
QROUND-STATE TRIPLET NITRENE

TABLE I. Nitrogen m-electron spin density and the Am = 1
line position for nitrenes.

Nitrene

benzenesulfonyl
3-nitrophenyl
3-methoxyphenyla b

phenyl
4-nitrophenyl
4-meth oxyphenyla
4-biphenylyl
2-naphthyl
1-naphthyl'
2-anthryl
1-anthryla

II obs.

7795
6857
6713
6701
6671
6618
6526
6435
6180
6077
5754

N
Pasa

tl 0]c
0.760
0.754
0.752
0.747
0.729
0.739
0.729
0.660
0.690
0.610

[1.0]c
0.571
0.571
0.571
0.540
0.513
0.516
0.529
0.450
0.471
0.381

puted spin densities are given in Table I.
Since the lower value of D to be associated with

increased ~ delocalization would be expected to move

the line to lower magnetic field, parallel changes of
H and pN are expected. For the phenyl, biphenylyl,
naphthyl, and anthryl nitrenes, H is almost linearly
related to both the SCF and Hiickel spin densities.
Benzenesulfonyl nitrene fits well if one assumes
pN = 1.For nitro and methoxyphenyl nitrenes, II has
the same order as p~.. Only the SCF spin densities
agree with the slight shifts to higher fields observed
with the meta derivatives.

More fruitful comparisons will be possible when D
and E are accurately known. However, the main
features of the correlation are unlikely to be altered.
The isoelectronic aromatic methylenes, appear to be
more suited for abstraction of these parameters and.
substituent effects in these are being investigated. "

a A d,m = 2 line is observed near 1620 G.
b Y~o lines are observed.
c An assumed spin density.

&2R. %. Murray, L. C. Snyder, A. M. Trozzolo, and E.
Wasserman (to be published).

REVIEWS OF MODERN PHYSICS VOLUME 35, NUMBER 3 JUL Y 1963

Optical Rotation
DENNIS J. CALDWELL AND HENRY EYBING

Department of Chemistry, University of Utah, Salt Lake City, Utah

THROUGHOUT the brief history of quantum-
mechanical optical rotation theory there have

developed two trends: exact, but lengthy, perturba-
tion theory calculations applied to individual mole-

cules, and less precise, but more general, calculations
based on approximate expressions for the interaction
between charges. Although the second method has
led to the derivation of relatively simple formulas
with wide generality, it has had only limited success
in predicting signs and magnitudes of the optical ro-
tation. The more exact calculations, on the other
hand, have enjoyed a marked degree of success in
predicting these quantities. In the following section
we outline a method, which it is hoped, will embody
the simplicity of the one and the precision of the
other.

If one assumes isolated groups interacting through
space and applies first-order perturbation theory to
the appropriate zeroth-order wave functions in con-
junction with the H, osenfeld' equation:

2 ~ Rz 2 ~ pox 'jIizo
2 2 ~ 2 23' ~ Pop V 3' g P g~

& L. Rosenfeld, Z. Physik 52, 161 (1928).

one obtains'

B~ = Impi. mi,

lm Vioa 1ob (Pioa mj bob a + Pjob miaoVb)'
h(Vb Va)

Viabij o(Pi omoiab +oPiob'miao)

j Wi bWa h(b b
—va)

Viob:ioo (Pioa miab + P'iab 'miao)

jgi bga APb

&m Vioaijoo(piaa pioo) 'miao

jwi APa

2s ~ ~ V...;,.bb.bb(R, —R;) ~ (p... x p;..)
2 2

C ago bo a h (Vb
—Va)

where B~ is the rotational strength of the 2th tran-
sition in the molecule; po~, m&0 are the electric and
magnetic dipole moments of transitions in the mole-
cule as a whole; p... p.b, m... mb. are the electric and.
magnetic dipole moments of transitions in individual
groups; P., Pb are group transition frequencies;:
V;...;,b, etc. = J gati;,p;.p;.f;bV;,dhoti;dp„and V;, is the
interaction between groups i and j.

The above equation gives the contribution of a
single transition in a particular group of the mo ecule

s I. Tinoco, A.dvan. Chem. Phys. 4, 113(1962).
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to the total molecular rotation. It consists of the
interaction of the transition under consideration,
generally confined to a particular group, with all of
the other transitions in the molecule both within the
same group and in other groups. These interactions
give rise to five types of terms. In Eq. (2) the first
term is seen to measure the partial rotation of a tran-
sition in an isolated group and is, of course, zero un-
less the group itself is dissymmetric.

The second term arises from the interaction of an
electric dipole transition in one group with a mag-
netic dipole transition in another. It may properly be
called a coupled oscillator term, since it indicates a
simultaneous motion of electrons in both groups.

The third and fourth terms are due to the inter-
a,ction of electric and magnetic dipole transitions
within the same group in the static or average field

of the other groups. These are the one-electron terms,
the third term coming from the perturbation of the
excited states and the fourth from the perturbation
of the ground state. Most investigators neglect the
latter term due to the larger denominator hob and the
smaller interaction matrix element V;.b.;.„however,
it is not always an order of magnitude lower than the
former.

The fifth term measures the interaction between

magnetic transitions and permanent dipole moments
within the same group in the static field of the other
groups. It is usually neglected for the same reasons as
the preceding term. The last term accounts for the
interactions of the electric dipole transitions of one

group with those of all the others and is, again, a
coupled oscillator term involving a simultaneous

change in the electron distribution of both groups.
A detailed evaluation of any one of these terms is

a formidable task and it would indeed be providential
if one of them predominated over the others.

The third term is the only one which has ever been
evaluated exactly for a given model, whereas the sec-
ond and sixth have been evaluated approximately
giving rise to concise expressions for the rotation in
terms of molecular geometry and group polarizabili-

ties, the most notable being the Eirkwood' formula.
Although the exact evaluation of the third term in
the manner of Eauzmann and Kyring4 has provided
very encouraging results, any model should include
an exact evaluation of all terms to insure nothing has
been neglected.

It is in the emphasis and the evaluation of the
terms of Eq. (2) that the various theories of optical

3 J. G. Eirkwood, J. Chem. Phys. 5, 479 (j.987).
4 W. J. Kauzmann, J. E. Walter, and H. Eyring, Chem.

Rev. 3, 339 (1940).

rotation have differed. In addition to the original
literature, there are many excellent reviews' ' on the
subject of past work in this field. In what follows we
outline a program for determining the principal effect
in optically active molecules and for obtaining rela-
tively simple general expressions for the rotatory
parameter.

It is generally agreed that the rotation arises from
one or all of three terms in Eq. (2), the second, the
third, and the sixth. The second and sixth terms ac-
count for the electronic motion induced in one group
by that which has been induced in another by a light
wave. The third term accounts for the alteration in
the electronic paths of one group due to the average
field of another. At this point, it is not apparent
which eGect, if any, will predominate. Accordingly,
the first task is the selection of a tractable model
which will lead to relatively simple and reasonably
accurate expressions for the terms of Eq. (2).

The tractability of any particular model will de-
pend on the form of the interaction potential be-
tween groups V;, . If either a monopole or multipole
expansion is used, one can sometimes develop formu-
las without explicitly representing the wave func-
tions. The matrix elements involved consist of in-
tegrals of polynomials in the electronic coordinates
multiplied by the appropriate wave functions and are
relatively easy to evaluate.

If no such expansions are used, the computations
are more dificult and wave functions suitable for the
purpose are more limited. If one considers the fact
that in most common optically active molecules the
sum of average radii of the outer electron orbits in
two groups is little smaller than the distance between
them, it will be realized that the rapid convergence
of a multipole expansion of the potential may not
necessarily be relied upon.

From the above considerations it should be fruit-
ful to explore the possible models which are amenable
to such exact evaluations of the various integrals in
Eq. (2). Of the feasible approaches two possibilities
emerge, the use of harmonic oscillator wave functions
or hydrogenlike wave functions,

In principle, the harmonic oscillator embodies all
of the properties of any typical group. These group
properties may be expressed in terms of the three
force constants K., E„, and E,. For example, the
polarizability at frequency v is given by

2

Z. —(2s-)'mi'

5 E. U. Condon, Rev. Mod. Phys. 9, 482 (1987).
s A. Moseowitz, Advan. Chem. Phys. 4, 67 (1962).
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The first-order expression for the polarizability con-
sists of one term and, whenever one uses an harmonic
oscillator model for a group, he is tacitly assuming
that the group polarizability may be approximated
by a one-term expansion. In most cases, this is not
an unreasonable assumption. Since the force con-
stants may be expressed in terms of physical con-
stants, the final equation for the rotatory parameter
of such a model will contain quantities expressible in
terms of the physical constants of the individual

groups.
Although the integrals which arise from this treat-

ment are not prohibitively difFicult, the approxima-
tions which would be required to express the final re-
sult in a useful form are of such a nature as to suggest
a parallel approach.

In the most general case, a group will be anistropic
and will possess an infinite series of electric and mag-
netic dipole transitions. In any given region of the
spectrum the major contribution to the rotation will

be accounted for by only a few of these transitions.
Since certain approximations will inevitably be in-

volved, it is possible to retain the advantages of the
harmonic oscillator treatment in a hydrogenlike or-
bital treatment with the further important advantage
that the integrals are much more tractable. In con-
sidering the role of electric transitions, one is no
worse off in assuming that only the first term of the
series for the polarizability need be considered, than
in assuming a model in which the series consists of a
single term.

We will, accordingly, carry out this investigation
with hydrogenlike wave functions. There will be two
cases to consider, one in which a group has a mag-
netic dipole transition near the visible and one in
which it does not. It is necessary to recognize that
the properties of a group such as polarizability com-
puted from wave functions tailored to represent a
particular transition important to the optical rota-
tion may differ markedly from the experimental val-
ues. This means that a wave function which is satis-
factory for a group in its capacity as a chromophore
may not adequately give its effect as a vicinal group.

In the second and sixth terms of Eq. (2) both
groups are acting in the capacity of chromophores,
since transition moments in both occur in these
terms. In the third, fourth, and fifth terms one group
behaves as a chromophore and the other as a vicinal
group. The methods for handling these two types of
terms will differ somewhat.

In the treatment of actual molecules and groups
one is hampered by a lack of knowledge of the com-
plete spectrum. As a result one must search for a way

of using all of the information that is available to
the best possible advantage. First, all of the electric
and magnetic dipole transitions which are known to
occur in the group should be tabulated.

We shall have occasion to distinguish between par-
ticular state wave functions and average state wave
functions. All of these states connected by well-de-
fined electric or magnetic dipole transitions near the
visible should be described by particular state wave
functions. The second and third terms of Eq. (2) will

be used exclusively for those cases in which one or
both of the interacting transitions are well known.
The sixth term of Eq. (2) may be evaluated, in part,
by particular state wave functions and by average
state functions depending on the form of the final

result, as will be seen below.
To illustrate, the most general case will be out-

lined: the optical rotation arising from the interac-
tion of two groups one of which has a magnetic dipole
transition near the visible and the other of which has
an electric dipole transition in this region. In addi-
tion to those two transitions, both groups will be as-
sumed to have an array of electric dipole transitions
in the ultraviolet. In the course of the calculation the
following hydrogenlike wave functions will be used:

P„'".', P~. '—the ground- and excited-state wave
functions for the magnetic dipole transition in

group A;
the gro—und- and excited-state wave

functions for the electric dipole transition in

group B;
P„'~', f„'~', P„'~', f„'~'—the average state ground- and

excited-state wave functions describing the over-
all behavior of atl electric dipole transitions in

group A;
f,'~', f,'~', P,'~', P'~'—the corresponding average

wave functions for group B;
P„'"„'—the hydrogenlike wave function with the

sa,me Z as f„'".' and n' = n + I which has an
electric moment between itself and P„'".' parallel
to m'~'

oa )

P,'", '—the hydrogenlike wave function with the
same n as P~", ' and Z' (Z which has a magnetic
moment between itself and P~", ' parallel to p,',~'.

In addition, let X~ be number of electrons in outer
shell of group A; X& be number of electrons in outer
shell of group B;n~ be quantum number of the outer
shell of group A; n~ be quantum number of the outer
shell of group B; v~... v~. f, be the frequencies of the
magnetic and electric dipole transitions in question;
I~™be the ionization energy of the electron involved
in the magnetic dipole transition of group A; I~"' be
the ionization energy of the electron involved in the
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electric dipole transition of group B; a~, Px be the
average polarizability and anisotropy factor of group
A; Q.a, Pa be the average polarizability and anisotropy
factor of group B.

Then explicit expressions for the above wave func-
tions may be written in terms of these quantities.

i(m) 1
I

ZAo -ZAorA/nA .PAo = ~ i gA&
knAQp

q (7n) 1 ZAa -ZAar A/nAao
f'Aa XAe

7l' 'llAQp

1 7
2

(p) 2 ZAa -ZAarA/(nA+1) ao

i (y) 1 ZB —zBorB/
'JIBE

'QBQp

1 7
2

(p) 2 ZBo —ZBorB/(nB+1) ao

33' (na + 1)gp
5

g (rn) Bl -ZB1rB/ B O

PBL XBC
7r' 'ABQp

3

, (p) 1 ZA -zAprA/nA ~
+Ao

AAQp

(4a)

(4b)

(4c)

(4d)

(4e)

(4f)

3

(P) 1 ZBP BPrB/" B
QBo e

'ABQp
(4i)

2

] (P) 1 ZBP —ZBprB/(nB+1) a
QBs,y, z — x g, ~ i (SB)gB)ZB)8

(4i)
The optical rotation will be given in terms of the

quantities ZAo Zg Zg Zg$ Zgj& and ZQg which, in
turn, wi.ll be functions of certain physical properties
of the groups. Although further refinements may well
become necessary, the following relationships appear
useful in the initial treatment of the problem:

2 (rn)
2Qp'NAIA

Ao )2 (5a)

2
2Qp'QAAVAg

~Ao ~Aa
e

(5b)

Z2 2QpnBIB(P)

Bo
e

2

ao (n +1)' g (2 +1
(2n~ + 1)' (n~ + 1)ao~~

Z SQon~B(nB + 1) X~(2ng + l)ng
(2na + 1)' (n~ + 1)con&

Equations (5a), (5b), and (5c) relate Bohr energies
to transition frequencies and ionization energies.
Equation (5d) or (5e) is derived by using the wave

(5c)

5

i (P) 1 ZAP -ZAPrA/(nA+1) ao
PA)QA) ~A) t'

(4h)

functions (4g) and (4h) or (4i) and (4j) in the
polarizability expression

2 p poslPoai
(6)

3A a V& a —V

where only the transitions Ao ~ Ax, Ay, Az or Bo
~ Bx, By, Bz are considered; the term depending on
frequency v has been neglected.

The quantity ZB& presents a problem and no gen-
eral formula for it may be suggested. Only in rare
cases does one have detailed information about both
an electric and a magnetic dipole transition under-
gone by the same electron. (In this approximation
transitions of diferent electrons in the same group
are not mixed with one another by the perturbing
field of the other groups. ) When it is the magnetic
dipole transition that is known to occur, one may
safely assume that a companion electric dipole tran-
sition occurs between the ground state and an ex-
cited state with quantum number n~ + 1 polarized
along the z direction (where the magnetic dipole
transition involves a shift of charge from y direction
withZ = ZAo) n = nAto the x direction with Z = ZA.( Z&., n = n&). It may also be mentioned that there
is nothing to prevent one from assuming that an in-
Gnite array of such transitions exist to states with
n = n~+ 1, n~ + 2, . It will be seen below that
the sum of the contributions of such an array is finite,
as must be the case.

The situation is not so simple when an electric
dipole transition is under consideration. Here there is
the problem of determining whether a companion
magnetic dipole transition even exists; and, if so,
what is to be its frequency? Neither the frequency
of the electric dipole transition nor the ionization en-

ergy of the electron will necessarily have any relation
to the energy of this companion state. If the group
may be considered cylindrically symmetric, electric
dipole transitions along the axis of symmetry will

have no companion magnetic dipole transitions, for
all radial directions are equivalent. Although one
may formally describe parallel radial electric dipole
and magnetic dipole transitions, there is no preferred
direction and no net contribution for the optical rota-
tion. From these considerations one may assume that
the contribution due to the interaction of cylindri-
cally symmetric groups will be given by the sixth
term of Eq. (2).

In other cases, where a magnetic dipole transition
parallel to the electric dipole transition in question is
possible, it may be possible to write down a reason-
able wave function which has a magnetic dipole tran-
sition to the ground state with the same Z as the ex-
cited state having the electric dipole transition to the
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27 ZAoZAa ZAo ZAa

2 ng(ng+ 1)' ng ng+ 1

The potential of interaction to be used in the
evaluation of the one electron term for the magnetic
dipole transition is

V =%Be2 1
—~12

2
Be

)
~Bl

ground state. Such a situation is encountered in
benzene derivatives where the ground and the lowest
excited states are connected by electric dipole transi-
tions and are described by I CAO functions of 2'
orbitals with a given Z. The companion state with
the required symmetry to give rise to optical rotation
ls found to be an LCAO orbital with 3p{3z —r )
wave functions having the same Z as the known ex-
cited states. In this case, symmetry automatically
requires a state which necessarily has higher energy
to be mixed with the excited state wave function.

On the other hand) lf one ls conslderlng 8 chromo"
phore such as the carbon double bond, symmetry
does not give any indication of the energy of the re-
quired excited state with a magnetic dipole transi-
tion to the ground state. There is need for further ex-
perimental and theoretical work in this area. If there
is no magnetic dipole transition of importance to
optical rotation, then the rotation of a compound
such as methyl cyclopentene should be given by the
sixth term of Eq. (2) . Any large discrepancy between
the theoretical value so calculated and the experi-
mental value may be attributed to such a magnetic
dipole transition and the magnitude of the discrep-
ancy may be useful in further investigation of the
chromophore.

In the derivation of the general formulas we have
treated the groups as though they consisted of one
atom. For small groups such as —CH3, —OH, —SH,
etc., the behavior will be dominated by one large
central atom. For more complex groups like phenyl
it may be advisable to subdivide the group; no de-
tailed general procedure appears plausible at this
point.

One may now carry out an explicit evaluation of
Eq. {2)with the wave functions of Eq. {4).First the
third term will be calculated since it is the easiest.
One obtains

111am, = .k PA, x —p —If~, dr
eA (rn) B B I (m)

2m' By Bx)
e)4 (Z~.Z~.)

2mci [-', (Z&. + Z&.)]'

pg. 1 ——ek lit g, zpg1. d7.(rn) (nz)

where Q& is the net charge on group B.The ground-
state wave function for group 8 will be the average
state function

p(P) BP ZBP B—I Bs, (]0)
nBac

The matrix element of interaction VA.&.Boo is given by

2 ' ZA. Z3 %Be'
VAak 1Boo 2

—2bxrAy —26 rB2
+Ay A~Ae

—~12
dV'14V2

where

Z~.Qae'
'a, ng( n~+ 1)

—2b, rAl
+AyA~Ae dr1, (ll)

2ao nA

6, = Z~„/a,n, .

60 90 90
61B (6,B)' (61B)'

45 2 ' 'Zg.Xze'

(6 R)' 3 a'.n.'(n. + 1)-:

R (262 —61)X y.y„y, e
(02 —61)

461 (362 —61)B 1261 (462 —6', )B

661(—1562+ 36616', —56', )
(6'2 —61)'

126', (96', —146',6', —56', ) 906,
B (62 —6', )' B'

(61 66162 + 62)
(6', —61)'

9061 (462 —61)
B'(62 —61)'

456, (66', —61)
R' (62 —61)'

A rotation of axes to make the ZA axis coincident
with the line of centers transforms xAyAzA into
y.y,y, (z" —3x")z', where y.y„y, are the direction
cosines of group 8 in the coordinate system of A.
The correct distance dependence of the net charge
effect is obtained only when the x"z' term is included
in the calculation. The Anal result is

(2 & ' Z,'.Q,e' 45
+Ac& B00 Il 3 ]I 4 $ ( ) 6$ P P r 4

—e * (61R) + 4(b,B)'+ 12(b,R)
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2s, B 24bgb2 60bib2 (3b2 —bi)
(bB —b~)' R (bB —bg)

90bib2 (5b2 —bi) 45b&b2 (11b2 —bi)
R'(b2 —b&)' R (b2 —bi)

45b, (6b', —b', ) l.
R'(b', —b', )' ) (12)

eh, (Zg.zg.) '

2mc [-,' (ZB. + Zg.)]'

3 2 Zg Zg~
~

Zg~ Zip
2 n'(n +1)~ \n m +1)

2ao ng (ng + 1)

(-,') 'Z'. c'
a',n~(ng + 1)

45QB NB(2b2 bl) 8 2b B —
( )b', R' (b', —b', )'

~static field

The terms in e "'R have been neglected because b& is
suKciently smaller than 6& to make them negligible.
(In Eauzmann's treatment of methyl cyclopentanone
4 ——,

' b2.)
At present, there is no reason to believe that the

interaction of a magnetic dipole transition with the
electric dipole transitions of the same electron should

7 E. U. Condon, W. Altar, and H. Eyring, J. Chem. Phys.
5, 753 {1937).

8 L. L. Jones, thesis, Department of Chemistry, University
of' Utah, 1961 {unpublished).

Although the form of Eq. (12) is correct, the
authors cannot completely vouch for the accuracy
of all the coeKcients, since the theory is still in the
process of development.

The term proportional to QB/R' represents a mon-

opole —octapole interaction. Terms similar to this one
have been derived by Condon, Altar, and Eyring"
and Jones' with the use of the multipole expansion;
in this more accurate treatment all the additional
terms have an exponential dependence. In handling
the net charge effect the use of the multipole ex-
pansion causes an error of about 20%.

The terms proportional to NB, all of which are ex-
ponential, describe the incomplete screening effect of
the vicinal group. Although the effect is that of a
positive charge, the distance dependence is seen to
differ markedly from that describing the effect of a
true net charge. This term represents the results of
Kauzmann's4 work in explicit form.

In many cases it may be sufhcient to take only the
leading terms of Eq. (12). This gives a contribution
to Bg of

be confined to only one instance. Accordingly, one
may include the interactions with the in6nite array
of electric dipole transitions to states n' = n&

+ 2, . In Eq. (13) n& + 1 will be replaced suc-
cessively by n& + 2, n& + 3, etc. The series will be-
have for large n' like Zn'[1/(n')*'J, which converges
rapidly.

The fourth term of Eq. (2) may not necessarily
give a contribution excessively smaller than that of
the third. The value of V&.b.2pp may be found from
Eq. (12) by replacing

~Aa 1

2cp 'Qg

by

b
1 ~A

2Qp 'Qg

For the carbonyl group 6& ——1.25, 6&
——1.4; in methyl

cyclopentanone this leads to the result that V&.&.&.,:—-', V&.&,B... The ratio v&
—v./i & is not quite —',, from

which one concludes that the term arising from per-
turbing the ground state increases the over-all re-
sult by a factor of about —,'. In a thorough analysis of
a molecule it is wise to retain this term, since there
appears to be several terms involving such in-
crements.

If one is treating, say, a two atom group such as
carbonyl, in which the magnetic dipole transition
involves the transfer of an electron centered on one
of the atoms to an orbital on both, it may be desirable
to use a two center orbital for the excited state. The
over-all effect is to decrease the magnitude of the
rotation primarily through the lower value of the
transition's magnetic moment.

As partial compensation for this, however, there
will be an appreciable difference in permanent elec-
tric dipole moment between the ground and excited
states which will interact with the magnetic dipole
transition in an analagous manner to the interaction
by a transition electric moment. This is the eGect
taken into account by the fifth term of Eq. (2). For
the same reasons as those given in the discussion of
the fourth term this should contribute about 6 of the
magnitude of the third term to the total rotation in
the carbonyl case.

The remaining two terms of Eq. (2), the second
and the sixth describe the coupled oscillator effects.
In the initial stage of the calculation there will be no
need to specify whether the wave function of the
vicinal group is describing one particular transition
or the net effect of all electric dipole transitions in a
certain direction. It will be found that both forms are
useful.
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In the second term, we will begin by considering
the interaction of an arbitrary electric dipole transi-
tion in group 8 with a certain magnetic dipole transi-
tion in group A. The ground- and excited-state wave
function for group A will be given once again by Eqs.
(4a) and (4b) and the ground- and excited-state wave
function for the transition in group 8 will be given by

QB".
' = (1/2) ')6,*e '"B', (14a)

QB.
' = (1/~')6. *z.e '"", (14b)

where the zB direction is for an arbitrary transition
and b. and b,' are for the moment unspeci6ed.

The quantity mA. . is given, as before, by Eq. (7)
and p~oz is given by

2'eb,'b, '
PBoz

(6 + 6))8 B )

where k& is the transition s direction of polarization.
The only nonvanishing term of VA..&.z is

~Aoa )Boz ~Ao~Ao~Bo~Bz

The angles 81 and 0, are measured from the x' axis for
the xAlzA, xB2 term and from the z' axis for the
(zA', —xA', )zB2 term. The net result is to replace

ZB2 zB2 by xB) zB1 in Eq. (17) and e "*"»by

3
88 2+ -8 + 42 + -88

-4I12rBl 4 52 262&B1 252rB1 4627 BI z

X exp (—2527B))

The integration over the coordinates of electron 1

is best handled by retaining the variables rB, and rB,
along with the dihedral angle p. A convenient, can-

cellation gives rise to a completely elementary,
though cumbersome, integral.

The integration over the terms multiplied by
exp (—261r» —262r») will give expressions pro-
portional to exp (—25)B) and exp (—252B). The re-

sult of integrating the 3/462r'Bl term gives, for its
leading term when substituted into the second term
of Eq. (2) and then into the expression for the
rotatory parameter P,

where

z»y»zB2 exp (—26)r» —262PB2)
d d (16)71 T2

r12

26„e5 c 1 3 6ly

6,.2mc 32rh vA..—v' 2 6,.B' 6
8

b2gkA kg
62y(VBzy V )

X [15'.v.v,v. + ~, (15m*v'y —3v.)

+ a.(15'„y. —3y„)] (19)

6 = "' " 6 = —'(6+6')
2SAQP

By a twofold rotation of axes this integral becomes

[o,y„(l —2y. ) + o„y, (1 —2y„) —2o.y.y„y,]
IX &AlzA1&B2 + [Pz)ry + Pyo'y +|z)Tzjgz'ry

X (zA1 —*Al)zB2

where

1
6,.= — (ZA, + ZA.),

2'CACO

6.y = 62 62 ) 62. = —; (62 + 62) .
When the results of Eq. (19) are added for all elec-

tric dipole transitions in group 8, noting that

exp (—2617'Al —2527'B2)
d71 ~2 p

r12
(17) o, = kA kB o jA kB, o. = iA. kBand61, /61. =1

where y., y„, y, are the direction cosines of group 8
in the coordinate system of group A. and o., o.„, 0-, are
the direction cosines of k& in this coordinate system.

This is first integrated over the coordinates of elec-
tron 2 with the aid of the usual Neumann expansion

goo ™g('+ m ) ~ «plml(0 )plml(0 )
r)2 .=8 =-. (~ + m ) l ry.

"
~m (A-0'a)~e

where r& is the lesser of r» and r» and r& the greater.

this becomes

2 2- 3-h b'.8'" — '

X IkA. 12B kA15V.y,y. + kA 12B jA

X [15'.y', —3V.] + kA 12B iA

x [15~,7.' —3v.]}, (20)

where e& is the polarizability tensor of group B.
This is the only term which does not have an

exponential dependence and for large distances will
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be the dominant one; however, the distance 8 for
whicH-the exponential terms are signi6cant may well
be in the range of common integral distances for
optically active molecules.

Equatioii (20) has also been derived by means of
the multipole expansion in a more general fashion. '
%hen P is small it is hoped that the exponential
terms arising from the complete evaluation of Eq.
(17) will properly correct the result in Eq. (20).

If group 8 is cylindrically symmetric one may write

GB 12B[(l PB)I + PBkBkB]

Substitution into Eq. (20) gives

mag-ele c8Aoa, B 2 3' 2m' yA,.—v' bl.R'

X I15y,y„y,[l + PB((kA kB) —-', )]
+ [15',y„—By.][PB(kA kB) (kB ~ 1A)]

+ [1572'Y* —372][PB(kA'kB) (kB'»)] } .

(21)

The first term of this expression is seen to be the
most important; the other two contribute about yg

cf the magnitude of the first. This term contributes
about 20' to the 130' total of the rotation in methyl
cyclopentanone. If only the partial rotation due to
the magnetic dipole transition is desired one uses the
value of nB and pB at the frequency pA..rather than
that of the incident light.

In the evaluation of exponential terms it will be ex-
pedient to let b,' and b2 be related to the longitudinal
and transverse polarizabilities of group B as though
the polarizability arose from just two transitions, one
axial and one radial.

Finally, the sixth term may be evaluated by the
same methods as used above. Once again it will be
convenient to let the parameters in the wave function
be unspecified until the final expressions are obtained.
The interaction of two arbitrary electric dipole tran-
sitions, one in group A and one in group B will be
considered. The wave functions of Eqs. (4g,h, i,j) will
be used with ZAp/22Aao ~ bf ZAp/(nA + 1)a. ~ b', ,
ZBp/BBa. ~ b2, and ZBp/(nB + 1)a.—+ li,

' The ZA and.
ZB axes will be along the directions of polarization.

The integral required in the sixth term of Eq. (2) is

boa, Boz +Ao+Aa+Bo~Bz

ZAZB exp (—261rA1 —252PB2)
d71d72 .

T12

(22)

When both the ZA and ZB axes are rotated so as to
coincide with the line of centers, one obtains

boa iBoz ~Ao~Aa~Bo~Bz (I (d1 d2)[l —(d1 k12) ]

—(d, .k„)[d2 k12 (dl k12) (dl d2)] }SA1$B2

+ I(d, d2)(d, k„) + (d, k„)
X [d2 k12 (d1 k12)(d1 d2)]}

, , exp (—2b1rA1 2627B2)
X ~A1~B2) T1 72 y

~12
(23)

where d1 and d2 are unit vectors in the two directions
of polarization and k» is a unit vector along the line
of centers pointing from group 8 to group B. The
SA1 and XB2 axes are paralM.

This integral may be evaluated with the expansion
of Eq. (18) and the final integration performed in the
(rA1, rB1,&) coordinates rather than the usual confocal
elliptic coordinates. Once again there will be a single
1/8" term, where here n = 3, and the rest will be
polynomials of 8 multiplied by exp (—2b,R) or exp
(—2628). When all of the transitions are summed
over the twofold infinit, e series as done by Eirkwood,
one will obtain for the first term precisely the ex-
pression derived by him. '

At this writing it is not known exactly how much
weight the various exponential terms will have in the
final answer. From the results of previous one-elec-
tron calculations it will be seen that 1/8" terms do
not necessarily predominate over exponential terms.
The relative magnitudes of these terms, of course,
depend on the various constants involved. It is cer-
tainly true that for large distances the 1/8" terms
will predominate, and the question of whether the
intergroup distances in simple optically active com-
pounds is suSciently large for this to occur should be
answered when the integrations outlined above have
been carried out.

It is to be noted that even if the multipole expan-
sion terms require little correction in most cases, the
incomplete screening eGect, which still appears to be
very important in magnetic dipole transitions, can
only be handled by detailed calculations such as
Eauzmann's and its generalization given above. In
the one electron calculation the multipole expansion
takes into account only the effect of a net static
charge on the vicinal group such as contributes to the
molecular dipole moment.

Our preliminary investigation indicates that there
are cases when one or all of the terms of Eq. (2) may
be substantial. The relative magnitude of the terms
will depend on the types of transition in the inter-
acting groups and their distance apart.

In summary, one may anticipate that the contribu-
tion to a molecule's rotatory power from two inter-
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acting groups will be given by

an2+ bQg
4 + P, (B,n2) exp (—26,B)

f(n ) 2bj RX v*v.v*+ B. + P.(B,n. )e '
v*v.

1X2 2+
&Aoa

1 1
nln2plp2 3

X di d2 —3 2 R (di + d2)8'
+ Pa(B,d„d2, n&, n2)e

"'

+ P, (B,d, ,d2, n&, n, )e '"' (24)

where a and b do not depend on B or group 2. The
quantities n&, n2, P&, P& are the polarizability and
anisotropy factors of the two groups. Group 1 is as-
sumed to have a single magnetic dipole transition.
The functions P&, f, and P2 also depend on the prop-
erties of the magnetic dipole transition.

The second, third, and fourth terms of Eq. (2) are
proportional to y.y,y„ the product of the direction
cosines of group 2; the fifth term is proportional to
p.y„and the sixth term is the final term in braces
of Eq. (24).

The middle term of Eq. (24) has significance when
the chromophore electron ranges over more than one
atom; the last term will always have potential sig-
nificance, being small only in the case of cancellation
among several pairwise interactions.

One cannot always say which of the three terms
proportional to p.y„y, will be dominant, the coupled
oscillator, static charge, or incomplete screening. The
coupled oscillator and incomplete screening terms
will always be positive and should vary in the same
way from group to group, but the static charge term
may be of either sign and will depend on the electro-
negativity of the vicinal group and the nature of its
linkage with the rest of the molecule. It is possible
that in the case of a highly electronegative group
with tightly bound electrons such as fluorine, the
static charge term may be considerably larger than
the others. Although one can explain the opposite
sign of rotation of O.-fluoro-cylcopentanone as com-
pared with the bromo and chloro compounds by
means of hydrogen's larger polarizability and incom-
plete screening, it is di%cuh to explain the compa-
rable magnitudes on this basis. In the bromo and
chloro derivatives there would be considerable can-
cellation between the positive coupled oscillator and
incomplete screening terms and the negative net
charge term with the former predominating; whereas

in the Quoro compound the former terms are quite
small and the net charge term is largest of all the
halogens. This may be the way to explain the fact
that, although bromine is nearly fifteen times more
polarizable than Quorine, the magnitudes of the par-
tial rotation due to the carbonyl transition of the n-
halo-cyclopentanone are only in the ratio of about
21'

A word may be said now by way of interpretation
of certain aspects of the picture summarized in Eq.
(24). In order to produce optical rotation there must
be a net motion of charge in a helical or screw pattern;
although these patterns exist in all molecules, it is
only for dissymmetric ones that the effects do not
cancel. It is easy to see how the circular motion of an
electron undergoing a magnetic dipole transition in
an isolated group acquires a linear drift and hence a
helical motion in the presence of the electrostatic
Geld of a vicinal group.

In the evaluation of the third term of Eq. (2) there
occurs the integral

+AlgAl~Al ~

—I'"Al —~ "B2
+Al gAl ~B2~

d7 lGV2 )

which in analogy with the discussion above is seen to
give the energy of interaction of a dipole on group 8

C. Djerassi, J. Osiecki, R. Riniker, and B. Riniker, J. Am.
Chem. Soe. 8D, 1216 (1958).

which is a two-center integral giving the energy of
interaction between a point charge on 8 with the
charge cloud on A. The product xAlyAlz» changes
sign eight times and divides group A into octants of
alternating sign. This will be equivalent in form to
the interaction of a monopole, or point charge with
an octopole and gives rise to the familiar octant rule
implicit in the work of Condon, Altar, and Eyring
and Kauzmann. 4 The leading term of the integral
may be expected to vary as 1/B', which is found to
be the case. The other terms will depend on the exact
nature of the charge cloud on A.

When considering the interaction of a magnetic
dipole transition in one group and an electric dipole
transition in another, the screw pattern will be seen
to arise from the combined motion of two separate
electrons in different groups. The phenomenon may
be reduced to the equivalent situation of a single
electron moving in the fmld of positive charge on
the vicinal group in the following way:

The integral arising in the second term of Eq. (2) is
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with a quadrupole on group A. The leading term will
again vary as 1/E4; furthermore, if one always
chooses the positive direction of z» to point away
from group 2 this dipole quadrupole interaction may
be replaced by an equivalent monopole-octapole in-
teraction between a positive charge on 8 with the
same form of octapole distribution on 2 as above.

The magnitude of this equivalent positive charge
will be seen from Eq. (24) to be (a/h) o, This provides
the physical basis for the many-electron model of
Jones and Eyring. "One cannot make the same cor-
respondence for the interaction of two electric dipole
transitions, since a diferent distance and angular de-
pendence is inherently involved, as may be seen from
the integral in the sixth term of Eq. (2),

z zAl B2~

~12

This gives the energy of interaction between two
dipoles of charge and will lead to a 1/R' dependence.

The helical pattern is once again formed by two
separate electrons. The linear motion of a transition
of group 8 becomes a circular motion as viewed from
group 3 with A as center. Then one observes a linear
motion of its own electron and a circular motion of
the electron on 8 giving rise to a helical drift of
charge. If one attempts to make the centers coincide,
as was done in the previous discussion, the net mo-
tion of charge is linear and the effect vanishes.

It is accordingly best to visualize the effect of two
electric dipole transitions in this way with the transi-
tions remaining on difierent groups. The models of

rs L. L. Jones and H. Eyring, Tetrahedron 13, 235 (1961).

Kirkwood' and Euhn" are particularly instructive.
Although it is possible to set up equivalent monopole-
quadrupole interactions, no simple correspondence
with the static-charge, one-electron effect is feasible.
It is observed that a right-handed screw pattern of
polarizability does not always give dextro rotation,
for the sign also depends on the angles which the
symmetry axes make with the line of centers.

Preliminary calculations indicate that the ex-
ponential terms will be negative corrections involving
10—

20%%uz of the total rotation. Calculations with the
Eirkwood polarizability formula' on hydrocarbons
indicate that the coupled oscillator eA'ect may ac-
count for less than one-half of the total rotation.

In the case of two methyl groups forming a screw

pattern, it will be worthwhile to take into considera-
tion the destruction of cylindrical symmetry of the

groups by adjacent bonds. This will split the degen-

eracy for orbitals directed along radial directions
enabling magnetic dipole transitions to occur with

axial components of magnetic moment parallel to
the electric dipole transitions known to occur. The
method for doing this has been outlined by Condon,
Altar and Eyring' in conjunction with the multipole

expansion, which gives the net charge eA'ect. For
aliphatic carbon —carbon bonding the net charges will

be nearly zero and the incomplete screening effect
will predominate.
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1. INTRODUCTION

8 the previous papers have indicated, it is still an
extremely diKcult matter to treat even simple

atoms and molecules by quantum-mechanical meth-
ods. The most useful treatments at present available

' This work has been supported by the National Institutes
of Health, U. S. Public Health Service, under grant No.
GM-10&28-0&.

can give binding energies with an accuracy little bet-
ter than one percent. %e are now going to consider

the application of quantum-mechanical methods to
complex organic molecules containing perhaps fifty

or one hundred atoms, and we are also going to con-

sider chemical problems in which an error of 0.1 eV

would be intolerable. Stated in this way the problem

seems quite hopeless. Even if the more r oned "Group


