of
new research challenges.
Early theoretical work on PT symmetry used complex-

variable methods to elucidate the properties of quantum-
mechanical models, to formulate proofs of spectral reality, and
to examine the mathematical structure of the space of states.
Early work not discussed in this review includes studies of
PT -symmetric periodic potentials (Bender, Dunne, and
Meisinger, 1999; Graefe and Jones, 2011). Also not discussed
here is the work on classical nonlinear PT -symmetric wave
equations, which were shown to exhibit a wide range of
unexpected properties (Arnoldi, 1951; Bender et al., 2007;
Bender and Feinberg, 2008; Assis and Fring, 2009, 2010;
Bender, Cooper et al., 2009; Ablowitz and Musslimani, 2013,
2014, 2016; Ablowitz, Luo, and Musslimani, 2020; Ablowitz,
2023). Connections between the instablilites of nonlinear
partial differential equations, such as the Painlevé transcen-
dents, and PT -symmetric Schrödinger equations were dis-
covered (Fring, 2007, 2013; Cavaglia, Fring, and Bagchi,
2011; Bender, Fring, and Komijani, 2014; Bender and
Komijani, 2015).
Early experimental work focused on observing the tran-

sition between regions of broken and unbroken PT symmetry
in classical systems having balanced loss and gain.
Experiments using lasers and wave guides observed the
phenomenon of unidirectional transmission (Chong, Ge,
and Stone, 2011; Lin et al., 2011). These experiments suggest
the possibility of developing PT -symmetric optical compo-
nents to manipulate and control optical beams (Makris et al.,
2008; Kottos, 2010). The PT transition was also observed in
studies of superconducting wires (Rubinstein, Sternberg, and
Ma, 2007; Chtchelkatchev et al., 2012; Galda and Vinokur,
2016) and in PT -symmetric electronic circuits (Schindler
et al., 2011). It was found that electronic PT -symmetric
systems can be used to optimize electrical energy transfer
(Assawaworrarit, Yu, and Fan, 2017); this may have important
commercial applications.
In addition, the PT transition was seen in mechanical

(Bender et al., 2013), acoustic (Dutt, Khare, and Varshni,
1995; Zhu et al., 2014; Fleury, Sounas, and Alú, 2015;

Cummer, Christensen, and Alù, 2016; Park et al., 2021),
and optomechanical systems (Jing et al., 2015, 2017; Özdemir
et al., 2019), and also in optical and microwave cavities
(Bittner et al., 2012; Peng et al., 2014; El-Ganainy et al.,
2018; del Pino et al., 2022). Fluid-flow instabilities, such as
the Kelvin-Helmholtz instability, also have a PT -symmetric
interpretation (Qin et al., 2019, 2021; Fu and Qin, 2020).
Those early experiments led to studies of photonic crystals

(Szameit et al., 2011; Rechtsman et al., 2013; Cerjan, Raman,
and Fan, 2016; Weimann et al., 2017; Weidemann et al.,
2022), multidimensional classical systems (Fleury, Sounas,
and Alú, 2014; Fleury, Monticone, and Alú, 2015; Sounas,
Fleury, and Alú, 2015), plasmonics (Yang et al., 2022), and
also recent work on PT -symmetric condensed-matter systems
(Naghiloo et al., 2019; Chen et al., 2021, 2022; Abbasi et al.,
2022; Li, Chen et al., 2023).
There have been many analytical studies of PT -symmetric

quantum field theory and particle physics. The renormalized
Lee model and the Pais-Uhlenbeck model were shown to be
PT symmetric (Bender, Brandt et al., 2005; Bender and
Mannheim, 2008a, 2008b). Scalar PT -symmetric quantum
field theories have been explored (Felski et al., 2021; Bender,
Karapoulitidis, and Klevansky, 2023b), more complicated
interacting theories have been studied (Bender, Jones, and
Rivers, 2005; Bender and Klevansky, 2009; Mannheim, 2017;
Alexandre et al., 2018, 2019, 2020; Alexandre, Ellis, and
Millington, 2020a, 2020b; Alexandre, Mavromatos, and Soto,
2020; Fring and Taira, 2020; Mavromatos and Soto, 2021;
Alexandre, Ellis, and Millington, 2022; Mavromatos, Sarkar,
and Soto, 2022, 2023; Bender, Karapoulitidis, and Klevansky,
2023a), and PT -symmetric effects in QCD have been
examined (Schindler et al., 2020; Schindler, Schindler, and
Ogilvie, 2021, 2022a, 2022b). Connections between the
massless PT -symmetric Dirac equation and neutrino oscil-
lations have been found (Jones-Smith and Mathur, 2014,
2016; Ohlsson, 2016; Mavromatos and Soto, 2021).
In Hermitian quantum systems exceptional points (square-

root singularities) are of theoretical interest but are not
experimentally accessible. However, experimental studies of
exceptional points are possible in PT -symmetric systems
(Günther, Rotter, and Samsonov, 2007; Mostafazadeh, 2009;
Rotter, 2009; Cartarius and Wunner, 2012; Heiss, 2012; Heiss
et al., 2013; Eleuch and Rotter, 2016; Schnabel et al., 2017;
Nasari et al., 2022). Near exceptional points one can make
extremely accurate physical measurements. This phenomenon
is known as enhanced sensitivity (Chen and Jung, 2016; Liu
et al., 2016; Hodaei, Hassan, Garcia-Gracia et al., 2017;
Hodaei, Hassan, Wittek et al., 2017). Enhanced-sensitivity
techniques are currently being implemented for subtle mea-
surements of gravitational waves (Li et al., 2020).
Cold-atom-beam experiments are currently being designed

that will make direct measurements of PT -symmetric quan-
tum energy levels in upside-down potentials (Ahmed, Bender,
and Berry, 2005; Bender and Gianfreda, 2018; Soley, Bender,
and Douglas Stone, 2023). In addition, discrete statistical-
mechanical models are being studied and noteworthy topo-
logical effects have been found (Chen and Jung, 2016).
Broken-PT -symmetric phases typically have a small

number of real eigenvalues and many complex eigenvalues
(Bender et al., 2017). This mirrors what is seen in nature,
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where there are a few stable particles and many unstable
particles (Bender et al., 2016). This warrants further
investigation.
Another possible research problem concerns the connection

between different Hermitian and PT -symmetric phases of a
Hamiltonian. For example, in conventional QED the inter-
action term eAμJμ is both P and T symmetric. Without
changing the classical field equations, we might interpret the
Aμ field as a pseudovector instead of a vector. The new theory
is parity violating. If we then replace ewith ie, in the resulting
non-HermitianPT -symmetric phase, like charges attract. This
theory behaves much like a theory of magnetic charge (Bender
and Milton, 1999; Bender, Cavero-Palaez et al., 2005).
Similarly, one might obtain a non-Hermitian large-distance

alternative phase of a quantum gravitational theory in which
masses repel instead of attracting. Such an investigation might
explain dark energy and the accelerating expansion of the
Universe (Mannheim, 2012, 2018; Bender et al., 2014;
Lv et al., 2022; Mavromatos and Sarkar, 2024).
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APPENDIX: THE INCREASING ROLE OF COMPLEX
VARIABLES IN PHYSICS

The theme of this review is that, although we can observe
and measure only real quantities, the dynamical behavior of a
quantum-mechanical system is determined in part by what
happens in the complex plane. For example, in particle
physics a resonance in a scattering amplitude is associated
with a Breit-Wigner pole in the complex-energy plane. In
quantum mechanics when a particle tunnels, it vanishes on
one side of a potential barrier and reappears on the other side;
the motion of the particle as it passes through the barrier can
be expressed as a sum over complex semiclassical trajectories.
As mentioned in Sec. I, complex numbers did not play a

role in physical theories until the advent of quantum mechan-
ics. This appendix emphasizes the importance of complex
numbers in the formulation of modern physical theories as
well as in mathematics, and, in particular, in PT -symmetric
quantum mechanics.
The complex number system has been studied for centuries.

In the 16th century G. Cardano found that complex numbers
were required to represent the roots of some polynomial

equations and that the real number system alone was not
sufficient. (Cardano was particularly interested in cubic
equations.) In the ensuing years it became increasingly clear
to mathematicians that the real number system was incomplete
and that the real number line naturally extends to the
complex plane.
There is a subtle difference between extending the real line

to the real plane and extending the real line to the complex
plane. A point in the real plane represents a pair of unrelated
real numbers x and y, whereas a point in the complex plane is
a single complex number z ¼ xþ iy. In complex analysis one
studies functions of one argument, namely, the complex
variable z, and not functions of two independent real argu-
ments x and y.
Real analysis is empowered by embedding the real line in

the complex plane; new techniques become available that can
be used to solve difficult problems, and some features of real
functions can be better understood. For example, complex
analysis easily explains why the Taylor series

P∞
n¼0ð−x2Þn,

which represents the real rational function fðxÞ ¼ 1=ð1þ x2Þ,
ceases to converge when jxj ≥ 1 even though fðxÞ is smooth
and infinitely differentiable for all real x. (This is due to
singularities in the complex-x plane at �i.) This example
shows that what happens in the complex plane strongly affects
what happens on the real axis. In modern physics we find that,
while the complex world is invisible to inhabitants of the real
world, what happens in the complex plane has a powerful
influence on what we observe in the real world.
There are countless examples of the power of complex-

variable theory in explaining the behavior of real mathematics.
For example, just a few lines of complex analysis establish the
fundamental theorem of algebra. Moreover, complex analysis
explains the nature of real multivalued functions such as

ffiffiffi
x

p
and logðxÞ by defining them on Riemann surfaces. (Without
resorting to a Riemann surface, one cannot explain how the
square-root function can be double valued and still be a
function.)
Complex-variable techniques are often needed to explain

the behavior of real integrals. For example, Laplace’s method
(a standard tool of real analysis) fails to determine the
asymptotic behavior of the real integral

IðxÞ ¼
Z

1

0

dt e−4xt
2

cosð5xt − xt3Þ

for large positive x. However, in just a few lines the complex
method of steepest descents readily establishes that the
asymptotic behavior of IðxÞ is given by

IðxÞ ∼
ffiffiffiffiffiffiffiffi
π=x

p
e−2x ðx → þ∞Þ

(Bender and Orszag, 1999). Even though the integral IðxÞ is a
real function of x, real analysis alone is insufficient to derive
this asymptotic approximation.
As in the case of the Taylor series for the function

1=ðx2 þ 1Þ, the asymptotic behavior of IðxÞ is determined
by a saddle point that lies off the real axis and in the complex
plane at t ¼ i. If we insist on using Laplace’s method to obtain
the asymptotic behavior, we run into trouble: Using real
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analysis, we would argue that for large positive x the
contribution to the integral comes from a localized range of
t around t ¼ 0 because the integrand contains a Gaussian.
This statement is correct, but it suggests (wrongly) that for
large xwe can replace the cosine term in the integrand by 1 (its
value at t ¼ 0) and evaluate the resulting Gaussian integral. If
we do so, we obtain the incorrect result

IðxÞ ∼ 1
2

ffiffiffiffiffiffiffiffi
π=x

p
ðincorrectÞ:

If we try to improve this argument by approximating the
cosine term by cosð5xtÞ instead of 1 (neglecting t3 compared
with t) and then evaluate the resulting Gaussian integral, we
obtain a different but still incorrect result

IðxÞ ∼ 1
2

ffiffiffiffiffiffiffiffi
π=x

p
expð−25x=16Þ ðincorrectÞ:

Why is complex analysis so powerful? One can only
approach a point on the real line from the left or the right.
In contrast, one can approach a point in the complex domain
from infinitely many directions. Because limits are required to
construct a quantity such as the derivative of a function, the
properties of the limiting quantity are more constrained in
complex-variable theory than they are in real-variable theory.
For the case of a derivative, this constraint takes the form of

the Cauchy-Riemann equations and leads to the property of
analyticity. In real-variable theory, if the derivative f0ðxÞ exists
in an open region of the real-x axis, we cannot know whether
higher derivatives of fðxÞ exist in that region. However, in
complex-variable theory, if f0ðzÞ exists in an open region R of
the complex-z plane, then fðzÞ is analytic in R and all higher
derivatives of fðzÞ exist in R as well. Furthermore, the Taylor
series for fðzÞ about z0 ∈R converges inside the largest circle
about z0 that fits inside R. Analyticity enables us to use path
independence and residue theory (for which there is no real-
variable analog) to evaluate difficult real integrals and to
perform complex transforms. Analyticity enables us to derive
dispersion relations, which are immensely powerful tools in
optics and scattering theory.
Another consequence of the complex limiting process is

that, unlike the case of real-variable theory where there are
two different infinite numbers þ∞ and −∞, in complex-
variable theory there is a unique point at infinity (Copson,
1960). The point ∞ in the complex plane is defined as
limz→01=z, where z approaches 0 along any path in the
complex-z plane. This is crucial in understanding how a
classical particle at x ¼ 0 in a PT -symmetric −x4 potential
can drift off to x ¼ þ∞ and then come back from x ¼ −∞
(see Fig. 18) or how a particle in a −5x2 þ x4 potential can
drift off to x ¼ i∞ and come back from x ¼ −i∞; see Figs. 34
and 35. A particle that begins at x ¼ 0 in a −x4 potential may
slide down to x ¼ þ∞ in finite time and simply stay there and
never come back. Such a trajectory is not forbidden, but
complex-variable theory allows such a particle to exhibit an
alternative behavior by identifying the points þ∞ and −∞ at
opposite ends of the real axis.
Despite the analytical power of complex-variable theory,

which was understood and used by theoretical physicists for
centuries, complex variables were not incorporated into the

many physical theories that were developed in the 19th
century. Complex analysis provided powerful tools for solving
differential equations, evaluating integrals, or deriving asymp-
totic approximations, but the number i did not appear in the
physical theories of classical mechanics, fluid dynamics,
classical gravity, or electrodynamics. The number i did not
even appear in the formulation of special and general relativity
in the early 20th century.
Virtually all of the fundamental physical phenomena that

were studied before the discovery of quantum mechanics
exhibit three kinds of characteristic behaviors: propagation,
equilibrium, and diffusion. These three behaviors can be
modeled by three classical linear partial differential equations.
Propagation is modeled by the hyperbolic wave equation
utt ¼ uxx, equilibrium is modeled by the elliptic equation
uxx þ uyy ¼ 0 (Laplace’s equation), and diffusion is modeled
by the parabolic equation ut ¼ uxx. In none of these equations
does the number i appear explicitly, and the only solutions that
are of physical interest are real. (The real solutions to the two-
dimensional Laplace’s equation are the real or imaginary parts
of analytic functions.)
It was not until the theory of nonrelativistic quantum

mechanics was formulated in the 1920s that the complex
number i first appeared in a fundamental way in the
Schrödinger equation iψ t ¼ −ψxx þ VðxÞψ . Among the early
successes of nonrelativistic quantum mechanics was the
development of BCS theory in 1958; the complex number
i is essential in formulating this theory. Analyticity of
scattering amplitudes is the key assumption in S-matrix
theory (Chew, Frautschi, and Mandelstam, 1962), which
was studied in the 1950s, and this led to studies of complex
angular momentum (Regge, 1960; Veneziano, 1968). The
Dirac equation and Fermi statistics rely explicitly on the
complex number i. Complex analysis also plays an important
role in the study of nonlinear wave equations (Ablowitz and
Musslimani, 2019).
The central mathematical content of quantum theory is

that, while a physical probabilistic prediction is a real
number, one obtains this real number from a complex
amplitude that is determined by solving the complex
Schrödinger equation or by evaluating a complex path
integral. The principal point of this review is that, if we
extend and deform real potentials into the complex domain
and interpret these new potentials using complex-variable
techniques, we obtain new, viable, and physically allowed
PT -symmetric quantum theories that can be studied both
theoretically and experimentally.
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Roberto Tateo, 2019, PT Symmetry in Quantum and Classical
Physics (World Scientific, Singapore).

Bender, Carl M., and Gerald V. Dunne, 1996, “Quasiexactly
solvable systems and orthogonal polynomials,” J. Math. Phys.
(N.Y.) 37, 6–11.

Bender, Carl M., and Gerald V. Dunne, 1999, “Large-order pertur-
bation theory for a non-Hermitian PT -symmetric Hamiltonian,” J.
Math. Phys. (N.Y.) 40, 4616–4621.

Bender, Carl M., Gerald V. Dunne, and Peter N. Meisinger, 1999,
“Complex periodic potentials with real band spectra,” Phys. Lett. A
252, 272–276.

Bender, Carl M., Joshua Feinberg, Daniel W. Hook, and David J.
Weir, 2009, “Chaotic systems in complex phase space,” Pramana
73, 453–470.

Bender, Carl M., Andreas Fring, and Javad Komijani, 2014, “Non-
linear eigenvalue problems,” J. Phys. A 47, 235204.

Bender, Carl M., and Mariagiovanna Gianfreda, 2018, “Scattering
off PT -symmetric upside-down potentials,” Phys. Rev. A 98,
052118.

Bender, Carl M., Henry J. Happ, and Benjamin Svetitsky, 1974,
“Numerical study of energy-level crossing,” Phys. Rev. D 9,
2324–2329.

Bender, Carl M., Nima Hassanpour, Daniel W. Hook, S. P.
Klevansky, Christoph Sünderhauf, and Zichao Wen, 2017, “Behav-
ior of eigenvalues in a region of broken-PT symmetry,” Phys. Rev.
A 95, 052113.

Bender, Carl M., Darryl D. Holm, and Daniel W. Hook,
2007a, “Complexified dynamical systems,” J. Phys. A 40,
F793–F804.

Bender, Carl M., Daryl D. Holm, and Daniel W. Hook,
2007b, “Complex trajectories of a simple pendulum,” J. Phys. A
40, F81.

Bender, Carl M., and Daniel W. Hook, 2008, “Exact isospectral pairs
of PT symmetric Hamiltonians,” J. Phys. A 41, 244005.

Bender, Carl M., and Daniel W. Hook, 2011, “Quantum tunneling as
a classical anomaly,” J. Phys. A 44, 372001.

Bender, Carl M., and Daniel W. Hook, 2012, “Universal spectral
behavior of x2ðixÞε potentials,” Phys. Rev. A 86, 022113.

Bender, Carl M., and Daniel W. Hook, 2014, “Complex classical
motion in potentials with poles and turning points,” Stud. Appl.
Math. 133, 318–336.

Bender, Carl M., Daniel W. Hook, and S. P. Klevansky, 2012,
“Negative-energy PT -symmetric Hamiltonian,” J. Phys. A 45,
444003.

Bender, Carl M., Daniel W. Hook, and Karta Singh Kooner, 2010,
“Classical particle in a complex elliptic potential,” J. Phys. A 43,
165201.

Bender, Carl M., Daniel W. Hook, Nick E. Mavromatos, and Sarben
Sarkar, 2014, “Infinite Class of PT -Symmetric Theories from One
Timelike Liouville Lagrangian,” Phys. Rev. Lett. 113, 231605.

Bender, Carl M., Daniel W. Hook, Nick E. Mavromatos, and Sarben
Sarkar, 2016, “PT -symmetric interpretation of unstable effective
potentials,” J. Phys. A 49, 45LT01.

Bender, Carl M., Daniel W. Hook, Peter N. Meisinger, and Qinghai
Wang, 2010a, “Complex Correspondence Principle,” Phys. Rev.
Lett. 104, 061601.

Bender, Carl M., Daniel W. Hook, Peter N. Meisinger, and Qinghai
Wang, 2010b, “Probability density in the complex plane,” Ann.
Phys. (Amsterdam) 325, 2332–2362.

Bender, Carl M., and Hugh F. Jones, 2004, “Semiclassical calculation
of the C operator in PT -symmetric quantum mechanics,” Phys.
Lett. A 328, 102–109.

Bender, Carl M., and Hugh F. Jones, 2011, “Bound states of
PT -symmetric separable potentials,” Phys. Rev. A 84, 032103.

Bender, Carl M., Hugh F. Jones, and Ray J. Rivers, 2005, “Dual
PT -symmetric quantum field theories,” Phys. Lett. B 625,
333–340.

Bender, Carl M., C. Karapoulitidis, and S. P. Klevansky, 2023a,
“Dyson-Schwinger equations in zero dimensions and polynomial
approximations,” Phys. Rev. D 108, 056002.

Bender, Carl M., Christos Karapoulitidis, and S. P. Klevansky,
2023b, “Underdetermined Dyson-Schwinger Equations,” Phys.
Rev. Lett. 130, 101602.

Bender, Carl M., and S. P. Klevansky, 2009, “Nonunique C
operator in PT quantum mechanics,” Phys. Lett. A 373,
2670–2674.

Bender, Carl M., and S. P. Klevansky, 2010, “Families of Particles
with Different Masses in PT -Symmetric Quantum Field Theory,”
Phys. Rev. Lett. 105, 031601.

Bender, Carl M., and Javad Komijani, 2015, “Painlevé transcendents
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Lévai, Géza, and Miloslav Znojil, 2001, “Conditions for complex
spectra in a class of PT -symmetric potentials,”Mod. Phys. Lett. A
16, 1973–1981.

Li, Jiaming, Andrew K. Harter, Ji Liu, Leonardo de Melo, Yogesh N.
Joglekar, and Le Luo, 2019, “Observation of parity-time symmetry
breaking transitions in a dissipative Floquet system of ultracold
atoms,” Nat. Commun. 10, 855.

Carl M. Bender and Daniel W. Hook: PT -symmetric quantum mechanics

Rev. Mod. Phys., Vol. 96, No. 4, October–December 2024 045002-51

https://doi.org/10.1126/science.1258479
https://doi.org/10.1038/ncomms11744
https://doi.org/10.1038/ncomms11744
https://doi.org/10.1103/PhysRevApplied.4.037001
https://doi.org/10.1103/PhysRevLett.113.023903
https://doi.org/10.1038/ncomms6905
https://doi.org/10.1038/ncomms6905
https://doi.org/10.1088/1751-8113/40/15/012
https://doi.org/10.1098/rsta.2012.0046
https://doi.org/10.1088/1751-8113/41/19/194010
https://doi.org/10.1016/j.physletb.2020.135583
https://doi.org/10.1016/j.physletb.2020.135583
https://doi.org/10.1088/1367-2630/aba38f
https://doi.org/10.1103/PhysRevB.94.020408
https://doi.org/10.1103/PhysRev.176.1945
https://doi.org/10.1103/PhysRevLett.120.013901
https://doi.org/10.1103/PhysRevLett.120.013901
https://doi.org/10.1103/PhysRevA.84.013818
https://doi.org/10.1103/PhysRevA.84.013818
https://doi.org/10.1088/1751-8113/40/30/014
https://doi.org/10.1088/1751-8113/40/30/014
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1088/1751-8113/45/44/444016
https://doi.org/10.1088/1751-8113/45/44/444016
https://doi.org/10.1088/1751-8113/46/27/275307
https://doi.org/10.1088/1751-8113/46/27/275307
https://doi.org/10.1093/imrn/rnm148
https://doi.org/10.1038/nature23280
https://doi.org/10.1126/science.1258480
https://doi.org/10.1126/science.1258480
https://doi.org/10.1126/science.1258480
https://doi.org/10.1126/science.1258480
https://doi.org/10.3389/frma.2018.00023
https://doi.org/10.3389/frma.2018.00023
https://doi.org/10.1103/PhysRevA.84.043818
https://doi.org/10.1017/S0305004100076416
https://doi.org/10.1017/S0305004100076416
https://doi.org/10.1103/PhysRevD.16.996
https://doi.org/10.1038/s41467-017-00958-x
https://doi.org/10.1038/s41598-017-03546-7
https://doi.org/10.1038/srep09663
https://doi.org/10.1088/0305-4470/38/8/010
https://doi.org/10.1103/PhysRevD.73.085002
https://doi.org/10.1103/PhysRevD.73.085002
https://doi.org/10.1103/PhysRevD.89.125014
https://doi.org/10.1209/0295-5075/113/61001
https://doi.org/10.1038/ncomms13893
https://doi.org/10.1038/nphys1612
https://doi.org/10.1088/0305-4470/39/32/S15
https://doi.org/10.1088/0305-4470/39/32/S15
https://doi.org/10.1103/PhysRev.104.254
https://doi.org/10.1088/0305-4470/33/40/313
https://doi.org/10.1088/0305-4470/33/40/313
https://doi.org/10.1142/S0217732301005321
https://doi.org/10.1142/S0217732301005321
https://doi.org/10.1038/s41467-019-08596-1


Li, Jiaming, Tishuo Wang, Le Luo, Sreya Vemuri, and Yogesh N.
Joglekar, 2023, “Unification of quantum zeno-anti zeno effects and
parity-time symmetry breaking transitions,” Phys. Rev. Res. 5,
023204.

Li, K., and P. G. Kevrekidis, 2011, “PT -symmetric oligomers:
Analytical solutions, linear stability, and nonlinear dynamics,”
Phys. Rev. E 83, 066608.

Li, K., P. G. Kevrekidis, D. J. Frantzeskakis, C. E. Rüter, and D. Kip,
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