Weak instabilities in many-dimensional Hamiltonian systems
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The problem of long-time predictions in many-dimensional Hamiltonian systems is examined. Some
geometrical methods of nonlinear dynamics are reviewed, and applied to the study of a class of instabilities
that are peculiar of systems with more than two degrees of freedom. These are called “weak instabilities,”
since they manifest themselves only after a long time. A qualitative analysis of the weak instability induced
by slow parametric modulation (the modulational diffusion) is developed. The relevance of these phenome-
na to the problem of stability of charged particles in accelerators and storage rings is discussed.
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. INTRODUCTION

Recent developments in the theory of nonlinear dynam-
ical systems have rekindled interest in the so-called stabil-
ity problem of classical mechanics, whose original formu-
lation was related to the age-old question of the stability
of the solar system (Poincaré, 1892; Moser, 1973). Simi-
lar problems of stability in many degrees of freedom con-
servative systems are now found to be relevant to various
branches of physics and engineering. They all share the
same kind of mathematical difficulties, which arise from
the lack of global dynamical invariants. At the same time
the analytical and numerical approach to such problems
is guided by the immense historical tradition of classical
mechanics, which provides mathematical tools and
methods of investigation, as well as a large amount of
rigorous results.

This paper is intended as a practical guide for those in-
terested in some qualitative methods of nonlinear dynam-
ics that are relevant to stability problems. Emphasis will
be placed on the geometrical aspects of the phenomena we
shall consider, which will be illustrated by means of sim-
ple models. The latter have been chosen from among the
ones most frequently encountered in the local analysis of
nonlinear systems and in particular of time-dependent
ones.

In order to motivate the introduction of some essential

*Now at Department of Applied Mathematics, Queen Mary
College, University of London, Mile End Road, London, E1
4NS, England.

Reviews of Modern Physics, Vol. 56, No. 4, October 1984

ingredients (such as nonlinearity and multidimensionality)
we will consider an example from the physics of charged
particles accelerators (Courant and Snyder, 1958), namely,
the stability of heavy particles in intersecting storage
rings (Tennyson, 1982). In a storage ring, bunches of par-
ticles rotating in opposite directions are made to collide
periodically, yielding not only a desired elementary parti-
cle interaction but also an undesired electromagnetic in-
teraction (beam-beam interaction). Particles’ motions are
characterized by unavoidable transverse oscillations about
the ideal “circular” path (betatron oscillations), whose
amplitude becomes time dependent due to the beam-beam
interaction. As a result, even if the strength of the pertur-
bation is typically very small, the amplitude of the beta-
tron oscillations may become intolerably large, yielding
the disintegration of the beam or at least a decrease in its
intensity. The problem is then to predict the time evolu-
tion of these motions as a function of the initial condi-
tions and of the machine parameters, and to recognize
dynamical regimes which optimize the stability of the
beam.

The analytical and numerical modeling of the beam-
beam interaction requires some drastic simplifications,
since the dimensionality of the original system is too
large. A commonly used approximation, the so-called
weak-strong approximation, consists of ignoring the influ-
ence of one beam (the weak one) upon the other (the
strong one); with this assumption the motion of a test par-
ticle in the average electromagnetic field of the strong
beam is studied. In addition, in the case of heavy parti-
cles (e.g., protons and antiprotons), the dissipative effect
of electromagnetic radiation can be neglected, and the re-
sulting dynamical system is Hamiltonian.

One then has to deal with two oscillators (radial and
azimuthal betatron motions) subject to a periodic pertur-
bation (the beam-beam interaction) which introduces non-
linearity, coupling, and explicit dependence on the time.
Furthermore, one also often needs to include a slow
periodic variation of some system parameters (parametric
modulation) which derives from the existence of low-
frequency longitudinal oscillations (synchrotron oscilla-
tions).

After the introduction of a natural canonical coordinate
system [action-angle variables (Arnol’d, 1978, p. 279)], the
phase space associated with a typical model of the beam-
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beam interaction becomes the direct product of two
cylinders, which, once the explicit time dependence is tak-
en into account, yields a dynamical system with “2.5 de-
grees of freedom” (five-dimensional extended phase
space).

The problem here is to investigate stability for infinite
time, as opposed to stability for long times. Indeed, dur-
ing the truly “cosmic” time scales that characterize a typ-
ical experiment (corresponding to some 10!! revolutions),
some delicate and subtle phenomena (weak instabilities)
peculiar to Hamiltonian systems of more than two de-
grees of freedom can occur.

The stability problem to be studied is formulated in
Sec. II. Section III illustrates the main features of inte-
grable systems on a cylinder, while the appearance of ir-
regular motion is discussed in Sec. IV. Section V is de-
voted to the analysis of the structure induced in the phase
space by parametric modulations. Section VI describes
the source of weak instabilities in many-dimensional sys-
tems. Finally Secs. VII and VIII provide a qualitative
description of the weak instability induced by parametric
modulation (modulational diffusion).

An exhaustive introduction to the field of nonlinear
dynamics can be found in Ford (1975) or Berry (1978) and
a more advanced exposition in Moser (1973), Chirikov
(1979), or Lichtenberg and Lieberman (1983). A great
deal of useful information concerning the dynamics of the
beam-beam interaction is clearly presented in Tennyson
(1982), to which this paper may be regarded as an intro-
duction and complement.

Il. THE STABILITY PROBLEM

From the theoretical point of view, one is interested in k

studying the motions generated by the Hamiltonian
H(1,0,t)=Hy(I)+eH(L,6,1) , v (2.1)

where I=(I;,...,Iy) and 6=(6,,...,0y) are action-
angle variables, and H is assumed to be a periodic func-
tion of the variables 6, . . ., Oy,t.

A system described by Hamiltonian (2.1) is said to be a
near-integrable system, since the Hamiltonian H), is itself
integrable and €H is a small perturbation. Here we shall
regard H, as describing some bounded oscillations.
When £=0, we note that N analytic single-valued con-
stants of the motions, the action functions I;=I;(p,q),
are defined on the phase space. In addition, these func-
tions are in involution [i.e.;, all mutual Poisson brackets
vanish identically: (I;,I;)=0], and their gradients
dl;=(3I;/9py, . . ., 0I;,/9qy) are linearly independent
vectors. Under these assumptions, the Liouville-Arnol’d
theorem guarantees (Arnol’d, 1978, p. 271) that the sys-
tem H, is completely integrable (by quadratures). Specif-
ically, it is proved that the N-dimensional invariant sur-
face defined by the N equations I; =1;(0) is topologically

equivalent to an NN torus T¥, that is, to the direct product.

of N circles: ‘TN=S><S>< +++ XS. Motion on a given
torus decomposes into the product of N uniform rota-
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tions: 0;(t)=06;(0)+w;t, with frequencies w;(I)=0H,/
0l;. The invariant tori fiber the whole energy surface.

The main problem is now to determine the evolution of
this motion under the effect of a perturbation. Specifical-
ly, are there solutions which will eventually become un-
bounded? If such orbits exist, are they exceptional or do
they form a set of positive measure in phase space? The
first step is to decide whether toroidal invariants exist in
the perturbed system as well. The long-sought answer to
this question can be found in the celebrated
Kolmogorov-Arnol’d-Moser (KAM) theory (Arnol’d,
1963,1978, p. 399), which guarantees that, when ¢ is
small, a large fraction of those tori of H, bearing quasi-
periodic motions (corresponding to rationally independent
frequencies) are merely distorted, rather than destroyed,
by the perturbation. This in turn implies that the majori-
ty of initial conditions still yield bounded solutions
[“metric” stability (Arnol’d, 1963)]. However, the
preserved tori do not form an open set, being separated
from each other by a dense set of gaps, the so-called “sto-
chastic layers” (Chirikov, 1979). Orbital motion within
the layers is irregular and unpredictable, and so far it has
remained unreachable by the tools of a rigorous analysis.
For this reason, the stability problem has been attacked
with topological and geometrical methods. For systems
with two degrees of freedom, criteria for global stability
have been formulated, based on the observation that the
nondense two-dimensional tori nonetheless disconnect the
three-dimensional energy surface—that is, they divide it
into invariant disjoint regions. In other words, an orbit
initiated in a gap between two tori will remain forever
confined in it. When the number of degrees of freedom
exceeds two, the N-dimensional tori no longer disconnect
the (2N —1)-dimensional energy surface. The situation is
analogous to that of a three-dimensional space which can
be disconnected by a plane (one dimension less) but not by
a line (two dimensions less). When this is the case, all
layers merge together to form a unique connected dense
set of positive measure. Trajectories exist on this set
which link any two open domains in the phase space (the
Arnol’d diffusion) as illustrated by Arnol’d in a simple
example (Arnol’d, 1964). Arnol’d also conjectured that
this phenomenon is generic for many-dimensional sys-
tems, a fact which is now widely believed, but which still
awaits a rigorous proof. This somewhat unpleasant result
indicates that a generic Hamiltonian system with more
than two degrees of freedom is topologically unstable, in
the sense that an arbitrarily small change in the initial
conditions may completely alter the character of the
motion over a long time, and in particular (if the system
is explicitly time dependent) convert a bounded solution
into an unbounded one.

Arnol’d diffusion can be regarded as belonging to a
larger class of analogous phenomena deriving from the
merging of various types of stochastic layers in many-
dimensional systems. We shall call them “weak instabili-
ties,” since their effect is typically exponentially small in
some perturbation parameter.

In order to obtain an accurate picture of the practical
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applications of weak instabilities, we must note that the
full measure of the stochastic domain in phase space is
usually small when € is small and that stochastic dif-
fusion on this domain is a slow process which becomes
noticeable only after a long time. Yet phenomena have
been observed for which these instabilities constitute a
possible, even plausible, explanation. Besides the loss of
particles in colliding beams facilities, I should like to
mention one example from celestial mechanics, namely,
the loss of asteroids in the asteroid belt, which resulted in
the formation of the Kirkwood gaps (Chirikov, 1971).

lll. INTEGRABLE SYSTEMS

Integrable Hamiltonian systems are extremely useful
but quite exceptional (Marcus and Meyer, 1974). The on-
set of irregular motions in a near-integrable system is
most easily understood as a perturbation of the associated
integrable case. Here we consider a few simple examples.

We begin the analysis of the system (2.1) by expanding
the Hamiltonian in “double” Fourier series
H(LO,t)=Hy(D+eS I Vy(Deimo+nan (3.1)

mn=-—o

where the first sum is extended to all integer combina-
tions m=(my, ..., my) and Q is a given constant (the
external driving frequency). The Hamiltonian vector field
V=(I4,...,0y) is defined via the Hamilton’s equations
V=JdH, which assign one tangent vector at each point
of the phase space. Here dH is the gradient of the Hamil-
tonian function and '

0 —E
E O

)

E being the N X N identity matrix. V generates the phase
flow H that is a one-parameter group of canonical maps
of the phase space onto itself: H'x)=x(t), where x
denotes a phase point.

The simplest class of integrable systems of the form
(3.1) is obtained by letting N =1 and €=0. Then Hy(I)
describes a monodimensional nonlinear oscillator, and the
action-angle variables (I,0) are “polar” coordinates in the
phase plane (p,q). Without loss of generality we may take
the origin (p =0, g =0)—1 =0 as the equilibrium posi-
tion of the oscillator (the circular orbit in the accelerator),
where the transformation (p,q)<«>(1,0) is singular. After
the removal of this point, the phase space M becomes a
cylinder—that is, the direct product of the real line R and
the circle S: M =C=R XS={(1,6)}. Expanding H,
about some I =1 and writing again I for I —1I, we find

Ho(I)=aI+a,I*>+0 (%),
V=(0,a1 +2021) .

(3.2a)
(3.2b)

Since V has no axial component, all invariant tori
I =const encircle the cylinder [Fig. 1(a)]. In addition V

depends on I (nonlinearity), and it vanishes identically on
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FIG. 1. Integrable systems on the cylinder: identification of
phase curves. (a) e=0. (b) e=0and m =2.

the torus I,=—a;/2a,, which will be called a resonant
torus. Thus a resonant torus is entirely made of fixed
points. This property is a quite exceptional one, and we
expect it to fail under the effect of a perturbation. In
preparation for future use, we denote by A4 (B) the region
of the cylinder above (below) the resonant torus.

We now add a single angle-dependent term to the Ham-
iltonian ‘

H(I,0)=aI +a,I*—eVycos(m0)+0 %, (3.3a)

V=(—emVysin(m0),a, +2a,I) . (3.3b)

H is still an invariant function—i.e., the system (3.3) is
integrable—but now V has a nonvanishing axial com-
ponent, causing the unperturbed variables to oscillate
periodically with time (phase oscillations).

Analogies and differences between the flows H{ and
H' become evident as one seeks to identify phase curves
of the two systems via a diffeomorphism.! To this end,
we note that the level lines H =const are still dif-
feomorphic to (families) of circles (Arnol’d, 1978, p. 285)
with one exception, given by the equation

2

a
H(I,9)=£VQ'—'Ia—2— . (3.4)
These critical level lines are called separatrices. They
divide the cylinder into 2+m open regions:
A*,B*,Ry,...,R,, [Fig. 1(b)]. Each of these regions can

be mapped into a cylinder by constructing local action-
angle coordinates, which reduce the motions to uniform
rotations. A natural choice is to identify the phase curves
of A (B) with those of A* (B*) having the same frequen-

1A diffeomorphism is a one-to-one differentiable map with dif-
ferentiable inverse.
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cy, because this map reduces to the identity as e—0. In
other words, a nonresonant torus is merely distorted by
the perturbation. However, we cannot extend this
transformation to the whole phase space, since it is singu-
lar on the resonant torus (the latter cannot be mapped dif-
feomorphically onto the R;’s). Therefore, we must con-
clude that all the information brought by the perturbation
is stored within the R;’s themselves. They form a non-
linear resonance of order m. Tori within a resonance do
not encircle the cylinder and hence describe motion of a
different nature (librations). Of the infinity of stationary
points which constituted the resonant torus only 2m sur-
vive, m of which are Lyapounov stable and m unstable
(Arnol’d, 1973, p. 155). These are consequences of the
Poincaré-Birkhoff fixed-point theorem (Birkhoff, 1927, p.
165). A stable (unstable) fixed point is also referred to as
elliptic (hyperbolic), for ‘the invariant curves in a small
neighborhood of it are ellipses (hyperbolas) (Berry, 1978).

The geometrical properties of a nonlinear resonance can
be easily controlled through the available parameters.
Specifically, its location I,=—a,/2a, coincides with
that of the unperturbed resonant torus. Then we note
that (3.3) can be transformed into the pendulum Hamil-
tonian

Hp,p)= -22;4— —Ugcosy , (3.5a)
M= |m2@H ]—1 Uy=¢V, (3.5b)
ar? |r=r | ’ 0=E¥0 '

via the canonical transformation generated by

F(p,0)=(pm +1,)6 ; (3.6)
then standard theory gives (Chirikov, 1979)

AI=2m(eMV,)'?, (3.7)

eV, 172
@o= |3 ) (3.8)

where Al is the resonance halfwidth and wq is the fre-
quency of small librations (Fig. 2). We also note that the
term linear in 7 in (3.3) can be eliminated via the transfor-
mation

FIG. 2. A nonlinear resonance.
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F(p,0,t)=p(6—ayt), ' (3.9)

which introduces an explicit time dependence (and vice
versa)

H'=H + %% =a,p*—Uycos[m(p+a;t)] .
From (3.10) we see that the location of the resonance can
also be determined by requiring the phase ¥=¢-+a;t to
be stationary:

id\f_ =2a,p +a;=0.
The generating functions (3.6) and (3.10), often combined,
are commonly employed to reduce a resonant expansion
of a time-dependent Hamiltonian into pendulum form
(Chirikov, 1979) (see Sec. IV).

The separatrices deserve much attention. We now re-
call some important facts.

(1) The solutions of (3.3b) depend discontinuously on
the initial conditions on the separatrices (in the limit
t— F oo ). This dependence stems from the lack of a glo-
bal diffeomorphism linking unperturbed and perturbed
phase curves.

(2) All points on the separatrices are homoclinic—i.e.,
they are doubly asymptotic (¢— F ) to unstable equi-
libria. This circumstance makes the separatrix particular-
ly fragile under perturbation. Specifically, from the pen-
dulum Hamiltonian (3.5) and the definition (3.4) the equa-
tion of the separatrix is obtained explicitly as

(3.10)

(3.11)

Ps = F2woc0s(@/2) , 3.12)
which can be integrated to'give (Arnol’d, 1964)
@s(t)=4arctan(e ™) — , (3.13)

whence

linI:l (ps (1), 5 (£))=(0, Fm) ,
t—F o

which is the location of the hyperbolic fixed point. A
point on the separatrix can either approach the fixed
point or escape from it, depending on which branch it be-
longs to. Accordingly, we shall speak of the stable ( W};")
and the unstable ( Wj ) manifolds (associated with the hy-
perbolic fixed point h), respectively. Since all points on
the separatrix are homoclinic, the roles of W;" and W,
are interchanged under time reversal—that is, W;" and
W)~ are joined to each other smoothly (Fig. 2).

(3) Motion in the vicinity of a pendulum separatrix is
more conveniently described via the local coordinate
(Chirikov, 1979)

H-U,

w Uo

, (3.14)
which measures the distance from the separatrix in terms
of the relative energy (Fig. 2). Since w is itself invariant
under the phase flow, we can characterize tori near the
separatrix by their frequency w=w(w). The latter is
evaluated by constructing the local action function
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(Arnol’d, 1978, p. 280)

1
I'(h)=—
(m=5-Fpde,
where the integral is extended to a phase curve H =h.

For rotations (h > Uy) we find

4o
r="2Ew
o K

(3.15)

(3.16)

E being the complete elliptic integral of the second kind,
_ with modulus k=[2Uy/(h +Uy)1'?=[2/2+w)]'% o
is then given by

_3H _3H 3k __moo __2me

Tar' T ok o'  kK(k) ~ In(32/w) ’

where we have used the fact that near separatrix we have

~1 and K (k)~+In(32/w) (K is the complete elliptic
integral of the first kind). One can easily verify that the
expression (3.17) holds also when h < U, [in this case
w(w) is twice the frequency of librations near separatrix].
We see that the period of motion grows indefinitely as one
approaches the separatrix. It must be noted that in the
unperturbed coordinates (I,0) the rotations described by
(3.17) are far from being uniform. In fact, the phase ve-
locity varies considerably along and near the separatrix
[see Eq. (3.13)], to become arbitrarily small in a neighbor-
hood of the unstable equilibria where phase points spend
most of their time evolution.

Before concluding this section, let me note that the va-
lidity of the analysis presented here relies on the smallness
of the terms neglected in (3.3a). In addition, V="V,(I)
in general, so that (3.7) must be regarded as the first term
in the expansion of Al about I =I,. This is a legitimate
approximation, as long as € is small.

(3.17)

IV. NEAR-INTEGRABLE SYSTEMS

Most Hamiltonian systems are nonintegrable (Marcus
and Meyer, 1974). We shall be concerned with systems
close to integrable ones, which exhibit a mixture of regu-
lar and irregular motions. Even a short survey of such a
vast field is quite impossible here. I shall merely recall
some qualitative aspects of this class of phenomena and
present a few useful formulas.

Let us now modify Hamiltonian (3.3) to accommodate
more resonances (Chirikov, 1979):

H=H,+€eH,,
2

Ho= —12— —wdcosh , @.1)

2
H | =w’cos0 cosQt = 923[005(6_01) +cos(60+Q¢)],

which describes a pendulum subject to a periodic
parametric perturbation. The inclusion of two additional
resonances (rather than one) is not essential. It serves the
sole purpose of simplifying the calculations by making
the system more symmetric.
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The time-dependent system (4.1) can be naturally em-
bedded in an autonomous one, with two degrees of free-
dom. The latter is defined by the Hamiltonian

I? 2
=7 +1:Q—wpcosd

£}
+T[cos(0~§)+cos(0+§)] , 4.2)
where the new angle variable {= Q¢ mod(2) is canonical-
ly conjugated to the action I =1I,(1(2),6(¢),t)
=—H/Q. The Hamiltonian (4.2) [and hence also (4.1)]
is nonintegrable, because it possesses only one global in-
variant, namely, K itself. The lack of additional invari-
ants is actually far from being obvious, and it can be
demonstrated only by means of a special technique [see
Egs. (4.7) and (4.8) and the following discussion]. The
phase space M is now three dimensional, for the auxiliary
action variable I, is actually a function of the remaining
coordinates, via (4.1) (note, however, that K does not de-
pend on 1, 6, or § through I;). More precisely, M is the
direct product of a cylinder and a circle M =CXS
={(1,6,£)}. M is called the extended phase space of the
original system (4.1).

The analysis of motion in three-dimensional spaces can
be considerably simplified via the following construction
(Poincaré, 1892, Chap. 27) (Fig. 3). We consider the sur-
face C* defined by the equation {=const (surface of sec-
tion). Then C* is again a cylinder. Under the action of
the phase flow

K'1,0,6)=(1(2),0(t),&+ Q) (4.3)

all phase points cross C* repeatedly, the time interval A

FIG. 3. The extended phase space of a time-dependent system.
Construction of a surface of section. '



742 Vivaldi: Many-dimensional Hamiltoniah systems

between two successive crossings being the period of the
driving perturbation, or A=27/Q. If we think of K’ as
acting on the whole C*, then for every integer n we have

K"\C*)=C*, (4.4)

that is, C* is invariant under the discrete group of canon-
ical maps K"* parametrized by n. K2 is called the
“period-advance” map, for obvious reasons (Arnol’d,
1973, p. 57). In this way we have again reduced our prob-
lem to the study of transformations of the cylinder onto
itself.

Let us examine this point more closely. When £=0,
the whole extended phase space foliates into invariant two
tori T2>=S,XSq, which are labeled by the two frequen-
cies w and Q. Then the intersection of T2 and C* is the
one torus (circle) S,, which may or may not encircle the
cylinder (Fig. 3). The action of K" on T? leaves all
points of Sq invariant, while it rotates those of S, by an
angle nAw. If a point of S, comes back on itself, for
some n, then the whole torus is made of fixed points, and
therefore it is resonant. This will be the case provided
that there exist integers n,m such that

no+mQ=0. (4.5)

Indeed, the action of the phase flow on T2 during the
time interval nA causes each phase point on it to com-
plete m revolutions on S, and n revolutions on Sgq.
Since @ varies from torus to torus, due to nonlinearity,
one can adjust the value of the frequency (i.e., move on a
nearby torus) in such a way as to satisfy the resonance
condition (4.5), with some suitable choice of m and n.
Moreover, since rational numbers form a dense set of zero
measure on the real line, so do the resonant tori in the
phase space.

The stability of maps on a cylinder is related in an
essential way to the existence of encircling invariant tori,
for any region bounded by two such tori is itself invari-
ant. For perturbed systems this fact is in turn established
by the KAM theorem, provided that € is small enough.
Indeed, the KAM theory provides a map which identifies
some phase curves of the unperturbed system with phase
curves of the perturbed one having the same frequency
(Fig. 4). This map (which is obtained as the sum of a
convergent series of canonical transformations) is a
smooth function of &, so that it reduces to the identity as
€—0. On the other hand, it is characterized by a dense
set of singularities in phase space, indicating that the per-
turbation has dramatically altered the topological struc-
ture of the phase space. The new solutions are confined
within the dense set of gaps (stochastic layers) between
the preserved tori. The singularities of the KAM map are
related not only to the simultaneous disintegration of all
resonant tori but also to the progressive destruction of
nonresonant ones, as the perturbation strength increases.
The description of this phenomenon is one of the central
problems in the theory of Hamiltonian systems. It in-
volves formidable mathematical difficulties, because the
full resonant structure of a nonintegrable system is im-
mensely more complicated than that which appears expli-
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FIG. 4. The KAM theorem.

citly in the Hamiltonian (primary resonances). Indeed,
secondary resonances replace each destroyed resonant
torus. They in turn have their own secondary resonances
and so forth ad infinitum, to form a hierarchic structure
which repeats itself on every small scale (Fig. 5).

We begin our analysis by considering primary reso-
nances only. For this approximation to make sense we
need to assume that the primary resonances are geometri-
cally well separated from each other (or Q/wo>>1; see
below), so that the amplitude of the higher-order terms is
small. The relevance of secondary resonances as well as
the relation between resonances at different levels in the
hierarchy will be discussed at the end of this section.

We shall first be concerned. with the evolution of the
separatrix itself, which I wish to describe in terms of the
unperturbed variable w, now no longer invariant [see
(3.14) and (4.1)]. To this end we note that motion in the
vicinity of the hyperbolic points is still regular, being
governed by a local invariant (Moser, 1956), which we
may take as w itself to a first approximation. Then we
are forced to conclude that the variation of w takes place
during the relatively short time interval corresponding to
the transit between neighborhoods of hyperbolic points
(Fig. 6). Let us then consider an initial point x located on
the unstable manifold W} near the hyperbolic fixed point
h (w=0). Due to the smallness of the perturbation, for

R —

B dD

A

-

FIG. 5. Hierarchy of resonances.
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Sw
i Fig. 7

o &/

~— -

FIG. 6. Motion near a separatrix. The dashed curve represents
the whisker map approximation.

some suitably large values of n we expect to find the im-
age K"A(x) of x again in a neighborhood of % near the
stable manifold W;" (Figs. 6 and 7). The unperturbed
homoclinic trajectory (w =0) will be converted into a ro-
tation (w >0) or a libration (w <0), depending on the
sign of the increment 8w of w during the phase oscilla-
tion. The latter can be approximately determined by in-
tegrating the equation [cf. (3.14)]

@ Uy ar v, HHO
€ 0H ((6)
= oI(¢9) 30 4.6)

where we must substitute for 6=0(¢) the phase @,(t) cor-
responding to the motion on the unperturbed separatrix
[cf. (3.13)] and then extend the limits of integration to in-
finity:

Sw zewof_:a't[sin(% —&)+sin(@; +§)]cos(@s /2) .
4.7)

FIG. 7. Homoclinic oscillations of separatrices. (a) Motion on
a separatrix. (b) Motion near a separatrix. The dashed curves
are level lines w =const.

Rev. Mod. Phys., Vol. 56, No. 4, October 1984

This expression yields the so-called Melnikov-Arnol’d in-
tegral (Chirikov, 1979). The first term on the right-hand
side (rhs) of (4.7) is dominant on the upper branch of the
separatrix, whereas the second term is dominant on the
lower one. Due to the symmetry of the perturbation their
contribution to the integral is identical in both cases. In
the limit A= /wy>>1 we obtain

Sw ~ —4mel?exp sinfy . (4.8)

Here £, denotes the phase Q¢, of the driving perturbation
at the instant of time in which 6=0. The oscillations
described by (4.8) are referred to as “homoclinic oscilla-
tions,” whose amplitude is an exponentially small func-
tion of A. They cause the stable and the unstable mani-
folds to intersect each other transversally (Fig. 7), the
points of intersection being the only homoclinic points
left on the separatrices (cf. Sec. III). The presence of the
homoclinic intersections [or, equivalently, the nonzero
value of the Melnikov-Arnol’d integral (4.7)], is of great
significance, since it implies the nonexistence of an addi-
tional invariant of the motion. Indeed, if such an invari-
ant existed, the phase portrait near separatrix would be to-
pologically equivalent to that of the unperturbed case—
i.e., there would be no homoclinic intersections. The con-
tinuity of the period-advance map K imposes several
constraints on the topological structure of the perturbed
separatrices. Indeed, one homoclinic intersection implies
infinitely many others, and in addition neither W+ nor
W~ must ever intersect itself. For this reason and from
the fact that K2 is canonical (i.e., it is area preserving) the
stable and the unstable manifolds accumulate about each
homoclinic point to form an exceedingly intricate web
(Moser, 1973, p. 99). If one considers that the solutions
of Hamilton’s equations depend discontinuously on the
initial conditions (in the limit #— F o0 ) over this set of in-
tersecting separatrices, one can easily understand the
failure of the efforts to treat this problem analytically.
All this was already known to Poincaré almost a century
ago (Poincaré, 1892, Chap. 33).

If we retain the law of motion ¢,(¢) on the separatrix as
an approximation also for motions near the separatrix,
then the evolution of w can be reconstructed by iterations
of (4.8) w,=wy+8wy+8&w;+ - +8w,_;, combined
with a prescription for computing the corresponding se-
quence of &;’s. The latter is directly derived from (3.17)
by assuming that the motion between two consecutive
6=0 crossings takes place entirely on an unperturbed
torus w =const (Fig. 6). In this way we obtain the
“whisker map” (Chirikov, 1979), which again acts on a
cylinder C*={(w,£)} ‘

Wy 41=W, +psing, ,

ns1=Cn+A10(32/ Wy 1 ]), 4.9)

A= —Q—, p=—4meAlexp
@9

s
2
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By inspecting (4.9) we note that { depends sensitively
(in fact, singularly) on w at w =0. Due to this fact suc-
cessive values of § tend to become uncorrelated (random
phase), resulting in an irregular sequence of rotations and
librations. For this reason trajectories exist which are
characterized by a truly random evolution (Moser, 1973;
Ford, 1983) and which densely fill a two-dimensional re-
gion of the phase space. They are believed, although not
proved, to constitute a set of positive measure. The sto-
-chastic domains generated in this way near a separatrix
are sometimes referred to as “thin layers.”

When primary resonances approach each other (either
because their amplitude increases or because their relative
spacing decreases, or both), the tori which are trapped be-
tween them are first distorted and then destroyed. Given
a pair of resonances, a fundamental problem is to deter-
mine the critical value of the perturbation parameters
which signals the disappearance of the last encircling
torus between them. Indeed, this results in a sudden
change of the topological structure of the phase space, be-
cause adjacent layers merge together to form a much
broader stochastic component (thick layer). A simple (yet
quite efficient) estimate of critical parameters is derived
by regarding the two resonances as noninteracting, and
then computing the condition for the unperturbed separa-
trices to touch each other [Chirikov resonance overlap cri-
terion (Chirikov, 1979)]. According to this criterion, two
resonances will overlap, provided that the sum of their
respective halfwidths is larger than their relative spacing
(Fig. 8), or

__sum of halfwidths
- spacings

S >1, (4.10)
where the critical parameter corresponds io S =1. This
estimate is reliable provided that the two resonances have
comparable amplitude. When this is not the case, (4.10)
should be replaced by the stronger condition S >>1. The
overlap criterion can be readily applied to the Hamiltoni-
an (4.1) to estimate the onset of large-scale stochasticity.
We shall consider the resonant terms of (4.1) one at a
time, and then follow the analysis developed in Sec. III.
The unperturbed resonance is located in the origin (I =0),
since in the unperturbed Hamiltonian H there is no term
linear in I (cf. Sec. III). The resonance halfwidth
AI =2w, is then readily computed from (3.7) by letting
m=eg=M=1 and Vy=w) [compare (3.3a) and (4.1)].
The terms which comprise the perturbation depend ex-
plicitly on time. By changing the coordinates via the
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FIG. 8. Resonance overlap.
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canonical transformation generated by F =I'(6FQ¢) [cf.
(3.9)], we shall then obtain the linear term FQI'. Thus
these resonant regions are centered about I=FQ—i.e.,
the resonance spacing is just € (see Fig. 4). Alternatively,
one could obtain this result from the stationarity of the
phase ¥ =0F Q¢ [see (3.11)]. By means of (3.7) we com-
pute again the resonance halfwidth, which is found to be
equal to wyV2¢. Putting everything together, we rewrite
(4.10) as
S=%(l+\/e/2)21. @.11)

The overlap-criterion has the remarkable feature of be-
ing easily applicable even to fairly complicated systems.
On the other hand, it is nonrigorous, and it provides only
a schematic picture of the interaction between resonances.
For instance, both the finite width of all stochastic layers
near separatrices (see below) and the presence of secon-
dary resonances between the primary ones (see Fig. 5) af-
fect the overlap process. Additionally, in some particular
cases, this procedure shows even more serious defects.
One such example will be presented in Sec. V. A more
detailed analysis of this problem can be found in Chirikov
(1979) or in Lichtenberg and Lieberman (1983, Chap. 4).

We now apply the analysis previously developed to the
study of the geometrical structure of the whisker map
(4.9). For this purpose we regard the cylinder C* as a
surface of section in the extended phase space
M =C*XS={(w,§,2mt)}, where we define the time-
dependent Hamiltonian

H=Hy(w)+pH (§,1)

(4.12)

=wA |In +1 [+pcos(§)d,(2),

|w |

6,(2) being the periodic delta function with unit period

8i(0= 3 cos(2mnr) . 4.13)

n=-—o0

One can easily verify by direct calculation that the differ-
ence equations (4.9) are the explicit expression of the
period-advance map generated by the Hamiltonian (4.12).
The relation between the system (4.12) and the original
one (4.1) needs to be clarified [Fig. 9(a)]. The phase flow
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FIG. 9. The whisker map. (a) Construction of the surface of
section. (b) Resonant structure.
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of (4.1) near separatrix is first converted into a flow in the
space CXS={(w,0,§)} via the local transformation
I—w(H(I)) [see Eq. (3.14)]. Then we replace the local
surface of section {=const by the surface 6=0 in the
same space. In so doing we have merely interchanged the
roles of £ and 6. By regarding 6 as a periodic variable
with unit period 6=2mt we can naturally identify the
latter surface with the cylinder C* introduced above, and
then approximate the associated period-advance map with
the whisker map, i.e., with the Hamiltonian (4.12).
Inserting (4.13) into (4.12), we find

S cos(¢—2mmn),

n=-—oc0

H,= (4.14)
and therefore the whisker map displays an infinite array
of primary resonances of order 1 [Fig. 9(b)]. They corre-

“spond to the secondary resonances (of order n) which
develop near the separatrix of the original system (4.1) in
the place of those unperturbed tori whose frequency is an
integer submultiple of the driving frequency. Note that
the order of the resonances has been renormalized, as we
can see by letting 6=27t in (4.14) and then regard ¢ as
the independent variable. The location of these resonant
domains on C* is found from Eq. (3.11)

. H,
{—2mn=——-—2wn=0 (4.15)

Jw

or

2mn

A

w(n)=32exp

’ (4.16)

showing that the resonant values w =w(n) accumulate at
w =0 (unperturbed separatrix). The relative spacing
Aw(n) between the nth and the (n + 1)th resonances is
then given by

2mn

y (l_e—ZV/A)_

Aw(n)=32exp (4.17)

In order to estimate the resonance width, we reduce the
Hamiltonian (4.12) to pendulum form. After retaining
only one term from the perturbation (4.14), we first intro-
duce new canonical coordinates (I,6) via the generating
function [cf. (3.6) and (3.9)]

F(LLE ) =[I +w(n)J(§—2mnt)

and then we expand the new Hamiltonian K =H 4 dF /9t
about I =w (n), up to second order ,

(4.18)

I’ +pcosf+0(1?) . (4.19)

T 2w (n)
The halfwidth of the nth resonance is now readily com-
puted from (3.7) as

172

e —mn /A ,

AI(n)=2 [f%(”l 4.20)

so that the resonance width decreases more slowly than
the spacing. From (4.17) and (4.20) we obtain the overlap
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parameter S (n) associated to the pair n,n +1 [see (4.10)]:
S(n)=vVu/8he™M1—e~™*)~1 (4.21)

Therefore, for any values of the perturbation parameters
there always exists a neighborhood of the unperturbed
separatrix |w | < |w(n)| in which the overlap does take
place [S(n)>1] and a stochastic domain appears [Fig.
9(b)]. In other words, thin layers always exist in near-
integrable systems.

Having reinterpreted the appearance of stochastic
motions in terms of the unavoidable overlap of second-
order resonances, we will also attribute the presence of
thin layers about the separatrices of resonances at the nth
level of the hierarchy to the overlap of those of the
(n +1)th level. By the same token, the homoclinic inter-
section of the corresponding stable and unstable mani-
folds will exist at any scale, and in particular in any
neighborhood of any stable fixed point in phase space
(Moser, 1973, p. 105).

The width Aw of a thin layer is determined by the loca-
tion of the encircling torus on C™ nearest to the separa-
trix. It will be found between the pair of resonances cor-
responding to the smallest value of n for which S(n)<1
[Fig. 9(b)]. Letting S(n)=1 in (4.21) and using (4.16), we
obtain

A

; (4.22)

4 16
Aw~—pur=-—¢A’
w 77_2/.L 5 EAexp

where the numerical coefficient should be merely regard-
ed as a crude estimate, for many approximations were in-
volved in its derivation [see also Chirikov (1979) and
Chirikov and Shepelyansky (1981)]. The width of the sto-
chastic layer is an exponentially small function of A, and
it is approximately A4 /7% times larger than the amplitude
of the homoclinic oscillations [cf. (4.8)]. As a result, thin
layers are sometimes very difficult to detect.

Recently, rigorous and elegant techniques have been
devised to describe the breakup of KAM surfaces via
renormalization-group methods. A discussion of this sub-
ject can be found, for instance, in MacKay (1982).

V. MODULATIONAL LAYERS

In this section we investigate the nature of stochastic
domains generated by a slow parametric modulation (Ten-
nyson, 1979,1982).

We consider the following time-dependent Hamiltoni-
an:

2
H(1,0,t)= 17 —gcos(0+4AsinQt) ,

(5.1)
which describes a pendulum with modulated phase. Here
A is the amplitude and Q the frequency of the modula-
tion. In order to explore the resonant structure of the sys-
tem we expand (5.1) as in (3.1) to obtain

2 0
H(I,e,t)zlz——e 3 J,(Mcos(0+nQr),  (5.2)

n=-—o0
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where the coefficients J, are Bessel functions of the first
kind. Thus (5.2) is characterized by an infinite sequence
of primary resonances of the first order which are evenly
spaced along the cylinder (multiplet): I,=nQ (Fig. 10).
After selecting one perturbation term from (5.2) we can
again reduce the original Hamiltonian into pendulum
form with the generating function [cf. (3.9)]

F(J,0,t)=(J —nQ)(0+nQt) . (5.3)

The corresponding halfwidth AI(n) is then readily ob-
tained from (3.7) as

AI(n)=2[eJ,(M)]V?, (5.4)

yielding the overlap parameter S(n) for the pair n,n +1
[cf. (4.10)]

_ AI(m)+AI(n+1)
- Q

S(n)

2V'e
Q

For large enough n, S(n) falls off exponentially:
S (n)«(e/n)*? due to the asymptotic form of the Bessel
functions. This fact ensures the existence of encircling in-
variant tori, and therefore the system (5.1) is always
globally stable. On the other hand, for sufficiently small
n, one can adjust the system parameters to induce the

([T (M2 [T, (]2 (5.5)

simultaneous overlap of several adjacent multiplet ele-

ments, which results in the formation of a quite broad
and homogeneous stochastic domain (modulational layer).
When A>>1, the layer width is approximately equal to
AQ, because the amplitude of the resonant terms drops

B

|
@
e —
AQ
| ;
— P>
ES—
e e — |

FIG. 10. A modulational layer.
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off quite abruptly for n >A. At the same time, for n <A
one can replace J,(A) by their average values
| Jo(A)| =~(mwA)~1/2, so that the condition for resonance
overlap takes on the simplified form

172

4 >1. (5.6)

~a

€

vk

Below this threshold all stochastic orbits are confined
within thin layers.

Equations (5.5) and (5.6) must be interpreted with some
care, being singular at (=0, when the system becomes
again integrable. The strong overlap regime (S >>1)
which would develop for very small Q conflicts with the
predictions of the theory of adiabatic invariants, guaran-
teeing a smooth evolution of the action function as the
system parameters change very slowly (Arnol’d, 1978, p.
297). This apparent contradiction is resolved by noting
that as Q—0 the geometrical arguments on which the
overlap criterion is based are no longer appropriate, since
several resonances with comparable amplitude collapse
into the origin. The resulting picture of the motion is
most easily illustrated by introducing an oscillating coor-
dinate frame, via the generating function

S

F(J,0,t)=(J —AQ cosQt)(0+ A sinQdt)

- A2Q2 sin(2Q¢)
, 5.7
+ 4 + 20 (5.7
where the new Hamiltonian K =H 4 dF /0t
J? )
K==-—¢ cosp —pAQ2sinu (5.8

now depends on the “slow time” variable u=Qt. By
drawing the level set K =const, for any fixed u, we note
that unless
2
7‘%>1, wi=¢ (5.9)
@o

there will always be a resonant domain centered about the
stable equilibrium J, =0, go= —arcsin[(AQ2/e)cosu ] and
bounded by a separatrix [Fig. 11(a)]. In other words,
when Q is sufficiently small, a phase point located near
(Jo,@o) sees a stable local environment, although slowly
changing with time. Under these assumptions, the local
action function J'=J'(u) can be shown to be a perpetual
adiabatic invariant (Arnol’d, 1963), in the sense that its
departure from the unperturbed value J’(0) is forever
bounded. This result is a direct consequence of the ex-
istence of KAM tori surrounding the elliptic fixed point.
In the original coordinate system there is a moving reso-
nance which forces the orbit located near its center to fol-
low its slow excursion in the phase space, and a periodi-
cally oscillating stable region appears within the stochas-
tic domain [Fig. 11(b)]. As Q—0, its relative phase area
increases, while the frequency and amplitude of the oscil-
lations decrease, yielding a smooth transition to the in-
tegrable limit (—0. This phenomenon is known as
“trapping” (Tennyson, 1979; Chirikov and Shepelyansky,
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|
S

(a) (b)

FIG. 11. Trapping. (a) Oscillating coordinate system: instan-
taneous level lines of Hamiltonian (5.8). (b) Fixed coordinate
system.

1980). The conditions (5.6) and (5.9) must be simultane-
ously satisfied for a uniform modulational layer to exist.

VI. WEAK INSTABILITIES

In this section we shall see how a new class of dynami-
cal instabilities naturally occurs in near-integrable systems
whenever the dimension of the phase space exceeds four.
Let us consider the periodically time-dependent Hamil-
tonian

H=H,+H,+upH, ,

IZ .
H, =—2l_ecos(e,+xsinm),

" 6.1)

I
H,= 5
H_ =cos(6;—80,) .

Here the extended phase space M is five dimensional, be-
ing the direct product of two cylinders and a circle
M =C1 X C2 XS= {(11,01,12,02,§=QI)}. We will first
examine an intuitive explanation of the sources of a weak
instability; the necessary details will be supplied later.
The system under consideration has two essential in-
gredients:

(1) The Hamiltonian H; is nonintegrable, but at the
. same time globally stable (cf. Sec. V).

(2) A coupling term (H,) allows energy exchange be-
tween the two systems H, and H,.

We shall also require that e >>u. In so doing, we can
neglect the effects of the coupling term on the H,
motions and clarify the role played by each of the three
terms appearing in (6.1).

When p=0 our system is globally stable, being the
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direct product of two globally stable subsystems. In par-
ticular, we have three tori embedded in the five-
dimensional extended phase space. For pu=£0 and suffi-
ciently small, a large fraction of these three tori still exist,
but the phase space is no longer a direct product (the en-
ergy can flow from one subspace to the other), so that
three tori do not disconnect it. This topological change
will mostly affect the orbits in the subsystem H, (since
€>>u), which we shall now regard as explicitly depending
on the time by writing

I3 /
Hz(Iz,oz,t)=—23+p cosf (1) —6,] . (6.2)

Note that the driving perturbation f(z)=6,(¢) differs
from the ones previously considered by its lack of periodi-
city. A trajectory confined on a three torus (f quasi-
periodic) can induce only bounded oscillations on C, , be-
cause boundness in the full phase space naturally implies
boundness in reduced spaces. The converse statement is
generally untrue. Indeed, from (6.2) we see that a bound-
ed stochastic orbit originated in a layer on C, results in a
random external perturbation acting on C,, whose effect
is to destroy all unperturbed encircling tori [, =const.
Consequently, the motion on C, will not only be irregu-
lar, but it may become unbounded. In other words, the
effect of the coupling term is to transfer stochasticity
from one reduced space to another, a mechanism quite
pictorially denoted as “stochastic pumping” (Tennyson et
al,, 1979). The detailed features of this phenomenon de-
pend on the specific nature of the random driving pertur-
bation, that is, on the geometrical structure of the layer in
which the random phase originates. Accordingly, the
weak instabilities -.can be regrouped into two classes,
which correspond to the case of thin and thick layers,
respectively. Thin-layer diffusion is known as the
Arnol’d diffusion (Arnol’d, 1964; Chirikov, 1979), which
always exists in many-dimensional systems, since it is re-
lated to the unavoidable presence of small stochastic
domains near separatrices (see Sec. IV). On the other
hand, thick-layer diffusion is activated only within those
parameter ranges which provide the overlap of some (gen-
erally primary) resonances. However, the latter class of
phenomena is more relevant to practical applications, be-
cause the flow of stochasticity between reduced spaces is
enhanced.

To proceed more rigorously, we embed the system (6.1)
in an autonomous one, with Hamiltonian

K—-{il—%ﬂl
—2+2+ 13

+&3,J,(A)cos[m(n)-0]+pu cos(m,-0) ,

(6.3)
I§= —H/Q, 9§=Qt N

where we have introduced a more compact notation:
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0=(6,,6,,6;),
m(n)=(1,0,n) ’ (6-4)
m,=(1,—1,0) .

Our analysis will follow that developed in Tennyson
et al. (1979) for the conservative case; here we shall em-
phasize the greater symmetry of time-dependent systems.
Many-degrees-of-freedom systems are usually studied in
some suitably reduced spaces, typically the action space,
A=RN={(I,,...,Iy)} or the frequency space
F=R"={(w},...,0y)}. We shall carry out the
analysis both in the frequency and in the action represen-
tations. However, in the particular example we have con-
sidered, these turn out to be quite similar, since from (6.5)
and (6.7) (see below) we have w;=1I;, i =1,2 (quadratic
nonlinearity). In the case of time-dependent systems,
motion in the reduced spaces 4 and F is restricted to an
invariant surface. In the action space the latter is just the
unperturbed energy surface

non
K0=7+7+QI§=const . (6.5)

The invariance of K, is a direct consequence of the way
K and I were constructed. Indeed, from (6.1) and (6.3) it
is easy to see that the Poisson bracket of K, and K van-
ishes identically:

(Ko,K)=0. (6.6)

Note that the unperturbed energy surface K, is unbound-
ed, being a paraboloid of revolution about the I, axis
[Fig. 12(a)]. The transformation from actions to frequen-
cies

[
p |
'T{’-‘—" @,
//l___\—" b
|
w.
3
N
I

FIG. 12. (a) The action space. (b) The frequency space.
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oK
=IL(I)= —>

al, 6.7)

is a Legendre transformation (Arnol’d, 1973, p. 61) which
carries the embedding Hamiltonian into the correspond-
ing Lagrangian. Since K, is linear in I, and straight
lines are taken into points by the Legendre transforma-
tion, the energy surface becomes the plane w;=Q in F,
which we denote by L, [Fig. 12(b)]. Besides this simplifi-
cation, the frequency space is also best suited to the
analysis of the resonant structure, which is always linear-
ized on it. In fact, resonant conditions are expressed by

~ equations that are linear in the frequencies but in general

not in the actions [see (4.5) above and (6.8)—(6.11) below].
Now let p=0. The primary resonances in (6.3) are de-
fined by the equations [cf. (3.11) and (4.5)]

m(n)w=0, (6.8)

which in turn define an infinite sequence of planes in F
(resonant surfaces) passing through the origin and orthog-
onal to the vectors m(n) (resonance vectors). The location
of a resonant domain in the frequency space coincides
with the intersection of the corresponding resonance sur-
face with L, which is called a resonance line (Fig. 13).
Here the multiplet is represented by a set of straight lines
parallel to the w, axis: w;=n{. If we include also secon-
dary resonances (see Sec. IV), we obtain a dense set of
nonintersecting resonance lines: mw;=n{l.
The component V; of the Hamiltonian vector field

I=V;=3m(n)J,(A)sin[m(n)-] - (6.9)
is a field on the action space, which induces motions of

action points. Since it depends on the angle variables,
here it should be regarded as explicitly time dependent.

wa

W

FIG. 13. A multiplet in the frequency space. (a) Resonance
vectors. (b) Resonance surfaces. (c) Resonance lines.



Vivaldi: Many-dimensional Hamiltonian systems 749

From (6.9) we see that an infinite number of terms con-
tribute to V;, each of which is directed along a resonance
vector m(n). Since all the resonance vectors in the multi-
plet are coplanar and perpendicular to the I, axis, V;
must also lie in the same plane I, =const, which therefore
is invariant. For this reason motion in the action space
can take place only on the intersection B of this plane
with K, [Fig. 12(a)]. Note that the existence of an invari-
ant plane merely reflects the existence of the global in-
variant I, when u=0. The action field V; is carried into
the frequency field V,, in F by the linear transformation
[tangent map (Arnol’d, 1973, p. 247]

;=(V,);=dII;(Vy), (6.10)

where dII; is the differential of the function II; [see Eq.
(6.7)]. Again, motion in the frequency space can take
place only on the set o=II(f3) in L,, which in our case is
a line w,=const [Fig. 12(b)]. Since our system is nonin-
tegrable, the evolution of the frequency points on o will
be irregular on and near the resonant lines, due to the
presence of stochastic layers. If a multiplet is generated,
phase points will perform larger excursions on L, even
though they never become unbounded, because the uncou-
pled (1 =0) system has been assumed globally stable. In
addition, o is transverse to all the resonance lines, so that
there is no displacement at all along them.

In summary, if we perturb an integrable system with a
set of coplanar resonant terms, we still retain an integral
of the motion (the plane itself) and action (frequency) vec-
tors cannot explore the whole unperturbed energy surface.
This is always the case if the perturbation consists of two
terms only.

Now let 0. The additional primary resonance
m. o=0 (6.11)

defines the resonance surface w,=w,, which is transverse
to all the resonance surfaces of the multiplet (Fig. 14).

Wa

FIG. 14. Noncoplanar perturbation: the Arnol’d web. (a) Pri-
mary coupling resonance. (b) Secondary coupling resonances.
(c) Multiplet resonances.
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The mutual interaction of the primary resonances (6.8)
and (6.11) generates an infinite set of secondary ones. The
corresponding resonance planes are of the type
W, +miw1+m,Q =0, which define an intricate set of in-
tersecting lines on Ly. This set of secondary resonances
will be analyzed in the next section.

We see that a perturbation consisting of a set of nonco-
planar resonances causes the appearance on the energy
surface of a dense set of intersecting resonance lines (the
Arnol’d web). Since there is a layer associated with every
resonance line, we also have a dense and connected set of
layers. The field V, now has a nonvanishing component
along the w, axis, which allows motions in any direction
on Ly. Thus a phase point located inside the network of
intersecting layers can come arbitrarily close to any point
of L, by proceeding along resonance lines, and in particu-
lar it can disperse to infinity.

Not all resonances contribute significantly to this pro-
cess, and in practical applications it is sufficient to take
into account only a few selected primary and secondary
resonances. The point is that the diffusive motion along
resonance lines is significantly rapid only provided that
the associated layer is large enough, and this is usually the
case for primary resonances only. These resonances are
called guiding resonances. The possibility of converting
the irregular bounded motion across a guiding resonance
line [the H; motion in our example (6.1)] into motion
along it (the H, motion) arises whenever a guiding reso-
nance intersects some other resonance which we call a
driving resonance. In other words, driving resonances are
responsible for the mechanism of stochastic pumping dis-
cussed above. As we shall see in the next section, the
long-range diffusion along guiding resonances is support-
ed mainly by secondary driving resonances, whose ampli-
tude is typically very small. This fact justifies the appel-
lative “weak” we have used to characterize these instabili-
ties. I should like to remark that the distinction between
guiding and driving resonances is somewhat arbitrary,
and in particular that their roles can be interchanged by
rearranging the initial conditions.

Vil. THE MODULATION DIFFUSION

In this section we shall analyze the weak instability in-
duced by modulational layers which is referred to as
modulational diffusion. It was first considered by Chiri-
kov (1980), and subsequently studied by several authors
(Chirikov, Izrailev et al., 1981; Chirikov, Ford et al.,
1981; Lichtenberg and Lieberman, 1983, p. 335; Chirikov
et al,, 1984). As a model for modulational diffusion we
retain the Hamiltonian (6.1) [or (6.3)] and we assume that
conditions (5.6) and (5.9) are satisfied, so that a modula-
tional layer is constructed in phase space. We shall
develop the analysis on the plane L in Q, where the field

@1=Vo, =e 2T (A)sin(6;+nQt)+psin(6,—65) ,
: " (7.1a)

cb2=Va,2=—-—,usin(01——62) , (7.1b)
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is defined. The guiding resonances for modulational dif-
fusion are the multiplet resonances, and motion along
their resonance lines is driven by the component ¥V, ) of

the field, which will be called longitudinal field. The field
Vo, (transverse field) generates only bounded stochastic

motion across resonance lines. Under the assumption that
€>>u we can neglect the second term on the rhs of (7.1a)
and regard the transverse field as independent on the two
variables. The motion across the modulational layer then
becomes identical to that of the uncoupled case (u=0),
‘and in particular invariant under translation along the w,
axis. Clearly this is not the case for the longitudinal com-
ponent of the field (7.1b), whose dependence on w, is a
distinctive feature of the phenomenon under considera-
tion. The main theoretical problem is the evaluation of
the rate D, =D, (w,), at which the variable , (or any
function of it) diffuses due to longitudinal motion on the
modulational layer. We shall describe a procedure yield-
ing an approximate expression for D, similar to that
developed in Lichtenberg and Lieberman (1983, p. 335).
For a more exhaustive treatment of the problem the
reader is referred to Chirikov et al. (1984).

The diffusion rate is defined as follows:

. {(Awp)F)
Do =fim 1 7.22)
T .
(Awp)r= [ diin(), (7.2b)

where ( ) denotes phase averaging. The time evolution
of @, is determined by the component ¥, of the field

dy=—usin[g0,()—6,(1)] (7.3)

where we have generalized the expression (7.1b) by intro-
ducing the additional parameter g, which is relevant to
the case of higher-order driving resonances. The evalua-
tion of the diffusion coefficient (7.2) will be carried out in
two steps. We will first derive an explicit expression for
the rhs of (7.3) as a function of time, and then perform
the integral (7.2b) as well as the average (7.2a).

We begin by noting that since both 6,(z) and 0,(¢) are
random functions of time, they cannot be computed ex-
actly, and we must resort to some approximation scheme.
In the unperturbed system both 6, and 6, take on the sim-
ple form

(7.4a)
(7.4b)

0,(1)=6,(0)+wyt ,
92(t)=92(0)+w2t .

Equation (7.4b) is already a satisfactory approximation,
since we are interested only in the local behavior (in w,).

On the other hand, the function 6; must incorporate at
|

D,,= lim L p7

Toew 2T 2A0 <f_Awdmlf ar’ sz((z)z,t )f dt’' sz(wz, ")>

The integration in ¢’ introduces a 8 function

farvan=3 4 (a)l)cosel(O)——-—(S'

j=—w
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least the effect of the modulation to first order in €, since
e>>u. This amounts to assuming that the properties of
the longitudinal field are primarily determined by the
first-order interaction between the coupling resonance
(7.1b) and the multiplet resonances (7.1a), that is, by
secondary resonances. From Hamilton’s equatlons we
have §; =3H /dI;=w;, and thus from (7.1a) o=V, —01

Inserting (7.4a) into the rhs of (7.1a), with u =0, and in-
tegrating twice, we obtain

A
0(t)=e 2 Ll

2 ThOP sin[(0;+nQ)t

+6,(0)]+wy2, (7.5

where we have made use of the expansion (5.2). The for-
mula (7.5) is still difficult to manipulate, even if the infi-
nite sum is truncated to include only the resonances
within the layer domain, ie., |n | <Aw/Q=N, where
the layer halfwidth Aw is approximately equal to AQ (see
Sec. V). Our basic approximation is to retain just one
term (to be specified later), while introducing a fitting pa-
rameter R to describe the “effective amplitude” of the
resonances considered. Substituting (7.5) in (7.3) and ex-
panding again, we have

2 Aj(wy)cos{[(j +q)co1+jnﬂ ®,]t+6,(0)} ,

j=—w
(7.6a)

Aj(e))=J; (7.6b)

(01+nQ)?

qeRJ,(A) ]

Thus the one term retained still generates an infinite fam-
ily of secondary resonances of order j +g¢q. The equation
of the corresponding resonance lines on L reads

= +qlw;+jnQ . (7.7)

We note that, even though we have retained only one term
in the first-order expansion (7.5), by varying »n and j in
(7.7) we can still construct all secondary resonance lines.
Their structure is found to be rather complicated (see Fig.
15).

The diffusion coefficient can now be derived by substi-
tuting (7.6) into (7.2), integrating over time, and perform-
ing suitable phase averages. To this end we observe that
the expression (7.6a) is local in w;. The time evolution
causes w; to explore the whole interval |w;| <A® uni-
formly, as a consequence of stochastic motion across the
modulational layer. For this reason we will average (7.6a)
over that domain. The diffusion rate (7.2a) becomes

. (7.8)
6,(0)

> (7.9)
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which, after integration in w;, yields
2 0 —inQ) T
— fim & 2m_ 42| @2m 20,(0)) 60z [ dt” (7.10)
Dwz—zll_rflw 2ij=§wj+q E Ta {cos 91(0)>91(o) 2T f—T B
I ,
and the amplitudes (7.6b) become From (7.12) we obtain (nQ=w;=Aw)
wy—jnQd geRT,(M)(j +¢)? 1| o ' . v
A; | ————— |=J; (7.11) imin=Jj "= |—|—+ =[s(a+9)]; , (7.14)
j j +q (0)2+an)2 Jmin=J 2 Aco q B [ 2 q ]I
From Egq. (7.9) we obtain the condition where [ ]; denotes the integer part of its argument. The
©r—a0 : new normalized variable a =w,/Aw has also been intro-
j= L2991 . (7.12) duced, measuring the displacement along the layer in
w1+nQ units of the layer halfwidth. Furthermore, for fixed a

Equation (7.12) represents a family of resonance lines
j=j(n), of the type (7.7), passing through the point
(wy,@3). Among these, the one having maximal ampli-
tude gives the dominant contribution to the sum (7.10).
We shall now exploit this fact in order to obtain a more
compact expression for the diffusion rate. For fixed w,
the dominant term in (7.10) is the one for which
Jj=j(n,w;) is the smallest, since the amplitudes (7.11) of
the resonances which drive the motion along the layer are
Bessel functions of small arguments: (€ << 1) with limit
behavior

J
1 | x
Jj(x)zﬁ' [? , x<<1. (7.13)
A
w, /
]1=3 +— |
n:N
i*=2\ fn:n’
\ l
/
/
J=1
ji=0 //
. . w1¥
|

FIG. 15. Resonant structure of a thick layer.
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and j =j*, w; and n in (7.12) are functionally dependent,
and we can still use the arbitrariness of n to maximize
(7.11). Solving (7.12) for n, with w;=Aw we obtain the
optimal (smallest) n* =n*(a):
* N »

n (a)=j—*[a——(] +9)]; - (7.15)
Thus for fixed a the dominant contribution to the dif-
fusion coefficient is given by the resonance (see Fig. 16)

oy=[j*(a)+qlo;+j*(a)n*(a)Q . (7.16)

With this choice for j and n the normalized diffusion rate
D =D /(u?/Aw) becomes

r ., | BRI (M)
T 2% +9) | (Aw)a—qg)?

where we have averaged over the initial phase 6,(0). The
latter is a random variable, for the phase average is
equivalent to the time average of the random function
6,(¢) (recall that the motion in the layer is ergodic). To
obtain a more explicit dependence of Dy on the system
parameters we use (7.13) and the approximate expression
J,(A)=~1/V'7wA. Equation (7.17) becomes

Dy , (7.17)

Dr(a)=Dy(j*(a—q)~¥" (7.18a)
2 2%

Do(i*)= T geR (j*) 7.18b

o) 2(* +q)j*1? | mA(Aw)? (7.18b)

VIil. DISCUSSION

Even though the derivation of the diffusion coefficient
(7.18) involved quite drastic simplifications, it nonetheless
illustrates many general features of motions along thick
layers, whicl are not restricted to the particular model we
have chosen.

In Fig. 16 we see a comparison of the estimate (7.18)
with the results of a numerical computation of the dif-
fusion coefficient [for details on the numerical techniques
see Chirikov, Ford et al. (1981)], with parameters g =1,
A=10, @=10% £=5X10"* In order to simplify the cal-
culations we have decoupled the system H, from H,—
i.e.,, we have solved numerically the differential equation
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FIG. 16. Diffusion coefficient. The solid curve denotes expression (7.18).

(7.3) with u=1 and 6, evolving according to Hamiltonian
(5.1). The diffusion rate depends discontinuously on a at
the critical values a,=2n +1, n =0,1,2,..., where the
integer function j*=j*(at) is itself discontinuous [see
(7.14)]. The resulting picture is a sequence of descending
steps called “plateaus,” the nth plateau corresponding to
the interval a=[2n —1,2n 4 1] where j* is constant. The
fitting parameter R (see Sec. VII) has been adjusted. to as-
sume different values on each plateau: R(j*)=1,
2.5,4.6,6.2,7.7 giving an overall exponential decay rate.
The expression (7.18) is invalid at and near a=1, since
there the argument of the Bessel function becomes infinite
and the approximation (7.13) is no longer appropriate.

The qualitative aspects of this phenomenon can be il-
lustrated by examining the resonant structure on L, as
depicted in Fig. 15. Here the modulational layer is
represented as an unbounded strip. We recall that the one
motion is bounded, while the two motion (modulational
diffusion) can proceed arbitrarily far in the vertical direc-
tion. The multiplet resonance lines (guiding reso-
nances—see Sec. VI) have been omitted: they are parallel
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to the w, axis (see Figs. 13 and 14). Stochastic motion
across the modulational layer causes phase points to cross
either primary (j*=0) or secondary (j*>0) resonance
lines repeatedly. At exact resonance the point suffers a
quite sudden displacement along the w, axis, which in
turn gives the main contribution to the integral (7.2b).
The magnitude and direction of the displacement depend
on both the amplitude of the resonance crossed and the
phase of the oscillation at the moment of crossing. Away
from resonance the diffusion along the layer is negligible,
and the trajectory moves approximately on an invariant
surface w,=const. On the primary plateau the primary
coupling resonance (of order 1) is the dominant one.
Since its amplitude is constant, the primary plateau is lev-
eled. For a>1 the primary resonance line no longer in-
tersects the layer domain and the motion along it is driven
by secondary resonances. On the jth plateau the dom-
inant terms are of order j* 4 g—that is,

(8.1a)
(8.1b)

0=(j*+qlo;+nQ

n*<n<N,
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so that many resonances actually contribute to the dif-
fusion process. The main features of Dg(a) become clear
from the following considerations.

(1) The upper bound of the interval (8.1b) is determined
by the fact that for n >N the resonances (8.1a) have
negligible amplitude, even though they still intersect the
layer. Therefore, on each plateau the resonance line cor-
responding to n =N defines the boundary of a triangular
region (the interaction region) where the diffusion along
the layer originated.

(2) The lower bound of (8.1b) depends on a, since for
n <n*(a) no interaction can take place. For this reason
the number of resonances crossed is maximal at the begin-
ning of each plateau (2N) and minimal at the end (1).
Therefore, at the end of the plateaus the actual diffusion
coefficient is smaller than that predicted by (7.18), which
has been derived by assuming a constant “effective” num-
ber of resonances over the whole plateau.

(3) The amplitude of the secondary resonances de-
creases with «, so that the secondary plateaus are not lev-
eled. Moreover, for fixed a such amplitude reaches a
maximum for n =n*, which corresponds to the resonance
selected in Sec. VII [see Eq. (7.16)]. This implies that the
diffusive motion along the layer is enhanced whenever the
phase point is located near the right boundary of the in-
teraction region, that is, at one edge of the layer.

The geometrical property of the phase space which
most strongly characterizes this class of phenomena is the
width of the layer which supports the diffusion, since it
determines the size of the plateaus and ultimately the
domain of phase space over which the diffusion is rapid
enough to be of interest. For this reason if we replace the
multiplet with an arbitrary array of resonances, we con-
jecture that no major change in the qualitative features of
the diffusion rate will oceur, provided that the layer is
sufficiently homogeneous. A precise evaluation of the
layer width thus becomes necessary. In our example, us-

ing the expression (5.5) of the local overlap parameter.

S(n) one obtains Aw=1.4AQ, in good agreement with
numerical results. This value exceeds the cruder estimate
Awo=AQ (cf. Sec. V) mainly because A is not large
enough.

The diffusion coefficient depends sensiiively on the
overlap parameter S whenever the latter is decreased to
reach the critical values S =1, which corresponds to the
appearance of the first encircling torus within the layer
domain. The layer is then disconnected into two sub-
layers and the diffusion rate changes discontinuously.
This process repeats itself until no adjacent primary reso-
nances overlap and only thin layers are left. Therefore,
the transition from a thick layer diffusion to the Arnol’d
diffusion takes place through a sequence of intermediate
steps.

The method illustrated in Sec. VII is based on the pos-
sibility of decomposing the expansion of the Hamiltonian
function near resonance into two weakly coupled terms
describing transversal and longltudmal motions on the
layer, respectively. In practical application this decompo-
sition is quite often possible. In Fig. 17 a typical disposi-
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FIG. 17. Typical disposition of resonance lines and associated
layers. The shaded areas correspond to primary plateaus.

tion of driving and coupling resonances in a model for the
beam-beam interaction is illustrated. Due to parametric
modulation many resonance lines develop multiplets and
thick layers appear. The resulting structure is a network
of guiding resonances with associated primary and secon-
dary plateaus. Long-range diffusion along layers will be
observable whenever the primary plateaus are sufficiently
close to each other. If we assume that the local environ-
ment near primary plateaus can be described by a Hamil-
tonian of the type (7.1) with analogous parameter values
and a coupling coefficient, say, ten times smaller than the
perturbation strength, the diffusion over a primary pla-
teau will take approximately 5 10 interactions between
beams, that is, a few seconds. Diffusion over secondary
plateaus will instead take an interval of time several or-
ders of magnitude larger in accordance with (7.18). How-
ever, we remark that in realistic models the driving per-
turbation is itself modulated. In such a circumstance it
can be shown that the diffusion rate over secondary pla-
teaus is considerably enhanced (Chirikov et al., 1984).
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