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Correlations among Localized and Weakly
Metallic Electrons*
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Excitation energies of an antiferromagnetic lattice of 2V one-electron atoms are calculated by using the double-time
Green functions. The lattice will exhibit insulator-to-metal transitions under pressure but remain antiferromagnetic in
the metallic phase.

For simplicity, we consider a bcc lattice of the 2NV ion cores and assume that the 2V electrons are bound to ions but
allowed to hop from one ion to another. At high densities, therefore, the motion of electrons may be described by the
tight-binding Bloch wave functions, yielding a metallic conductivity. In the limit of low density, however, each ion
core captures a single electron and the spins will line up antiferromagnetically. The lattice is then an insulator described
by the Heitler-London picture with the two-sublattice structure.

The energy of the lattice may be calculated correctly by using nonorthogonal atomic functions ¢; as basis. Use of the
cumulant-expansion method! yields the energy expression which, in its first approximation, is not very different from
the calculation based on Wannier functions. In fact, the calculation may be converted to that of an effective Hamiltonian
involving the core potentials V (1; R;), the Coulomb interaction (j5*|1/r12|7j*) and the screened exchange interaction
(77* | Hex | 579 -

%n |the limit of low densities where each atom carries a single electron, the screened exchange interaction is the dominant
effect, favoring antiferromagnetism. As soon as the electrons start to travel through the lattice, however, some of the
jons have to accommodate two electrons at certain times and others have none. This introduces an electron-hole inter-
action as well as an intra-atomic interaction. Thus the effective interaction between two atoms depends on the number
of electrons involved in the atoms. To include such contrlbutlons exphc1tly, we need to solve the equations of motion
for Green functions of the type ({N;.*V;*NjgtA; ,.. Ajiat)), where Njt=Nj,=A; 4, and N;;~=1—N; je

If we neglect Green functions of the type ((++ + Aj;s' A joAja; Ajra’ } ), Where f1 77, o, and use an appropriate decoupling
approximation, the equations can be solved. In case of the fully antiferromagnetic state,where N, o=Njpp=1and N, g=
Njya=0, the excitation energies are given by

Ak =etAe+ 2V (j*—ja)st 2 h(5*—ja)i— 2’ b= (ja*—ja)s, (¢))
i* i® JA*

where e is the energy of the atom in free space, ja an electron in sublattice A, and % is defined by either one of the sub-
lattices, while
h(7*=f)e= 2 (j5* | 1/r2|5*) exp [ik(R;— R;) ], 2)
’I

and Ae, V(§*—j)r and ke=(j*—j)x are similarly defined as Fourier transforms of integrals [j | T+V (1, R;) —e|j']
L1V, Rm|j]and (ji*| Hex | 57%5"). .

Note that the bandwidth has appeared due to the nonvanishing overlap integrals between atomic functions used as
basis. If electron ja is moved to atom jg, however, we find the following energy spectra for the electron jg and the hole ja:

Nigin (8) =N (B) +4(0)s—h( ja—jn) 3)

The intra-atomic interaction %(0) is of course the dominant term on the right of (3). This expression shows that the
energy required to move an electron from an atomic site ja to jp is #(0)o—%( ja—j7B)o in the low-density limit where the
bandwidth A\ is negligible. If jp is a nearest neighbor of ja, the Coulomb interaction may become appreciable and hence
the electron and the hole will form a bound exciton traveling through the lattice. As the distance Rja— R;p increases,
the interaction %( ja—jB)« decreases exponentially and the exciton will dissociate into a freely moving electron and hole,
yielding a metallic conductivity. The minimum energy required for the conductivity is given by

AE=h(0)min— 8N, 4

where %(0) min is the minimum value of %#(0)#, while 6\ is the bandwidth of the spectra A (k) which is relatively small
and does not involve %(0)x. At low densities, therefore, the energy gap AE is positive demonstrating the insulating char-
acteristics of the lattice.

When the lattice constant decreases and the density increase, the up-spin wave functions will penetrate appreciably
into the cells of the down-spin lattice and vice versa. Such an interpenetrating structure may be formed if we assume
that atomic functions created by the operators 4 ;o1 are not simple atomic functions, but the following linear combina-
tions of them:

i~i—a 2’ (§15) i
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* Based on work performed under the auspices of the U. S. Atomic Energy Commission. A detailed report of this work will be

published elsewhere.
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Since a( 4 |#") decreases exponentially as the distance R;— R;» increases, §; is still localized at the atomic site § and the
expression (4) is still valied except that 5 includes /(0) s because the functions ¢; provide for chances that two electrons
occupy a single atom at certain times. Due to the dominant term /%(0), the energy gap AE will be reduced rapidly with
the increase of @, yielding a metallic conductivity without loss of the spin-polarization characteristic of the antiferro-

magnetism.

In conclusion, the present method will predict a fully antiferromagnetic insulating state in the low-density limit, but,
as the lattice constant is gradually reduced, it will lead to an excitonic antiferromagnetic state, a metallic antiferro-

magnetic state and finally a normal metal.

Discussion of Arai’s Paper

W. Koun (University of California, San Diego): I just want
to mention that it seems to me that although the model and
method of calculation is very different, the succession of phases
is probably related to these nested excitonic phases that we
talked about.

T. Ararx: In fact, the order (a fully antiferromagnetic insula-
tor—an excitonic antiferromagnet—a metallic antiferromagnet—
a normal metal) is slightly different from the order normally
presumed, but the usual order may be observed at finite tem-
peratures as follows. At low temperature, I find an antiferro-
magnetic insulator, and due to the smallness of the exchange
interaction, the Néel point will be low. However, the energy
gap depends on the intra-atomic interaction and can be larger
than the exchange interaction energy so that the temperature
where the metallic state appears can be higher than the Néel

point. Consequently, the insulating antiferromagnet will become
paramagnetic first and then metallic when the temperature is
raised. So far, I have considered a system of one-electron atoms,
but if there are degeneracies involved in the atoms, then it is not
impossible to find a parallel spin arrangement, just like the
ground state of an oxygen molecule is a triplet rather than a
singlet. This way I can find ferromagnetism in the present method.
Although the method is very close to a localized model, the
Fermi surface still cuts through the excitation spectra so that the
advantages of both a localized model and band theory are com-
bined in the present method.

H. Brooks (Harvard University): How does this relate to
the so-called Lidiard model that was published some years ago?

T. Arar: I don’t really remember.

H. Brooks: It looks very similar but I’'m not quite sure.



