from which we derive

auju = mgau‘lb“ = 7:39(.7.5 + mgAu)‘/’u .
It will be noted how the presence of the m, term is
required to obtain the physically necessary equa-
tions of nonconservation. The corresponding integral
relations are

3 fT = f(dx>169(jr + m?)Au)qS“ ,
which asserts that
0 *Tys = (/v /(dx) (4 4+ moA )b
= —{[*T,,,P"] .
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We do not try to discuss here whether this mechanism
implies reasonable magnitudes for the 7 dependence
of mass multiplets.

We make only one comment about the physical
mass problem. For an Abelian gauge field coupled to
a conserved current, there are sum rules® that require
the existence of unit spin excitations with mass m
less than me. The sum rules are different, however,
if the current is not conserved,® or if the field is non-
Abelian. Then, no simple conclusions about the
spectrum in relation to me can be drawn.

5 K. Johnson, Nucl. Phys. 25, 435 (1961).

6 D. G. Boulware and W. Gilbert, Phys. Rev. 126, 1563
(1962).

Generalized Radial Integrals With Hydrogenic Functions

DONALD H. MENZEL

Harvard College Observatory, Cambridge, Massachusetts

The calculation of radial quantum hydrogenic in-
tegrals is an important part of wave mechanics. The
direct procedure of multiplying, term by term, leads
to long and involved series. These series can be
summed, but the methods employed are too compli-
cated for student application. Textbooks and ref-
erence books have studiously avoided the calculation
except for small specific values of » and [. I have
discovered a simple method for dealing with this
summation problem. The procedure does more than
bring the method within the scope of a student whose
mathematical skill does not go far beyond that of
elementary calculus; it leads to the reduction of gen-
eralized radial quantum integrals.
The one-electron wave equation,

HY = —(W/8am)Vy + Uy = By, (1)
for a Coulomb field,

= —Z/r, (2)
has the well-known solution*
¥ = RO%, 3)
a product function.
d = (2r) %™, (4)

a function of the longitude parameter ¢.
_ (m[+m) [21 +1 (- lml)!]%
Olm) =73 2 (U + |m])!
[ml
(d cos 8)

1E. U. Condon and G. H. Shortley, Theory of Atomic
Sp(cictra7(The Macmillan Company, New York, 1935), pp. 52
and 117.

X sin'™'o Iml Pi(cos 9) , (5)

where 0 is the angle measured from the pole along a
meridian. Thus

o(m) = (-1)"0(,—m) . (6)

This choice of signs (or phase) is important for many
purposes. P;(cos 6) is the Legendre polynomial. The
radial equation is a function of the radius r,

. Z(’/L + l)' :|, e—Zr/na <2ﬁ>l+l
Bnl) = Lfa(n - @+ DI \na

X Fi(—n+ 14+ 1,214+ 2,2Zr/na). (7)
1F is the confluent hypergeometric function,

oo, ala=l) L
Fi(—ayx) =1 Ty T+ 2l (y + 1) x
v gyl =1
&V e -tEm®
(8)
These functions are normalized to give
27T
[ a2 m) de = swm) ©)
f o,m)e(,m)sinodo = s(l,l),  (10)
0
/ R DRM,D) dr = 6(n',n) (11)
0

where § is the Kronecker §, equal to unity if m’ = m
and equal to zero if m’ £ m, and likewise for [ and =.

In these equations, ¢ and m are the electronic
charge and mass, Z is the nuclear charge, and 4 is
Planck’s constant. a is the radius of the first Bohr



614 ReviEws oF MopERN PHysics - APRIL 1964

orbit. n is the total, [ the azimuthal, and m the mag-
netic quantum number, subject to the relations:

—Il<m<Kl, and n—1>101>0. (12)

These wave functions carry the implicit assump-
tion that the Coulomb field extends to infinity. In an
actual physical situation, however, neighboring
atoms and electrons tend to restrict the field. A more
realistic potential function assumes the form:

U= —(2&/r)e™™. (13)

Near the nucleus, where r << na, this function is in-
distinguishable from that of (2). At large distances it
decays exponentially. One may interpret the distance
na as analogous to the “Debye length.” It is a func-
tion of the density and likewise related to the “ex-
cluded volume.”

The difference between the two forms of Eq. (1),
with the respective potentials of (2) and (13), is

U'=(0—e¢"™/r. (14)

We must evaluate matrix components of the form

///1#* @ U',m" YUY (n,l;m) dr sin 6 d6 de
= WUm/|U'|nlm)y .  (15)
Since U’ depends only on 7, this integral is diagonal
in [ and m. However, for the moment, let us consider
the more general type of radial function, of the form
/ RV)yte ™ R(n,l) dr . (16)

o

For still greater generality, we assume that the ef-
fective nuclear charge may not be identical for the
two radial functions. Designate these effective

charges by Z and Z’. Thus the general integral takes
the form

_ , wl'+l+k+2 _ £ z i) L]
g—NN/or exp|: <n+n’+7) a

/,
sl (= + 1120 2, 2Z,’">
n'a
X 1F, (—n Tl 1,2z+2,%§1> ar.  (7)
N and N! are normalizing factors, given by (7).
Let
z 7 L) o
(n+n,+7] a_'P; (18)
then
g = ANN' /wpl,+l+k+26—p
[}
X IFI(_a>7rap) 1F1(—,8,"y,,(lp) dp ) (19)

where
, —1 71+ 14k43
A=|:a<—Z—+~Z—+—1—> ] (20)
n n’ ]
and
7 -1
(L2 L)
n \n n Ui
,_zz<£_ z ;)“
a = ; n+ /+77 b) (21)
a=n—-1—1, g=n"-01-1,
vy =204 2, v =2l +2. (22)
Let
I =4/ANN’, (23)

the integral of (19). Then note the following identity

w , 9 1= +k+1 ,
I = f lim (_l)t—l+k+1 (__) 6—p1p21+1

0 z—1 or
X 1F1(—~a,’y,ap) IFI(_ﬁ;'Y’)a,p) dp . (24)
The differentiation merely introduces a factor
p U to make the algebraic factors of (24) and
(19) agree.
Now set
I'—-1=59, (25)

choosing the indices I’ and [ so that ¢ is positive. Re-
verse the order of integration and differentiation in
(24). Then

I - lim (_1)—6+k+l ( 9 )—5+k+1 jme"’p“”—l .
ox 0

z—1

X lFl(_a:'Y:ap) 1F1(_6J7'ya,p) dp
F) —o+k+1
= lim (—1)7"*" (—) P,

z—1 ax

(26)

an equation that defines the integral P.

We next compute and simplify the expression for
P. Multiply the two series together and integrate
term by term [see equation (8)]. The result takes the
form:

_ B! =D N
P=256 D123
o (v — 1! .
X i =Tt Y

© —pz 'y'—l+f+i . (’Y' - 1)! B!
x JLetap = oA
FAY o (W —14j+)!
X (‘ z ) ;i!(a )1
(v = 1! '

(v =1+
m(—%)

X 27)



since
0
f —pz rdp — ”"/"D"H .
0

But the ordinary hypergeometric function of four
variables is

(28)

F(—ay7I17;z) =1- %Z
ala — 1)V (Y + 1) 2
+ 2v(v+ 1) B
< al =140 -1 .
" HTa-9 1) Goita
(29)
Hence,
_ =Dy ay’
F= z” :—ZOJ'(ﬁ—J)'< x)
XF <—0‘:'Y, +j:7; '%) . (30)

Here apply the well-known transformation of the
hypergeometric function,?

F(_a77, +j,"Y,Z) = (1 - z)a

X F(—ar'y - 'Y, —-j,'y,z/[z - 1]) . (31)
From (22) and (25), we have
vy—~'=—=25. 32)
Therefore
(x a)" 8 ( a’ )j
= 1 i
P == X\
XF<—% 25 — j, ﬁx) (33)

The first “trick’” in the present transformation de-
pended on the introduction of the partial derivative
in (24), which enabled us to change the exponent of
p from its original value of I’ 4+ I + &k + 2 [Eq. (19)]
to v’. The choice resulted from the necessity of form-
ing the combination (y/ — 1 +j + 2)1/(v — 1 + ),
which appeared in Eq. (27). The next trick involves
simplification of the summation in (33).

Without special reference to the foregoing, con-
sider the expression

e=1m (£) & - »m e - 9.

y—1

(34)

Differentiate this expression as a product, by the
Leibnitz formula

) - St () T ()
<@ T = 2 -t gy Y \gy) T

(35)

2 A. R. Forsyth, A Treatise on Differential Equations (The
Macmillan Company, New York, 1929), p. 193, Eq. XVII.
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d )a_j +a—1 ('Y + a— 1)! —1+45
a — ) =yra= ) R\
(dy (y—0) (Y_H_J)!(y b) ’
(36)
a )i 2w, _ 6_ _ B! — o)Fiy
(dy yy—o = G =) (y—c)
J(29) y—c
X [1 RS TS VI

iG=1DEHEs—1) (y—c\
+2!(ﬁ—j+1)(ﬁ—j+2)< Y >+]
(37

Since 26 is, by definition, a positive integer, this last
series (in brackets) will terminate after 26 + 1 terms.
The bracket is a hypergeometric function, as defined
in (29). Setting y = 1, we get:

_te—D o
Q=" —pr ¢-»7a-0o

B! (y—=1! [(1-=0bY
X ZJ‘(a—J)' (6—7)' (v — 14+ (1 ——c)

Applying the transformation (31) to the hyper-
geometric function, we finally obtain

(v +a—1)!

(v = 1)!

=01 -0’

al B! (v — D!
X;LM—ﬂHWﬂﬂw—l+w

= !

ﬁ)ﬁF<—%ﬁ+1ﬁ—j+1
(39)

The sum ranges from j = 0 toj = « or 3, whichever
is smaller.
Now expand the hypergeometric function in (39).

266+1) c—1
mHe—-j+1) ¢

mm—nw+nw+m<wﬁy_..
AB—j+1DB—j+2) \ ¢

Q=

F=1-

+

(40)

Multiply the bracketed term in (39) by 1, the first
term of (40), and sum over j. The result is
Fl—a — 87,1 = 0)/(1 —¢)]

Now multiply the bracketed term by the second
term of (40), and sum again, getting

— (28/1)[(c — 1)/c]

XF[_O‘)_S'—1,77(1—1))/(1—0)])
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Continue until all the terms of (40) have been in-
cluded and collect the results. Hence (39) becomes

_ b te=Dl iy 25
Q= o — 11 1 —=b)"7"1 =)
2@ (—=1) [e—1V
X 2@ = ] < o )

XFl—a—B—7jv,(1—=0b)/0=-c)]. (41)
Now return to (34), the original expression for @,
and redetermine the result by a different process.
First expand the factor (y — c¢)? by the binomial
theorem. We find that

. J\“
Q‘i‘i‘}<a—y)

8
__Bl___ _\Bd _ yta—1 28+y
X ;ﬂ(ﬁ _j)!( )y =)y (42)

Performing the product differentiation as before, we
get

(y+a—1D1E B!
= - — (—c¢
Q=G XG -
XF(—a —26—j,v,1 —b). (43)
Equate this expression to its equivalent in (41), and
we obtain the desired transformation:

1Y’ )
=) <‘ ?) F(—a, — 26 —jy,1 —b)

- (e2) e 3 GUCED (=1

(L — o)

. 1—0b

XF(_O‘; _B_]”Y,l——_c) . (44:)
Great simplification results because the number of
terms in the summation on the right-hand side of
(44) is greatly reduced. Not only is § constant for a
given type of problem, but its magnitude is small for
cases of physical importance.

Note that the summation on the left-hand side of
(44) becomes identical with that of (33) when we set

and (1 —b) =a/(a —2),

subject to

c=z/d
Y — v =25. (45)
Therefore

a)*(@x —a)’® & (26)!1(—1)°

P=(y—1)1&=

g o Jl(26 — j)!
z—a'\’ . aa’
X ( > F[_ y T — 5 J
z ST e T e —a)
(46)

We may further reduce this summation, if we de-

sire, to not more than two hypergeometric functions,
by successive application of the recurrence formula
(see Ref. 2, p. 240)

[y +28 + (a — B)2]
XF —B(—2)Fs~+ (vy+B)Fs-=0,
where
F=F(-a —

(47)

6;772’) ) Fﬁ+ = F(——a7 -8+ 177:2) )
Foo=F(—a,—B8— 1z  (48)

To recapitulate, we have reduced our original gen-
eral integral (17) to the form

g = ANN’lim (—1)""""(a/32)""*"'P, (49)
z—1

with P given by (46) and other parameters defined
by (20), (21), (22), and (25). The two most im-
portant cases involve the zeroth or the first deriva-
tive, where

$=0U—=1=k+1 or k. (50)

To evaluate the derivative, write P in the expanded
form:

p_ @ = DIE @)I(=1)
oa® = gN28 — )
al B+N (1)
X = GAr=0 =1%o

, 'i(x _ a)a—i(x _ a/)ﬁ+j—i
) xa+ﬁ+’7+i :

X (aa (1)

Differentiate once as a triple product and collect
terms as follows:

lim (_6£_> — ('Y, ;sl)Y (1 _ a)a(l _ a/)ﬂ

z—1 oz a
26 ] j
29)1(=1) (A — a'y’
X 2 i@ =
o atrmps—t ]
><<1—a @+l =8 Jm(l—a)(l—a’)
B+ [ : a ]
—_F —_ —_ —_ 1 ,
+1_a, a, —f J+,7(1_a)(1_a,)
—(a+B+v+7)
Fl:—,— —',,—«ﬂl—]\. 52
X a, — B 17(1_{1)(1_0‘,)] (52)
Now consider the integral for n = =’, with

! —1=468=a — 8 and n — «. For this case
a = o = 1 and the expression becomes indeter-
minate. Expand each of the hypergeometric functions
in the braces and keep only the last term of each.
The others vanish because of the factor (1 — a)2*%+i
in the numerator. The first hypergeometric function

vanishes except when j = § — 1, the second except



when 7 = 6 4 1, and the third except when j = 4.
The result becomes
4= [(n+z+a)!(n —1— 1)1]*
T L+ DI —1—6— 1)
(26 4+ 1)! (_@_)5
X+ \27/ - (53)
When 6 = 0,
g=1, (54)

as required for normalization. Similarly, for § = 1,
k=1,

g=[—(10+1)1% (na/2), (55)
in agreement with the value given by Condon and
Shortley (Ref. 1, p. 132).

Returning to Eq. (52), we employ the relation from
Forsyth,

(¢ — B)F = aFar — BFp4 (56)
in the notation of Eq. (48), to eliminate F.+. Thus,
8P _ (Y — DI~ a) (& — a)’
ox - xa+ﬁ+ya,26

28
X 2
[\

@)H!(=1y (z—a')

7126 — ! ( z )
X§w+ﬁ@—n

(@~ a)

F[_ e 1__aa__}
X o, —B—J+ 'Y(x_a)(x_a,)

+ Lo s - -1

+ (na — n'a’) + a’ (6 — j)}

. aa’
X F[_ay - B =7, (1‘ _ a)(x _ (l’)jl} .
(67)
When we set # = 1 in this expression, we get, if
a or o’ # 1, for the radial quantum integral

g 5[ ZZ'(n + DI’ + 1+ ) ]%
=1+ 1) —l—5— 1)
(__l)n’—l—é (4:ZZ’nnl)l+l (Z/n _ Zn[)n+n’—2l—5—3

X

@+ 1! (Z'n + Zn'y*
V& 29! Z'n — Zn'\’
X 2 (i‘—> 2
"\oz ;J!(% =D \Zn + Zn/

X [(Z = 2") +nZ'(5 - j)]

XF[—n+l+1,—n’+l+6+1—j,2[+2,
4Z Z'nn’

| 9)
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This formula holds forn — ', I — I/, and l — I + 6.
Foré = k = 0 with Z = Z’ but n  n’, the factor
' (Z — Z") + nZ'(6 — j)] = 0. This demonstrates
the orthogonality of the functions. Note that the
functions are not orthogonal unless Z = Z’.

Fork=6=1n=n,I'=14+1,Z =27 we
recover the formula for the electric dipole moment,
as given by Gordon.?

o= (%)

X (4nn’)

(—-1)"/"’_‘[ 4+ DI + 1+ 1)! ]%
4R+ DI L —1— 1)1 — 1 — 2)1

’
2 (n _ n[ )n+n I—Z -4

(n+nl)n+n
X{F[—n+l+1,—n'+l+2,2l+2,

_ _Ann ]_ (“_”) F[—n—l—l—l—l,

(n — n')? n+n

a2l

The derivation given here is, however, far shorter
and simpler than that employed by Gordon.

When Z # Z’, we employ (58) and (47), if de-
sired, to eliminate one of the three hypergeometric
functions that appear in the summation.

Now turn to the important case of 6 = 0,k = —1,
for which the zero derivative of P applies [see Eq.
(49)]. In this development we shall use a and a’ as
given in (21), with % finite.

1z 7z, L[
Yy ['n— to T :;]

a

-+ 120+ 2, — (59)

y [ ZZ (n+ DI’ + )1 ]%
Wi (n — 1 — DI — 1 — 1)!
1 (4ZZ’

X @+ ! ) a—-a) "' - a')"'-l—l

nn'

XF[—~n+l+1,—n’+l—|—1,2l+2,

aa’
—_— . 60
(1——a)(1—a’):| (60)
Whenn = n/, Z = Z’, and n — « we obtain
9 =17/na. (61)

‘When 7 is not infinite, the diagonal value approaches

a (Z/n2a)a2n—2l—2 , (62)
where (for diagonal values only)
a= (14+n/2Zn)". (63)

For off-diagonal values, employ (21) in (60).
3 W. Gordon, Ann. Physik 2, 1031 (1929).



