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The study of dispersion relations for external modes in molecular and complex ionic crystals is, reviewed. The concept
of external modes is introduced, so that the formal theory may be developed along the lines of standard Born—von K4rman
formalism. The studies reported thus far in the literature are then surveyed against the background of the formal theory.
The role of macroscopic electric fieMs in relation to external modes is next discussed, and the work of Kellermann is
generalized to obtain Coulomb coeKcients connected with external modes in complex ionic crystals. Finally, the group-
theoretical aspects are considered, and the recent work of Maradudin and Vosko is extended to cover the external modes.
A detailed illustrative example is also provided.
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I. INTRODUCTION

The study of vibrations of atoms in crystals has been
approached from various angles. Broadly speaking, we
can identify two schools of thought. On the one hand,
there were those who were interested in studying
the details of the interatomic forces and conhned

their attention to crystals with relatively simple struc-
tures and with a small number of atoms in the primitive
unit cell. In this way, they could concentrate on the
basic physics of interatomic forces, keeping to the
barest minimum the complications arising out of the
degrees of freedom of the problem. Such eGorts have
been amply rewarded, and thanks to a good interplay
between theory and experiment, progress has been
made to the extent that the dynamics of at least the
crystals of simple structures may be discussed on the
basis of a detailed quantum mechanical description of
the electrons (Martin, 1968, 1969; Gliss and Bilz, 1968;
Toya, 1958; other relevant references may be found in
Joshi and Rajagopal, 1968) . On the other hand, there
were others (mainly molecular physicists and spec-
troscopists) who were interested in crystals containing
well-bound molecules and ions, notwithstanding the
fact that such crystals generally tend to have compli-
cated structures and a large number of atoms in the
primitive cell. The studies of this school were directed
primarily towards understanding the dynamics of
molecules and ions in crystalline environment as
opposed to their behavior in free conditions. Experi-
mental information came mainly from spectroscopic
investigations, and the data were often analyzed using
the picture of an individual molecule interacting with
its environment rather than in terms of cooperative
vibrations of all atoms in the crystal, as discussed by
the other school.

It is clearly unsatisfactory to have such radically
different kinds of theoretical descriptions for diferent
types of crystals. It turns out that the dynamics of all
categories of crystals, irrespective of their structure,
can in fact be discussed using the same formalism,
viz. , the Born-von Karman formalism (Born and
von Karman, 1912; Born and Huang, 1954, frequently
abbreviated hereafter as BH), used extensively by the
erst school. In this, one assigns three degrees of freedom
to every atom in the crystal, sets up the equations of
motion, and then solves them to obtain the vibrational
displacements of atoms. There are, however, serious
limitations in applying the formalism in practice to
complicated crystals of the type which generally interest
molecular physicists. In the first place, there is the
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Cl ON ~H
FIG. 1. Structure of NH4Cl in the ordered (CsC1) phase.

computational difficulty arising from the large number
of degrees of freedom per unit cell. Secondly, the
physical picture of molecules executing motions as a
whole like translational oscillations, rotational oscilla-
tion or librations, etc. , is completely lost and can be
constructed only retrospectively after numerical solu-
tions for the displacements are available.

Fortunately, there exists yet another approach for
complex crystals, which combines the best of both
worlds. In this, one identifies a priori the well-bound
molecules and polyatomic clusters like ionic radicals
(frequently referred to hereinafter simply as "molecular
groups") in the crystal and treats them as rigid bodies
capable not only of translation but also of rotation.
Coupling is then allowed for between all the various
units in the crystal, i.e., the various atoms which have
individual identity (if there are any such atoms in the
crystal) aswellas the molecular groups, and the effects of
crystal periodicity are taken into account in the same
way as in the Born—von Karman formalism. One thus
obtains the so-called external modes which involve not
only the vibrations of the single atoms but also the
rigid-body motions of the molecular groups. The
effects of nonrigidity of the molecules or ionic clusters
may be examined separately, once again allowing for
coupling between diferent units and for crystal
periodicity. This leads to the interval modes. In this
language, the spectroscopic experiments mentioned
earlier study special cases of internal and external
modes.

Although these concepts have existed in the literature
for a long time, the mathematical framework, especially
for the study of external modes, was not fully developed,
and for many years these ideas were used merely for
the arithmetrical enumeration of the number of
external and internal modes associated with a given
crystal. As regards the external and internal modes, the
former generally have lower frequencies and are more
interesting since they strongly depend on intermolecular
forces. In recent years, a beginning has been made in
the detailed study of external modes, both theoretical
and experimental, and this article will survey these
developments emphasizing the theoretical aspects.
Additionally, clari6cations will be oGered concerning
several-points which do not seem to have received
sufficient attention so far. Our discussion will cover not

FBI,E I. Frequencies of the NH4+ ion.

Vibration
Isolated ion+

(cm ')
In crystal

(cm ')

4

n (nondegenerate)
v2 (doubly degenerate)
v3 (triply degenerate)
~4 (triply degenerate)

3033
1685
3134
1397

3048b
16830
30860
1402e

a Herzberg (1945).
Krishnan (1947)

c Wagner and Hornig (1950).

' NH4Cl has several phases. Figure 1 corresponds to the ordered
phase (often called the CsCl phase) which exists below 242.2'K.

only molecular crystals like hexamine, naphthalene, etc. ,
in which all the molecules are identical, but also inor-
ganic crystals like NH4C1, CaWO4, and LiC104 ~ 3H20,
etc., in which one may identify both individual ions as
well as well-bound molecules and ionic clusters. We shall
use the term "complex crystals" to cover compre-
hensively all these different categories.

The formal theory of external modes closely follows
standard Born—von Karman theory in many respects.
An elementary account of the latter is nowadays an
integral part of all solid state texts (see for example,
Kittel, 1966; Ziman, 1965; Seitz, 1940) and we shall
suppose that the reader is familiar with the basic
concepts. More detailed accounts may be found in the
review articles by Blackman (1955), Cochran (1963),
Leibfried (1955), Cochran and Cowley (1968), and in
the monographs by Born and. Huang (1954), Mara-
dudin, Montroll, and Weiss (1963) (abbreviated
MMW), and Ludwig (1967).

Before embarking on the formal theory of external
modes, it is useful to consider the qualitative aspects
of treating the dynamics in terms of internal and
external modes vis-a-vis the standard Born —von

'

Karman approach. This is best done with a speci6c
example, and the crystal we shall consider is NH4C1.

Figure 1 shows a portion of the NH4Cl lattice. ' The
primitive unit cell is cubic and contains one molecule of
NH4Cl, i.e., six atoms, resulting in 18 degrees of
freedom, In the conventional Born-von Karman
scheme, therefore, there will be 18 branches to the
phonon dispersion relations.

In the external-mode approach, on the other hand,
one views the primitive unit cell as containing a Cl
ion and one rigidly bound NH4+ ion, with a total of nine
degrees of freedom, six of which correspond to the
translational degrees of freedom of the Cl and NH4+
ions, and the remaining three to the rotational degrees
of freedom of the XH4+ ion. The dispersion relations
obtained on this basis will have only nine branches
called external brueches, as opposed to the 18 branches
in the conventional formulation.

The external-mode approach thus focuses attention
on only part of the problem, and clearly some informa-
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tion is lost in reducing the degrees of freedom and
attempting a simplification. The degrees of freedom
suppressed are those in which the different atoms of the
NH4+ ion move relative to each other, while preserving,
however, the center of mass of the ion. Such motions
are referred to as internal vibrations, and in the isolated
NH4+ ion these nine vibrations manifest as four distinct
frequencies of which some are degenerate. These
frequencies have been measured for the ion in solution,
and are listed in the second column of Table I.They are
fairly large compared to the usual scale of vibrational
frequencies in crystals and refiect the strong binding of
the N—H bond. (For comparison, the highest frequency
in NaI is 200 crn '.)

In crystalline NH4C1, the internal vibrations of the
diferent ammonium ions are coupled and are propa-
gated as waves, resulting in nine ietemal branches.
The third -column of Table I shows some of the fre-
quencies in NH4Cl measured in spectroscopic experi-
ments. These pick out mainly the g= 0 modes, i.e., the
modes of zero wave vector, and the near equality of the
frequencies listed with those of the isolated ion indicates
that these modes correspond essentially to internal
vibrations of the ammonium ion. Further, we see that
the frequencies are barely altered by the crystalline
environment. This in turn suggests that in NH4Cl the
forces within the NH4+ ion are much stronger than the
NH4+ —NH4+, NH4+ —Cl, and Cl=Cl forces. In view of
this weak interionic coupling relative to the intraionic
forces in NH4+, one also expects the internal vibration
branches to be relatively Qat and dispersionless. Thus
the fact that nine branches out of a total of 18 have
virtually the same frequencies as those for an isolated
ion shows that nothing much will be lost if we suppress
these branches altogether. This is precisely what we
do in the external-mode approach to the dynamics of
complex crystals.

Generalizing the example of NH4Cl, we may say that
whenever well-bound groups of atoms can be identified,
it is advantageous to regard them as rigid, and thereby
simplify the problem. The basic physical criterion for
viewing a group as well bound is that the forces coupling
atoms within the group should be much stronger than
those coupling the atoms of the group to the remaining
atoms in the crystal. Experimental evidence for the
existence of such a situation include

(i) close similarity in the vibrational frequencies of
the isolated group and those of the group in the crystal
(e.g. , as in Table I);

(ii) large differences between the scale of frequencies
associated with internal vibrations of bound groups and
those involving other types of motion. In the case of
NH4C1, for example, it is known experimentally that
the largest frequency not involving internal vibrations
is ~390 cm ', which is to be compared with the value of

1400 cm ' for the lowest internal vibration frequency.

Tbvs the existence of two different scales of forces and

consequently of two diferent domains of frequencies
enables us (at least to a good 6rst approximation) to
view them separately and in isolation of each other.
We could suppress the internal degrees of freedom of the
various clusters and study the waves set up by the
coupling of the rigid-body displacements, both linear
and angular (where appropriate), of the different
groups. This leads to the external branches of the
phonon spectrum of the crystal, and often these are
physically the most interesting ones. Should the need
arise, we could examine separately the effects of non-
rigidity. This may be done by first considering the
internal vibrations of one cluster and then allowing for
the coupling of vibrations in different clusters, thereby
obtaining the internal branches of the phonon dis-
persion curves (Davydov, 1962). Such branches will

generally be rather fiat owing to the relative weakness
of intermolecular forces as compared to intraionic or
intramolecular forces. The analysis could, if necessary,
be carried even further by allowing for coupling between
the external and internal modes via some perturbation
scheme, recovering at this point more or less complete
identification with the Born—von Ka,rma, n approach
where no such compartmentalization is made.

In general, if a complex crystal has p, atoms which
have individual identity, and v nonlinear relatively
well-bound clusters in the primitive unit cell, then
there will be (3p+6v) external branches. ' Three of
these will be the so-called acoustic branches and will

tend to zero frequency as q ~0. The remaining
(3p+6v) —3 external branches behave like optic
branches in that they tend to finite frequencies as q

—+0.
If e be the total number of atoms in the primitive cell,
then it follows that the number of internal branches
equals 3n —(3p+6v) . These also will have the character
of optic branches.

Our attention in this article will be confined to the
external modes, and in the following sections we shall
discuss their various aspects. In Sec. II we develop a
Born —von Karman-type formalism for external modes.
This is followed by a review in Sec. III of the studies
reported thus far (both experimental and theoretical)
concerning dispersion relations for external modes in

complex crystals. The effects of electric fields set up by
the vibrations are examined in Sec. IV, while the group-
theoretical aspects are discussed in Sec. V. The con-
cluding section presents a summary. It must be men-

tioned that sometimes the standard Born-von Ka,rman
treatment is given a molecular twist by expressing the
interatomic forces in terms of bond stretching, bond
bending, torsion, etc. The dynamics of diamond.

(Musgrave and Pople, 1962; McMurray et at. , 1967),
polyethylene (Tasurni and Shimanouchi, 1965), and
crystalline HC1 (Trevino et a/ , 1968) have .been
treated in this fashion. In our version of introducing a

'This number will be modifIed if there are linear molecules
present since linear molecules have only five external degrees of
freedom as opposed to six for nonlinear molecules.
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molecular picture, some degrees of freedom are com-
pletely suppressed unlike the cases just mentioned.

II. FORMAL THEORY

A. Dynamics in the Fixed Frame

In this section we shall discuss the formal aspects of
the dynamics of external vibrations in complex crystals
in the harmonic approximation, using appropriate
extensions of the traditional Born-von Karman
approach to lattice dynamics.

We begin by supposing that the primitive unit cell
contains

(I) p, single atoms or ions labeled by the index a

ranging from 1 to p, and
(II) v well-bound molecular groups labeled x=

(t+1) "., (t+~).
For simplicity, we shall assume the polyatomic clusters
to be nonlinear so that they have six external degrees of
freedom each. A linear molecule has only five degrees
of freedom since two coordinates alone are sufficient to
specify its orientation, making one of the rotational
degrees of freedom redundant. We shall refer to both
types of entities I and II as vibrating units. The crystal
thus has (p+v) sublattices' containing both single
ions and molecular groups and has (3@+6m) degrees of
freedom per unit cell.

The next step is to write down the vibrational
Hamiltonian for the external vibrations. This requires a
convention for the specification of the displacement
components. Several choices are possible, two particu-
larly useful ones being the following: In the first the
displacements, both linear and angular, are referred
to a set of Cartesian axes 6xed to the crystal. This frame
of reference will frequently be referred to hereinafter
as the "fixed frame. "While the Cartesian axes can be
chosen arbitrarily with respect to the crystallographic
axes, it is convenient and useful to mak. e the choice in
conformity with some accepted convention say, as
recommended by the Standards Committee of IRK
(1949) or as given in the Intermatioea/ TaMes of X-ray
Crystallography (Londsdale, 1952). Alternatively, the
displacements of each vibrating unit may be referred
to a set of local axes oriented so as to coincide with the
principal axes of the moment-of-inertia tensor of the
concerned unit. This system of axes will be referred to as
the "principal-axes frame. " Both systems have their
own usefulness. For the present, we shall consider the
dynamics with the displacements specified in the
6xed frame. This formulation is useful especially if one
wants to go to the long-wavelength limit and explore
the connection with elasticity theory. It is also con-
venient for developing analytic expressions for the con-

' Usually each sublattice site is thought of as being occupied
by only one atom. We generalize the concept by supposing that
the sites are occupied by vibrating units de6ned above.

tributions to the dynamical equa, tions arising from
Coulomb interactions in ionic crystals (Sec. IV) .

The displacements (both linear and angular) in
which we are interested are small displacements. By
this we mean that the linear displacements of the units
from their respective equilibrium positions are small
compared to typical interunit distances. Similarly the
angular displacements will be supposed to be essentially
infinitesimal so that they can be represented by
vectors along the axes of rotation having magnitudes
equal to those of the rotations. Further, the direction of
such a vector is along that of the advancement of a
right-handed screw (e.g., a counterclockwise rotation
by 8@ about the Z axis will be represented by a vector
of appropriate length along the Z axis).

Both linear and angular displacements are thus
represented by vectors. There is, however, an important
difference in their transformation properties under
inversion. Whereas vectors corresponding to linear
displacements change sign under inversion, those cor-
responding to angular displacements do not. The former
are called ordinary or polar vectors, and the latter as
pseudo- or axial vectors. It can be shown (Goldstein,
1953) that under an orthogonal transformation S-like
rotation, reQection, roto-reQection, etc., an axial vector
u" transforms as

u"~u"=Su' if S is a proper rotation

if S is an improper rotation,

(II.A.1a)

where an improper rotation implies a compound opera-
tion involving a pure rotation and inversion. Since the
determinant of S is &I according as S is a proper or
improper rotation, (II.A.1a) is frequently written

u"=
)
S

(
Su". (II.A.1b)

A.1 Vibration Hamij. tonian

where X(k) represents the equilibrium position of the
atom k with respect to the center of the mass of the
unit ~; X(~) is the equilibrium position of the center of
mass of ~ with respect to the cell /, and X(t) is the
position vector of the cell concerned. For type I units,
X(k) =0, and clearly

X(kk)~X(t~).

The linear and angular displacements will be denoted,
respectively, by u'(t~) and u"(4), the superscripts
emphasizing their character explicitly.

The kinetic energy T of the crystal is given by

Let X(t~k) denote the equilibrium position of the
kth atom in. the ~th unit in the tth cell. X(kk) can be
written as

X(td:) =X(t)+X(~)+X(k), (II.A.2)
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(treating vibrating units of type II as rigid bodies)

(p,+v)
T=~2+ g g m„$u„'(1r) j'+-', P P g 8 p(~)u "(1~)u~"(1~) (II.A.3a)

l «=1 a=z, y, a l «~(p+1) e,P x,y, z

(p+v)

l ~(1+1)l «=1
=-; g g rr4Lu'(l~) .u'(1K) j+2 Q Q ll" (1K) ~ d(~) u" (l~), (II.A.3b)

using tensor notation. Here m„ is the mass of the zth unit, and 8 p(~) the arith element of the moment-of-inertia
tensor. The dots on top denote diGerentiation with respect to time.

Since the displacements are considered to be small, the potential energy 4 can be expanded in a Taylor series
in the displacements as follows:

C'= C'o+ C'i+ C'2+

(p,+v) (p+v)
=C'o+'Z Z Z4-'(1 ) -'(1 )+ Z Z Z4-'(«) -"(1 )}

l «(y+1) a

(P+&) (P+&) (Iu+&) (p+~)
+-', {Q Q Q QP p"(1K 1K')'u (1K)up'(1'~')+ Q Q Q QP p'"(1~;1V)u '(1~)up'(1'K')

llew «1 «i 1 Np

(p+n) (p,+v)

l li «=1 «i (p+1) nP

(fJ+~) (0+&)

+ Q Q Q Q Q p" (1K; 1 K )u (1K)u (1 K )+ g g g P @ p""(1~;1V)u "(4)up'(1'K ) }
ll~ «=(~+1) «I-1 ~P ll~ «=(@+1) «~=(p,+1) nP

+higher-order terms. (II.A.4)

C~Cp+C'2. (II.A.6)

It is now a simple matter to formulate the equations
of motion from the Hamiltonian

H= T+Co+C2. (II.A.7)
4 In practical applications, it is important to ensure that this

requirement is met within the crystal under investigation. In
many crystals with weak binding, the molecules exhibit relatively
large amplitude rotational motions, and in such cases it is meaning-
less to consider a small amplitude treatment as above. A notable
example is solid hydrogen in which the molecules exhibit very
nearly a free rotation spectrum. This requires quite diferent
methods. See van Kranendonk and Sears (1966).

The leading term Co represents the energy in the
equilibrium configuration, and the coefficients P„(1x),
etc., are given by the derivatives of the potential
energy in the equilibrium configuration as follows:

P '(1~) =BC/Bu '(lr) {p, i=t, r; (II.A.Sa)

@ p"'(4; 1'~') =cPC/Bu '(1~)Bup" (1V) ip,

i, i'= t, r, etc. (II.A.5b)

The symbol ~o signiffes that the derivatives are to be
evaluated with all vibrating units in their respective
equilibrium positions. Since we have assumed the
displacements to be small, we may terminate the
series at the second-order term C2. This, as we shall see
later, will lead to harmonic vibrations, and for this
reason the approximation is called the harmonic ap-
proximation. The coefficients P '(1~) and Q '(4)
represent the force and torque, respectively, on the
unit (1~) in the undistorted crystal, and niust obviously
vanish since the con6guration corresponds to equilib-
rium. The potential energy in the harmonic approxima-
tion is thus given by

Before doing so, however, it is necessary to consider
some of the properties of the quantities @ p"'(1L; 1V)
which have the significance of force constants (this will
be seen explicitly after formulating the equations of
motion) .

Q p"'(1~; 1V) = Q p'*'(1+L, x; 1'+L, «. '). (II.A.Sa)

In particular,

P p"'(la, 1'~') =P p"'(1 1', ~; Ox')—
=g p"'(0~; I' 1, ~'). (II.A.S—b)

(ii) Making the reasonable assumption that the
potential function C is well behaved, we find that the
force constants have the permutation symmetry

"'(1~;1'~')=p "'(1V) 1x) (II.A.9)

since the order of differentiation in (II.A.Sb) is im-
material.

(iii) Crystalline symmetry bestows important proper-
ties on the force constants. Let g„={S{ V(S)+X(m) }
denote an operation of the space group of the crystal,
i.e., an operation which carries the crystal into coinci-
dence with itself. Here S is the rotational part and
corresponds to either a proper or an improper rotation.
X(m) is a lattice translation, and V(S) a fractiona, l

translation which depends on the nature of the crystal
and S. In crystals belonging to symmorphic space
groups, for example, V(S) is always zero. In crystals

A.2 Properties of Force Constants

(i) Due to the translational symmetry of the lattice,
we have
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containing glide and screw operations, V(S) is nonzero
for some space group elements.

Let us suppose that under the action of 8 the
vibrating unit at X(l«) is carried to the one at X(LE).
(Clearly the units in the Eth sublattice must be
chemically identical to those in the sublattice «). We
then have

S„X(l«)=X(LE)
=SX(l«)+V(S)+X(m) . (II.A.10)

Let u'(l«) and u" (lV) denote the displacements of
the (l«) th and (lV) th units, respectively. The deforrna-
tion energy associated with this particular pair is

2 g @„p'"(l«;lV)u '(l«)up" (l' «). (II.A.11a)
a,p

Suppose now that under g„, the units (l«) and (lV)
are carried over to (LE) and (L'E'), respectively. The
displacements u'(l«) and u" (l'«') will be carried over
to these sites as

C'(S)Su'(4) and C"(S)Su" (l'«'),
where

C'(S) = 1 for i =t
=

(
S

~

for i =r. (II.A.12)

The potential energy associated with the pair (LK) and
(L'E') in the transformed configuration is

-', Q Q P„„"'(LE;L'K') S„u '(l«) C'(S)
atsP lJ»

XS„pup" (lV) C"(S) . (II.A.11b)

Clearly this must equal (II.A.11a), whence

@ p"'(l«; lV) = g C'(S) S„.y„„"'(LK;L'lC')

XS„pC"(S), (II.A.13a)

or more compactly,

$"'(1« l'«') =C'(S)S"$"'(LK L'E')SC"(S)

(II.A.13b)

where tr denotes transpose. Observe in passing that due
to the connection between the vibrating units at (l«)
and (LE) via S„, a relationship also exists between
their moment-of-inertia tensors. Proceeding as above,
and comparing the rotational kinetic energy

—,
' P u.p(«) u."(l«)up" (l«)

before transformation, with the energy

-', Q u„„(IC)u„"(LK)u„"(LE)

=-,'P P C"(S)S„.u„"(l«)d„„(E)S pup" (l«)C"(S)
p» u,p

after transformation, we obtain, remembering

(II.A.14a)

A similar exercise involving the translational kinetic
energy yields

(II.A.14b)

a result which is intuitively obvious.
In addition to the properties discussed above, there

are other constraints on the force constants, due to the
invariance of the potential energy under inhnitesimal
translation and rotation of the crystal as a whole. These
are best discussed after we have set up the equations of
motion.

A.3 Equations of Motion

The equations of motions will be derived from (II.A.7) using a classical approach, the transition to quantum
mechanics being indicated later. Using Hamilton s equations, we directly obtain

m„u '(i«) = linear force along n on (i«)
= —(g Q g @ p"(4; lV) up'(l'«')

p

+ Q Q +gap"(l«; l'«')up"(l'«')), for all l, x, and cx, (II.A.15a)
E~ ~~.II P

(«) u '(l«) = torque about n on (l«)
= —(Q Q Q Q p"'(1«; l'«') up'(l'«')+ Q Q Q P p"'(1«; 1' )up«" (l'i&')

l,~ ttf p I,~ .~.II P

+ Q d p(«)up" (l«)), (II.A.15b)

for all l and n, and ~ restricted to type II units.
In the above equations as well as in all subsequent ones, it will be assumed that the summations over the sublat-

tice index «' runs over both types I and II, i.e., from 1 to (p+i) except when indicated as «'Q II, in which case the
range of «' is restricted to (ted+1) ~ ~ ~ (ti+v).

Equation (II.A.15) is similar to the corresponding equation in standard lattice dynamics with one important
additional feature, viz. , we have here equations of motion for angular displacements also. Further, due to the
coupling between linear and angular displacements via the constants g p" and P p"', the vibrational motions will
in general be composed of both linear as well as angular oscillations (also called torsional oscillations or librations) .
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In special cases, however, the admixture may be small and even zero. It is also worth drawing attention to the
presence of off-diagonal terms in the moment of inertia in (II.A.15b) . This is a consequence of the fact that the
moment-of-inertia tensor of a rigid body with respect to an arbitrary set of axes has, in general, off-diagonal
elements. One of the advantages of the principal-axes formulation to be discussed later is that the oG-diagonal
terms 8 p(rr) (n&P) are absent.

From (II.A.15a) we see that P p" (tran; I'rr') represents the negative of the linear force on (tran) along the n direction
due to unit linear displacement of (t rr') along p direction; likewise, @ P(k; t'rr') is the negative of the torque about
the n direction on (le), exerted by unit linear displacement of (t'rr') along P. Similar meanings can be given to
P p'" and @ p"'. It is useful to note that @ p", (P p'", @ p"r), and g p" all have different dimensions.

A.4 Sum Rules

We are now ready to consider the constraints arising from the invariance of the potential energy under infini-
tesimal translation and rotation. Suppose first that the crystal is given a uniform infinitesimal translation cp, say,
i.e., u'(tran) —=0 for rr& II, and u '(k) = epr'r p, for all / and ~. Such a translation produces no restoring forces on any
vibra, ting unit, and from (II.A.15a) we therefore have'

0= (g g y.p" (lrr; ('rr') )ep,

or, since ep is arbitrary,

Q g P p" (t~; t'rr') = Q Q g p" (Orr; t'Ir, ') =0, for all a, )9) and ~. (II.A.16)

Similarly, from (II.A.15b) we have

Q P y p"'(0~ l'Ir') =0
«

Using (II.A.8) and (II.A.9) we also have

Q Q p p"(Olr'; t'~) =0,

for all n, P, and ~F 11.

for. all n and P, and ~Q II.

(II.A.17a)

(II.A. 17b)

Next let us suppose that the crystal as a whole is subjected to an infinitesimal rotation 8 about the origin. As a
result, the centers of mass will undergo displacements 6 xx(k), and in addition, all vibrating units of type II
will themselves be rotated through 6. For purposes of illustration let us suppose that the rotation is about the x axis.
The center-of-mass displacement of the (k)th unit is then given by (0, —0,X,(k), 8,X„(k)).Remembering that
rotation of the crystal as a whole does not produce a restoring force on any vibrating unit, we obtain from (II.A.15a)

0=8, f Q Q LP, "(Olr; t'v. ') X„(lV)—y „"(Olr; t'lr') X,(lV) ]+ Q Q P,"(OK; I rr ) }.
Z& ~~.iZ

Since 8, is arbitrary, the quantity within the braces must vanish. The result is readily generalized to give

Q g PQ g"(0~ t'rr')X (t'~') —@ "(Orr Prr')Xg(t, 'rr')]+ Q Q $ p'"(Orr; tV) =0. (II.A.18)«e.ii
This holds for all values of rr. The indices n and P can be x, y, or s. However, for a given value of P, (P, y, 6) are
cyclic order of x, y, s as in the example discussed above.

In a similar fashion, we obtain from (II.A.15b)

ZZB., (0.;t'.')X, (t' ') —y.,«(0.;I' ')x, (t' ')]+ Z Z y-p""(0.;t'") =0,
«

n, P = x, y, s; (P, p, 6) cyclic order of (x, y, s); rrQ II. (II.A. 19)

The sum rules (II.A. 16)-(II.A. 19) are important in practical work, especially in the determination of the
"self" force constants P p"'(Orr; Orr) .

A.S Solution of the Equations of Motion

We return to the equations of motion (II.A. 15), and guided by the periodicity of the crystal, try the wavelike
solutions

u '(k) = U '(~
~ q) exp IiLq X(t) —co(q) t]}. (II.A.20)

"A less restrictive sum rule can be obtained by considering the invariance of the energyas such, rather than the force equations
as above. In that case one obtains

z z @.,«(t' t'.') =o.
Ztr liat

See also MMW, p. 7.
'In standard lattice dynamics, it is well known (see, for example, Lax, 1965) that the corresponding sum rule does not

exhaust all the consequences of rotational invariance. There are in fact other constraints that the force constants have to
fu1611, known as Born—Huang conditions, which also arise from rotational invariance (Lax, 1965). The analogous constraints in
the case of complex crystals do not appear to have been explored fully. LSee, however, Deprez and Fouret (1966) and Parlinski
{1968l.g
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+ P QB p'"(q, «') Up'(z'
~ q),

~~~zr p

&'(q)&-(&) U-"(&
I q) = & & &-~"'(q «') Us'(&'I q)+ & 2 &-s"(q «') U~"(&'I q)

p .~~zz p

~'(q) Z & p(") Ue"(~
I q)

for all n and ~, (II.A.21a)

for all n and z& II, (II.A.21b)

Observe that while U (~
~ q) has the dimensions of length, U "(x

~ q) is dimensionless. On substituting the above
solution in (II.A.15), we obtain

~'(q) ~ U-'(&
I q) = Z Z &-~"(q «') U~'(~'

I q)
p

in which
8 p"'(q, «') = Q g p"'(0~; LV) exp Liq X(l') j. (II.A.22)

The simultaneous equations (II.A.21) in the wave amplitudes can be written in matrix notation as

(q) III(q) = B(q)u(q), (II.A.23)

where m and B(q) are (3p+6v)-dimensional square matrices, while U(q) is a column matrix with (3p+6v) ele-
ments. Depending on one s preferences, the matrices could be arranged in various ways, one possible scheme being

B"(q, 11) " B"(q 1p) B"(q, 1(p+1))B"(q 1(p+1)) " B"(q, 1(p+~))
~ ~ ~ ~ ~ ~ ~ e ~ ~ ~ ~ ~ ~ ~ ~ ~ e ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ e ~ ~ ~ ~ ~ ~ e e ~ ~ e ~ ~ ~ ~ ~ ~ ~ ~ e ~ ~ e ~ ~ e ~ ~ e ~ ~ ~ ~ ~ e ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

B"(q, p1) " B"(q, pp) B"(q,p(p+ 1))B"(q p(p+1) ) " B"(q, p(p+~) )
B(q) =

B"(q, (p+1)1) ~ B"(q, (p+1)p) B"(q, (p+1)(p+1)) B"(q, (p+1) (p+r))
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ e ~ e e ~ ~ ~ ~ ~ ~ e ~ ~ e ~ ~ e ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ e ~ ~ ~ ~ ~ ~ e ~ ~ e ~ ~ e ~ ~ e ~ ~ ~ ~ ~ o ~ ~ e ~ ~ o ~ ~ e ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

B"(q (p+ )1) " B"(q (p+ )p) B"'(q, (p+ )(p+1)) " B'"(q, (p+ )(p+ ))
(II.A.24)

Each submatrix above is a 3)&3 matrix with elements
as in (II.A.22). The matrix m can be built up in a
similar fashion out of the submatrices m"'(«'). In this
case, all submatrices except those. along the leading
diagonal are null matrices. The diagonal submatrices
are given by

m"(«) =m„lq (for all ~), (II.A.25a)

m"'(«) = d(z) (~&II). (II.A.25b)

where t 3 is the three-dimensional unit matrix. Also, we
have

U, '(~=1
[ q)

U„'(~=1 [ q)

U, '(~=1
( q)

U, '(~=p,
i q)

Equation (II.A.23) is the eigenvalue equation for the
present problem, and is to be compared with the cor-
responding equation

D(q)II(q) = '(q)U(q), (II.A.27)

D p(q, kk') = g (mimi, ) '"
~i

)&P s(0k; t'k') exp Piq X(l') 7 (II.A.28)

in standard Born—von Karman treatment. The im-
portant diGerence is the appearance of the matrix m in
(II.A.23) in contrast to (II.A.27). Such a matrix is
absent in the latter due to the use of mass-weighted
displacements. A corresponding formulation of the
present problem is not possible in the fixed frame due to
the presence of off-diagonal elements 8 s(~).

The eigenvalues &oP(q) $j=1, 2, ~ ~ ~, (3p+6v)] of
(II.A.23) are obtained by solving the determinental
equation

U(q) = (II.A.26)
i B(q) —a)'(q) m i=0, (II.A.29)

U, '(~=p+1
~ q)

U„'(a=p+1
~ q)

U.'(~=p+1
~ q)

U;(a=p+1
i q)

U,"(~=p+v
~ q)

which follows from the requirement that the wave
amplitudes U(~

~ q) have nontrivial solutions.
Now B(q) is Herrnitian, i.e.,

8 p"'(q, a') =LLBp "'(q, rc'z) j". (II.A.30)

This follows readily from the property (II.A.9) of the
force constants. I'urthermore, rn is real symmetric, i.e. ,

nz p"'(«') = esp„"'(x'~) .
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This is evident from the fact that

m p («)=m p («)8 8(K K) (II.A.31K)

Equations (II.A.33) and (II.A.34) can be combined
into

with

i = t, for all ~,

i = r, for L& II. (II.A.31b)

Z p-'*(~
I qj)~-p"(«) pp'(~

I qj) =~~; (» A 35)
aPxi

By introducing a (3p+6v)-dimensional matrix e(q)
de6ned by

e+(qj)me(qj') =0 (II.A.34)

In view of these properties of B(q) and m and the
fact that m is positive definite, it can be shown that the
eigenvalues ~P(q) are real. See also Appendix I.)
Furthermore, for stable crystals (our prime concern
here), ~, (q) is positive. This imposes some restrictions
on the force constants which we shall assume to hold.

Once the eigenvalues coP (q) are known, the associated
(complex) wave amplitudes U(q j) can be solved for by
introducing the value of a&P(q) in (II.A.21) and
(II.A.23), subject to the usual limitations of homo-
geneous equations (Margenau and Murphy, 1956).
A normalization condition is subsequently imposed to
obtain a normalized eigenvector, but this is applied
not on U(q j) but on a related quantity. The details are:
Introduce first a quantity e '(li

I qj) via the relation

U '(~
I qj) = a(q j)e '(v.

I q j), (II.A.32)

such that u(qj) has the dimensions of length. This
means that whereas e' is dimensionless, e" has the
dimensions of inverse length. It is obvious that the
column matrix e(q j) with components e '(s

I qj) is an
eigenvector belonging to the eigenvalue &d,'(q) just as
U(q j) is. The normalization constraint is now imposed
on e(q j) rather than on U(q j) and is chosen as

e+(qj)me(q j)= const. (II.A.33a)

In view of the remarks just made concerning the
dimensions of e '(a

I qj), it is clear that the left-hand
side of (II.A.33a) has the dimensions of mass. The
constant on the right-hand side is therefore conveniently
chosen as M, the mass of the primitive unit cell. In
component form, (II.A.33a) reads

& &.'*('I qj)~ p"(«) pp'(~
I qj) =m. (».A 33b)

nPrr, s

As in standard lattice dynamics, the eigenvectors
e(q j) corresponding to different jvalues can be chosen
to be orthogonal but in a slightly diferent sense, i.e.,
we can construct e(qj)'s such that

e(q) = [e(q, 1), e(q, 2) ~ ~ ~ e(q, 3y+6v)], (II.A.36)

(II.A.35) can be succinctly written as

e+(q) me(q) =M1 &»+6,&, (II.A.37)

which is to be compared with the unitarity condition

e+(q)e(q) =e(q)e+(q) =1& (II.A.38)

of standard lattice dynamics. In other words, the
eigenvectors of the present problem are not orthonormal
.in the same sense as the eigenvectors of conventional
lattice dynamics. The reason' for this is linked to the
generalized nature of our problem as compared to the
usual one [cf. Eqs. (II.A.23) and (II.A.27)]; further
comments on this are oGered in Appendix I.

In view of (II.A.37), we obtain from (II.A.23)

e+(q) B(q)e(q) =3fQ(q), (II.A.39)

where Q(q) is a diagonal matrix with elements

~1' (q) =~'(q)~' (II.A.40)

The matrix e(q) thus brings both m and B(q) into
diagonal form.

A.6 Most General Solution for Displacement

%e have so far been concerned with finding the fre-
quencies and eigenvectors corresponding to a given
wave vector q. The next question to be considered is
the allowed values of q. The enumeration of these
permitted values is done exactly as in standard lattice
dynamics by starting with a crystal containing T cells
and then subjecting it to the periodic boundary condi-
tions. This leads to E allowed (distinct) values for q
which are distributed evenly in the first Brillouin zone
with a density of [Xv/(2m) '], where v is the volume of
the primitive cell.

The most general solution for the displacement
u '(l~) is obtained by superposing the solution for all
the allowed values of q as below:

N. '(k) =S 'i'gg e '(~
I qj) exp [iq X(l)]a(qj) exp [—i~;(q)l]

=X '12+ P e '(~
I qj) exp [iq X(l)]A(qj). (II.A.41)

Here, the summation over q ranges over the first Brillouin zone. The quantity A (qj) describes the time-dependent
amplitude contributed by the (qj)th mode. The factor E 'i' has been added for convenience. It must be pointed
out that corresponding to each eigenvalue &oP(q), there are two possible solutions &~;(q) for the frequency, and
correspondingly two plane-wave solutions of the form

exp Ii[q X(l)—~, (q)l]I and exp Ii[q X(l)+~,(q)l]I.
However, the plane wave corresponding to (q, —~;(q) ) is equivalent to that for (—q, +~;(—q) ) so that, in



418 REVIEWS OP MODERN PHYSICS ' OCTOBER 1970

building up the most general solution, it is sufhcient to restrict attention to the positive values of frequency alone,
as we have done in (II.A.41) .

Now the displacements zz '(l~) are real. This places an important constraint on the complex amplitude factor
A (qj).Let us first write (II.A.41) as

zz '(l~) =X '" P P Ie '(~
~ qj) exp $iq X(l)]A(qj)+e '(~

~

—qj) exp L
—iq.X(l)]A(—qj)}, (II A.42a)

q)0 j
where q&0 signifies that q is now permitted to range over only one-half of the Brillouin zone. Taking the complex
conjugate of (II.A.42a), we obtain

Pzz '(l~) ]*=X "' P P Ie '*(~
( qj) exp P—iq X(l) ]A*(qj)+e '*(~

(
—qj) exp t'iq X(l)]A*(—qj)}. (II.A.42b)

q)0 j
At this point we use the property

e(—qj) = e*(qj)

(this will be referred to again shortly) which is well known in standard lattice dynamics and which applies in our
case also. This enables us to write (II.A.42b) as

Pzz '(k)]*=1V "' P P [e '(~
~

—qj) exp P
—iq X(l)]A*(qj)+e '(~

~ qj) exp Liq X(l)]A*(—qj)}. (II A42c)
q)0 j

Remembering } zz '(k) 7*=zz '(k), we obtain on comparing (II.A.42c) with (II.A.42a)

A( —qj) =A*(qj). (II.A.43)

The relation (II.A.41) may be inverted to express A (qj) in terms of the I '(l~) s. Multiplying both sides by
1V 'i' exp p

—iq' X(l) ]ep'*(~
~

q' j') mp "(«) and summing over I, x, p, ce, and i, we obtain

iV "' 2 ep'"(~
I
q'j') exp } iq' X(l)]mp "(«)zz '(l~) =1V ' Q A (qj) Ig exp t i(q—q') .X(l)]}

lzcPcr i q2 l

X P ep'*(~
(
q'j') mp "(~~)e '(~

J qj). (II.A.44)

Using the theorem (BH, p. 296)
Q exp } iQ X(l) ]=PA(Q), (II.A.45a)

where

h(Q) =1 if Q=G
=0 if QWG, (II.A.45b)

and G is a vector of the reciprocal lattice, " and remembering further that q, q' in (II.A.44) are confined to the first
Brillouin zone, the right-hand side of (II.A.44) simplifies to

Z ~ (qj )4; Z pp'*(~
~

q'j ') mp-"(«) p '(~
~ qj) =~ (q'j ')~

ql zrupi

We thus obtain (remembering that a, P are durniny indices)

fusing (II.A.35) 7.

A(qj)= (1/M1P') Z e '*(z
I qj) exp L

—iq X(l)]m„p"(LL)zzp'(l~),
lzcnPi

= (1/cVÃ'i') p exp L
—iq.X(l)] I+ e '*(~

~
qj)m„zz '(l~) + Q Q e '~(x

( qj)a p(r&) zzp" (lx) }.
A&II e,p

(II.A.46a)

(II.A.46b)

(i) ~(q) = ~(q+G),
(ii) B(q) = ~*(—q),
(iii) (o (q) =co,z(q+G),

(iv) ~''(q) = '(—q),

(II.A.47a)

(II.A.47b)

(II.A.47c)

(II.A.47d)

A.V Properties in Reciyrocal Space

The properties of 8 (q), &o (q), and e (qj) in reciprocal
space are the same as in ordinary Born—von Karman
theory (Born and Huang, 1954; Maradudin and
Vosko, 1968).Thus we have

(v) e(q j)= &(q+Gj),

(») e(q j)= e*(—qj).
(II.A.47e)

(II.A.47f)

In writing the last relation, we have followed a phase
convention due to Born and Huang (BH, p. 298). In
addition to the symmetries discussed above, there are
others related to the rotational symmetry of the
crystal. These will be mentioned in Sec. V while
dealing with the group-theoretical aspects.

A.s Frequency Distribution

7 Our definition of G is such that it has built. into it a 27' factor, The frequenc distribution is an im ortant uantit
i.e., G.x(l) =2m)&integer. in the discussion of several properties of the crystal, for
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example, thermodynamic properties. The frequency
distribution associated with external modes is de6ned as

g(~) =L&(3p+6v) 3-'Z Z ~(~—~J(q) ) (» A 4»)

The factor
I cV(3p+6v) j ' guarantees the normalization

fg(co)d(v=1.

An alternate expression for g(~) 8 is

'v 1 d5
g(~) =

(3t +6v) (2~)' ~ I
grad t(q) I'

(II.A.48b)

where the integration is over the surface of constant
frequency 5=co. The second form for g(co) is easily
derived from the first (see, for example, MMW, p. 61).

For many purposes, it is convenient to think of g(a&)
as being made up of a translational part and a libra-
tional part. Such a break up can be achieved by the
following definitions:

g'(a)) = f1/1VM(3p+6v) j
X QQ LP .e'*(~

I qj)m„e. '(x I qj)J
q j utt

X8(a)—(u;(q) ); (II.A.49a)

g" ((u) =
I 1/1VM (3p+ 6v) $

x ZZLZ .*( Iqj)~.,()'( Iqj)j
q j np»

X5((v—a&, (q) ). (II.A.49b)

The orthogonality condition (II.A.35) automatically
ensures that

g(~) =g'(~)+g'(~) (II A 5o)

As is evident from the definitions in (II.A.49a) and
(II.A.49b), the amplitude factors serve to project out
the translational and librational components, respec-
tively. If, for example, a given mode (qj) is wholly
librational, then e'(x

I qj) =0 for all ~, and hence the
contribution from that mode to g'(&v) will autorna, tically
be zero.

A.9 Normal Coordinates and Transition to
Quantum Mechanics

Up to this point, our discussion of the dynamical
problem has been essentially classical. We now consider

briefly the transition to quantum mechanics. As is
well known, the quantum aspects of an oscillator are
confined to its amplitude, which in the present instance
means the quantity A(qj). To discuss the quantum
aspects of external modes, therefore, we must first
express the Hamiltonian in terms of A (qj)'s.

From (II.A.3) and (II.A.4) the vibrational Hamil-
tonian (suppressing Co as it merely provides a, baseline)

Numerical techniques for evaluating g(co) (Gilat and Dolling,
1964; Gilat and Raubenheimer, 1966; Raubenheimer and Gilat,
1967) and the singularities exhibited by it (van Hove, 1953;
Philipps, 1.956; Maradudin, Montroll, and gneiss, 1963) have
been widely discussed in the context of standard Born—von
Karman theory. The consideration of these papers are, however,
quite general and apply in full to the g(m) of the present problem.
The interested reader should consult- the references cited for
further details.

+-'M Z "(q)A*(qj)A(qj) (»A»)
qj

In terms of the A (q j)'s, the Hamiltonian has no cross
terms and is the sum of Hamiltonians of simple har-
monic oscillators of square frequencies coP(q). The
A (qj)'s are thus the normal coordinates of the problem.

In a quantum mechanical picture, the A(qj)'s are
regarded as operators, and A*(qj) si~mifies the Her-
mitian adjoint of A (qj) rather than its complex con-

jugate as it does in the classical case. Define now
annihilation and creation operators aqj and aqj+ related
to A(qj) and A(qj) by

A(qj) =L&/2M~t(q) 1'"(~.~+o-.~+), (» A 52a)

A (qj) = (1/t) I &~,(q)/2M''I'(a„—a „+), (II.A.52b)

with aqj and aqj satisfying the commutation relations

topi) oa'i'3=Pa~ ~ oa't'"1=0)

i

�~@i~
~q'i' 2 "D '~qq'

(II.A.53)

(II.A.54)

From this point onwards, the discussion concerning
matrix elements, thermal averages, etc., can be taken
ie toto from existing literature (e.g. , Maradudin,
Montroll, and Weiss, 1963), and does not require
repetition here.

A. IO Force Constants for External Modes in Terms
of Born-von Karman Constants

The force constants P e"'(l~; P~') have been treated.

up to this point merely as formal quantities. Ideally,
one would like to compute their values from a suitably
constructed potential function C for the crystal via
(II.A.5). In practical work, however, they are often
treated as parameters to be determined from experi-
mental data. Nevertheless, in the case of molecular
crystals at least, attempts have been made to evaluate
them on the basis of suitable phenomenological poten-
tials connecting atoms located in. diGerent molecules.
In this context, it is desirable to write formal expressions
for P e"'(l~; l'~') in terms of the conventional Born —von
Karman constants Q e(t~k; l'~'k') . Such a connection is
not easy to establish in the case in which molecules are

is given by

H= 7+42
= Q Q Q L(du*/dt) (lx) m" (m) u'(l~) $

K

+-' Q Q Q Lu'(l~) $"'(lx l'~') u" (P~') j
In writing the above expression, we have, in the

interests of compactness, employed matrix notation.
Thus u'(l~) is the row matrix I n, '(l~), u„'(4), I,'(l~) ],
etc. Using the expansion (II.A.41) and subsequently
employing the orthogonality property (II.A.35), it is
straightforward to show that B transforms to

II= ', M g A-*(qj)3 (qj)
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regarded as nonrigid. In the case of rigid molecules,
however, the relevant formulas are easily derived.

Let us erst write the potential function for the
crystal as

C (. ~ ., X(l»k)+u(l»k), ~ ~ ~ ), (II.A.55)

The components of the cross product are most con-
veniently expressed through the use of the Levi —Civita

where u (t»k) denotes the displacement from the
equilibrium position X(t»k) of the kth atom in the»th
unit in the /th cell. In the rigid-body approximation,
we can write u(l»k) as the sum of the displacements
produced by the center-of-mass translations and by
the rotations, i.e.,

u (l»k) =n '(t»)+Lu" (t») xX(k) j . (II.A.56)

e„„=0, 6yzs 1) &hazy
= —1.

When this notation is used, we then have

{
u" (l») xX(k) $ = P ~,„„u„"(t»)X„(k). (II.A.57)

pv

In the potential function, when (II.A.57) is used, the
second-order term C2 can be expressed as

symbol c» which is defined as follows:

&~p7=0 1f a11y two of tile Calteslall 111dlces n) P, y ale
equal;

=1 if (a, P, p) corresponds to a cyclic order of
(x, y, s);

= —1 if (u, P, y) corresponds to a noncyclic order of
(x, y, s).

Thus, for example, we have

C'g = -', Q Q Q Q P p(t»k; lVk') e (l»k) up(t'»'k')
«I )taI kki nP

=k Z Z Z Z4.s(t»k; t'»'k') {~.'(t»)+ Z ~...~:(t»)X,(k) }{I,'(lV)y P.»,~, (lV)X, (k') }
«I -I kkI ~P [XV

= —', Q Q Q } {Q qb.p(l»k; l'»'k')
I N~'(t») np'(tV)

ll)' )at~I 0;p kkt'

+{p g y.,(t»k; l'»'k') .» X,(k') }u.~(t») I,"(t'")+Ig g y„,(t»k; t'»'k'), „.„X„(k)}I:(t,)»~(t', ')
kkI y6 kk)' Isv

+{ZZ g @.,(t.k;l' 'k').„,.„..X,(k')X„(k)~. (t.)» (t ")j.
kki

trav

In writing the last step, we have manipulated the dummy indices so that the rigid-body displacement components
are indexed by n and P. Comparing the above expression with the second-order term in (II.A.4), we obtain

(II.A.58b)

(II.A.58d)

Q p" (t»; l'»') = Q P p(t»k; l'»'k'); (II.A.58a)
kki

g.p" (t»; lV) = Q Q g, (t»k; lVk') e,s)Xg(k');
kki y8

P s"'(t»; lV) = Q Q g„s(t»k; l'»'k') e„„X„(k); (II.A.58c)
kk)' Pv

@.,"(t»; t'»') = g g g @„,(t»k; teak'). ,».„.„X„(k)X,(k'}.
kki . trav y5

If the Born —von Karman force constants P s(t»k; l'»'k') are known, as from a knowledge of the potential for the
atom pair (l»k l'»'k'), th—e force constants required for external-mode computations can be obtained from the
above formulas.

A.11 Linear Molecules

Ke have pointed out earlier that linear molecules
have only two rotational degrees of freedom. Conse-

quently, if X of the v molecular groups in the unit cell are
linear, then there will be only (3++61—)) external
branches. In computing these using the Axed-frame
formulation, one must eliminate the redundant co-
ordinates.

Let Q,", Q„", and Q," denote the components of the
angular displacement of a linear molecule in the
crystal with respect to a set of axes xys parallel to the
Axed frame. We now choose a set of axes x'y's' such that
the s' axis is along the length of the molecule. With
respect to the new axes, only the x' and y' component
of u' will be nonvanishing. The component along s'
will be zero since a molecule does not have a rotational

degree of freedom about its axis. In other words, if
Q " ", Q„" ", and Q," ~ denote the new components of u",
then Q," ~ =0.Let us formally denote the transformation

by the matrix equation

Q "'
g

Q"'~ =A Q" )

where A represents the orthogonal transformation of
axes (hays)~(x'y's'). It is easily seen that

u,"=—(A, I "+2,u„)iA„.
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This gives the expression for one of the rotational
components in terms of the remaining two. Using this,
all redundant coordinates may be systematically
eliminated from the expressions for kinetic and potential
energy before the equation of motion is formulated.

B. Dynamics in the Principal Axes Frame

A convenient alternate formulation for the dynamics
of complex crystals can be made by expressing the
displacements of the vibrating units with respect to the
principal axes of the moment-of-inertia tensors of the
corresponding units. One of the advantages of this
approach is that the moment-of-inertia tensor 8~(K)
(the superscript I' makes explicit the fact that we are
dealing with the principal-axes frame) has a diagonal
form, i.e., tt pp(K) =8 pg „~(K), and this makes the
dynamical equations somewhat simpler. In particular,
there are automatically only two rotational coordinates
associated with linear molecules, and consequently
there is no need to eliminate redundant coordinates as
in the fixed-frame formulation. Also, the eigenvalue
problem can be transformed into the standard form
quite conveniently.

Some molecular groups (e.g. , H~O) have different
inertia components about the three principal axes, and
consequently the principal axes are uniquely fixed
relative to the molecule. Such groups are referred to as
asymmetric tops in molecular physics. Some ions like
CO3 have two of the principal moments-of-inertia
components equal. For such groups, often called
symmetric tops, only one of the three principal axes is
unique, and the other two may be chosen at will. In
the case of spherical tops (e.g. , NH4+ ion), all the three
principal moments are equal, and the inertia ellipsoid
is therefore a sphere (Goldstein, 1953). Any set of
three mutually perpendicular axes therefore qualifies as
the principal axes of the inertia tensor.

Let us now locate at the center of mass of each
vibrating unit, a set of orthogonal axes such that they
coincide with the principal axes of the moment-of-
inertia tensor, with the additional qualification that
whenever there is degeneracy in the values of the
principal inertia components, the axes are to be chosen
to suit convenience. Thus the axes of all spherical-top
units are chosen to be mutually parallel, and further
parallel to a Cartesian frame suitably chosen relative to
the crystallographic axes. In the case of the individual
atoms, these being point masses, the local axes can be
chosen as we like, and once again it is desirable to have
them all parallel to a Cartesian frame tied to the
crystal. In many crystals, it is possible to choose
the principal-axes frame such that it coincides with
the fixed frame. One example is NH4Cl, in which
such a possibility arises because the NH4+ ion is a
spherical top. Another example is NaNOg, which is an
orthorhombic crystal. In this case, even though the
NO2 ion is an asymmetric top, it happens that its
principal axes are parallel to the crystallographic axes,
and this simplifies matters. In general, however, the

u '(lK) = P Ap (K)up'~(l»),

since A(K) is orthogonal.
Using (II.B.2), we can write

—', Q u "(l»)d,p(K)up" (l»)
lttnP

=-', Q LQ A, (K)u, 'P(l»)7d p(K)

(II.B.2b)

x $Q Agp(K)ug" ~(l») 7

=-' 2 IZ A -(K)~-p(K)A~p(K) I

Xu~"'~(l») us" ~(l») .
Comparing this with the corresponding term in

(II.A.3a), we see that

8„~(K)b,g= Q A, (K)d p(K)A)p(K), (II.B.3a)
eP

or
sp(K) =A(K) 8(K)A"(K). (II.B.3b)

In a similar fashion, it is easy to establish that

(lK' l K') = g A~, (K) p,g"'(l» l K ) Apg(K')
yb

(II.B.4a)

two frames are distinct as, for example, in naphthalene
and LiC104 ~ 3H20.

On referring the displacements to the principal-axes
frame, the kinetic and potential energies assume the
form

T= ,' Q P—Qm„Lu. ' "(l») 7'
I K A'

+-' g Z Z e '(.) Lu "'(l.) 7' (II.B.1a)
l tteII a

C = —'g pQ Qy "' (l»;l'K')u ' (l»)up" (l'K').
&iP «l' ~P ie

(II.B.1b)

In attributing physical meanings to the force con-
stants p p"' (l»; l'K'), we must be careful to remember
that the displacements are now referred to the principal
axes. Thus p p" (l»; l'K') would be the negative of the
linear force on (l») along the n direction of the principal
axes of (l»), due to unit anticlockwise rotation of (i'K')

about the p direction of the principal axes of (l K') .
Let A(K) be the orthogonal transformation which

transforms a set of axes on a vibrating unit of the ~th
sublattice located parallel to the 6xed frame, to the
principal axes of the unit concerned. We shall discuss
later the exact specilj. cation of A(K) although we might
note that for K& I we can (and do) make the choice

A(K) = 1g,

where 13 is the three-dimensional unit matrix. Using the
transformation A(K), we can write

u '~(l») = Q A p(K)up'(l»), (II.B.2a)
P

with the inverse relation
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g p'" «(l» l'»') =gp
"' «(l'»' l») . (II.B.Sb)

The discussion of the transformation of $"' «under
space-group operations requires some care because the
orthogonal transformation S in a typical space-group
operation IS ~

V(5)+X(m) } is referred to a set of axes
fixed in relation to the entire crystal, whereas the force
constants now under consideration pertain to displace-
ments referred to the principal-axes frame.

Using (II.B.4b) on both sides of (II.A.13b), we have

A"(»)$"' (l» l'»') A(»')

=.C'(5) S"A"(E)$"' «(LE L'K') A(E') SC"(5) .

Therefore, it follows that

(l»; l'»') =C'(5) (A (») S"'A"(E) )$"' «(LE' L'K')

&& (A(E') SA"(»') )C"(5)

or more compactly. ,

(l» P»') = A(»)$"'(l»' l'»') A"(»'). (II.B.4b)

The force constants again exhibit translation and
permutation symmetry, i.e.,

(l» l'»') =$'*' (l+L»;I'+L, »'), (II.B.Sa)

formulas shows that what S does is to first transform
the force constants into the 6xed frame. The trans-
formation S is then applied, and finally the force
constants are restored to the principal-axes frame.
Observe that for type I units, S=—S.

The same matrix 8 also serves to specify the trans-
formation of the moment-of-inertia tensors and we
have, analogous to (II.A. 14a)

(») = St (» E) y (E)S(», E). (II.B.S)

The sum rules obeyed by the present force constants
are easily deduced from (II.A.16)—(II.A.19) using
the transformations given above.

Consider, for example, the expression

"(l» l'»') =0 (II.A. 16)

Using (II.B.4), we can write it as

Q Q Q A„(»)@„„"«(l»; l » )A „p(»') =0.
ll' «~ pv

Multiplying by Az (») and summing over n, we obtain,
remembering A is orthogonal,

Q Q Q bg„y„„"«(l»; l'»') A„p(»') =0,
l~ «~ pv

where

=C'(5)s"(» K) Q"' «(LK L'K')

&&S(»'; E')C"(5), (II.B.6)

S(», E) = A(E) SA"(»);

S(»', K') = A(K') SA"(»'). (II.B.7)

ol

Z Z LZ ~ "' (l»' l " )A p(» )]=0 (II.B 9)

in which the index X is replaced by a. Comparing
(II.B.9) with (II.A. 16), we see that the transition to
the principal-axes frame results in the replacement

Since both A and S are orthogonal matrices, it
follows that the 3&3 matrices S defined above are also
orthogonal. We thus see from (II.B.6) that in discussing
the transformation properties of force constants in the
principal-axes frame, we must use the modified trans-
formation S rather than S itself. An inspection of above

"(l»; l'»')~ Q g ""(l» l'»')A (»')

as far as the sum rule is concerned. Equation (II.B.9)
holds for all n, P, and». In the same fashion, we obtain
from (II.A.17a), (II.A.18), and (II.A.19), respec-
tively,

Q Q } Q(f,„"'«(l»; l'»')A„p(»')]=0;
l~ «~ v

Q Q LI Q &.„"«(0»; l'»') A„g (»') }X,(l'»') —
I Q P.„"«(0»; l'»') A„,(»') }X)

(l'»') ]
v

(II.B.10)

+ Q g } Q y '" «(0». l'»') A p(»') ]=0; (II.B.11)
l ~ «l' &i I v

Q Q } IQ P „"'«(0»; l'»') A„g(»') }X,(l'»') —Ig y.„"'«(0»; l'»') A„,(»') }Xg(l'»') ]
+ Q Q f Q(f& „"«(0»; l'»')A„p(»')]=0. (II.B.12)

«~ALII

v

Here (P, p, 6) are cyclic order of x, y, and s as before (note that they all pertain to»').
At this stage, we must specify the explicit form of A(»). Let XYZ represent a set of axes located on some vi-

brating unit and oriented parallel to the fixed frame, and let I'"V"'Z'" represent the frame coinciding with the
principal axes of the moment of inertia of that unit. (See Fig. 2. Both systems are right-handed. )

Given two sets of orthogonal axes, it is possible to go from one to the other via three operations involving the
so-called Eulerian angles ($, g, f ).The procedure is as follows:

I
' (1) Perform a counterclockwise rotation through f about the Z axis carrying XYZ to X'Y'Z' as illustrated in

Fig. 2(a).
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(2) Next perform a counterclockwise rotation through q about the X' axis, going over thereby to X"F"Z"as
shown in Fig. 2(b).

(3) Finally rotate through l about the Z" axis arriving thus at X'"F'"Z"' as indicated in Fig. 2(c).
The matrix A characterizing the transformation XYZ—+X'"Y'"Z"' can be constructed by considering each of the

above transformations individually and then compounding them.
Thus, we find

cos ( sin! 0)
~

~

—sing cos f' 0

cos f cos (—cos g sin

r
0 0 cos sin

0 cos q sin g —sin $ cos $

i 0 —sin q cos q 0 0

," sin f cos t" sin )+cos q cos $ sin f

0

)
sin i sin q

—sin f cos (—cos rt sin,' cos (
—sin l sin (+cos q cos $ cos 1 cos f sin rt (II.B.13)

sin g sin $
—sin g cos $ cos 'g

Let us now write down the equations of motion. From (II.B.1) these are found to be

m.u~' "(lx) = —
} Q Q Q y e" (l~) l'~') ue' (1'~')

p

+ P P P p P (k l'~')ue" (l'g')], for all l, ~, and n, (II.B.14a)
« .~.rr p

(~)u ' (l~) = —LQ Q g y e"' (la; 1'~') ue' (l'~')
p

+ Z 2 Z4-e'""(«; l'~')ue"'(l")3,
« .I.rr p

The absence of the off-diagonal term in the moment of inertia in (II.B.14b), in contrast to its presence in (II.A.15b),
is a consequence of the fact that dp(~) is diagonal.

The sum rules quoted in (II.B.9)—(II.B.12) can be deduced from the above equations also, and it is a useful
exercise to do so.

By trying wavelike solutions of the form

u * ~(l~) = U * ~(~
~ q) exp 'Iit q X(l) —co(q) t)},

we obtain the following simultaneous equations in the wave amplitudes:

~'(q)m. U-' "(~
l q) = Z Z &-e" '(q, «') Ue"("

I q)
p

(II.B.15)

+ P QB e" (q, «') Ue" (~'
~ q), for all n and ~; (II.B.16a)

~~.ii p

co'(q)a (~) U.' (~
~ q) = P P B.e"'~(q ~~') Ue'~(a'

~ q)
«~ p

In the above equations, we have

B.e"' '(q, «')

+ g P B.e'"~(q, «') Ue" ~(~'
~ q), for all n, and LCII. (II.B.16b)

~~.iI p

Due to the result (II.B.4), it readily follows that

B"' (q, «') =A(~)B"'(q, ~~')A"(~'). (II.B.18)

= Q @ e'*'~(OK; PK ) exp Liq X(l')$. (II.B.17)

The components of the vectors q and X(l), as indeed
also the equilibrium positions and X(k), can be specified
as we choose. For convenience, these are always referred
to Cartesian axes tied suitably to the crystallographic
axes. It is the dispiacemeuts from equilibrium positions
which are specified with respect to the principal axes.

As before, we can write the simultaneous equations
(II.B.16) in matrix form as

~'(q) ~~U'(q) = B (q) U~(q), (».B.»)
where all the quantities (except the frequency) have
been superscripted to distinguish them from their
counterparts in (II.A.23) . The structures of B~(q) and
U"(q) are the same as in (II.A.24) and (II.A.26).
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Zz'
&k

Zz'

Zz'
t(

= Y

(a)

mechanics is also essentially the same as that given
earlier and does not require repetition.

The principal-axes representation is readily amenable
to a formulation in which the eigenvalue problem
assumes the same form as in (II.A.27) and permits the
eigenvectors to be chosen orthonormal. All this requires
is to choose as trial solutions

I ' ~(t») = (m ) '"v ' (» I q)

Xexp f~kq X(t) — (q) t)I,
u" (t») =(u (»))—'I'V" (» ~ q)

Xexp fiI q X(t) —o&(q) t]I, (II.B.23)

instead of (II.B.15). The dynamical matrix in this
case is given by

D s"' (q, »»') = Im " (»»)mt'"" (»'»') I
"'

XB s"' ~(q, »»'), (II.B.24)

I"cf. (II.A.27) j.The eigenvectors E (qj) of D (q) can
be chosen to satisfy the orthogonality and completeness
relations

=Y (c)

& &-"*(»
I qj)~ "~(»

I
qj') =~ ' (11 B 25a)

c»tt'0

2 E-"*(»
I
qi)&s"'('

I qj)

=8 p8;,'6(», »'). (II.B.25b)

FIG. 2. Operations involved in the transformation of axes
(XFZ) -+(X"'Y'"Z'") . The transformation involves three stages,
each characterized by one of the Eulerian angles.

However, m~ is diagonal, in contrast to (II.A.25). Its
elements are given by

This concludes the study of the formal theory of
external modes in complex crystals.

III. REVIEW OF THEORETICAL AND EXPERI-
MENTAL WORK ON DISPERSION

RELATIONS FOR EXTERNAL MODES

m.p"' (P»)»=b, ,'8 pb(», » )m„ lf 2=3 A. General

=8,;8 s8(», »')8 ~(») if i=r. (II.B.20)

The eigenvalues cot2(q) are obtained this time from
the determinantal equation

I
~ (q) —~'(q)m'I=o. (II.B.21)

It is easily established that the solutions fcot2(q) I,
j= 1, 2- ~ ~ (3p+6v) are the same as those obtained from
(II.A.29) as indeed they must be.

The components e ' ~(»
I qj) of the normalized

eigenvector e~(q j) can be chosen to satisfy the condi-
tion

Z e '"*(»
I qj)m ""(»»)e ' ~(»

I qj') =~~ii'

(II.B.22)

with M being, as before, the mass of the primitive unit
cell.

The properties of B~(q) and e'~(»
I qj) arising from

the translational symmetry of the reciprocal lattice are
the same as in (II.A.47). The transition to quantum

We have earlier pointed out that, although the
concept of viewing the vibrational motions of atoms in
complex crystals in terms of external and internal
vibrations has existed for a long time, serious attempts
to quantify the concepts and make detailed numerical
calculations have been made only during the last few
years. Simple models to delineate the basic ideas have,
however, been proposed from time to time. The earliest
reference we could hand is the work of Frenkel (1935;
1946), who investigated the angular oscillations of
identical dipoles in a linear chain, in connection with
his st@.dies on orientation order in dipolar crystals.
Frenkel solved the problem by using cyclic boundary
conditions and concluded that the "rotational part of
the heat motion can be described as a superposition of
'rotation —oscillation' waves, which are quite analogous
to the 'optical' waves of the Born—Karman theory in
the case of an ionic lattice. "I.ater, guided by Frenkel's
work, Ancelme and Porkreva (1949) examined the
dynamics of linear chains of molecules containing one
and two molecules per unit cell, taking into account
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the translational as well as rotational degrees of
freedom. Two cases were studied, viz. , without and
with coupling between the translational and rotational
motions. About the same time, Raskin, Sechkarev, and
Skripov (1949) discussed the dynamics of a one-
dimensional chain containing two identical dumbbell-

type diatomic molecules per unit cell. The two mole-
cules were assumed to be related to each other by
(i) mirror plane or (ii) screw axes or (iii) center of
symmetry. The q= 0 frequencies for all the cases
were computed assuming nearest-neighbor interactions,
the aim being to provide a theoretical basis for under-
standing the role of librations in relation to Raman
spectra. Later, Skripov (1949) extended some of these
considerations to three-dimensional crystals. In 1957,
the problem was considered afresh by Asano and
Tomishima (1957a, 1957b, 1957c). These authors were
interested in such complex inorganic crystals as
sulphates, phosphates, etc. To begin with, Asano and
Tomishima (1957a) formulate the problem for three-
dimensional crystals by writing down formal expres-
sions for the kinetic and potential energies in terms of
linear and angular displacements. They then indicate
how the equations of motion may be obtained. The
treatment is rather sketchy (for example, the conse-
quences of translational and rotational invariance are
not mentioned) and restricted to, crystals containing
radicals whose principal axes can be chosen at will,
like the sulphates, phosphates, etc., in which these
authors were primarily interested. Asano and Tomi-
.shima have also explored some one-dimensional models
by way of illustrating the concept of librational and
translational waves, their mixing, etc.

About this time, Sandor (1962) became interested
in the. problem from the point of understanding the
contribution of the external vibrations to the disuse
spots seen in x-ray scattering, and reinvestigated a few
one-dimensional models since he saw objections in the
analysis of Asano and Tomishima. Sandor deduced the
dispersion curves for his models employing essentially
an extension of the methods commonly used in the
discussion of the Born—von Karman problem for one-
dimensional chains (Kittel, 1966). It is interesting
to rederive Sandor's results as a special case of the
general formulation given in Sec. II and this is done
below.

Sandor considers a one-dimensional chain made up of
identical ring-type molecules each consisting of six
close-packed spherical atoms as illustrated in Fig. 3.
There is thus only one molecule per cell, and for
purposes of describing this chain the sublattice index II:

may be dropped. In one of the models he discusses, each
molecule is permitted to make only translational
motions perpendicular to the chain and in the plane of
the molecule, i.e., along the X direction, and rotations
about an axis passing through the molecular center and
normal to the plane of the molecule, i.e., about the Z
direction. With these restrictions, the equations of

FIG. 3. One-dimensional monomolecular chain of ring-type
molecules. The atoms are imagined to be spheres of diameter R.
The intermolecular spacing is a=3R. The X and I' axes are as
shown, while the Z axis is normal to the plane of the paper and
coming out of it.

motion (II.A.15) simplify to

3fii, '(l) = —(Q y.."(i; i') u. '(f')
g1 1

+ P y„'"(i;1') u,"(l') ); (III.A.1a)
l,I

S„u,'(l) = —(Q p,."'(i; i') u '(i')
)1

+ Q P„""(/; i') u,"(i') ). (III.A.1b)

Substitution of wavelike solutions

u, '(l) = U, '(q) exp Li(qua —cA)),

u,"(I)= U,"(q) exp Li(q/a —wt) ), (III.A.2)

yields the equations

$B„"(q) M(v')U, '(q)+—B„"(q)U;(q) =0, '

B "(q) U '(q) +[B..""(q)—& ~')U: (q) =0 (III A 3)

where

B,"(q) = g P "(0;1') exp (iql'u), etc.

To proceed further, we follow Sandor and assume
that only the interactions between nearest-neighbor
molecules are important. This means that in order to
evaluate the elements of the dynamical matrix, we need
to know only the following force constants:

Sandor further supposes that there is a central force F'
with force constant C~ acting between the centers of
neighboring molecules, and a noncentral force P"'
with force constant C2 acting between the centers of
nearest atoms of neighboring molecules, i.e., between
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FIG. 4. Left-hand side shows plot of the
dispersion relations for the one-dimen-
sional chain of Fig. 3 based on the model
discussed in the text. The frequencies are
given in units of the q =0 optic frequency
~p. The calculations are for (CI/C2) =1.
On the right is plotted the ratio of the
amplitude of the librational part to the
translational part. Observe that for q=0,
the top branch is purely librational, while
for q corresponding to the zone boundary,
the mode is translational. The converse
is true of the bottom branch. For inter-
rnediate values, there is an admixture.
LAfter Sandor (1962).J

the atom with index 1 in one molecule, and the atom
with index 4 in the neighboring molecule (see Fig. 3).
The force Ii' depends only on the linear displacements of
neighboring molecules, while the noncentral force Ii"'
depends also on their angular displacements relative
to the equilibrium position. These assumptions are
somewhat in the spirit of taking the intermolecular
potential to consist of a central part and an angular
part (Hirschfelder et al. , 1954). The need for taking
into account explicitly a central part in intermolecular
interactions has also been pointed out by Craig (1968).

It is clear from above that whereas P„"(0;1) has
contributions from both kind of forces, g„"(0;1),
P„"'(0;1), and Q„'"(0; 1) have contributions from non-
central forces alone, since rotations do not change the
distance between the centers of molecules. This non-
central component can be evaluated by an application
of the formulas given in Sec. II.A since it arises from
the interaction between atoms located in diferent
molecules.

Consider first @„"(0;1). Using (II.A.58a), we have

p„"(0;1) = central component+noncentral component

= —Cr+ Q Q P.(0k; 1k')
k&o If:f'eI

—Cr+$„(01;14) . (III.A.4a)

Sandor writes this quantity as —(Cr+ C2), which
shows that the noncentral force constant C2 is related
to the atomic force constant by

C,= —y, (01; 14).

and

as well as

Q. "'(0; 1) = CgR,

Q.,""(0 1) =C.R'

@-"(0;—1) = —(Cr+C2),

$„'"(0;—1) = CeR,

p, "'(0; —1) = —C2R,

@„""(0;—1) = CgR'

(III.A.4c)

(III.A.4d)

(III.A.Sa)

(III.A.Sb)

(III.A.Sc)

(III.A.Sd)

= 2(Cr+Ce),

q4, '"(0; 0) = 0, I

Q. "'(0; 0) =0,

&**""(0 o) = —
I 0-""(0 I)+4".""(0 —1) }

(III.A.6a,)

(III.A.6b)

(III.A.6c)

+ I~ (0' 1)~ 4 (0' 1)&}

= 4C2R', (III.A.6d)

remembering that a=3R. Using these expressions for
the force constants, the elements of the dynamical
matrix become

These last results can also be obtained by invoking the
inversion symmetry of the crystal.

We are now left with only the "self" terms P "(0;0),
etc. These are easily obtained from the sum rules
(II.A.16)—(II.A.19).Thus, from (II.A.16), we have

Q,"(0;0) = —IP„"(0;1)+@,"(0;—1) }

= —C2R, (III.A.4b)

To obtain the remaining force constants, we note that
these involve only noncentral components, and that
they are contributed solely by the atomic pairs of the
(1—4) type. Thus, from (II.A.58b), we obtain

P, '"(0; 1) =@„(01;14)R

B„"(q)= 2(Cr+C2) L1—cos (aq) j,
B.,'"(q) = —2iC2R sin (aq),

B, (q) =2iC2R sin (aq),

B.,""(q) = 2C2R'L2+cos (aq) ]. (III.A.7)
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The secular determina, nt therefore is

4(Ct+Cs) sin' —,'(aq) —Mtes —2iCsR sin (aq)
=0

2zCsE stn (aq) 2CsE')1+2 cos' -'(aq) )—0 &0'

(III.A.8)

in agreement with Sandoi. 's results. The essential
diGerence in our derivation is that we make explicit
use of the sum rules, for evaluating the "self" force
constants, in contrast to Sandor, who employed
indirect arguments to ensure that his equations of
motion were rotationally invariant. By examining the
solutions of (III.A.8) for various cases, Sandor demon-
strated that the dispersion curves for the model under
consideration have two branches, and that, in general,
the motions are of a mixed character. These features
are illustrated in Fig. 4.

As already indicated, one-dimensional models of this
kind are mainly of pedagogical value, and play a role
similar to the one-dimensional atomic chains considered
in connection with the Born-von Karman theory.
Several other models may be found in a paper by Hahn
and Biem (1963) and in a recent monograph by Ludwig
(1967).

The years 1963 and 1964 saw a major qualitative
change in the approach of physicists to the problem of
external vibrations. Models were constructed for the
first time for real three-dimensional crystals, and even
numerical results were presented. Since then, there
have been several advances in the theoretical develop-
ment of the subject, and spurred by these, experi-
mentalists also have paid increasing attention to the
study of dispersion relations for external modes. These
developments are reviewed below.

For the sake of completeness, we must record that
brief reviews of the formal theory may be found in the
articles by Janik (1968) and Walmsley (1968) and in
Ludwig's monograph (1967). Janik considers a crystal
with a total of 3e degrees of freedom per unit cell and
then discusses their separation into internal and
external modes. This is analogous to the separation
in molecular physics of the degrees of freedom of a
molecule into the internal (vibrational) and external
degrees of freedom (Wilson et a/ , 1955). The p. roblem
is quite involved, and Janik does not explore it in
detail. Ludwig (1967), however, takes cognizance of
the problem. Janik also does not clarify the points to be
observed if the principal axes of the molecular groups
cannot be chosen parallel to the crystal-fixed axes. This
is presumably because he is interested in crystals like
NH4Cl, where the principal axes can be chosen at will.
Walmsley (1968) is interested mainly in molecular
crystals, and formulates the theory by considering all
linear displacements in the fixed frame and angular
displacements in the principal-axes frame. Passing
mention must also be made of the work of Brot (1965),
who considered librational waves in a cubic lattice of

8 = —a ~5
FIG. 5. Cubic unit cell of HMT. The octahedral objects

symbolize the HMT molecules of symmetry Ts /After Coch. ran
and Pawley (1964) .g

linear molecules and the resulting frequency spectrum,
and of the work of Deprez and Fouret (1966), who
investigated the long-wavelength modes in relation to
elasticity theories. It is also worth remarking that the
quanta of librations are sometimes referred to as
librons, torsons, etc., by analogy with the word phonon.
It is our view that such nomenclature, though attrac-
tive, is not desirable, since in general there is admixture
between the translational and librational components.

%e shall presently survey the work reported thus
far on theoretical and experimental studies of dispersion
relations for external modes in complex crystals.

B.Hexamethylenetetramine

%e shall begin our review with hexamethylene-
tetramine t (CHs)sN4) (also abbreviated as hexamine
and HMT) in view of the fact that this is one of the
most extensively studied substances, both experi-
mentally and theoretically, as well as being the first
one for which detailed calculations for external modes
were reported (Biem, 1963; Cochran and Pawley, 1964) .
Also, this crystal provides a convenient example with
which to illustrate the formal theory of Sec. II; and
we shall discuss it in some detail.

HMT is a molecular crystal and belongs to the
space group T&' with the underlying point group T&.
The cubic unit cell contains two molecules, and is
illustrated in Fig. 5. If we collapse the molecules to
points, the structure reduces to a bcc lattice, the space
group of which is OI,'. The same space group obtains if
the molecule has inversion symmetry, which in fact it
does not.

The primitive unit cell is chosen as in the case of the
bcc lattice (Kittel, 1966) and contains only one mole-
cule. The reciprocal lattice has the fcc structure, and
the Brillouin zone is as illustrated in Fig. 6.

Following Cochran and Pawley (1964) and Biem
(1963), we shall now set up the force constant matrices,
assuming that interactions are negligible beyond the
second neighbors. Now each molecule has eight first
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neighbors at a distance of (v3/2)a and six second
neighbors at a distance of a, where a is the lattice
constant. The labeling of these neighbors and their
coordinates is sunnnarized in Table II.

Before proceeding further, we observe that HMT is a
spherical-top molecule. The principal axes can therefore
be chosen at will, which means that the fixed frame can
also be used as the principal-axes frame.

Let us now write the force constant matrix for the
molecular pair (0-1) as

$(000; lglpl3) ~$ (000; 111)

Q"(000; 111) $'"(000; 111)

Here we are writing the transformation of 6)&6 Inatrices
by combining the transformation rules for 3)&3matrices
given previously and taking note of the fact that
C&$111) is a proper rotation. Qn simplifying the right-
hand side and comparing it with the left-hand side, we
obtain

XX"=Yytt= ZZ"-

XY"=YZ"=ZX".

XZ"= YX"=ZY".

XXrr= YY"=ZZrr.

$"'(000; 111) $""(000;111)

XX" XY" XZ" XX'r XY'r XZ'r

YXtt Yytt yZtt YXtr Yytr YZtr

XYrr = YZrr = ZXr'

XZ"' = YX'r = ZY'r.
)

XX" YY'r ZZtr.
)

ZX" Z Y" ZZ" ZX" Z Ytr ZZ"

XXr' XYr' XZ"' XXrr XYr' XZrr

YXrt p Yr t YZr t YXrr YYrr YZrr

ZXr t Z Yr t ZZr t ZXrr Z Yrr ZZrr

(III.B.1)

The indices l~, l~, l3 denote the components of the lattice
vector X(l) along the basis vectors aq, a2, and aa. We
wish to explore the restrictions, if any, on the force
constants imposed by crystal synnnetry. Basically this
involves a systematic application of (II.A.13). In
particular, what we need to examine are the eGects of
operations which leave the bond (0—1) invariant. In the
present case, of the 24 operations belonging to the point
group Tz of the crystal, a 120' counterclockwise rotation
about the L111) direction (CBL111)), a clockwise
rotation by the same angle about the same direction

( C& 'L111)), and a refiection in the (110) plane
Lo (110)] leave the bond (0—1) undisturbed.

Consider first the eGect of C3L111).We have, using
(II.A.13)

XY'"= YZ'r= ZX'r-
7

XZ'r = YX'r =ZY'".
)

XXr'= Yyr'= ZZr'

' XY«= YZ«= ZXr'

XZ«= YX«=ZY«

$(000; 111)=
o.(110)

—o (110)

gg(000; 111)
o"(110)

0

0 1 0

—o "(110)

Next we consider the effect of o (110). Since refiection
is an improper rotation, care is required in discussing
the force constant transformation. Using (II.A. 13)
with due regard to the negative signs contributed by
factors of type C'(S), we have

$(000; 111)=
C3L111) 0

C,L1»]

o'(110) = 1 0 0

0 0 1

X(j)(000; 111)

vrith

Cg"L111)

XY"=XZ"

Upon simplification this leads to the additional relations
(III.B.2)

Ca'L111] XYrr =XZrr

Xyrt = —XZr' Xytr= —XZt

Ca(111)= 1 0 0 XX'r =XXr'= 0

0 1 0 The symmetry Ca 't 111]does not produce any further
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simplification. %e may thus write

0 —e

0

$(000; 111)=—

0 —0

(III.B.3)

A negative sign has been pulled out on the right-hand
side for convenience. [See also remarks around Eq.
(II.A.15).7 We see from above that the first-neighbor
interactions corresponding to the pair (0-1) involve
six independent constants.

The force constant matrix for the pair (0—7) follows
immediately from (III.B.3) since the bond (0—7) is
identical to the bond (1-0), apart from a lattice
translation. We therefore have, using (II.A.9),

$(000; —1—1—1) =Q"(000; 111). (III.B.4)

The force constant matrices for the remaining first
neighbors of the central molecule 0 can be written from
those given above, by using in (II.A.13) appropriate
transformations which transform the (0-1) or (0—7)
pair to the pair concerned. For example, the force

FIG. 6. Brillouin zone for HMT. The labeling of symmetry
points and directions follows standard practice in solid state
physics.

constants for the (0—3) pair are given by

C,[001] 0
$ (000; —100) =

X $(000; 111)
Cs"[001)

CR[001]
0

Cs"[001]
(III.B.5)

C,[001j= 0 —1 0

where Cs[001j corresponds to a 180' rotation about the
s axis and is represented by

0 0

TABLE II. Coordinates of the first- and second-neighbor mole-
cules of the molecule at the origin in HMT. The integers lI, l2, l3

denote the components of X(l) along the basis vectors a~, a&, as,
where a&

——(u/2) (i+j—k), a, =(a/2) (i—j+k), and as=(o/2)
( —i+j+k). Molecules (1—8) constitute the first neighbors,
and (9—14), the second neighbors.

0 1

Simplifying the right-hand side of (III.B.S) yields

$ (000; —100)

0

Molecule
No.

Cartesian
coordinates (4, 4, 4)

a(k, 2,
a( 1

a(

a(2, 2,
a( 1

a(——,', 2p 2

(1, 1, 1)
(0, 0, 1)
(—1, 0, 0)
(0, 1, 0)
(1, 0, 0)
(0, —1, 0)
(—1, —1, —1)
(o, o, —1)

0 0 0

(III.B.6)

9
10
11
12
13
14

a(1, O, O)

a(0, 1, 0)
a( —1, 0, 0)
a(0, —1, 0)
a(0, 0, 1)
a(0, 0, —1)

(1, 1, 0)
(i, o, 1)
(—1, —1, 0)
(—1, 0, —1)
(0, 1, 1)
(o, —1, —1)

The force constant matrices for all the eight erst
neighbors obtained in this manner are summarized in
Table III. The matrices for the second neighbors are
deduced in a similar fashion and are listed in Table IV
(see also, Dolling and Powell, 1970). We thus see that a
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TABLE III. Force constant matrices for the first neighbors in HMT.

Molecular
pair Force constant matrix

Molecular
pair Force constant matrix

0 —e 0 e

0 0 —8

0 e 0

{0—1) (0-5)

0 —e 0

0 —e 0 —e

0 0

0 —0 0

0

0 0

{0-2)

0 —c 0 0 0

0 0 6

0 0

0 —e

0

0 0

{0-3) (0-7)

0 e

0

0 0

0

0

0

0
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TAslz IV. Force constant matrices for the second neighbors in HMT.

Molecular
pair Force constant matrix

Molecular
pair Force constant matrix

0 0 0 0 0 p 0 0 —y 0 v

0 p 0 0 p

0 0 p

0 g 0

0 0 p

0 0 0

(0—9) (0-12)

0 0 0 q 0 0

0 p s 0 g 0

—p. 0 v

0 0 0

0 0

0 g 0

0 0 0 0

p 0 0

0 g 0

0 0 p

—p, 0 —v

0 0 0

v 0 p,

p 0 0

0 p 0

0 0

v 0

0 0 0

(0—10) (0-13)

—p 0 —v

0 0 0

0 0

0 p 0

0 0

v 0

—v —p 0

0 0 0

0 0

0 g 0

0 0

0 0 0 0 0 0 0 p, —u 0

0 p 0

0 0 p 0 v

p 0 v —p 0

0 0 0 0 0 0

(0—11)

0 0 0 ( 0 0 0 0

0 p, —v 0 q 0

0 0 0

—p 0 0

0 0 0 0

0

two-neighbor general force constant model for hexamine
involves 1'2 independent parameters, 6 for each set of
neighbors.

All the force constant matrices except the "self"
terms $"'(000; 000) are now known. The latter are de-
termined by a systematic application of the sum rules
(II.A.16)-(II.A.19).Thus, from (II.A.16) we get

$"(000; 000) =213, 3= (8X+2f+4p). (III.B.7)

From (II.A.17a) we have

$;~(000, 000) =- g'y (0; I'),

8= (8f+4g+2$)+4(0+a) a 4vu. —(III.B.9)

The elements 8 s"'(q) of the dynamical matrix can
now be evaluated in a straightforward manner by

where the prime on the l' summation implies the
exclusion of /'=0. This expression, when evaluated
using Tables III and IV, leads to

$"'(000 000) =$'"(000 000) =03, (III.B.8)

where 03 is the three-dimensional null matrix. Similarly,
application of (II.A.19) yields

$""(000;000) =8'I3,
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performing the Fourier sum in (II.A.22). The results are given below:

8 "(q) =SR{1—cos f-', (aq )) cos f2(aqtt)) cos f2(aq, )7}+2/{1—cos (aq ) }+2p{2—cos (aqe) —cos (aq, ) },
8 &"(g) =Set sin f—,(aq )) sin f—', (aqt2)) cos f2 (aq )),
&..""(0)=84{1—«s fl(aq-)) «s fl(aqe)) cos fl(aq ))}

+2$ {1—cos (aq ) }+2g {2—cos (aqe) —cos (aq, ) }+4(8+e) a—4t a,

8 tt""(q) = Sb sin f—', (aq ) 7 sin f 2 (aqe) ) cos f2 (aq, ) 7,

Further, we have

a=x, y, ore;

8 "(rl) =2p{cos (aqe) —cos (aq~) }, (n, p, p) cyclic order of (x, y, s);
8,„'"(Q)=4i( +0) cos f—', (aq, )]cos f—', (aq„)) sin f—'(aq, )]

—2it sin (aq, ) +4(e—e) sin f 2 (aq, )) sin f 2 (aq„)) cos f2 (aq, )],
B„t"(Z)= 4i—(e+0) cos f-', (aq, )] sin f-', (aqua)] cos f-', (aq,))

+2it sin (aq„)+4 (e—0) sin f 2 (aq, ) ) cos f—', (aq„)) sin P2 (aq, ) ],
S„'"(tI)=4i(e'er) sin f-'(aq, )) cos f2(aqua)) cos f2(aq, ))

—2itr sin (aq, )+4(0—e) cos f2 (aq, ) ) sin f2(aq„) ) sin f 2(aq, )),
(III.B.10)

The remaining elements are of the type 8 tt"t(q) and can be readily written from those given above using the
Hermitian symmetry

B(q) for hexamine is thus a six-dimensional matrix which when diagonalized will yield six eigenvalues te, (q)
(j= 1, 2, ~ ~ ~, 6) . It is worth remarking that along symmetry directions, B(q) can be brought into a block diagonal
form. For example, along f100], the secular determinant can be factorized to obtain the following simplified
equations:

8„"(q)—3fte2(q) = 0,

=0,

=0)

(111.8.11)

with M being the mass of the molecule, and I the
moment of inertia. The possibility of such a factoriza-
tion is related to the symmetry properties of the crystal,
and a further discussion of this topic is reserved for
Sec. V.

The preceding discussion illustrates the general
mechanics for determining the structure of the force
constant matrices and subsequent evaluation of the
elements of the dynamical matrix. To proceed further
and compute numerically the dispersion relations, it is
necessary to know the values of the force constants.
Several approaches are possible in this respect, and the
various calculations for hexamine and its deuterated
analog (DHMT) reported in the literature provide
examples.

The earliest numerical work on HMT is due to
Cochran and Pawley (1964), who constructed a two-
neighbor model for the dynamics. In their calculations,
the values of the force constants were deduced from
the then available experimental data. As this was rather
meager, Cochran and Pawley made the simplifying
assumption that the molecule, and therefore the
crystal, has inversion syrrnnetry. This reduced the
number of independent force constants from 12 to 10.
An additional equilibrium constraint reduced the
number to eight with four parameters for each of the
two sets of neighbors. Even this was in excess of the
then available experimental information, viz. , the values
of the elastic constants cn, ct2, and t;44 (Haussiihl, 1958),
and the q=0 optic frequency. The latter is purely
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cm-'

(a)

[lloj

FIG. 7. Dispersion curves for HMT
along the three principal direct';ons. (a)
[000] to [100] to [110]; (b) [000] to
[110] to [111];(e) [000] to [111] to
[100].The numbers give the percentage
translational character of the mode.
Predominantly librational modes have
broken lines. D and T denote doubly and
triply degenerate modes. [After Cochran
and Pawley (1964).)

100

B.z.b.

(c) )00
OD

[lOOJ

rotational in character, and an estimate of its value was
available from a second-order Raman spectrum
(Couture-Mathieu et a/. , 1951) and a second-order
infrared absorption spectrum (Cheutin and Mathieu,
1956) . )The q=0 mode is inactive in first-order optical
spectra. ) With only four pieces of information available,
it is obvious that only four out of the eight constants
of the model can be determined. The remaining ones
were therefore related to the four primary constants by
special assumptions tailored to the problem.

The dispersion relations calculated by Cochran and
Pawley in this fashion are displayed in Fig. 7. As
expected, there are six branches; some are predomi-
nantly translational in character, while others are

predominantly librational in character. Furthermore,
in some regions where crossing between two types of
branches occurs, the modes are not pure as illustrated
in the figure. A noteworthy feature is that the pre-
dominantly librational branches are relatively Bat.
Also worth observing is the fact that the librational
frequency lies mithim the spectrum of translational
frequencies.

Most of the other models constructed to describe the
dynamics of HMT and DHMT are based on recent
experimental results, and so it is appropriate at this
point to briefly review the experimental situation.

One of the earliest experimental investigations of the
dynamics of hexamine is due to Ramachandran and
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FIG. 8. Dispersion curves for
DHMT. The points denote the experi-
mental data corresponding to 298'K,
and the solid curves are a least-
squares 6t to these based on a five-
parameter model discussed in the
text. The dashed curves represent a
fit to similar resu] ts obtained at
100'K and are based on the eight-
parameter Cochran —Pawley model.
They are included to give an idea of
the temperature dependence of the
various modes. The branches not
observed in the experiments are not
shown. The labels are group theoretic
symbols. /After Dolling and Powell
(1970).j
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Wooster (1951), who, by a study of diffuse x-ray
spots, deduced the velocities of long-wavelength
acoustic modes and thereby the elastic constants. Later,
Amoros and Amoros (1968) extended their work by
mapping completely the acoustic branches along the
symmetry directions, once again using the x-ray
diffuse scattering method (Cochran, 1963; Cochran,
1966; Smith, 1966). In this, one deduces the phonon
frequencies from an absolute measurement of the
intensity associated with diffuse scattering, after
corrections for Compton scattering and multiphonon
processes. Owing to the difficulty of making these
corrections accurately, the dispersion relations obtained
by this method often contain large errors.

Recently, Powell (1968) and Dolling and Powell
(1970) have carried out detailed studies of the disper-
sion relations in DHMT using the technique of coherent
neutron inelastic scattering (Dolling and Woods, 1965;
Brockhouse, 1964, 1966). A deuterated sample was
used in place of normal HMT to render easier the
observation of coherently scattered events. In the case
of normal HMT, the large incoherent scattering ampli-
tude of hydrogen makes this a dificult task. Inciden-
tally, the determination of the dispersion relations by
neutron scattering methods is direct, unlike in the x-ray
method.

Figure 8 shows the latest results of Dolling and
Powell. Here the circles and triangles indicate the
experimental data corresponding to 298'K. The dashed
line represents a ht to similar data obtained at 100'K
and is included to give an indication of the temperature
dependence of the various modes. These results have
been analyzed in terms of variety of force constant
models, all derivable from the basic 12-parameter two-
neighbor model. Dolling and Powell find that the best

fit is obtained as expected, with the most general
model with its full complement of 12 parameters. Good
fits for both temperatures were also obtained with the
eight-parameter Cochran-Pawley model. It turned out
that three of the eight parameters had rather small
values. The Cochran —Pawley model was therefore
modified by setting these three parameters equal to
zero ab initio, and the resulting model also yielded a
good fit. However, a four-parameter model derived
from the Cochran-Pawley model by setting all second-
neighbor constants equal to zero gave a very poor fit,
demonstrating the importance of second-neighbor
forces in hexamine.

One unexpected feature of all the models was that
even the mixed modes were very nearly pure in charac-
ter at least in the symmetry directions. Another
interesting feature concerns the crossing of the
acoustic and Zs optic branches in the 1110]direction.
This occurs in all models which assume that the HMT
molecule has inversion symmetry, i.e., the crystal has
the space group Oq'. If, however, the true space group,
viz. , T~', is used as in the general 12-parameter model,
the two branches do not cross. Rather, there is a
"splitting apart" which occurs because the two branches
concerned carry the same group-theoretical label and
are therefore extremely unlikely to cross (Warren,
1968). Thus if the assumption of a centrosymmetric
molecule is indeed a poor one, then it should be possible
to detect the splitting. The presently available experi-
mental results are not definitive on this point (Dolling,
1970).

Dolling and Powell have also computed, using the
best-fit values for the eight-parameter Cochran-
Pawley model, the frequency distribution g(to) by
means of a numerical technique due to Gilat and
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Raubenheimer (1966). Their results for 100'K are
shown in Fig. 9. If the plausible assumption is made that
the replacement of deuterium by hydrogen atoms does
not significantly change the intermolecular forces, then
the frequency distribution for HMT can be calculated
using the same model as for DHMT by simply changing
the molecular mass and moment of inertia. The result
of this calculation is the solid curve (in Fig. 9) which
has a very similar shape to the DHMT curve and is
simply shifted to higher frequencies with respect to it.
Similar calculations have also been reported for
HMT at 298'K, together with the individual contribu-
tions g'(~) and g" (cv) from the translatiorial and
librational parts, respectively. It is found that whereas
g'(&s) extends all the way from 0 to 2.3)&10t2 Hz,
g" (ce) spans a relatively narrower range from 0.9&(10"
Hz to ~1.9)&10" Hz, with a prominent peak around
1.2&&10t2 Hz (40 cm ').

The calculated frequency spectrum for normal HMT
at 100'K has been used by Dolling and Powell to com-
pute the temperature variation of the heat capacity
C, and the Debye temperature 0, and the results
are shown in Fig. 10. The figure also displays the meas-
ured heat capacity C„(Chang and Westrum, 1960).
The disagreement between theory and experiment at
higher temperatures is believed to be due mainly to the
contributions from the internal modes which are
ignored in the external-mode approximation. Addi-
tionally, at lower temperatures, the calculated C„ is
systematically larger than the experimental C„.
Doiling and Powell suggest that the discrepancy
probably arises from the use of a frequency distribution
corresponding to 100'K for the calculation of low tem-
perature specific heats, rather than a distribution
appropriate to the temperature concerned. This is
supported by the observed strong temperature depend-
ence of many of the modes (see Fig. 8) .

It is interesting to compare the results of Dolling and
Powell with the calculations of Cochran and Pawley
given in Fig, 7. The most significant diGerences concern
the behavior of the librational branches. Consider, for

3.0—

HMT
———DH MT

lOG K

1.0—

0.8 I.2 1.6
FREQUENCY v (IO Hz)

12

FIG. 9. Frequency distribution functions for external modes in
HMT (solid curve) and DHMT (dashed curve) at 100'K
computed from the eight-parameter model. LAfter Dolling and
I'owell {1970).g

example, the Z3 optic branch in DHMT along L110j
(see Fig. 8) . This branch is almost wholly librational in
character and shows considerable dispersion. One
expects therefore, on the basis of arguments given
earlier, a similar behavior in HMT which is in contrast
to the findings of Cochran and Pawley. Furthermore,
the q=0 librational frequency of HMT at 298'K as
derived from the corresponding DHMT frequency by
scaling by the moment of inertia has a value of 63
cm ' ( 1.88&&10t2 Hz), as opposed to the value of 40
cm ' derived from two-phonon optical data which was
used by Cochran and Pawley. Now in two-phonon
optical spectra (both Raman and infrared) one sees
effectively a combined density of states (Burstein,
1965). In the case of hexamine, the combination from
which the librational frequency was deduced involved a
libration mode (1.) of wave vector q and an intra-
molecular mode (I) of equal and opposite wave vector.
On the reasonable assumption that the intramolecular
modes have very little dispersion, one would expect the
(I+I.) combination band to reflect primarily the
frequency distribution of the librational modes. The
latter, as already noted, has a peak at 40 cm ' which
arises from phonons away from the zone center. To
ascribe the value of 40 cm ', deduced from the combina-
tion band peak, to the q =0 mode is therefore in erro~. .
It is the use of this incorrect value in the Cochran-
Pawley calculations which resulted in features sub-
stantially diferent from those observed in subsequent
experiments. This underscores the need for caution in
the extraction of single-phonon critical frequencies
from two-phonon optical data.

The results for DHMT have been reanalyzed by
Rafizadeh and Yip (1970) using a model that has some
interesting features. The essential idea underlying their
model is that the interaction between a given pair (l, 1')
of molecules can be visualized as if acting between two
effective centers whose positions with respect to the
centers of mass of the molecules are given by R(l)
and R(l'), respectively. If the interaction between these
e8ective centers is described by a 3&(3 force constant
tensor as one would if there were atoms located at these
points, then the 36 elements of the force constant
matrix $(l, 1') can be expressed entirely in terms of
the components of R(l) and R(l') and the nine "atomic"
force constants referred to above, using Eqs. (II.A.58) .
In other words, there is a reduction factor of (36/15) in
the number of independent force constants, not taking
into account the effects of symmetry.

Physically, the vectors R(l) and R(l') may be
thought of as denoting (or at least relating to) the
positions of the atomic pair dominant in producing the
interaction between the molecules l and l'. It will be
recalled that a situation like this was encountered in the
Sandor model, wherein the (noncentral) interaction
between adjacent molecules was attributed entirely to
the atomic pair which were in contact in the equilibrium
crystal. As one would expect, the vector R(l) is not
unique to the molecule l. Rather it depends on the
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molecule /' with which / is interacting. Thus, Rafizadeh
and Vip find that for the molecular pair (0—1), R(0)
has components

R, (0) =R„(0)=R,(0) =R/v3 (say),

while R(1) has components

R, (1)=R„(1)= R, (1) = —R/K3.

Similarly, for the pair (0-9)
A = (r7'V/r7r'),

8= (1/r) (BV/rlr),

(III.B.13a)

( III.B.13b)

if one supposes that the potential has a form V(r) which
depends only on the separation between the atoms, then
the interatomic force constants can be expressed as
(Wolfram et al. , 1963)

P s(l~k; lYk') = (r re/r') (A B)+o Q, (I—II.B.12)

where

R„(0)=R,(0) =Ry(9) =R,(9) =0,

R.(0) = —R.(9) =R' (-y).
and

r=
l X(lKk) —X(l'K'k') l. (III.B.13c)

Using such an approach, Ra6zadeh and Yip were
able to construct a model with second-neighbor inter-
actions, which involves only six independent parameters
including R and R', unlike the Cochran —Pawley model
which had 10 parameters (before applying the equilib-
rium constraint) . Using the five triply degenerate
frequencies at zone center, [100] zone boundary, and
[111jzone boundary measured by Powell, the parame-
ters of the model were determined in terms of R. The
latter was then varied to obtain a 6t with Powell's data.
The values of R and R' deduced are 2.76 and 3.47 A,
respectively. It is interesting to observe that these are
smaller than half the Q.rst and second neighbor separa-
tion, i.e., R&%3u/4 and R'(a/2 (a 7 A) .

The main virtue of the Ra6zadeh —Vip model is that
it OGers a means of reducing the number of independent
parameters. This is of value when one is trying to
compute dispersion relations based on limited experi-
mental data.

An even further reduction of parameters is possible
by explicitly identifying the atomic pair or pairs
dominant in providing the forces between a given pair of
molecules and subsequently expressing the relevant
interatomic constants P s(leak; IVk') in terms of a suit-
ably assumed form for the atomic pair potential. Thus

We thus see that the intermolecular force constants
g s"'(ls; l'a') can be expressed via (II.A.58) in terms of
the derivatives A and 8 of the pair atomic potential,
provided the potential is a function of the separation
between the atoms involved. Such a scheme has been
successfully employed by Dolling (1970) in the case of
DHMT. Assuming that the most important bonds in
DHMT are the shortest D—D bonds of length 2.72 A
connecting the origin and the second-neighbor mole-

cules, and the shortest D-N bonds of length 2.88 A.

connecting the origin and erst-neighbor molecules, a
four-parameter model was constructed using Eqs.
(II.A.58), (III.B.12), and (III.B.13) which fitted the
data quite well. A similar model has also been employed
by Powell and Sandor (1970) to analyze their data on
x-ray disuse scattering from normal HMT.

The foregoing discussion gives an idea not only of
the amount of work which has been done on hexamine
but also of the various types of force constant models
usually employed.

C. Naphthalene and Anthracene

Naphthalene and anthracene are aromatic rnolecules
built up from benzene rings. Figure 11 shows the
primitive unit cell of crystalline naphthalene. The
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I'rG. 11. Unit cell of naphtha-
lene. LAfter J. M. Robertson,
Orf, anic Crystals and M olecnles
(Cornell U. P., Ithaca, N. Y.,
1983).$

23~ 56

crystal is monoclinic and belongs to the space group
C»'. The structure of anthracene is similar. The dy-
namics of these crystals has attracted attention for a
long time, particularly from the point of view of under-
standing the thermal parameters associated with x-ray
diffraction (Cruickshank 1956a, 1958) . Recently,
Pawley (1967) has computed the dispersion relations
for these crystals using the external-mode approxima-
tion. These calculations have some interesting features
not present in the hexamine work discussed earlier.
Firstly, the molecules are asymmetric tops. Secondly,
the principal axes of the two molecules in the primitive
unit cell are oriented differently, and for these reasons
Pawley found it convenient to work in the principal-
axes frame rather than in the fixed frame. In addition,
the force constants were not left as parameters to be
determined from auxiliary data but were computed
using the semiempirical potential functions for inter-
actions between nonbonded atoms as given by Kitai-
gorodski (1966). These potentials have the general form

V(r) = A/rs+B exp (—ar), —

where A, 8, and n are constants whose values depend
on the atom pair involved in the interaction, Note that
this potential involves atoms located in diferent
molecules. Using the values of the constants as given

by Kitaigorodski for C—C, C—H, and H—H interactions,
Pawley computed the various force constants numeri-
cally in a computer. In evaluating the force constants
using such potential functions, it must be remembered
that basically the force constant is a second derivative
of the crystal potential 4 evaluated about the eqlilib-
rigrn configuration One must ensur. e therefore, that the
structure that one ascribes to the crystal is consistent
with the minimum of 4 based on the two-body func-
tions under consideration. In his work, Pawley found it
necessary to rotate the molecules slightly from the
configuration deduced by crystal structure investiga-
tions (Cruickshank 1956b, 1957a, 1957b) so as to ensure
that there were no resultant couples on them. Having

obtained the equilibrium configuration, the force
constants were obtained by giving various kinds of
displacements to the molecules and computing numeri-
cally the forces produced thereby. For example,
to obtain P e'"(tIr; t'r. '), the molecule (t'Ir') is given a
suitable rotation leap from the equilibrium orientation,
and the force produced on (t~) along the n direction is
calculated. This force component divided by 60p
gives the desired force constant. Care must be taken
over the choice of increments used in the numerical
differentiation. Pawley found that 10 ' A and 3)&10
rad were the most suitable increments in displacements
and angles, respectively. It must be pointed out that
Pawley's procedure is essentially equivalent to using
our Eqs. (Il.A.58), with the derivatives involved in the
Born —von Karman constants, evaluated in the equilib-
rium configuration.

Figure 12 shows Pawley's results for the L010]
direction, which is the only symmetry direction for a
monoclinic crystal. An interesting outcome of the
calculations is that the q= 0 librations do not take place
about the principal axes as had been previously as-
sumed (Rousset, 1947). Rather, the a,xes of librations
are considerably rotated with respect to the principal
axes, especially for the low-frequency antisymmetric
modes.

As a sequel to the calculation, Pawley and Yeats
(1969) have recently attempted to measure the disper-
sion relations in deuterated naphthalene, using the
technique of coherent neutron scattering. As yet, the
results are too preliminary and meager to draw firm
conclusions.

Some results for deuterated anthracene have recently
been obtained by Lutz and Halg (1970), and these are
shown in Fig. 13. Comparison with calculations
similar to those of Pawley's shows general agreement
between experiment and theory. The disagreement
becomes worse at higher frequencies, indicative of the
breakdown of the rigid-molecule approximation. This
is not unexpected in view of the fact that some of the
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internal vibrations have a, frequency as low as 100
cm '. Indeed, Pawley and Cyvin (1970) have recentln y
demonstrated by explicit calculations in the case of
naphthalene that such a, modification of external-mode
frequencies does occur due to the nonrigidity of the
molecule.

D. Adamantane

Adamantane [(CH')6(CH)4j is a molecular crystal
like hexamine. Recent mea, surements indicate that
above 208'K it has a cubic fcc structure, while below
that temperature, a tetragonal structure is stable.
The dynamics of this substance has been studied
experimentally using slow-neutron scattering by Stock-
meyer and Stiller (1968). The scattering is predomi-
nantly from hydrogen, and being incoherent, the
measured spectra yield essentially the frequency dis-
tribution weighted by the amplitude of the hydrogen
atoms (Boutin and Yip, 1969).By way of providing a
comparison with the observed data, Stockmeyer and
Stiller have computed dispersion rela, tions and fre-
quency spectra for both phases. It must be pointed out
that adamantane in the high-temperature phase is a
plastic crystal, and it is known that the molecule makes
hindered rotations between equivalent configurations.

hese being of large amplitude, the rotational motions
cannot be completely described within the framework
of the harmonic approximation. A model which takes
a,ccount of both small amplitude librations and large

1amplitude reor&entational motions is therefore neces-
sary, as has been pointed out by Stockmeyer and
Stiller (1968) and by Dolling (1970).Very recently, the
Chalk River group has initiated the experimental
study of dispersion relations in deuterated adamantane
(Dolling, 1970).Detailed results are yet to be reported

E. Urea

Deprez and Fouret (1964) have worked out the
formal theory of external modes in urea, [CO(NH2) ~],
which belongs to the space group U~~. There are two
molecules per primitive unit cell, and force constant
matrices have been set up as far as second neighbors.
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'zG. 13. Dispersion curves for deuterated anthracene aloong
t 01j direction. The dots denote experimental points, and the
solid lines are guides to the eye. The dashed lines represent cal-
culations similar to those of Pawley (previous figure) . The arrows
indicate the Ilaman frequencies deduced from the measured values
for normal anthracene (Suzuki et al. , 1968) after appropriate
scaling. I'he heavy lines through the origin are based on elastic
constants for deuterated anthracene derived from the values for
normal anthracene (Afaneseva et al. , 1967; Huntington et al. ,
1969) after scaling. LAfter I.ut7. and Halg (1970).g

but st ss clear even from the preliminary measurements
that fresh thinking is called for when large amplitude
rotational motions are involved as in plastic crystals.



VKNKATARAMAN AND SAHNI Lxterna/ Vibrations in Co]nplex Crystals 439

12 = LIB
[100]

I I I I I I I I

LIB
[111]

I'IG. 14. Dispersion relations
for NH4C1 in the ordered phase.
[After Parlinski (1969).]

CLo "0
CV

8

o 6-
4J

C$
LLI

TO

—10

0 0
0 0.1 0.2 0.3 0.4 05 0 01 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 05

WAVEVECTOR COMPONENT (IN UNlTS OF 2Tl/a)

Also expressions are given for the q=0 frequencies and
the frequencies for wave propagation along the four-
fold axis, which is the direction of maximum symmetry.
No numerical results are presented.

-06-

05—

.04—

-03—

I I I I I I

NH4

TRANS

I I

.20-
NHg,

LI8
.15—

.10-

I I l

02-

01—

.06—

05-

I I I I I I I

I I I I .20- I I I I I I—

.05— ct TOTAL

.04-

-03— 10-

-02—

-01—

I I l

0 2 4 6 8 10 12

FREQUENCY (10 C P S)

.05-

.00 I

0 2 4 6 8 10 12

FREQUENCY (10 C P S)

1'IG. 15. Partial and total frequency distributions for NH4C1.
Observe that the frequency spectrum of Cl motions is somewhat
lower than the band for NH4 translations. This arises from the
fact that Cl is heavier than NH4+. Also note that there is a
small contribution from Cl and NH4+ translations at the fre-
quency corresponding to the librational mode, indicative of weal&
translational —rotational coupling. t After Parlinski (1969'l.)

F. NH4C1

The dynamics of NH4Cl has attracted considerable
interest for a number of years, particularly in relation
to its well-known phase transition at 242 K. Several
experimental studies, both optical and neutron, were
Inade and from these a knowledge of the q=0 transla-
tional optic frequency and the librational frequency
of the NH4+ ion is available. Around 1968 and 1969,
Parlinski (1968, 1969) undertook detailed numerical
calculation of the dispersion relations appropriate to
the ordered state (see Fig. 1) . The crystal was regarded

as made up of Cl ions and well-bound NH4+ ions
(which, remember, are spherical tops), and each ion
was supposed to interact with its neighbors via both
electrostatic and short-range phenomenological po-
tentials, leading to two contributions to the dynamical
matrix B(q). The treatment of the electrostatic part is
discussed in the following section. The short-range part
was treated in a manner similar to that discussed in the
hexamine example, in terms of parametrized force
constants. Interactions were included up to the third
neighbors, and all this resulted in 18 parameters. The
only experimental results available at that time were the
elastic constants Cii, Ci2, and C44 ( Garland and Renard,
1966), and the q=0 translational optic frequency and
the librational frequency (Wagner and Hornig, 1950;
Krishnan, 1948; Woods et al. , 1961; Venkataraman
et a/. , 1966; Bajorek et a/ , 1965). Ext.ra assumptions
were therefore made to reduce the number of inde-
pendent constants to five, and from the parameter
values deduced from the above information, the disper-
sion relations were computed for the symmetry direc-
tions. The results are shown in Fig. 14 and are very
similar to those published for CsCl type crystals
(e.g. , Cowley a,nd Okazaki, 1967), apart from the
appearance of a very Rat torsional branch which is
well above the translational band of frequencies, unlike
HMT. The frequency distribution curves based on this
model are shown in Fig. 15, where a prominent peak is
seen due to the librational branch.

Not to be left behind, experimentalists also have
studied the dispersion relations in ammonium chloride.
Two independent measuremqnts have been reported
up to now. In the first of these, Smith et a/. (1969)
have investigated the dispersion relations in NH4Cl.
These experiments represent a tour-de-force in view of
the difficulty of observing the coherently scattered
events from XH4Cl, which is predominantly an in-
coherent scatterer owing to the large incoherent
scattering amplitude of hydrogen. The latest results
of Smith et al. are displayed in Fig. 16, where the various
curves are merely guides to the eye. The measured
dispersion curves agree with those computed by
Parlinski as to over-all shape. There are, however,
some quantitative differences. For example, the
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measured I0 frequencies along [100]are systematically
lower than the computed ones. This is reminiscent of the
situation in alkali halides where the rigid-ion model
always predicts LO frequencies higher than the meas-
ured ones (Woods et a/. , 1960) . Several other differences
may be noted on comparing Figs. 14 and 16.

Teh et al (1969; 1970) h.ave made measurements on
ND4Cl to overcome the difficulty associated with in-

coherent sca, ttering background produced by hydrogen,
and their results are shown in Fig. 17. The dotted lines
in the figure are guides to the eye, drawn through the
experimental points. The measured curves for ND4Cl
are similar in all essential respects to those computed by
Parlinski for NH4C1 (shown in Fig. 17 as solid lines)
although there are some differences in the actual values
of the frequencies. These are to be expected in view of
the difference between the two crystals. In particular,
the libra, tional frequency is found to be 8.3&&10" cps
in agreement with earlier optical (Wagner and Hornig,
1950) and neutron experiments on powder samples
(Venkataraman et a/ , 1966). This is to b. e contrasted
with the value of 11.7&(10" cps observed in NH4Cl.
The difference arises from the fact tha, t the moment of
inertia of the NH4+ ion is smaller by a factor of 2 as
compared to tha, t for the ND4+ ion. Teh and Brockhouse

(1970) have compared their results with Parlinski's
model as adapted for the deuterated crystal and find
that while the qualitative features of the experimental
results are well predicted, quantitative agreement is
poor particularly in the case of LO modes, reminiscent
of the situation in NH4Cl. The results of Teh and
Brockhouse have also been analyzed by Cowley (1970).
Interestingly, rather than use an external-mode
approach, Cowley has taken all the 18 degrees of
freedom per cell into account and has calculated the
dynamics using the shell model (Woods et a/. , 1960;
Cowley et a/. , 1963) which takes account of the polariz-
abilities of the ions. The results for the nine lowest
branches (viz. , the external branches) agree well with
the measurements of Teh and Brockhouse a,nd demon-
strate the need for considering polarization effects
which were ignored by Parlinski. Similar calculations
were also done for NH4Cl by Cowley and they compare
favorably with the measurements of Smith et al.

G. NaN02

NaNO& has been investigated extensively due to its
unusual dielectric properties. In its low-temperature
((163'C) phase, it is ferroelectric with a structure as
illustrated in Fig. 18. Between 163 and 164.5'C, it
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exhibits an antiferroelectric phase in which the average
electric dipole moment along the b axis oscillates as one
moves along the u direction. The period of oscillation is
temperature dependent and incommensurate with the
a lattice period. Above 164.5'C, the NO2 dipole
moments are directed equally and randomly along the
+ and bd—irection, the material being paraelectric.
In view of the connection between ferroelectricity and
lattice dynamics (Cochran, 1960; 1961), it is not
surprising that the phonon spectrum of NaNO2 has
received attention.

From Fig. 18, we observe that the primitive unit
cell contains two ions, NOs at (0, 0, 0) and Na+ at
(b/2, 0, 0) .There are therefore nine external degrees of
freedom per cell, and consequently nine external
branches to the phonon spectrum. Some of these have
been mapped (Sakurai et a/. , 1967; Dolling, 1968;
Sakurai ef a/, , 1970) using neutron scattering tech-
niques; the results are displayed in Fig. 19.

To analyze the data, Sakurai et af. (1970) assume that
the crystal consists of Na+ and nondeformable XO2
ions which interact via both Coulomb and short-range
forces, and thence compute the external-mode fre-
quencies. The evaluation of the Coulomb contribution
to the dynamical matrix is discussed in Sec. IV. As far
as the short-range part is concerned, interactions were
included up to 6ve neighbors with additional simplifying
assumptions. The resulting force constants were
treated as adjustable, and the 6t achieved is shown by
the solid lines in Fig. $9.

IO.O-

M

6 — N —K

c,&o

T d —X d f

r H
I I I I, I I I I

[oo.c]

„e.o
CL
CP

—6.0

O
LLI 4.0

2.0

H. Concluding Remarks

From the foregoing survey, the reader can see that
not only is the formalism for doing Born-von Karman
type calculations for external modes by now well

established, but also that numerical results which are

N02

Fro. 18. Unit cell of NaNOs. )After Dolling (1968).~

beginning to be reported have in turn provided impetus
to experimentalists to make detailed measurements.
Up to now, only crystals with relatively simple struc-
tures have been investigated, and quite understandably
so. In spite of this, the number of force constants to be
handled has always turned out to be fairly large. This is
inconvenient, especially if the force constants are to be
treated as adjustable parameters. In the case of
molecular crystals, the use of model potential functions
for the nonbonded interactions enables one to overcome
the difficulty of parameter proliferation. For other
types of crystals, however, the difhculty remains, since
one does know how to describe quantitatively the
short-range interactions between the various units,
owing to the complicated nature of the bonding. At
present all that one can hope for is simplifying assump-
tions (e.g., as in the Dolling model for NaNOs or the
Rafizadeh —Yip model for HMT) which will reduce the
number of independent parameters. It remains to be
seen whether potential functions for bonded inter-
actions can be developed with the same degree of
success as for the nonbonded interactions.

IV. EIECTRIC FIELD EFFECTS

A. Role and Importance of Electric Field Effects

A number of complex crystals are ionic or partially
ionic in nature. In such crystals, owing to the Coulomb
interactions between the ions, a macroscopic electric
6eld is set up which produces important modi6cations
in the behavior of those long-wavelength modes which
carry a net dipole moment (also often called infrared-
active modes) .' Such effects are well known in the case
of simple diatomic crystals but their role in the case of

Ol I I I I I I I I I

0 0.5 0
(00 I) & (-'-'0) —& {000)22
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FIG. 17. Dispersion relations for ND4Cl at 85'K. The dashed
lines are guides to the eye. The solid lines are the calculations for
NH4CI by Parlinsiti (1969).)After Teh et al (1969).g.

' Group theory provides a convenient and simple means of
determining whether a mode is infrared active or not. The method
is to erst carry out a group-theoretical classihcation of the q=0
modes (see Sec. V). Of these, those which exhibit the same
transformation properties as x, y, and z are infrared active.
Character tables given in the literature (e.g., Wilson, Decius,
and Cross, 1954; Heine, 1960) frequently identify the representa-
tions corresponding to x, y, and z, and this facilitates a quick
identilcation of t'he infrared-active modes.
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FIG. 19. Dispersion curves for NaNO& at 296'K. The solid curves are based on a model discussed in text. (After Dolling (1968).g

complex crystals has not been widely appreciated even
though experimental evidence for them has existed for a
long time. For this reason, we shall devote the present
section to a comprehensive discussion of this topic.

It is helpful to begin by brieQy recapitulating the
role of the macroscopic electric Geld in some simple
crystals. Figure 20 shows a schematic plot of dispersion
relations for a cubic diatomic ionic crystal like NaCl,
CsC1, or ZnS (sphalerite), which has two ions in the

primitive unit cell. The feature of current interest is the
diGerence in frequency between the q=0 longitudinal
and transverse optic modes. This split, it is well known
(BH, Chap. II), is due to the long-range electrostatic
Geld arising from the Coulomb interactions between the
ions. If the two atoms are identical, then there is no
residual charge on them and consequently no macro-
scopic field, and in this case the two modes become

degenerate (e.g. , in diamond). Another feature of the
splitting in cubic (ionic) crystals is that the limiting
frequencies for the optic branches are the same for all
directions of q (see Fig. 20).

Figure 21 shows schematic plots of the dispersion
relations for a cubic crystal with the CaF2 structure,
which also has two types of ions but a total of three
atoms in the primitive unit cell. Here, only one set of
optic modes (identified by dots) have dipole moments
associated with them, and these alone exhibit a splitting.
Once again, on account of cubic symmetry, the limiting
frequencies of the infrared-active modes are direction
independent.

Similar effects are known to occur in the case of
noncubic crystals also. There are, however, additional
features arising from crystalline anisotropy. The
wurtzite-type crystals (Zno, CdS, etc.) provide a con-
venient example. These are hexagonal and have four

(b) LO (0)

Ox
LIJ

C5
Laj
K
Lg

TO

(2)

FIG. 20. Schematic drawing of the dispersion curves in the
electrostatic approximation for a cubic diatomic crystal like
NaCI. (a) shows the curves along a symmetry direction like
$100], the numbers in parentheses denoting the degeneracy.
(b) shows the curves along an off-symmetry direction. LO and TO
refer to longitudinal optic and transverse optic, respectively.
Observe that the q=0 limiting frequencies are the same when
approached from various directions.
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FIG. 21. Schematic draw-
ing of the dispersion curves
in the electrostatic ap-
proximation for a CaP2-type
crystal along the $100j
direction. The numbers in
parentheses indicate the de-
generacies. The q =0 modes
identi6ed by dots carry
dipole moments.
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Pro. 22. Schematic plots in the electrostatic approximation of

the dispersion curves for a wur tzite-type crystal. Only the branches
whose limiting frequencies are infrared active are shown. 8=0'
corresponds to wave propagation along the c axis, while 8=90'
corresponds to wave propagation in a typical direction in the
basal plane. The numbers in parentheses denote as usual the
degeneracies. The curves sketched are based on results for CdS
(c/o(ideal) published in the literature. Observe the anisotropic
eAects in the limiting frequencies, and the removal of degeneracy
for the pair (Qs, Qs) for 8=90' case. In the mode Q&, the atomic
displacements are parallel to the c axis, while in modes Qs and Qs

they are in the basal plane. In hexagonal ZnS (c/a&ideal), the
relative values at tl=0 for the modes Q~ and (Qs, Qs) will be
reversed.

atoms in the primitive unit cell. There are consequently
12 branches to the phonon dispersion curves. Of these,
only three exhibit eGects associated with macroscopic
electric fields. Figure 22 shows schematic plots of these
branches along the e direction (0=0') and for q normal
to the c-axis (0=90'). Two efFects can be observed: one
is the anisotropy in the limiting frequencies, and
another is that for 0=90', there is a splitting at q=0
for the mode which appears as doubly degenerate in the
0=0' case. The angular variation of these frequencies
(identified simply as Qi, Q&, and Qs) is sketched in
Fig. 23(a). If the macroscopic fields were absent, then
the behavior would be as in Fig. 23(b). It must be
pointed out that in all the above discussion, /=0

(b)

8 ( DEGREES)

FIG. 24. Angular dependence of one of the low-frequency
modes in LiC104 ~ 3H&O. The solid curve is the theoretically
expected variation. Based on the data of Mathieu et al. (1952).

implies a vibrational wavelength large compared to the
unit cell dimensions but small compared to the physical
dimensions of the crystal.

In the case of uniaxial crystals, in addition to the
phenomena just discussed, there are also important
features connected with changes in the polarization
vector as a function of 8. These are dictated by two
factors with opposing eBects, viz. , crystalline anisot-

ropyand the electrostatic Geld. "A full discussion on this
subject may be found in a review article by Loudon
(1964). We might note, however, that in crystals in
which anisotropy dominates, the polarization vectors
are essentially along or perpendicular to the c axis. This
is true for all values of 8 provided q is sm &1 and ap-
proaches 0.

Electric Geld eBects similar to those just considered
are also exhibited in complex crystals of ionic or par-
tially ionic character, both in the case of external as
well as internal modes that carry dipole moments.
Evidence for these have been reported by spectrosco-
pists for a number of years, and Figs. 24 and 25 provide
two early examples due to the French group (Mathieu
et a/. , 1952). In Fig. 24 is illustrated. the angular
dependence of one of the low-frequency infrared-active
modes in LiC104 3H20, which is a uniaxial crystal
belonging to the space group C6, . The mode under

V en Cff)-f

90 ——e 0 8 90

FIG. 23. Schematic drawing of the angular dependence of the
limiting frequency of the infrared-active mode in wurtzite-type
crystal. The curves are appropriate to a crystal with (c/a) (ideal
(e.g., CdS). (a} shows the 0 dependence with macroscopic field
e6ects included. (b) shows the 8 dependence in the absence of
the 6eld.

I xG. 25. Angular dependence of one of the high-frequency modes
in LiCIO4. 3H20. t.After Mathieu ef af. (1952).)

o In wurtzite-type crystals, electrostatic Geld is the dominating
factor.
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consideration is nondegenerate and translational in
character, the displacements of the ions being along the
c axis. Figure 25 illustrates similar anisotropy observed
in the case of one of the high-frequency modes, pre-
sumably corresponding to an internal vibration of the
C104 ion. A few other cases of anisotropic behavior
have also been reported, notably by the French group
who have done pioneering work in this Geld."

In what follows, we shall restrict our attention to
external modes alone. In general, we can make the
qualitative observation that external modes which
carry a dipole moment will exhibit eGects similar to
those discussed above. In cubic crystals, such modes,
which in the absence of macroscopic Geld eftects would
have been triply degenerate, will be split into a doubly
degenerate mode and a nondegenerate mode. For
example, in NH4Cl, the translational optic modes
corresponding to q=0 carry a dipole moment and are
split the same way as in CsC1. The torsional mode, on
the other hand, is not infrared active and does not
manifest such a behavior.

In the case of uniaxial crystals, angular variation as
well as splitting as discussed in Figs. 22 and 23 are
expected both for the translational and librational
modes, subject of course to their having dipole moments.
In most (complex) uniaxial crystals, the (c/a) ratio is
large so that crystalline anisotropy dominates over
electrostatic forces and primarily controls the polariza-
tion vectors. This results in e' and e" being either
parallel or perpendicular to the c axis in the q—A
limit, quite independent of 8.

One example of anisotropy in. frequency associated
with external modes in uniaxial crystals has already
been cited in Fig. 24, which illustrates the effect for a
translational mode. We have been unable to Gnd in the
literature a similar angular dependence study of the
librational modes in uniaxial crystals although the
limiting frequencies for 0=0' and 8=90' have been
reported in a few cases. For instance, it is known from
the work of Barker (1964) on CaWO4 that the infrared-
active librational modes in that crystal are doubly
degenerate and have a frequency of 202 cm ' when
viewed along the c axis, while perpendicular to the t, axis
they are split and have a frequency difference of
~46 cm '. (Recall Pigs. 22 and 23.)

Similar effects are also expected in crystals having
lower symmetry. Tramer (1959), for example, reports
that the q =0 librational frequency in room temperature
NaNO2 is angle dependent and that it varies in the
range 150—170 cm '. Full details of the variation are,
however, not given.

In general, experimental work concerning effects
produced by electric fields is somewhat meager and it is
hoped that increased attention will be paid to it in the
near future.

Our immediate question is how to reproduce such
effects by theoretical calculations. Basically the
problem is one of taking proper account of Coulomb
interactions in the crystal. The treatment of this
problem in the conventional Born—von Karman
framework has been discussed in detail in the literature
(Kellerman, 1940; BH, Chap. V) . The analogous
problem for external modes in complex crystals has been
discussed only partially and needs some clarifications.
These are overed in the following subsections.

B.Extension of Kellerman's Work

Let us suppose that interatomic forces in the crystal
can be divided into a purely electrostatic part plus a
short-range part. The dynamical matrix will corre-
spondingly have two contributions, and we are at
present interested in developing analytical expressions
for that arising from the Coulomb interactions among
the ions. This will be done in the fixed frame first
since the algebra is simpler. Later we shall consider
the transformation to the principal-axes frame. The
basic diKculty in evaluating the electrostatic con-
tribution arises from the long-range character of the
Coulomb potential. Fortunately, however, methods
exist which make the problem tractable.

To start with, we shall assume that the charge dis-
tribution consists of a set of point charges located at
the nuclear sites r(kk) .Denote by Z()(k) e (e=+4802&(
10 )0 esu) the charge on the kth atom in the )(th unit.
The Coulomb part @ p' "'(l)(; l')(') of the force constant
associated with the units (l)() and (l')(') can be written
using (II.A.58), with P p'(l)(k; I')('k'), the force constant
due to Coulomb interactions between the atomic pair
(3)(k—l')('k'), being given by

Q p'(l)(k; l')('k') =e'Z()(k) Z((('k') [()~p/( X P—3X,Xp/( X
( I, X=X(l')('k') —X(l)(k), (l)(k/l')('k'). (IV.B.1)

This result follows from the more general one applicable to interatomic potentials of the form V(r), namely

@ p(kk; P)('k') = O'V (r)/Br Brp ~, x() „—.g ),x()„)).

We thus obtain the following expressions for @,p""'(k; l')('):

p '"(4 P)(') = Q Q (t) p'(l)(k; l'I('k'). (IV.B.2)
kfK ICICK~

The notation kg x signiGes tha, t k runs over all atoms in the molecular group ~. A similar meaning applies to the

"References pertaining to this subject may be found in the article by London (1964).
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symbol k'p f(: "

(2) (IV.B.3)

(3)

B p' "(q, ~~') = g p p' "(0~; l'z') exp Liq X(l') )
lI

= g g g P p'(Oak; l'~'k') exp Liq X(l') j
k«k&.K~ lI

= e' P P Z(ak)Z(~'k') I48„p(q, X(~k) —X(~'k') )—8„p(q, X(~k) —X(s'k') )},

g p""(4;lV) = Q Q Q@,'(kk;lVk')e, ppXp(k'),
k«k~4»l 0'p

y.p' "'(ls; iis') = g g Q @„p'(l~k; Ps'k') e„.,X.(k); (IV.B.4)
ke» k~e»I ls~

(4) P.p' (l~; l'~') = Q g Q Q y„;(l~k; l'~'k')e. p,e„.„X„(k)Xp(k'). (IV.B.5)
ke» k~e»~ ps y p

In all the above expressions, P p'(l~k; l'~'k') is as in Eq. (IV.B.1).
To obtain B p""'(q, ss') we must substitute the above expressions into (II.A.22) and perform the lattice sum.

It is here that the dBFiculty associated with the long-range nature of the Coulomb potential manifests itself. How-
ever, thanks to Ewald (1917, 1921) and Kellerman (1940), the hurdle is surmountable.

Using Kellerman s results as summarized in Appendix II /see Eq. (AII.4) $, we can now write the Coulombic
contributions B p""'(q, x~') to the dynamical equations. Thus, we obtain

m, P=x, y, s; ~, ~'=1, 2, ~ ~ ~, (p+v) (sQs'), (IV.B.6)

where the quantities S p and 6 p are dehned in Eqs. (AII.S) and (AII.6), respectively.
The series corresponding to S p and | ~ can be made rapidly convergent by a suitable choice of the parameter q

occurring in the series (see equations cited above) . Care must be exercised in evaluating B„p""(q,s~ ) for the q= 0
case. This is necessitated by the 6=0 term in ~ which has the form

(q gp/~ q ~') (s/s) exp (—g'/4P) exp fiq [X(~k)—X(s'k') j}. (IV.B.7)

The factor g gp/} q )
has no unique limit, and the limiting value depends entirely on the direction by which the

point q 0 is approached. For this reason, while making calculations corresponding to q=0, B,p'" (and also the
other similar elements of the dynamical matrix) is evaluated by a limiting procedure, the limit being taken along
the direction of interest. It is this dependence of the limit on the direction of q which leads to the various eRects
discussed qualitatively earlier.

For some purposes, it is convenient to write B,p' "(q, ss') as

Bmp' "(q sx') =B p' "(q, m')+ (4s/s) (q„qp/~ q ~') p' g Q Z(~k) Z(s'k'), (IV.B.S)
ks» k~«l

where the leading term in the reciprocal space series for B p' "(q, ss') has the form

—e' g g Z(~k) Z(~'k') (4s./s) (1—exp (—g'/4P) exp [iq [X(sk) —X(s'k') )})(g,gp/~ q P).
k.» k~«~

This, observe, is regular at q =0. A similar decomposition of other Coulombic contributions into one part that is
regular in q and another that is not, is also possible. The usefulness of such a separation will become apparent later.

Next let us consider B~' '"(q, «s') . Proceeding as above, we have

B p""(q, «~') = Q Q Q IQ g, '(Osk; l' k')sexp Liq X(P)j}e.p,X,(k')
k«k4lCI 0'p li

= e' Q Q Q Z(~k) Z(~'k') ppXep(k') I4$, (q, X(~k) —X(~'k') )—t, (q, X(hack) —X(a'k') )},
ke» k~e»~ erp

n, P=x, y, s; L=1, 2, ~ ~ ~ (p+v) ~'EII (~W~'); (IV.B.9)
and

B p'"'(q, ~~') =e'Q Q Q Z(sk)Z(x'k')e„„X„(k) I4g„p(q, X(xk) —X(~'k')) —C„p(q, X(~k) —(~'k') )},
ke» k~e»~ pv

n, P=x, y, s; ~g II; 2=1, 2, ~ ~ ~ (p+v) . (~As'); (IV.B.10)

B p"'(q, K~') =e'Q Q Q g Z(~k)Z(~'k')e, p,e„,X.(k)X, (k')
k«k~«~ yv o'p

X I48„.(q, X(sk) —X(s'k')) —t:„.(q, X(sk) —X(~'k') )},
n, P=x, y, s; sf II; s'&II (sos'). (IV.B.ll)
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Let us now turn our attention to the case K= K ~ Following the practice in conventional lattice dynamics, we
shaB assume that Coulombic and any other type of short-range forces that may be present in the crystal are
additive, and that the force constants due to them therefore separately fulfill the sum rules (II.A.16)-(II.A.19) .

Thus, considering first 8 s' "(q, ~v), we have

B.))' "(q, ):~)= g P s' "(OK; t'~) exp [iq X(l') j+p ))' "(0~;OK)

g P p' "(0~; l'x) exp [iq X(l')]—g @ ))'"(0~; l'g) —g g @,))' "(0~; lY), (IV.B.12)
li Ki(QK)

on using (II.A.16) . If we formally add the infinity

e g g Z(K k) Z(g k) I5 p/~X j. —3X Xt)/~ X } }x
k~K kieK

to the first term on the right-hand side of Eq. (IV.B.12) and subtract it from the second, we get

&-~'"(q «) = e' & & Z(~k) Z(~k') I:2 I~.) /I X I'—3X-Xs/I X I'}x=x«)-x&»+x~') exp [&q X(t') 3
kc'K kicK

—2 I~-s/} X I' 3&-—Xs/I X I'}x-x() )-xi»+x(~ ) ]— 2 2 @-s'"(0~;l'~') (IV B 13)
Ki(~K) li

On recalling the results of Appendix II and further employing the convenient notation 8 s'"(q=0, KK ) for the
quantity

Q g ))'"(0~; VK'),

we obtain

B.))"'(q, K~) = e' g g Z(~k) Z(~k') I4[$ ))(q, X(k) —X(k') )—S ))(q—=0, X(k) —X(k') )]
kEK kicK

—[8.t)(q, X(k)—X(k'))—8.t)(q—=0, X(k) —X(k') )j}— Q 8 ))' "(q—=0 ~~')
Ki(QK)

o., P=x, y, s; ~=1, 2, ~ ~ ~, ()i+)). (IV.B.14)

This expression requires several comments. Firstly, when k = k', the leading terms in the series for 8 ))(q, 0) and
8 s(q=—0, 0), (i.e., the t = 0) terms in Eq. (AII.6) are ill-defined. Fortunately, however, they occur with opposite
signs and hence cancel each other. This means that in practical calculations these terms may be safely omitted.

Next consider the leading term in the series for

This has the form

n.,(q=0, X(k) —X(k') ).

g g (47r/t)) (G Gp/~ 6 ~')6-=OZ(~k)Z(~k')

which clearly is ill-defined. It turns out, however, that

B~s' "(q=0~)c.") = e' Q Q Q—Z(~k) Z(~'k') I48.))(q==0, X(~k) —X(~'k') )—8 p(q—=01 X(~k) —X(~'k') )},
Ki(&K) Ki(QK) kcK kitKi

[see Eq. (IV.B.6)] also contributes several ill-defined terms of the same sign, and together they add up to zero.
This is because their sum is multiplied among other things by

[g g Z(~k)ej,

and this quantity vanishes on account of the over-all charge neutrality of the primitive cell.
Thus, in the numerical evaluation of (IV.B.14), we can (i) ignore the ill-defined real-space terms occurring in the

series expansion for 8,s, and (ii) ignore all ill-defined terms in the series for 8 s. The former is possible due to the
cancellation of two terms with opposite signs, while the latter is connected with the fact that the sum of such terms
is multiplied by total charge of the unit cell which always vanishes.

Similar considerations will apply to the expressions to be given below. In these cases also, the ill-defined terms
both in real space as well as reciprocal space series can be omitted during practical calculations for the same
reasons as above.

When we return to the calculation of the remaining elements of the Coulombic part of the dynamical matrix, we
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have, using the same line of reasoning as employed in arriving at (IV.B.14),

B p'"'(q, «) = g @ p'"'(Ox; l'x) exp Liq X(l')7—g g p'"'(Ox; l'x) = g PP p'"'(Ox;l' x')

)/(y@) l/(y-'0) «/(gK) l/

=e'2 2 2 Z(xk)Z(~k') 2 {exp Liq X(l')7—1}"-'X.(k) fop/I(X)I' —3XPp/I X I'}x=x(~)-x(~)+x(~ &

keK k/eK lev

B„p'"'(q=—0, «')
K/(QK)

=e' g p g z(xk) z(xk') e„„x„(k)f 4} (B„p(q, x(k) —x(k') )—s„p(q=—0, x(k) —x(k') )7
k6K k/6K pv

—L~.p(q, X(k) —X(k'))—e„p(q—=0, X(k) —X(k'))7}— g B.; (q—=p, ; )

and also
a, P=x, y, s; xgII; (IV.B.15)

B„p""(q, ~~) =e' g g g z (~k) z(xk') e,p„x,(k') I 4LS,(q, x(k) —x (k') )—$,(q—=0, x (k) —x(k') )7
keK k/eK a P

—L6.(q X(k) —X(k'))—6 (q—=0 X(k) —X(k'))7}— g g p
& (q=—0, &'&),

K/(+K)

a, P=x, y, s; ~&II. (IV.B.16)
Finally, let us consider B p""(q, «) for which we obtain

B p'""(q, «) = PP p'""(0~; l'x) exp I iq X(l')7
g/

g p"""(Ox; l'x) exp Iiq X(l )7'—g g p'~(px;l'x) —g g @ p''"(OK 1K')'
«(~) &/(Ao)

+ Q Q fp„'"'(Ox; lV)X&(lV) Pp'—"'( Oxl'x')X~(Px') }, a, P=x, y, s; ~&II. (IV.B.17)
$/ K/

As earlier Lsee (II.A.19)7, the indices P, p, 8 are cyclic, order of x, y, s. We now rewrite the last term as

'"(OK l'x')xp(P) —@ '"'(OK l x)x (l ) }+pg {y '"'(OK l'~')xp(K') —y ''"'(OK;l'«')x (x') }
Z/

= —i 2 {L(~/~a~) B-v'"'(q, «') 7.-=O—L(~/~vs) B-p'"'(q, «') 7.~}
K/

+ g Q fy;"(0~; 1' )xxg(x') —y p'"(Ox; lV)X„(x') }
«K/(gK)

+ Q f@;"(OK lK)XB(K)'pp"'—(OK; l K)Xp(K) }
g/

i g {p(B/Bqp) B.„'—"(q, «') 7,~ p(8/Brl, )B.p—' "'(q, xx') 7,~}

+ g Q {y~,' "'(Ox; l'~') LXg(d) —Xg(x) 7—y.g' "'(Ox; lV) [X„.(x') —X,(x) 7}. (IV.B.18)
K/(&K)

Questions may be raised about irregular terms in

Z L(~/~1 )B '"'(q ) 7 =—o

in above expression. Fortunately, however, charge neutrality comes to the rescue as before, and the quantity may
be evaluated without any difhculty. Carrying out some simplifications to' the result in (IV.B.18) similar to those
employed in arriving at (IV.B.14), we obtain eventually

B p' "(q, «) = e' g g P Z(xk) Z(~k') e„„e.p„X„(k)X,(k')
keK k/eK Pvo'P

X {4'„(q,X(k) —X(k') )—$„(q=—0, X(k) —X(k') )7—Le„.(q, X(k) —X(k') )—e„(q—=O, X(k) —X(k') )7}
B.p ""(q—=0, x~') i g g D—8/aq„) B.„'"'(q, «') 7,~ep„„

K/eI I (&K) p, v

+ Q Q {B„'"'(q=p, xx')ep„,LX.(~') —X.(x)7}, a, P=x, y, s; ~&II. (IVB.19)
K/(&K) yv

The above expressions for B p' "'(q, «') may be programmed for numerical evaluation in a computer, and values
corresponding to any given crystal may be obtained. The value of p is chosen such that both the real-space and
reciprocal-space series are rapidly convergent. If the dynamical matrix is required in the principal-axes frame,
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then, having computed B' "'(q, »»') as described above, the matrix corresponding to the principal-axes frame may
be obtained via the transformation (II.B.18). In passing we may note that if the units» and» are just individual
atoms, then only the term 8'" is nonvanishing. The others become identically equal to zero owing to the fact that
X(k) =X(k') =0. Also the expression for 8' " becomes the conventional expression as given, for example, in the
book by Born and Huang (1954), after, of course, allowance for the differences in phase factors.

(z=t, r),

C. Macroscoyic Fields Associated with External Modes

We shall now exhibit explicitly the role of macroscopic Geld in influencing the dynamics. Our approach will be
similar to that of Born and Huang (BH, Chap. V), who have discussed the corresponding problem in standard
lattice dynamics. From (II.A.21) we have

ZZZ& v"'(q «')&s'(»'I qj)=~7(q) Z~ v"(«)&v'(»I qj) (IV.C.1)
p i~

with B~"'(q, »», ') =8 p"'"(q, »»')+short-range contributions. We know from the earlier discussion that B~' "'
has a part that is not regular at q= 0, which, however, may be separated in the manner of (IV.B.8) . We may thus
write B~"'(q, »»') =8~"'(q, »»')+a nonregular part, where the erst term includes not only the short-range con-
tribution (which is always regular at q=0), but also 8 s' "'(q, KK ). Using this representation, the eigenvalue
equation becomes (for i t)

~P(q) ~-'(»
I qj)~.= Z Z Z &-s"'(q, »»') es"(»'

I qj)+(4 /s) ~ Z (v-/v)Z(»k) Z Z Z Z("k')
p kea p a~ k~ex~

X jap'(" I qj) (e/c)+ Z es'(" I qi) (v./v) "s.&.(k') I

= ZZZa. , "(qq K')8p"("
I qj)+ (4 /s)e2ZZ(»k)(v. /q)

p i~ IcfK

X Z Z Z(»'k') j[e'(»'
I qg) q/q]+q 'q I e"(»'

I qj) xX(k')]I. (IV.C.2)

If we associate a dipole moment

(IV.C.4)

p(»') = e Z Z(»'k') j e'(»'
I qj)+e"(»'

I qj) xX(k') I, (IV.C.3)
k~ea~

with the f~."th unit consequent to the displacements, then, following Born and Huang, we may write

~P(q) e.~(»
I qj)m, = Z Z Z &-t,'*'(q, »»') es"(»'

I qj)—e Z Z(»k)&-,
p p Sea

where E is the nth component of the amplitude E of the macroscopic field due to a lattice of dipoles p (l»), and is
explicitly given by

1--= (4 /~) (0-le) I (q/9)—Z p(")}. (IV.C.S)

Similarly, we have (for i=r)

~P(q) Z &-.(»)e."(»
I qj) = Z Z ZAs""(q»»')es"(»'

I qj) eZ Z(»k—) Z &.&.-& (k)
Y xI p il leo@ glÃ

= Z Z ZB p""(q, »»') ep" (»'
I qj) —(LZ es(»k)X(k)g x E)„. (IV.C.6)

The above equations display explicitly the inAuence
of the macroscopic Geld on the dynamics. If the field is
not properly built into the calculations, i.e., if the
Coulombic eGects are not treated properly, then of
course the eGects of the field will not be properly
reproduced.

Equations (IV.C.4)-(IV.C.6) have some interesting
consequences which are best illustrated with a speci6c
example. Consider the long-wavelength modes in
Ca%04, which is a uniaxial crystal. From group-
theoretical analysis it is known that there is a doubly
degenerate mode involving the librations of the W04
ions which has the same transformation properties as
the dipole-moment operator M, and that therefore it is
infrared active. In other words, we expect these modes

to exhibit a behavior similar to that sketched for the
modes Q~ and in Fig. 22.

Let us suppose that the modes are purely libratiorsal,
i.e., e'(» I qj) —=0 for all ». From (IV.C.3) we see that
the associated dipole moment is given by

p(WO4) = e'(WO4) x I e Z Z(WO4k)X(k) j.
aavo4

If we assume the %04 ion to be a rigid regular
tetrahedron, " the quantity in the bracket vanishes
identically, and one therefore does not expect the mode
to appear in infrared absorption. Further, on the basis
of Eq. (IV.C.6), one does not expect any anisotropic

~ Experimental evidence {Kay et ul. , 1964) suggests that the
%04 ion in Ca%04 is not a regular tetrahedron but is slightly
distorted. This does not, however, aR'ect our argument.
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behavior since the nonregular part (which is responsible
for the e6ect) does not make any contribution. In
actual fact, however, Barker (1964) (see also Porto
and Scott, 1967, especially their Table I) sees the mode
in question in his infrared experiments, as also the
anisotropic eGects, which proves that it is not purely
librational in character. There is probably some
admixture from the translational modes resulting in a
net dipole moment for the mode in question, or there
is an admixture from the internal vibrations. The
latter is quite a likely possibility in Ca%04 since the
frequencies of the internal vibrations are not very much
higher than those of the external modes. More spe-
cifically, the lowest internal vibration frequency has a
value 237 cm ' (Barker, 1964; Porto and Scott, 1967),
while the infrared-active librations have a frequency
of 202 cm '.

In general, modes that are purely librational and
which involve ions that carry no net dipole moment,
i.e., for which

[g eZ(Lk) X(k)]
vanishes, are not expected, within the framework of the
external-mode approximation, to exhibit any infrared
activity or anisotropic eGects as discussed earlier, even
though group theoretically they may have the same
transformation properties as the dipole-moment opera-
tor M."Experimental contradiction of this expectation
is indicative of admixture from other modes, most
likely from the internal vibrations which eGectivel'y
distort the ion and produce a nonvanishing dipole
moment. This of course requires that the frequencies
of the internal vibrations be not too diGerent from that
of the librational frequency. In passing, it is interesting
to observe that the lack of infrared activity we have
been discussing is reminiscen. t of the situation in
molecular physics where molecules not possessing a net
dipole moment do not exhibit a pure rotation spectrum
in infrared absorption.

D. Survey of the Treatment of Coulomb Interactions
in the Literature

So far, very few calculations for complex ionic
crystals have been reported in the literature. One of the
earliest is due to Asano and Tomishima (1957c), who
were interested in the dynamics of NaC104. These
authors do not give analytical expressions for the lattice
sums of the Coulomb terms as we have done. Further,
they restrict their attention to the q=0 modes and

"In this context, it is useful to remember that the group-
theoretical method of predicting infrared activity involves
essentially a converse argument. In other words, we pick out
modes which have the same transformation properties as X, F,
and Z, and then identify them as infrared active since they
transform the same way the components of M do. The fact
that a mode transforms as X, F, Z does not guarantee that.
!t has a nonvanishing dipole moment M. The case discussed
above illustrates this point. A more familiar example is that of
the q=P acoustic modes. These involve lateral translations of
the crystal and clearly do not involve any dipole moments.

make a multipole expansion of the potential due to the
C104 radical retaining only the lower-order terms.

The only complex ionic crystals for which full-Qedged
dispersion relations calculations have been made are
NH4Cl (Parlinski, 1968, 1969) and NaN02 (Dolling,
1968).These calculations have already been referred to,
and the treatment of the short-range forces has been
discussed. Here we shall consider the Coulomb part
alone.

D.1 NII Cl

The electrostatic effects in NH4Cl are treated by
Parlinski using a rigid-ion model. The Cl ion is
treated as a point with charge —e, while the XH4+
ion is regarded as a tetrahedron with charges (+e/4)
located at the hydrogen sites, leading to a net charge
+e. However, in evaluating the (tf) contributions, the
detailed charge structure of NH4+ is ignored, and it is
treated as a point charge +e located at the nitrogen
site. In other words, the various (tt) type Coulomb
contributions are evaluated as in CsCl. Reference to our
expressions (IV.B.6) and (IV.B.14) shows that this is
an approximation when the XH4+ ion is involved. In
fact, it is equivalent to replacing the tetrahedral charge
distribution associated with the XH&+ ion by a mono-
pole.

As far as the (tr), (rt), and (rr) contributions are
concerned, Parlinski evaluates the Coulomb part of the
force constants, viz. , p p""exactly, taking into account
the tetrahedral charge structure. However, in cal-
culating the contribution to the dynamical matrix, the
summation over the lattice sites is restricted to third
neighbors and not carried through over all neighbors as
we have done in our formal expressions. Parlinski
justifies his truncation by the argument that @ p",
Q p"', and Q p'" decrease rapidly with increasing distance
between the pair of units concerned. It seems to us
that in general the truncation is not a desirable pro-
cedure as the delicate eGects of macroscopic fields may
not be properly reproduced.

In the case of NH4Cl, however, the truncation
process does not aGect the long-wavelength behavior of
the torsional modes since they are not infrared active.

D.Z NuN02

NaX02 contains two ions, Na+ and XO2 . The
latter is a nonlinear molecular group like the water
molecule and has a permanent dipole moment whose
value is taken as the eGective charge on nitrogen
multiplied by the distance of that atom from the mid-
point between the oxygen pair. As usual, the electro-
static eGects are treated in the rigid-ion (i.e., non-
polarizable ion) approximation (Dolling, 1968; Sakurai
et a/. , 1970). Two approaches were considered; in the
6rst it was assumed that the NO&

—ion could be repre-
sented as a point ion, thereby ignoring its dipole
moment. Such an assumption is actually more ap=
propriate to the high-temperature paraelectricgphase
rather than to the room temperature ferroelectric
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phase since in the former, the N02 dipole moments are
directed equally and randomly along the + and
directions. In other words, the N02 ion was treated
as a monopole in the hrst model. The Coulombic
contributions therefore entered only the (tt) parts.
In the second approach, the full charge structure of the
N02 ion was taken into account, and the various
contributions were evaluated basically as in Sec. IV.B
but with several simplifying assumptions. As is to be
expected, the hrst model did not reproduce the observed
anisotropic behavior of the librational modes at q=0
while the second model did. This underscores the need
for care in the use of the monopole approximation for
ionic clusters (cf. also the last sentence in Sec. IV.D.1) .

E. Polaritons

In Secs. IV.B and IV.C, we treated the interactions
between the various charges in the crystal via Coulomb
interactions alone. This corresponds to the so-called
electrostatic approximation. Inclusion of retardation
eGects hitherto ignored drastically modifies the nature
of the dispersion relations for infra, red-active modes in
the region q &10' cm ', and leads to polaritons which are
coupled phonon —photon excitations (Born and Huang,
1954; Loudon, 1964). Polaritons have been observed
experimentally in GaP (Henry and Hopfield, 1965)
and, ZnO (Porto et at. , 1967). (For other references on
this subject see Wright, 1969). One would expect by
analogy that the combination of external modes with
photons should lead to polaritons in complex crystals
also.

Formally, it is possible to allow for photon-phonon
admixture by supplementing the phonon equations
previously discussed as follows: Let us first write
(II.A.21) and (IV.C.4, 6) as

I S(q) —'(q) mjU+Z+E=0. (IV.E.1)

Here Z+ is a (3ti+6v) X3-dimensional rectangular
"effective charge" matrix with elements

(z+) „;,p ———
I p g Z(~k) ]8 p for i=1

lc6K

= —I:cZ Z Z(d')e-&. (&)3 for' '6= 'f.

I
e'Q —e I=0. (IV.E.6)

(IV.E.2)

Following Pick (1970) we now supplement (IV.E.1)
with the equation

ZU+ (1/4n. ) (tPQ —e) E=0. (IV.E.3)

Here N'= (c'q'/aP) denotes the square of the refractive
index, and Q is a 3)&3 matrix with elements

g.p=s.p 9,qp, (j.=q-/I —q I). (IV E4)

a is the dielectric tensor. Without the hrst term, Eq.
(IV.E.3) reduces to

(1/4~) (~'Q —e) E=0, (IV.E.5)

which has nontrivial solutions for E only when

The last equation is the well-known Fresnel's equation
of optics. It is probably more familiar to the reader in
the form

g
2 "2 "2

+ + =0
( /~' —i") (1/ '—1/~) (1/ '—1/~*)

(IV.E.7)

This form of Fresnel's equation is easily derived from
(IV.E.5) by writing it first as

(1/4') e'QE = aE = D,

and then making use of the fact that

q D=O,

=0, (IV.E.8)
(1/4 ) (~2Q —.)

which follows readily from Eqs. (IV.E.1) and (IV.E.3) .
One can recover from the above equation the solution
corresponding to the electrostatic approximation by
considering appropriate limits, viz. , cv external-mode
frequencies and also «c

I q I
(Pick, 1970).

The preceding discussion is entirely forrnal. Apart
from some preliminary investigations by Asano and
Tomishima (1957b), very little theoretical or experi-
mental work has been reported concerning coupled
photon-(external)phonon modes; hopefully this area,
will be explored in the future.

V. GROUP THEORY OF EXTERNAL MODES

A. Extension of the Work of Maradudin and Vosko

In Sec. I, we made a case for the external-mode
approach on the grounds that it leads to simplihcations
in the dynamical problem. Notwithstar. ding this, it
turns out that practical calculations often require the
diagonalization of fairly large matrices. Considerable
help in accomplishing this can be had, however, using

since q, the wave vector of the electromagnetic wave,
is normal to the dielectric displacement D. Equations
(IV.E.6) and (IV.E.7) describe the propagation of
photons in the crystal.

Due to the presence of the first term in (IV.E.3),
however, the photon is coupled to the lattice, which
leads to coupled photon-phonon modes. It must be
pointed out that in the context of coupled modes, the
electric field E in Eq. (IV.E.1) has a difFerent sig-
nihcance compared to what it has if one were con-
sidering the electrostatic approximation. In the latter
case, E would be a purely longitudinal held, i.e.,
parallel to q I

see Eq. (IV.C.5) j, whereas the electric
field in the present case includes transverse components
also. Correspondingly, there are additional contribu-
tions to B(q) as compared to the electrostatic case.

The dispersion relations for these coupled photon-
phonon modes are obtained from the determinental
equation (Pick, 1970)

B(q) —~'(q) m Z+
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group theory. Besides simplifying the diagonalization
of the dynamical matrix B(q), group theory is also of
value in classifying and labeling the various modes.
The present section is devoted to a discussion of these
topics.

The role of group theory in classifying the q=o
external modes is well established in the spectroscopic
literature (Bhagavantam and Venkatarayudu, 1948;
Halford, 1946; winston and Halford, 1949; Davydov,
1962).The first attempt to extend the analysis to other
regions of the Brillouin zone was made by Chen and
Dvorak (1968). However, this work does not clarify
some points that are of practical importance, and for
this reason we review the subject afresh. Our treatment
here closely follows the work of Maradudin and Vosko
(1968) (hereinafter referred to as MV), who have
given a comprehensive discussion of the role of group
theory in relation to standard Born—von Karman
formalism. It will be presumed that the reader is
acquainted at least with the essential points of MV's
article. Our notation also will generally follow that
of MV.

The basic principle underlying the application of
group theory to the eigenvalue problem

where X and X are eigenvalues and eigenfunctions,
respectively, of A, is to discover a group of unitary
transformations which commute with A. This not only
enables us to classify the eigenvalues and the eigenvec-
tors using group-theoretic labels, but also aids in simpli-
fying the eigenvalue problem. The Born—von Karman
dynamical equation

D(q)e(qj) = '(q)e(qi)
is an example of the above type of eigenvalue problem.

In our case, we have a slightly more generalized
problem of the form

AX= XBX.

What is necessary in this instance is to discover a group
of transformations which commute simultaneously with
A and B. If this is possible, then one can proceed as
before and classify both the eigenvalues and eigen-
vectors, as well as simplify the determination of the
eigenvalues.

Now, in solid state applications, be it lattice dy-
namics or band structure calculations, the eigenvalue
problem usually pertains to a particular vector q in
the Brillouin zone, and it is customary to follow
Bouckaert et at. (1936) and consider the group of
transformations which describe in the space of Bloch
functions associated with that q, the eGect of the
group of operations

G(q) = jest j, 6t = IR i V(Z)+X(m) I.
As before, R denotes the rotational part, V(E) the
associated fractional translation if any, and X(m) a
lattice translation. This group G(q) is called the group

C'(S) = 1 for all S if i = t

for S
proper rotation

improper rotation
if i =r.

The proof that F(q; &) is unitary is essentially the
same as given by MV in their Eq. (3.1) .

of the wave vector, and is a subgroup of the full space
group G. Its special characteristic is that it is com-
prised of space group elements (B whose rotational
parts R have the property

Rq= q or q+6,
where G is a vector of the reciprocal lattice.

In our work, however, we shall follow MV's approach
and consider instead just the group Go(q) comprised of
the set IRI of the rotational parts alone. This group is
called the point group of the wave vector.

MV show that it is possible to construct unitary
operators T(q; R) in the space of the eigenvectors of the
dynamical ma, trix D(q) such that

(i) T(q; R) commutes with D(q) for all RINGO(q);
F" (ii) the set of matrices T(q) = IT(q; R) I PRCGO(q) j
furnish a reducible multiplier representation of Go(q).

MV also show that as a result, the eigenvectors of
D(q) transform according to the irreducible multiplier
representations (TMR) of Go(q), and this fact permits
simplifications in the diagonalization process. MV also
discuss the advantages of using Go(q) and the multiplier
representation approach as compared to the traditional
one of using G(q) and its irreducible representations.

In our case, too, it is possible to construct unitary
matrices with similar properties and consequences. The
only additional point to be ensured is that the matrices
connnute with m or m" as the case may be.

To begin, we shall consider the dynamics in the fixed
frame. Using basically the same kind of arguments as
in Secs. 2 and 3 of MV, we first construct a (3p+6v)-
dimensional unitary matrix F(q; 8 ) LS = fS

~
V(S)+

X(m) Ij with elements as below:

P p'~(KK
i q; 8 ) = S e8(K, Fo(K; S) )C'(S)8''

&&exp Iiq ~ PS 'X(~) —X(~') jI. (V.A.1)
Here S is a general element of the space group G and
does not necessarily belong to G(q). The quantity
8(~, Fo(~'; S) ) describes interchanges in the sublattices,
if any. It is a Kronecker delta, and vanishes unless f~:

corresponds to the sublattice Fo(~'; S) arrived at from
the sublattice ~' via 8, in which case it (the Kronecker
delta) is equal to unity. Equation (V.A.1) is to be com-
pared with MV's Eq. (2.37) . The only points of
diGerence are that we have two more labels, viz. , i and j
for the matrix elements, and that there is an additional
term C'(S)b,; on the right-hand side. We remind the
reader that the indices i and j comprehensively represent
t and r, which signify translation and rotation, respec-
tively, and that



We shall now establish that

««i aP mn

= g g g R„b(E,Fo(~; R))C'(R)8; exp fiq PL(K) —Rx(~)]}
««I aP mn

X g y p™M(l~;EV) exp fiq. [X(l') —X(l)]}R,pb(K', FO(~'; R) )C'(R)b;„exp f
—iq gf(K') —Rx(~')]}

g p R„p p'&(lF, '(E; R)—; PFO '(E'; R) )R„pC'(R)C'(R) exp ficl. Q(l') —X(l)]}
aP

Xexp fiq [X(K)—X(K') —RX(Fp '(K R))+RX(FO '(E';R))]}. (V.A.3)

In this expression, Fo '(E; R) and Fo '(E'; R) denote the sublattices f'rom which one must start in order to
arrive at K and K', respectively, via the space-group operation f R

i V(R) }.
I.et us write

{R
i V(R) }X(lF;&(K;R) )=X(LK).

Next we introduce a matrix T(q; R) in terms of

F( R ) 'ust as MV do in (3.17, i.e., (i) T(q; R) as defined above commutes both with

T(q; R) = exp {iq LV(R)+X(m)]}F(q; 6t„). (V.A.2a) B(q) as well as with ~.
(ii) the set T(q) =

f T(q; R) } } RQ Go(q)] furnishes a
In component form we have

(3p+6m) -dimensional multiplier representation of
T "(~~'

i q; R) =R pb(~, Fo(~';R))C'(R)8,; Go(q).

Xexp fiq [X(~)—Rx(~')]}. (V.A.2b) Consider the „„'&(KK')'th element of the product

Since F(q; 6l„) is unitary, it immediately follows that T(q; R)B(q)T (q; R).
T(q; R) is also. We have

{T(q;R)B(q)T+(q; R)]„,"(KK') = ppp T„'"(Kxt q; R)'B
p (q, KK)Tp~ (E K'i q; R)

Simplifying the left-hand side and rearranging, we obtain

—X(K)+Rx(FO '(E'; R) )=X(I.) —RX(l) —V(R) .
Similarly, we obtain

—X(K')+RX(F (K'; R) )=X(I.) —RX(l ) —V(R),

(V.A.4a)

(V.A.4b)

where (I'K') is the unit arrived at from (l'Fo '(K'; R) ) by {R
i V(R) }.U we use these results and further remem-

ber that
g R g p'&(lF '(0E. R) l'Fo-'(K'R) )R C'(R)C (R) =y "(LK.I.'K')
aP

f see Eq. (II.A.13)], Eq. (V.A.3) becomes

[T(q; R) B(q)T+(q; R) 7„,'&'(KK') = g P„,'&'(IK; I.'E') exp fiq [X(I.') —X(I)]}
L,f

=8 '&(q KK')

(V.A.5)

(V.A.6)

In the last-but-one step, we have replaced the summation over /' by one over L' since the two are equivalent.
Equation (V.A.6) shows that T(q; R) commutes with B(q).

Next consider
LT(q; R) mT+(q R)]„„'&(KK').

Remembering from Sec. II that m is diagonal in the sublattice index and that characterizing translations an
rotations, we obtain on writing the matrix product explicitly

g QQR„B(K, FO(~; R))C'(R)B, exp fiq [X(K)—RX(~)]}m.p""(~z)b „b(~, ~')
aP pt«i mn

XR,pb(K', Fo(~';R))C&(R)b„, exp f
—iq gL(K') —'RX(z')]}.

When we perform the sun1IQatlons over the indices, 1n, e, and ~, this becomes

Q QR„B(K,Fo(v, ;R))C'(R)I,;C'(R)m p"(~~)R pb(K', Fo(x; R)) exp fiq Q(K) —X(K')]}.
aP a

Next we sum over ~, and use the property that

p(K' F (Fo '(E; R); R])=8(K', E) .
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This reduces the above expression to

g [R„~s"(Po—~(K; R)FO '(K—; R) )R„p]5,,4(E, E')C*'(R) C'(R) exP {iq [X(E)—X(E')]}.
aP

prom Sec. II we know that the quantity in the bold bracket above can be written as m„."(EE) t,cf. Eq. (Il.A. 14)].
We can thus write the above expression as

{m "(KK)8,b(K "E') }C'(R)C&(R) exp {iq [X(E)—X(K')]}
=m„„"(KK')C'(R)C'(R) exp {iq f X(K)—X(E')]}.

Recalling the fact that m is diagonal both in i and E,
we see that we may safely drop the exponential as
well as the product C'(R)C&'(R) in above result. We
thus obtain

where
x"(q; R) =Tr L~"(q; R) ],

x(q; R) =Tr (T(q; R)], (V.A.11)

D(q; R) mT+(q; R)] "(EE')=m "(KK'), (V.A.7)

which means that T(q; R) also commutes with m.
We must next demonstrate that T(q) = {T(q; R) }

furnishes a multiplier representation of Go(q), i.e., we
must prove, as MV do, that

T(q; R;)T(q; R, ) =P(q; R, , R;)T(q; R,R;), (V.A.Sa)

where the multiplier P(q; R,, R;) is given by

g(q; R;, R;) = exp {i{q—R; 'q] V(R;) }. (V.A.Sb)

The proof follows almost exactly that given by MV in
(3.18) and need not be repeated here. The only addi-
tional fact we must remember is that

C'(R;) C'(R;) = C'(R;R;) . (V.A.9)

Result (V.A.9) follows since two proper or two improper
rotations always combine to give a proper rotation,
while a proper and an improper rotation combine to
give an improper rotation.

Given the two important factsg just. discussed,
namely, that there exists a set of unitary matrices
T(q) = {T(q; R) } { RCGO(q)] which commute with B(q)
as well as with m, and which furnish a (3p+6v)-
dimensional (reducible) multiplier representation of
Gp(q), we can assert, as MV do, that barring accidental
degeneracies (a rare occurrence), the set of eigenvectors
e(q01), e(q02), ~ ~ ., e(qof. ) belonging to the f.-fold
degenerate eigenvalue co '(q) will transform according
to an IMR of Go(q). The practical utility of this
observation is twofold. Firstly, it enables the eigen-
values and eigenvectors to be classified using group-
theoretic labels. Secondly, as in standard lattice dy-
namics, it suggests that the problem of determining the
eigenvalues and eigenvectors can be simpli6ed if one
starts with a basis set of (3p+6u) vectors in the space of

{e (qj)},which have the same transformation properties
as do the eigenvectors.

We shall now elaborate on these points. To classify
the eigenvalues and eigenvectors, one resorts to the
familiar reduction formula

c,= h—' g x."(q; R) *x(q; R), (V.A.10)
ReGp{q)

and h is the order of Go(q) .The quantity c, in (V.A.10)
is the number of times the IMR r'&(q) of dimen-
sionality f, occurs in the (3++6v) -dimensional reducible
multiplier representation T(q). Correspondingly, there
will be c, eigenvalues co,,P(q), a&, ,22(q), ~ ~, ~...2(q),
each of which will be f;fold degenerate. The associated
eigenvectors will be labeled

{e(qs11),e(qs12), ~ ~, e(qs1f, ) },
{e(qs21), e(qs22), ",e(qs2f, ) } ~ ~ ~,

{e(qsc,1), e(qsc, 2), ~ ~, e(qsc,f,) j.
In this way, even without solving the problem numeri-
cally, we can determine the number of distinct eigen-
values, their degeneracies, and the symmetry properties
of the associated eigenvectors.

Next comes the task of 'simplifying the eigenvalue
problem. For this purpose one constructs the projection
operator E»&'& (q) defined by

&»"(q)=(Jlh) Z r»"(q R)*T(q; R), (V.A.»)
ReGp{q)

where r»&'~ (q; R) is the U.th element of the matrix cor-
responding to the element R in the IMR r&'~(q). '4 By
applying this operator systematically on (3@+6m)
orthogonal vectors in the space of {e(qj)},we can
project out c, orthogonal vectors. These after normaliza-
tion may be labeled ((qslk), $(qs2X), ~ ~ ~, g(qsc, X).
Each of these c, vectors will transform according to
the Xth row of the IMR r'&(q). The partners of these
vectors may be generated by applying to them the
operator

I'.~"(q)
= (f /h) Q r„x&'(q; R)*T(q; R) (pWX). (V.A.13)

R ggp{q,)

In this way, we can obtain c, orthonormal sets

{((qs11) " C(q»f ) }

I E(qs21), ~ ~ ~, ((qs2f, ) },
{((qsc,1), ~ ~ ~, ((qsc,f,)j,

"A systematic method of constructing IMR's has been given
by Sahni and Venkataraman (1970). Fairly exhaustive tables
of IMR's are available in a book by Kovalev (1964). See also
Zak (1969).
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corresponding to the c, occurrences of r&'&(q) in T(q) .
The process can be repeated for all IMR's with nonzero
occurrences, and a total of (3++6m) vectors {((tpaX)}
may be constructed. { s runs over all inequivalent
IMR's of Go(q) which have nonzero occurrence; a is
the repetition index and can take values 1, 2, ~ ~ ~, c„gis
the row index and runs over 1, 2, ~ ~, f, jT.he sym-
metry-adapted vectors {((qsaX)} have the virtue that
in terms of these

(+(qs'a'X') B(q) ((qsah) =0

(+(qs'aV) m$(qsa&) = 0
unless s=s' and A. = P '.

(V.A.14)

This is the statement of the usual matrix element
theorem. Equation (V.A.14) shows that if we were to
construct a (3p+6i)-dimensional matrix $(q) similar
to e(q), then 8+(q) B(q) g(q) will be block diagonal if
in assembling g(q), we group all symmetry vectors
belonging to the same s and same X together. If the
IMR r&'&(q) of dimensionality f, occurs c, times in

T(q), then there will be f. diagonal blocks each of
dimensionality c,. m also will be transformed by g(q)
into a similar structure.

The problem of finding the eigenvalues is thus

simplified and it is possible to deal with those belonging
to different IMR's separately. Thus, to find e, ,i2(q),
~ ~ ~, ar„,P(q), we have only to consider one of the c,
dimensional blocks mentioned above. The explicit
equations to be solved are obtained as follows:

Let us write

e(qsaX) = g M(saX, sB.) ((qsbX), (V.A.15)

where M(saX, sbX) are complex coeKcients. LGroup
theory forbids the inclusion on the right-hand. side, of
symmetry vectors which do not transform according to
the Xth row of r&'(q). $ Substitute (V.A.15) in the
equation

B(q) e(qsaX) =a&'(q) me(qsaX).

Q'e get
Ce

g B(q) g(qsQ, ) M(saX, sbX)

(V.A.16)

=~'(q) g m((qsb'X)M(saX, ~b'X).

Multiplying both sides from the left by (+(q~b"A),
where b" is one of the set 1, 2, ~ ~ -, c,, and subsequently
rearranging, we obtain

Z {K+(Vb'&) (B(q) —'(q) )((e») }
~1

&&M(sa~, aZ) =0 (b'=1, 2, ~ ",~.) (V A»)
The condition for which this system of c, equations has
nontrivial solutions for the coefficients M(sah, she ) is

that

i g+(qsb'X) B(q) ((qsbX)

—~'(q) (+(qsb'a) m((qsQ. ) ~

=0. (V.A.18)

This determinantal equation must be solved by brute
force, no further simplification due to symmetry being
possible. However, it is a much simpler equation than
the full determinantal equation (II.A.29). Solving the
above equation gives the c, distinct eigenvalues
~, ,i2(q), ~ ~ ~, &o„.,'(q) corresponding to the IMR r&' (q) .
The complex coefFicients M (sa'A, sbX) are then solved for
by introducing these frequencies successively in
(V.A.17). Actually, since the equations are homo-
geneous, one can solve only for (c,—1) complex
quantities } or equivalently (2c,—2) real quantities).
The remaining one is fixed (to within an arbitrary
phase factor) by the normalization constraint

e+(qsak) me(qsaX) = M,

~here M is the mass of the primitive unit cell. LRecaii
(II A.33) .j This completes the problem as far as eigen-
values and eigenvectors pertaining to the IMR r'&(q)
are concerned.

We see in this way that the dynamical problem can
be broken down into a number of smaller problems
using the methods of group theory. Note in particular
that if c,=1, then (V.A.17) simplifies to

(+(qsX) B(q) ((qsX) = co,2 (q) (+(qsX) m)(qsX)
or

~ '(q) = L&'(W~) B(q) &(V~))u+(V~) m((V~) j-'.
In other words, the frequency corresponding to an
IMR which occurs only once, is obtainable purely
from group-theoretic considerations, no further di-
agonalization as in (V.A.18) being necessary. Addi-
tionally, if ((qsX) is so scaled that

(+(qsX) m((qsX) =M,

then (((p&) is the eigenvector for that mode.
Besides space-group symmetry (with which we have

so far been concerned), consideration must also be
given to the eGects of time-reversal symmetry. MV have
given a thorough discussion of this topic, and their
arguments follow through completely in the present
case, too. The only minor modification required to their
work concerns the definition of the anti-unitary
operator T(q; S R). This is defined by

T(q; S R) =Eoexp {—zq. { V(S R)+X(nz)$}
X F(q; {S R

~
V(S E)+X(m) }), (V.A.19)

where Eo is the complex conjugation operator and
{S R

~
V(S E)+X(m) } is a space-group operation

whose rotational part S R is such that

(S R)q= —q or (G—q).
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6t s(~'i() = LA(~) RA" (~')].p.

LRecall (II.B.7).]Note that

Tr 6L(gL) = Tr R

from which it readily follows that

Tr (T(q; R)]=Tr PT~(q; R)],

(V.A.21b)

a result which is to be expected. This means that if one
is just interested in determining the number of occur-
rences c„ then the reduction formulas (V.A.10) and

(V.A. 11) may be employed rather than the one in-

volving the more cumbersome T~(q; R), even though the
dynamics as such might be considered in the principal-
axes frame.

Ke might mention here that if, in addition to em-

ploying the principal-axes frame, one also uses weighted
displacements, then the eigenvalue problem assumes a
simpler form as in standard lattice dynamics Lsee

(II.A.27) and (II.B.24)]. In this case, the formal

theory of MV can be borrowed almost intact with
slight redehnitions as indicated above.

In Sec. II, we remarked (without giving details)
that the dynamical matrix, eigenfrequencies, and
eigenvectors exhibit symmetries related to the rota-
tional symmetry of the crystal. These can be estab-
lished using group-theoretical arguments. Firstly, it
can be shown that

) r+(q; B„)= B(Sq). (V.A.22)

Structurally, (V.A.19) is identical with MV's (3.40a) .
However, the matrix F in the present case must be
constructed as in (V.A.1) . By using the same kind of
arguments as used by MV, it can be shown that the
matrix defined in (V.A.19) commutes with B(q) and
also m. This fact is of value in discussing the additional
degeneracies (if any) produced by time-reversal

symmetry, and in determining the structure of the
dynamical matrix, as has been pointed out by MV.

The foregoing considerations pertain to the dynamics
in the 6xed frame. Essentially the same considerations

apply to the principal-axes case also. In detail, however,
small differences of practical importance need to be
noted, particularly, in regard to the construction of

symmetry-adapted vectors. One could use the projec-
tion operator technique as described earlier and
construct ((qsaX) from which g" (qsaX) may be
arrived at via the transformation

("~(&
I qsa~) =A(~)('(~

I
qsa")

Alternately, one could redefine T(q; R) and build into it
the transformation of axes. Thus one could work with
T~(q; R) with elements

T s'& ~(a~'
~ q; R)

=8, s (~'x) C'(R) h pb (~, Fp(K'; E) )
Xexp fiq gL(~) —RX(~')]}, (V.A.21a)

where

/See also Eq. (3.5) in MV.] The matrices B(q) and
B(Sq) are thus related to each other by a unitary
transformation. Further, it is easy to prove as in
(V.A.7) that

r(q; S ) mr+(q; S ) = m. (V.A.23)

It follows immediately that the sets of eigenvalues
fcos2(Sq) } and f pi'(q) } are identical. By a suitable
labeling of the branch indices, we therefore have

~'(q) =~~.(Sq). (V.A.24)

instead of as in (II.A.20). Further, judging from the
absence of oG-diagonal inertia components in their
equations of motion, it would appear that they are
considering the dynamics in the principal-axis frame
although no explicit statement to that eGect is made.
The appropriate reinterpretation required for R Lsee
Eq. (V.A.2lb)] in this connection has, however, not
been pointed out by them. It turns out that the dis-
tinction between R and R, is not important in all the
crystals considered by them as examples, viz. , hexarnine,
adamantane, and NH4C1, which is perhaps why they
omitted to oGer the necessary clarification.

B.An Examyle

We shall consider a detailed example by way of
illustrating the application of group theory to the
study of external modes. The crystal we shall discuss
will be Ca%04, which has been investigated by infrared
experiments (Barker, 1964), Raman scattering (Russel
and Loudon, 1965; Porto and Scott, 1967), and slow-
neutron scattering (King and Steinman, 1969).

Ca%04 belongs to the space group C4I,'. The tetrago-
nal unit cell has four molecules and is shown in Fig. 26.
The primitive cell, however, contains only two mole-
cules, the Cartesian coordinates of the various ions

Finally, the eigenvector e (Sqj) is related to e(qj) by

e(Sqj) =phase factor)& F(q; B ) e(qj).
Following MV, we choose the phase factor such that

e(Sqj)=I'(q; fS
~
V(S) I)e(qj), (V.A.25)

which exhibits the relationship of the eigenvectors
associated with diferent vectors in the star of q.

It is appropriate at this juncture to comment on the
work of Chen and Dvorak (1968). As already men-
tioned, this represents the 6rst attempt to apply
group-theoretical considerations to external modes
with q&0. Chen and Dvorak work with G(q) and
matrices which are closely related to our I (q, 6t ).The
small diGerences in the phase factors as compared to
the elements of our matrices arise from the fact that
they define u '(Ix) as

I '(lx) = V '(x
~ q) exp f iLq (X(l)+X(~))—cv(q) t]}
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FIG. 26. Tetragonal unit cell of CaWO4.

being
Ca 1 (L=1)

Ca 2 (~=2)

WO4 1 (re=3)

WO4 2 (~=4)

(0, 0, 0)

(o, ka, -'.c)

(-', a, $a, 0)

(-',a, 0, —,'c).

aa ————',ai+-', aj+-', ck. (V.B.1)

The basis vectors of the reciprocal lattice are therefore

u and e are the unit cell parameters. The basis vectors
of the direct lattice are chosen to be

ag ——-', at+-', a)—-,'ck,

a2= 2al —gaj+ 2ck,

given by
b~ ——(2~/a) i+ (2m/a) j,
12——(2m/a) i+ (2x/c) k,

bs= (2x/a) j+ (27'/c) k. (V.B.2)

The shape of the Brillouin zone depends on the
(c/a) ratio. If (c/a) )V2, a condition that is fulfilled
in Ca%04, then the Brillouin zone is as in Fig. 27.

Now the %04 ion in Ca%04 is very nearly a
spherical top." Approximating it as such, we may
choose the principal axes at will; for convenience we
shall choose them to be parallel to the crystal-Q. xed
Cartesian axes illustrated in Fig. 26. Furthermore, we
shall absorb the mass and moment-of-inertia factors
into the dynamical matrix and write it as

D"(il, 11) D"(il, 12) D"(il, 13) D"(il 13) D"(il, 14) D"(il, 14)

D"(q, 21) D"(il, 22) D"(q, 23) D"(il, 23) D"(q, 24) D"(il, 24)

D"(q, 31) D"(ii, 32) D"(q, 33) D"(q, 33) D"(il, 34) D'"(iL 34)

D"'(q, 31) D"'(il, 32) D"'(il, 33) D""(il, 33) D"(il, 34) D""(il, 34)

D"(q, 41) D"(il, 42) D"(il, 43) D"(il, 43) D"(il, 44) D"(il, 44)

(V.B.3)

Here, we have

D"(il, 41) D"(ii, 42) D"'(il, 43) D"'(il, 43) D"(ii, 44) D"(il, 44)

with

g)~p'"(ii, m') = {m.~"(ac) happ""(~'~') I
—'"

X Q P '(pOa; 1V) exp Lip X(l') j, (V.B.4)

tN '(KK) =tÃg', i=i, Q=g, y, 8, K=1) ' ', 4;
=I; i=r, a=@,y, s, ~=3, 4.

I denotes the moment of inertia of the WO4 ion.
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The traces of these matrices are easily determined to be

x(~; c,poolj) =o,

x(A; Cgt 001j)= —6,

g(A; C4 't 001j) =0. (V.B.6)

The decomposition of T(jt) is now immediately
e8ected using (V.A.10), and the results are summarized.
in the last column of Table VI.

Next we take up the construction of the synunetry
vectors. This is done through the use of the projection-
operator technique outlined in the previous subsection.
Actually, the situation is quite simple in the present
case since we have only one-dimensional IMR's to deal
with.

Consider P(A.q) where

0 0 0

Ca.'1 trans. components

Ca.'2 trans. components

spanning the 18-dimensional space of the present
problem, we can project out six nonzero vectors of
which only three are linearly independent. These, after
normalization, have the following components:

P(Ag) = Q x*(Ag, R) T(A; R). (V.B.7)
RgGp(A)

The quantity x(A&, R) is the character corresponding to
element R in the IMR A~. In writing (V.B.7) we have
omitted the usual group-theoretic normalization factor
(f./h) Lsee (V.A.12)j since we shall be normalizing
the symmetry adapted vectors anyway. Using Table V
and the matrices T(A; R) given in (V.B.S), it is easily
seen that

0 0

1/v2 0

WO4. 3 trans. components

WO4. 3 rot. components

with

P(A.g) =

An* A 0 0 0 0

0 0 A 0 An 0

0 0 0 A 0 An

0 0 An* 0 A 0

0 0 0 An* 0 A

0 0 0

A= 0 0 0

WO4.'4 trans. components

0 N*/K2 0

WO4. 4 rot. components.

0 „0 u*/&2

(V.B.S)

By following a similar procedure, we can construct
three vectors transforming according to A~, and two
sets of six vectors each transforming according to Ag and
A4. These are then assembled into the matrix ((A) as
shown on page 459.

As already pointed out, the eigenvectors are linear
combinations of symmetry-adapted vectors having the
same transformation properties. Thus, in the present

problem, the three eigenvectors e(Aq, a) (a=1, 2, 3)
will be linear combinations of the three symmetry
vectors corresponding to Aq given in (V.B.S).

It is clear that even without solving the full problem,
we can make some comments about the eigenvectors.
Ke can, for example, say that

0 0 2

By applying this operator systematically on the 18
orthonormal basis vectors

0

0 1

0 0 0

~ ~ ~ ~ ~ 18 elements

0 0 0

0 0
(i) the Az modes involve only the translations of the

Ca++ and WO4 jons along the s axis and their



VENKATARAMAN AND SAHNI L'xternal Vibrations in Conzplex Crystals 459
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0 0 0 0 ~ 0 0 0 Q 0 0 0 o o 0 0 0
I



460 REVIEWS OF MODERN PHYSICS ~ OCTOBER 19M

TAsr.z V. Three-dimensional matrices for the point-group
operations of C4~'.

I'ABI.z, VI. IMR's for Go(A.) and the decomposition of T(A).

0 0

E= 0 1 0

0 0 1

0 —1 0

1 0 0

a(001}= 0 1

0 0 —1

0

IMR

A1

A2

A3

A4

Trr(x; R)

1

1

1
18

C4t 0017 C2t 0017 C4 't 0017 cg;

C4L0017= 1 0 0

0 0 1

0 0

Cg)0017= 0 —1 0

0 0

0 0

0 —1 0

s4L0017= 1 0 0 TAnzx VII. Exponential factors for kg= (0, 0, 2~g/c) 7. Only
the factors for those pairs of sublattices which are interchanged
consequent to the symmetry operation, are listed. The factors
for all other sublattice pairs are irrelevant. In this context ob-
serve that interchanges are possible only between sublattices
occupied by chemically identical units. ~

0 0 0 0 —1

KK C4E0017 C&f0017 C4 'L0017

0 1 0

C4 '$0017 —1 0 0

0 0 1

0 0

0 0 —1

s4 'L0017= —1 0 0

11
12
21
22
33
34
43
44

librations about the s axis,
(ii) the librations and translations are coupled.

This should serve to illustrate the signi6cance and
importance of constructing the symmetry vectors. In
addition, of course g(h.) serves to transform D(A) into
block-diagonal form. Before carrying out this trans-

~ u exp (-ivrg/2).

formation, @re need erst to discuss the restrictions
imposed by symmetry on the structure of D (A) .

The over-all structure of D(Z) has been previously
indicated in (V.B.3) . Let us write it more compactly as

D(g, 11) D(g, 12) D(q, 13) D(g, 14) 3

D(tl, 21) D(g, 22) D(q, 23) D(g, 24) 3

D(q, 31) D(q, 32) D(tl, 33) D(g, 34) 6

D(g, 41) D(g, 42) D(g, 43) D(g, 44) 6

(V.B.10)

The numbers along the borders signify the dimensions of the matrices along the edge concerned.
Now it is possible to discover interrelations among the elements of D(h) using purely symmetry arguments.

This is analogous to the simplification of the force constant matrices. (See for example, Sec. III.) The simplifica-
tions sought for arise basically from the commutation relation (V.A.6).To illustrate, let us take R to be C4 $001$
and evaluate

T(A; C4 'L001j) D(A)T+(A; C4 'L001j).
Using (V.B.Sd), we obtain

A4D(A, 22) A4+ A4D(A, 21)A4" A4D(A, 24) B4+ A4D(A, 23) B4"

A4*D(A, 12)A4+ A4*D(A& 11)A4"' A4~D(h. , 14) B4+ A4*D(A.) 13)B4"
(V.B.11)

84D(A, 42) A4+ B4D(A, 41)A4" B4D(A, 44) 14+ B4D(A, 43) BP

,B4*D(A, 32) A4+ B4*D(A, 31)A4~ 84*D(A., 34) B4+ 84*D(A, 33)BP
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n (11) P (11) 0

D(A, 11)= P*(11) y(11) 0

0 0 8(ii)
y(11) —P*(11) 0

Comparing (V.B.10) and (V.B.11), we get

A4D(A, 22) A4+= D(A, 11), (V.B.12a)

A,+D(X, 11)A,~ = D(X, 22), (V.B.12b)

A4*D(A, 12)A4+ = D (4, 21), etc. (V.B.12c)

Consider Eqs. (V.B.12a) and (V.B.12b). From these
we get upon simplification the interrelations

D„,"(4, 11)=D„"(A., 11)
= D ."(A, 22) =D.„"(A, 22) =0;

D„"(A, 11)=D„„"(A,22);

D„,"(A, 11)= D,„"(A,—22) .

D„"(A, 11)-D„"(4,22);

D„„"(A,11)=D„"(Jt,22).

We can therefore write D(A., 11) and D(h. , 22) quite
generally as

r(S; {«(001) ~
~})=

A 0 0 0

0 0 0 B

0 0 B 0

A= «(001),

«(001)

—«(001)

Gp(q), there may also be anti-unitary operators which
commute with S(q) or D(q), as discussed in Sec. V.A.
Ke must explore whether these lead to any further
simplifications. In the present case, «(001) sends q to
—q for q along A.. In other words, «(001) plays the role
of S Lsee (V.A.19) and the discussion following it).
We therefore have an additional commutation relation

T(X «(001))D(X)T-'(X «(001) )= D(X) (V.B.15)

where T(h. ; «(001)) is given explicitly as

T(A. ; «(001) )=Xp exp P
—iq ejF(h. ; {«(001)

~
e}).

(V.B.16)

From the definition of I given in (V.A.1) we have

0 A 0 0

D(A, 22) = —P(11) n(11) 0 . (VB.13) (V.B.17)

0 B(11)

Here we have used Greek symbols to denote the
distinct matrix elements. We observe that as a conse-
quence of crystal symmetry, the elements of D(A, 22)
can be specified in terms of those of D(A, 11).

Next, considering (V.B.12c) and remembering
further that D(h., 21) = D+(A, 12), we can write
D(A, 12) as

n(11) p(11) 0

P*(11) y(11) 0

Observe the negative sign at the bottom right in the
matrix for B. This arises because d is an improper
rotation.

From (V.B.15) we obtain several new relations. For
example, if we consider the top left-hand corner blocks
on either side, then

n(12) P(12) 0

D(A, 12) = y(12) en*(12) 0, (V.B.14)

0 S(11)

v(11) —P*(11) 0

0 0 —p(11) n (11) 0

where e=N'=exp (—erg). Furthermore, u*P(12) and
N*y(12) are imaginary, while N*g(12) is real.

The structure of the other submatrices in D(A) can be
obtained in a similar fashion. The process can be
repeated using the other unitary operators given in
(V.B.5). It turns out, however, that these do not lead
to any further simpli6cations.

In addition to unitary operators T(q; R) belonging to

0 0 b(11)

Remembering that n(11), y(11), and 8(11) are real,
we have

n(11) =7(11) p(11)= —p(11) =o.

Taking note of the extra relations of the above type, we
can write D(A) finally in the following form:

n(11) 0 0

D(A, 11)= 0 n(11) 0

0 0 b(11)
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0n(12) P(12)

D(X, 12) = P(12) v~*(12) O

o

n(13) P(13) 0 X(is) p(13)

D(A, 13) = —P(13) n*(13) 0 ~*(13) —X*(13)

0

o y(13)0 e(13) 0

n(14) P(14) 0 X(14) y(14) 0

0 e(14) 0

D(X, 22) = D(X, 11),

u*(14) P*(14) 0 —X*(14) —p,*(14)

D(A, 23) = —v*P(14) v* (14) 0 —v*y(14) v*X(14)

0 v*e(14) v"'P(14)

a.*(13) P*(13) 0 —X"(13) —p~(is)

D(h. , 24) = —P(13) (13) 0 —p(13) X(13)

0

0 e(13) o y(is)

a(33) 00 X (33) p (33)

0 n(33) 0 p*(33) —X*(33) 0

s(33) o y(33)
D(A, 33) =

V (33) p (33) 0 $(33)

p*(33) —X(33) 0 &(33)

0 —y(33) o 0 P(33)

a(34) p(s4) X (34) p (34)

p(34) vn*(34) 0 vy*(34) —A*(34) 0

S(34)

—X(34) —vp~(34) 0 &(34) n(34)

—p(34) —vX*(34) 0 g (34) vP (34) 0

vga (34) 0 4 (34)

D (A, 14) = —v*P*(14) vn~ (14) 0 vp*(14) —Q.*(14) 0
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u(33)

n(33)

—V(33) —p*(33)

—p(33) X(33)

0

D(A, 44) =
—X (33) —p*(33)

—p(33) V(33)

S(33)

$(33)

0 y(33)

g(33)

(V.B.18)

0 —y(33) 0 f(33)

The restrictions on the various elements to be noted are that: u*P(12), u*P(34), u~g(34), P(13), N*@(14),$(33),
N*P(34) are all imaginary; in addition, n*b(12), 1*5(34), I"P(34), e(13), u*e(14) are all real. The remaining
elements of D(A) can be written from the results of (V.B.18) by using the Hermitian property of D(A) .

The form deduced above for D(A) is the most general one consistent with crystal symmetry. We observe that
whereas by considering the Hermitian property alone there will be 171 independent elements in D(A.), systematic
use of group-theoretic arguments shows that there are only 33 independent elements. Furthermore, we know that
156 elements of D(A) are identically equal to zero. These results are independent of the force fields betvoeee atoms
Results of this kind are of great value when undertaking practical calculations, for one can avoid evaluating
redundant and zero elements. In the present case, for example, only 33 out of a maximum of 171 need be evaluated.
It is of course entirely possible that special assumptions about the nature of the forces can introduce further
simpli6cations.

What remains now is to bring D(A) into the block-diagonal form X)(A). This is done by performing the trans-
formation

u(A) =)+(A) D(A) g(A). (V.B.19)

Since D(A) and g(A) are known, evaluation of (V.B.19) is a straightforward (though slightly tedious. ) matter.
The resulting D(A) has the form

X) (Ag)

u(A) =
5) (A2)

(V.B.20)

Explicitly, therefore, we have

5 (11)+u*g (12), g (13)+u"'c (14), Q (13)+u*Q (14)

K)(A ) = e(13)+N~e(14), 8(33)+u*8(34), y(33)+e~y(34)

—@(13)—u*y(14), —g(33) —u*g(34), P(33)+N*P(34)

(V.B.21)

Similar expressions may be written for the other
submatrices R(A2), X)(A3), and X)(A4). We shall not
give them here but merely note that they are of dimen-
sions 3, 6, and 6 respectively, which are also the
values of cq„cq„and cq, . LSee remarks following Eq.
(V.A.14) .j

The problem of finding the eigenvalues erg(q=A) is
thus reduced to diagonalizing the relatively small
matrices R(A, ) which clearly represents a great
saving of computational labor, reinforcing further the
usefulness of group theory in practical calculations. In
fact in the present case, the IMR's A3 and A4 are
equivalent, owing to time-reversal symmetry. This
means that K)(Az) will yield eigenvalues identical to

those of X)(A4) which simplifies the calculations even
further.

C. Site-Group and Factor-Grouy Methods

Our discussion of the group-theoretical applications
will not be complete without reference to the methods
employed in the spectroscopic literature (Bhagavan-
tham and Venkatarayudu, 1948; Halford, 1946;
Winston and Halford, 1949; Davydov, 1962).

Spectroscopists conhne their attention to the g=o
modes since these are the ones relevant to most of their
experiments. Usually, group theory is employed
purely for classification purposes, and two techniques
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called site-group method and factor-group method are
used.

In the site-group method, each molecule is treated
individually nd in relation to the symmetry of the site,
i.e., the symmetry of the immediate environment.
Formally, this is done by first constructing the site
group. This is defined as the group of elements common
to both the space group of the crystal and to the point
group of the molecule (Craig and Walmsley, 1968).
The operations of the site group when performed. about
the molecule leave not only the molecule in question
invariant, but also the entire crystal. Necessarily, the
elements of the site group must have no fractional
translations associated with them, i.e., they must have
the form IS

~
OI. For example, the site group of the

W04 ion in CaWO4 is described by the molecular
point group S4, consisting of the elements E, C&L001$,
S4L0013, and S4

—'(0013.
Having found the site group, the various modes of

motion of the molecule are then classified in terms of
the irreducible representations of this point group.
Usually the method is applied to classify the internal
vibrations of the molecule concerned. , and that, too, in
the spirit of a crystal Q.eld splitting. In other words, one
examines how the symmetry of the vibrational mode
classified as per the point group of the molecule is
altered when reclassified in terms of the site symmetry.
The alteration, if any, is then viewed as due to the
perturbation produced by the local environment of the
molecule. It is clear that this is a restricted approach
and is of practically no utility as far as the external
Inodes are concerned. To illustrate, the translational
modes in CaWO4 involve the motion of all ions, and it
makes little sense to consider just one ion and discuss
its translational motions alone.

In the factor-group method, the classification of the
q=O modes is done using the factor group (G/3),
where G is the space group, and 3 the translational
subgroup. The factor group (G/3) is isomorphic to the
point group Go of the crystal. When we remember that
Go=—Go(q=O), it becomes clear that classi6cation in
terms of the irreducible representations of (G/3) is
electively the same as using the IMR's of Go(q=0).
In other words, the factor-group approach, though
using a diGerent jargon, is essentially the same as
MV's approach for q=0.

VI. SUMMARY

In this article, we have reviewed the study of external
modes in complex crystals with emphasis on the theo-
retical aspects. In the process, we have clarified some
points which have not been discussed adequately in the
existing literature. In addition, we have also called

attention to areas which need further work, both
theoretical and experimental.

After a preliminary introduction, we discussed in
Sec. II the extension of the Born—von Karman for-
malism to external modes. Two convenient frames of
reference were considered in developing the theory, and
their relative merits as well as their interrelation were
pointed out.

In Sec. III we reviewed the presently available
results —experimental and theoretical —concerning dis-
persion relations for external modes in complex crystals.

The role of macroscopic electric fields was explored in
Sec. IV. Here we considered a rigid-ion model of a
complex (ionic) crystal and offered a generalization of
Kellerman s work, pointing out also its limitations. The
paucity of work concerning polaritons was also indi-
cated.

The group-theoretical aspects were studied in
Sec. V. Our treatment closely follows the earlier work of
Maradudin and Vosko, who discussed group theory in
relation to standard Born—von Karman formalism.
In extending their work to external modes, the essential
points to be borne in mind are that (i) in the present
problem one has to deal with displacements some of
which transform 1ike axial vectors, and (ii) the eigen-
value problem is of a more generalized nature unless
one considers the principal-axis frame and weighted
displacements. In the latter case, care is required in
discussing the eGect of space-group operations. We
have also briefly discussed the techniques used by
spectroscopists in classifying the q=o modes and their
relationship to the more generalized treatment.

In conclusion, it should be clear from a perusal of this
article that a systematic study of external modes is just
beginning, and the present article is intended not only
to give a state-of-the-art report but also (hopefully!)
to stimulate further activity. In this context, it is
relevant to mention that we have omitted completely a
discussion of the elastic properties (Deprez and Fouret,
1966; Ludwig, 196'/; Walmsley, 1968; Parlinski, 1968)
for the reason that the subject has not yet been treated
comprehensively in the literature.

Also, we have not considered extending the rigid-ioii
model to allow for polarization eGects, say, via the
shell model which has proved to successful in the case of
simple ionic crystals (Woods et a/. , 1960). The main
reason for our not doing so is that introduction of the
shell model leads to a proliferation of parameters.
Since even with the rigid-ion model one has several
parameters to contend with, inclusion of polarization
eGects with an attendant increase in parameters did
not seem worthwhile at present. The situation could
conceivably change in the future as more experimental
data becomes available.

Lattice Dynamical Symbols

VII. GLOSSARY

Number of single atoms in the unit cell
Number of molecular groups in the unit cell
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k
mg

M
8 p(«)

d p~(«)

a; (i=1, 2, 3)
X(l)
(lg, Q, lg)

X(«)

X(t«)
X(kk)
G
superscript i, i', etc.
superscript I'
I '(k) I ' (k)
T
C

42
H
8 = IS } V{5)+X(m)}

Number of atoms in the unit cell
Number of cells in the (periodic) crystal
Volume of the unit cell
Cell index
Sublattice index
Atom index
Mass of the ~th unit
Mass of the unit cell

aPth element of the moment-of-inertia tensor of the «th molecular group

Basis vectors of the direct lattice
Direct lattice vector
Components of X(l) along a~, a~, a~

Position of center of~mass of the ~th unit with respect to the cell in which it is
located

Position of the kth atom with respect to the center of mass of the molecular
group to which it belongs

=X(l)+X(«)
=X(t) +X(«)+X(k)
Vector of the reciprocal lattice
Index symbolizing t or r
Quantity pertains to principal-axis frame
Displacement component of the ith type of the (l«) th unit
Kinetic energy
Potential energy
Harmonic part of the potential energy
Hamiltonian
Typical space-group element with rotational part S, lattice translation X(m),

and fractional translation V(S)
= j. ifi=t

}A}
A '
A4'

A+
AQ

0„
1„

«g II
&aPv

"'(f«l'«')

=[S )
if i=r

Determinant of the matrix A

Inverse of A

Transpose of A

Hermitian conjugate of A

Complex conjugate of A

Null matrix of order e
Unit matrix of order e
Mathematical symbol for "contained in"
~ restricted to type II vibrating units
Levi-Civita symbol

aPth element of the (ii') th type force constant tensor connecting (4) and (3'«')

Kulerian angles
nPth element of the transformation A(«) from an orthogonal frame at «parallel

to crystal-axed axes to the principal axes of the unit concerned
= A(X)SA~(«)
Wave vector of vibrational wave
Component of the wave amplitude U(q), UP(q) of «th unit, associated with

wavevector q
Frequency of phonon of wavevector q corresponding to the jth branch

8 "' (q, ««')
Element of the dynamical matrix B(q), B~(q)
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m, e"'(«»')1 m e"' P (»»')

e-'(»I qj) e-"(»I qj)
e(q), e'(q)
&(q)
D "' (q»»')
~ "(» q)E' (» qj)
~(Q)
g(~)
d(~)
g"(~)

Element of the "mass-moment-of-inertia tensor"

m, ra~ associated with the unit cell
Component of the eigenvector e(qj), e~(q j)
Eigenvector matrix
Eigenvalue matrix
Element of the dynamical matrix D~(q) with weighted force constants
Component of the weighted wave amplitude V~(q)
Component of the eigenvector E(qj) of D~(q)
Periodic delta function; = 0 if Q &6, = 1 if Q =6
Frequency distribution function
Translational part of the frequency distribution function
Rotational part of the frequency distribution function
Creation and annihilation operators

Symbols Used in the Treatment of Electric Field Effects

Z(»k) e

kQ f(:

p p'(l»k; l'«'k')

y e""(l»; l'»')

8 p'"'(q, «»')

S.e(q, r)
&-e(q, r)

p()
sQ

(Z+) aci, p

+48)&10 ' esu
Charge on kth atom in f(:th molecular group
Atom k contained in the molecular group I(

Coulombic part of the force constant connecting the atom pair (l»k l'»'k'—)
Electrostatic contribution to the force constant connecting (l«) and (l'»')
Electrostatic contribution to the dynamical matrix
Regular part of the electrostatic contribution 8 e' "'(q, »»')
Reciprocal space series associated with Coulombic lattice sums
Real space series associated with Coulombic lattice sums
Parameter in the expressions for the Coulombic lattice sums whose value is

chosen such that both the real space and reciprocal space series are rapidly
convergent

Dipole moment produced by the vibrations of the I(:th unit
Component of the macroscopic electric Geld E
Square of the refractive index
Dielectric tensor
Element of the effective charge" tensor defined in Eq. (IV.E.2)

Group-Theoretical Symbols

G
Go

(G/~)
G(q)
Gp(q)
f }
g-=lBI V(S)+X( )I
8„=lR I V(E)+X(m) I
A"o

S
fS R

I
V(S E)+X(m) I

Fp(»; S)
Fp

—'(»; S)
&(», Fp(»'; S))

P(q; R;, R,)
I'.p'*'(»»'

I q; g )

T "'(«»I
I q; R)

(T p"' ~(««'
I q) R) )

Space group
Point group
Translational subgroup
Factor group isomorphic to Go

Group of the wave vector
Point group of the wave vector
Set of like quantities
A general element of G
A general element of G(q)
Complex conjugation operator
An element of Go which sends a given q to —q
Representative space-group operation whose rotational part S R sends q to —

q
Sublattice arrived at from I(: via S
Sublattice from which one must start to arrive at I(: via S
Kronecker delta which is equal to zero when»&Fp(«'; S), and is equal to 1 when

«=Fp(»'; S)
Multiplier associated with a pair of elements R; and R, of Gp(q)
Element of the unitary matrix I'(q; B ) which describes the transformation of

eigenvectors under the space-group operation S

Element of the unitary operator T(q; R), (T~(q; R) ) which commutes with the
dynamical matrix B(q) (B~(q) ) and m(mP)
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T(q; S R)
2'(q) = IT(q; R) I

IMR
"(q) =I~"(q R) I

r» &'(q; R)

x(q; R)
x"(q; R)

h

(s, a, X)

& &,"(q) A~,"(q)
g(q, sa))

'

P(q, ski)

Anti-unitary operator which also commutes with the dynamical matrix
Set of unitary operators which furnish a (3@+6m)-dimensional reducible multi-

plier representation of Go(q)
Irreducible multiplier representation
IMR of Go(q)
XX'th element of the matrix v&'&(q; R) corresponding to the group element R, in

the IMR r" (q)
Trace of T(q; R)
Trace of v" (q; R)
Number of occurrences of ~&'(q) in T(q)
Dimensionality of v &'(q)
Order of Go(q)
s, symbol for inequivalent IMR's of Go(q); a, repetition index (a= 1, 2, ~ ~ ~, c,);
X, row index (X= 1, 2, ~ ~ ~, f,)
Projection operator

Symmetry-adapted vector
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the eigenvectors X(i) can be chosen to satisfy the
orthonormality relations

(AI.3)

(8 'A)X=XX, (AI.4)

When 8&1„, the eigenvectors X(i) cannot in
general be chosen to satisfy (AI.3) .To better appreciate
the reason for this, let us rewrite (AI.1) as

APPENDIX I which shows that if X(i) is an eigenvector of A relative
to 8, then it is also an eigenvector of the matrix (8 'A) .
Now in spite of the similarity of (AI.2) and (AI.4),
the eigenvectors X(i) of (8 'A) cannot in general be
chosen to satisfy the orthonormality conditions (AI.3)
unless 8 'A is Hermitian. The latter is possible on1.y if
8 ' and A commute, and in general this need not be so.

It turns out, however, that even though 8 'A is not
Hermitian like A and 8, it is Hermitian in a slightly
different sense.

Let a and b be two vectors in the space of the X(i) 's.
The fact that A and 8 are Hermitian implies

In this Appendix, we wish to draw the attention of the
reader to some aspects of the generalized eigenvalue
problem (Bellman, 1960; Choquet-Bruhat, 1967; Korn
and Korn, 1968) encountered in Sec. II.

Let A and 8 be two square matrices of dimension e.
We call the numbers X eigenvalues of A relative to 8 if
there exist nonzero vectors X satisfying the relation

AX= XBX. (AI.1)

The corresponding vectors X are called the eigenvectors
of A relative to B. In what follows, we shall assume that
A and 8 are Hermitian. A sufhcient condition, for the
eigenvalues to be real, is that one of the matrices A or 8
is definite (Choquet-Bruhat, 1967). Referring back to
Sec. II, it will be noticed that the eigenvalue problem
formulated there has the same form as (AI.1) . Further-
more, both B(q) as well as m Lor 8"(q) and m~ as the
case may be7 are Hermitian, and in addition m (m&) is
positive definite. It follows therefore that the eigen-
values I rug(q) I are real.

Suppose now that 8=—t . The eigenvalue problem
(AI.1) then reduces to the standard form

(a, Ab) = (Aa, b),

(a, Bb) =(Ba,b), (AI.S)

where we have employed the notation (a, b) to denote
the scalar product between the two vectors a and b.
Introduce now a slightly more general scalar product by
the definition

(a, 1)n —= (a, Bb), (AI.6)

where 8 is assumed to be positive definite. The matrix

(AI 2) (8 'A) will then be Hermitian in the above sense, i.e.,

In this case, it is well known that since A is Hermitian, (8 'Aa, b)a=- (a, 8='Ab)ii. (AI.7)
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This relation is easily proved. From the right-hand side, other in reciprocal space. Explicitly, we have

(a, S-)Ab), = (a, Sa-&Ab)

= (Aa, b) )from (AI.S)).
On the other hand,

(S-)Aa, b), = (a-'Aa, ab)

= (BB 'Aa, 1) (since S is Hermitian)

= (Aa, 1).
Hence (AI.7) holds, and B 'A is Hermitian, provided
the scalar products are defined as in (AI.6). It is
natural to expect therefore that the eigenvectors
X(i) of S 'A (or equivalently, the eigenvectors X(i)
of A relative to B) satisfy modified orthogonality rela-
tions based on (AI.6). In other words, we expect the
X(i) 's can be chosen such that

(X(i) X(J)b=(X(i) BX(i))

where

=4(S e(q, X) —6 e(q, X), (AII.4)

X (6+q)-(6+q) e ( (6+q)'~
(6+q)' & 4)P )

&&exp Li(6+q) X), (AII.5)

(X(i') —X)-(X(i') —X)e
)I [ X(E') —X t'

e~
X 3 erfc (y)+, (4y'+6y)

i X(P)—X i'

2y
erfc (y)+ „,e &' . (AII.6)

—g (B'/BX.BXt)) [1/~ X(P) —X ~] exp Liq X(l') ]

(AI.8)
In the above expressions, we have

This in fact can be proved, and it is based on this that
we wrote Eq. (II.A.35).

APPENDIX II
aild

y=)) i
X(l') —X

)

In this Appendix, we shall summarize the results
required in the evaluation of the Coulombic contribu-
tions to the dynamical matrix (see Sec. IV.B).All the
electrostatic contributions involve essentially a periodic
sum of the form

g @~'(OA I'8) exp Liq X(l') ), (AII.1)
Zl

where P,t)'(OA; 1'8) is the electrostatic part of the force
constant between atom 2 in cell 0, and atom 8 in cell /',

and is given explicitly by

p p'(OA; I'B)

= —(Bm/Br Brp) fZgZge'/( X(l') —X(A)+X(B) ()
=Z~Zae' f 8 e/E' —3R~Re/E'Iz )x(v) x(z)„x(a)I.

(AII.2)

Here Z~e and Zge denote, respectively, the charges on
the two atoms and X(A) and X(B) their positions in the
unit cell.

It is well known (Kellerrnann, 1940; BH, Chap. V)
that by an extension of a procedure originally due to
Ewald (1917, 1921), the series

g —(B'/BX,BXp) L1/~ X(p) —X ~) exp Liq X(l') )

(s.&(q, X) =8,.(q, X),

(s.p(q, X) =(s.,(q, —X),

(: t)(q, X) =('p (q, X),

('--e*(q X) = ('--e(q, —X) (AII.7)

Extensive use is made of formulas (AII.4)-(AII.7) in
the derivations of Sec. IV.B. In some instances, it is
necessary to consider sums of the form

—g (B /BX,BXp) $1/~ X($') —X ~) (AII.8)

or

I
—g (B'/BX BXe) t 1/( X(l') —X ()I,. (AII.9)

gl

From (AII.4) we have

erfc (y) = 1— e-~'dx.
~1/2

0

6 is a vector of the reciprocal lattice and is defined
such that

6 X(l) =2~ &( integer.

The quantity g is a parameter to be chosen such that
both the series (AII.5) and (AII.6) converge rapidly.

From Eqs. (AII.5) and (AII.6) the following
properties of S~ and 6 p can be noted:

(AII.3) —g (B'/BX BXt))L1/~ X(P) —X ~)
underlying (AII.1) can be written in terms of two
rapidly convergent series, one in real space and the =4(s ()(q=—0, X)—(:e(q—=0, X), (AII.10)
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The above expressions, ho@&ever, contain some ill-
defined terms in contrast to (AII.4) . Specifically,
these are the leading terms in (B tt(tl—=O, X) and in
6 s(tl=—0, 0). The former is of the form

and is clearly i11-dined. The same applies to the
expression

which is the leading term in 8 ~(tl—=0, 0). It turns out,
however, that these ill-de6ned terms do not cause any
difBculty in practical vrork as there is ahvays a cancella-
tion.
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