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I. INTRODUCTION

THROUGHOUT the evolution of nuclear reaction
theory —from the emergence of the fundamental

ideas in 1936, through the development of the basic
theory and the subsequent adaptation of the theory
to new ideas of nuclear structure —a large fraction
of the important steps have been contributed by
signer and his collaborators. ' In this paper we shall
describe the basic ideas of the theory, derive those
results which have recently been found to be most
suitable for the description of low energy nuclear
reactions, and show how the basic theory of resonance
reactions is adapted in a natural way to accommodate
the ideas of nuclear structure which have been re-
cently learned from empirical models such as the
optical model.

The modern study of nuclear reactions began with
the experimental discovery of large neutron cross
sections by Fermi' and his collaborators and the
explanation of the observed resonances by Bohr' and
simultaneously by Breit and Wigner. ' The physical
picture underlying this explanation is called the
compound nucleus. ' It described the narrow closely-
spaced resonances observed in the bombardment of
various target nuclei in terms of the rapid sharing of
the energy of the incident particle among the many
target nucleons.

At the same time that they proposed the com-

pound nucleus picture Breit and Wigner also gave a
cross-section formula, the Breit-Wigner one-level

formula, which was very successful in 6tting a large
number of experimental cross section data. However
the cross section formula did not initially have a
sound basis: It was based on the analogy of the
resonance radiation of light by atoms for which case

Because of the rapid publication schedule of this journal,
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the interaction is weak, whereas the nuclear reso-
nances arise from the strong nuclear reactions under-

lying the compound nucleus picture.
The formal theory of resonance reactions de-

veloped by Wigner and his collaborators, '-" Breit, "
Bethe and Placzek, " and Eapur and Peierls" soon
gave a G.rm foundation to the Breit-signer formula
and allowed the calculation of compound nucleus
processes more complicated than those connected
with a single resonance line.

The various nuclear reaction theories" relied
heavily on the compound nucleus picture. Because
of the short range of the nuclear forces the compound
nucleus (in which all the particles interact strongly)
was assumed to lie entirely within a nuclear surface
in the configuration space of all the particles. The
various reaction alternatives or channels (in which
two or more groups of particles move without mutual
nuclear interactions) project from the nuclear surface
in configuration space. The basic ideas of the reso-
nance theories are quite simple. The formality or
formidability of these theories rests mainly in the
complicated nature of the configuration space, that
is, in the large number of possible reaction alterna-
tives which can customarily occur in nuclear reac-
tions. In the next section, we present the basic ideas
of the reaction theories with the example of the po-
tential scattering of an s-wave neutron —a problem
for which the configuration space is one dimensional.
Section III presents a visualizable example of the
conhguration space for nuclear problems, an example
which illustrates all the important points connected
with the configuration space. With this preparation,
the derivation of the principal results of low energy
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which lead easily to reasonable nuclear reaction theories.
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nuclear reaction theory, in Sec. IV, is relatively
stra, ightfor ward.

The calculation of nuclear cross sections is usually
divided into two steps. In the first step the cross
section is connected to the asymptotic parts of the
wave function (far removed from the compound
nucleus) by means of the collision matrix. The con-
nection is a general one; that is, it has nothing to do
with the nuclear problem in particular —it deals
merely with the geometry of particle beams and de-
tection apparatus. Partly because of the increasing
importance of complicated experimental geoInetries
as a, tool in nuclea, r physics, the very elegant quantum
theory of angular momentum has been developed
by Wigner, "H,acah, "and others, "to deal with the
connection between cross sections and the compo-
nents of the collision matrix. This first part of the
cross-section calculation can readily be found in
standard references" and will not be discussed here.
The second step of the cross section calculation
connects the collision matrix to the parameters of
nuclear resonant sta, tes.

The various formal resonance theories differ in the
details of the connection between the collision matrix
and nuclear parameters. Almost all of the analyses
of experimental data have employed the Wigner-
Eisenbud' ' theory, and for the ma, in part we shall
discuss this particular theory in this paper. The
central point of the Wigner-Eisenbud theory is that
the connection between the collision matrix and the
nuclear parameters is made through an intermediate
quantity called the (R matrix. "As we shall see, the
(R matrix is closely connected to the reciprocal of the
logarithmic derivative of the wave function at the
general nuclear surface in configuration space. The
advantage of using the (R-matrix theory rests partly
in the simple manner in which it displays various
fundamental conservation theorems. This fact is
particularly important for cross sections near thresh-
olds" or for elementary particle reactions in high
energy physics which usually involve only few re-
action channels. " However, for low-energy nuclear
physics the number of possible reaction channels is
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by J. J. GriKn (Academic Press Inc. , New York, 1959).'" G. Racah, Phys. Rev. 62, 488 (1942); 63 M7 (1948).
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usually quite large —commonly greater than the
number of resona, nt states with an appreciable
effect on the cross section at a particular energy.
Then the (R-matrix theory runs into diIIIiculty because
it, requires the inversion of a matrix whose rows and
columns refer to channels. It was first shown by
Thomas" that the matrix inversion problem can be
avoided by rewriting the collision matrix of Wigner
a,nd Eisenbud in a form which no longer contains the
(R matrix explicitly. It is this latter form of the colli-
sion matrix which appears to be most useful for
low-energy nuclear reactions. We shall give a simple
derivation of this result, in Sec. IV, using the tR-

matrix theory in the intermediate steps. The same
result has also been derived by means of formal scat-
tering theory (without explicit use of the (R matrix)
by Bloch."For a considerable part of the theory of
low-energy nuclear reactions the 8, matrix appears
to have lost its central role.

The various formal resonance theories were de-
veloped at a time when little was known about
nuclear forces (except that they were strong and
short range) or nuclear structure (except that very
complicated compound states existed). More recently
both the nuclear interaction and nuclear structure
have been found to possess a partial simplicity. The
interaction of a nucleon with the nucleus can at
least be partly represented by the complex potential
well of the optical model; correspondingly, many
states at low energy a,ppear to have a structure at
least partially described by the nuclear shell model.
The simplicity of the nuclear interaction has mani-
fested itself further, during the past decade, in the
discovery of a large number of new reaction mechan-
isms, called direct interactions, " in which the com-
pound nucleus does not appear to play a role. Instead,
the energy of the incident particle is shared with only
one target nucleon, or one group of target nucleons,
and the cross section can be calculated by Born ap-
proximation. These new ideas of rea, ction mechanisms
and nuclear structure have appeared to clash in
several ways with the resona, nce theories.

The diKculties presented to the resonance theories
by the direct interactions (we use this term also for
the phenomena described by the optical model) have
been of two types. The first type concerns the descrip-
tion of both compound nucleus processes and direct
interactions in the same language as any proper

» R. G. Thomas, Phys. Rev. 97, 224 (1955).
24 C. Bloch, Nuclear Phys. 4, 508 (1957).
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1960).
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theory of nuclear reactions must do. A fundamental
justification of the optical model in terms of reso-
nance parameters was given by Lane, Thomas and
%igner" very soon after the first thorough applica-
tion of the optical model to average low energy cross
sections by Feshbach, Porter, and Weisskopf. "Al-
though the description of other direct interactions
(e.g. , deuteron stripping) in the language of resonance
theory is far from complete, considerable progress on
this problem has been made in recent years by
Bloch,"Brown and de Dominicis, "and others. The
second type of difhculty concerns the resonance re-
actions themselves and is connected with the rather
artificial way in which the nuclear surface enters into
the simplest results of the resonance theories. For
example, in the Breit-Wigner one-level formula the
potential scattering in between resonances is that of
a hard sphere rather than that of a diffuse-edge po-
tential well as we now feel it should be. Also the
sharp division of configuration space into a com-
pound nucleus region and a channel region leads to
unphysical reAection of incident particles. "Our new
knowledge of the nucleus tells us that the division of
configuration space is not as sharp as the resonance
theories originally supposed it to be.

Because of the above difhculties, several work-
ers, "-" have recently attempted to develop new
reaction theories which do not employ the division
of configuration space of the older theories. However,
these newer theories do not presently appear to be
valid for many of the situations described adequately
by the older theories. We shall show, in Sec. V, how
the results of the signer-Eisenbud theory may be
rewritten so that the surface does not appear so
explicitly in the results and so that the basic ideas
conform, for example, to the optical model.

The inclusion of these new ideas yields, in fact,
a "natural" interpretation of quantities in the theory
like the boundary condition numbers and the shift
functions which formerly seemed somewhat arbi-
trary. Kith this new adaptibility there appears to
be no reason why the formal resonance theory should

26 A. M. Lane, R. G. Thomas, and E. P. Wigner, Phys. Rev.
98, 693 (1955).
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not prove to be useful in low-energy nuclear reactions
for many more years.

(It/2m)d'y/d—r'+ V@ = Ey

where
=0

r ~&Rg
r & 8)

and where m is the neutron mass. The total wave
function has to be regular at the origin so that inside
the well we have

Q = A sing r (gg)
in which A is an arbitrary coeKcient and K is the
wave number inside the well (E + V~ ——VI&'/2m).
Outside the well, the wave function is a linear combi-
nation of incoming waves, I [= (4s-v) ' 'e ""] and
outgoing waves 0 [—= (4s.v) '~'e*""],

&= I —e"0
where 5 is the phase shift. In the definition of I and
0, k is the wave number (E = A,'tc'/2m), v is the
neutron velocity and the normalizing factor (4s.v)

—'~'

IL THE SCATTERING OF 8-WAVE

NEUTRONS BY A SQUARE WELL

The simple problem of the s-wave scattering of
neutrons by a square potential well is useful both
for the derivation of the main results of nuclear
resonance theory and for its direct use in the theory
of average cross sections. The application of the
resonance theory to this problem will suKce to
illustrate almost all the important points of the
theory. Furthermore, although the interaction of a
nucleon with a nucleus is not that of a simple real
potential well, the recent success of the optical model
has shown that the results of this simple picture have
some applicability to nuclear problems. The results
we shall derive here will be of direct use in the dis-
cussion of the optical model below. The difference
between the present problem and the general nuclear
problem is largely one of the geometry of configura-
tion space as discussed in the next section. lee choose
the potential well to be square because, in doing so,
we build into the example many of the ills custom-
arily afKcting the theory of nuclear resonances. In
Sec. V, we show how the scattering of s-wave neu-
trons by a di6use-edge potential differs from the
results of the present section. The comparison will
serve to show how the artificial features of the
nuclear surface may be removed from the nuclear
resonance theory.

The radial part of the Schrodinger equation for
the present problem may be written
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is associated with both I and 0 so that each corre-
sponds to unit Aux. By matching the slope and value
of (3) and (2) at r = B&, we find the square-well
phase shift

8 = tan '[(k/K) tan KBi] —kB~ . (4)

The scattering cross section o- is related to the
phase shift by

a = (4s/k') sin'8, (5)
which together with (4) completely solves the scat-
tering problem of the square well.

In the language of the resonance theories, the
solution just obtained would be written in terms of
the collision function U, related to the phase shift by

U =—e" (6)
and, in turn, the cross section (5) then is

= /k'I, I —U~'.

It is the generalization of (6) and (7) to the nuclear
problem which forms the two main steps of the calcu-
lation of nuclear cross sections in the formal theory
of resonances. The collision function becomes a col-
lision matrix and its connection to the various
reaction cross sections, the analog of (7), is a question
of geometry which will not be discussed here. The
physics of the problem is in the connection of the
collision matrix to nuclear parameters, analogous in
the present problem to the connection between U and
the properties of the well, as in (6) and (4).

It is evident from the result (5) that the square
well scattering cross section has a maximum, or
resonance, whenever 8 is equal to (n + —,')~ where n
is an integer. For low energies (kB& small compared
to unity) such a maximum will occur for values of
K or B, such that KB, = (n + —,')vr. [An illustration
of the n = 4 square-weH resonance is given below,
Fig. 3, in the application of resonance theory to the
square well problem]. The resonance condition on
KRI is a natural consequence of the fact that K is
much larger than k. As Fig. I shows, the wave func-
tion inside the potential well is large only when KB&
achieves the above condition, that is when the wave
function has zero slope at 8&. The nonresonant wave
function, with nonzero slope at 8&, rises outside the
well to a much larger amplitude than inside.

The neutron wave function, Fig. 1, at the reso-
nance of the scattering cross section may be thought
of as almost a standing wave. The reAection which
occurs at the edge of the well keeps the neutron in
the well for a long time before it Anally leaks out.
Because the neutron eventually does leak out of the
well, the wave function is not exactly a standing

0

X
-IO-

UJ
-20-

wave. However, we can construct a complete set of
standing waves of which one, in particular, resembles
the actual wave function of the low energy resonance
very closely. When this is so, then we can show that
in the "Fourier" expansion of the actual wave func-
tion in terms of the standing waves one term domi-
nates the expansion and this term corresponds to the
one standing wave identified with the low-energy
resonance. In the nuclear problem the standing
waves are the resonance levels of the compound
nucleus and the retention of only one term in the
Fourier expansion leads to the Breit-Wigner for-
mula.

To construct the standing waves, X)„ for the
square-well problem we use the Schrodinger equation

—(h'/2m)d'Xy/dr' + VXz = EyX), (8)

together with a boundary condition at the square
well radius, 8&

rdx, /dr —bx~~, =,,
where 6 is a real number, so far arbitrary. As we
shall see below, and as Pig. 1 suggests, the natural
value of 6 for the present problem is 6 = 0. Then the
normalized standing waves are

Xg ——(2/B, )' '
sin K),r (b = 0) (10)

where Kg = (X+ —', )s.B&'.

Figure 2 shows the lowest few standing waves and

-50-I-
IJJ "40-
0
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-50-
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Fro. 1.The square potential well of Eq. (1) and the resonant
and nonresonant wave functions at low energies. RI is the
square-well radius. For low energies, the wave function turns
over very slowly outside the well and then the amplitude is
large inside only for zero derivative at 8&, as shown.



Multiplying (1) by Xi„and the complex conjugate
of (8) by p, subtracting and integrating we obtain

X=6 E),"- 7S.I2
MeV

(& /2m)(4dXi/« —Xi,4/dr]. =a, = (E —K,)

M.48 from which it follows that

"0.45

"26.6 I

(Zii —E) (A, /2mRi)Xi, (Rb)

X [y'(R ) —by(R )], (15)

where g' means r dg/dr. Using this value of Ci, in the
Fourier series (12), evaluated at Ri, we obtain

-44.06

-52.79

Fze. 2. The first six standing waves of the square well, con-
structed with a boundary condition number (fi = 0) appropri-
ate to low-energy scattering.

where

and

~(R) = ~t~'(R) —b~(R)]

—= Pi vi/(Iii, —E)

y'„—= ()t'/2mR, ) ~Xg(R, ) ~' . (18)

with the expansion coeKcients

(12)

X)&dr .

their characteristic energies for a square potential
well with a depth and radius roughly appropriate
for the shell model (or real part of the optical model
well) of a nucleus with atomic weight A = 155. In
addition to the state near zero energy there are a
few bound states as well as a discrete infinity of
states at positive energy. The actual physical prob-
lem of a square well of the size shown on I"ig. 2 has
proper bound states which are not those shown. The
difference arises because of the boundary condition
(9) which we have added to our problem. The physi-
cal problem is Hermitian in all space (0 ~( r ~( ~)
and the proper bound levels decay exponentially for
r & R&. By means of the boundary condition (9)
we make the problem Hermitian in the finite volume

(0 ~( r ~( R&). We do this to construct standing
waves which can be used to expand the actual wave
function within the square well. If the boundary
condition number is properly chosen then the un-
bound standing waves will bear a close physical re-
semblance to the wave function at E = E~. However,
the bound standing waves should not be connected
in a detailed manner with the bound states of the
nuclear shell model.

Because the X~ form a complete orthonormal set
of functions, the actual wave function p for r ( Rl,
may be expanded in terms of them

S = tan 'PcR, 5t/(I + be)] —kR, . (19)

We could then at once write the collision function
t'/ in terms of (R by means of (6). Instead, we shall

make the connection by a means more easily adapted
to the nuclear problem.

According to (16), the logarithmic derivative
it'/p at r = R may be written in terms of 6t in the
following way

y'(R, )/y(R, ) = (I + bst)/6t.

We next rewrite (3) as

(2o)

(21)

33 It may be noted that the reduced widths of (&8) and of
the subsequent parts of the present paper differ by a factor
of RI from the reduced widths employed by Wignei and
his collaborators in the early papers on resonance theory.
The present definition, which is also that employed by Lane
and Thomas, 2O has the advantage that all reduced widths
have the dimension of energy and all penetrabilities are
dimensionless. On the other hand, the earlier definition had
the advantage that for a-wave neutrons the penetrabilities
were independent of t,he nuclear radius.

The quantity R is the (R function of the square well

problem and the y~& are the reduced widths, " the
nuclear parameters of interest in resonance reactions.
For b = 0, it is clear from (10) that all the reduced
widths of the square well problem are equal to
h'/mR;.

The (R function, as defined by (17), is simply the
courier expansion of that part of the phase shift
which refers to the properties of the square well.

Thus, we can write the phase shift (4) in the follow-

ing way:
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where

2;gn, 1 + bN+i. 5lkR,
e

1 + b(R —t(RM, '

L =—0'0 ' —6

(22)

b+—i7cR . (23)

%e can exhibit the resonances in the cross section
by assuming that the energy E is close to one par-
ticular Eq and by then approximating (R by one term

N. = v~/(K —&) . (24)

Using this value of (R in (22) and then using the re-
sulting collision function in the total scattering cross
section (7), yields the Breit-Wigner formula for the
present problem:

2

where rg =—21CB1y~

=—bye (26)

are, respectively, the level width and the level shift
of the square-well problem. The term 2 sin kR&e""',
in (25) represents potential scattering; it is, in fact,
the scattering due to a hard sphere of radius 81.

A comparison of the exact square well cross section
with the Breit-Wigner formula (for various values of
b) is shown on Fig. 3. Instead of varying the energy

tO.O

b =20

8.0-

LEYEL
SHIFTy

6.0-
OI

~ 50-
b

4.0—

I.o =

0.0 I I

Ioo I20 l40 I60 180 200

Fzo. 3. The 8-wave scattering cross sections for a nucleon by
a square well of depth 51 MeV and a width 81 ——1.25 8~~3 F,
where A is the atomic weight. The solid line gives the exact
cross section (divided by 4~osl at 50 keV as s, function of A.
The broken lines give the one-level approximation to the cross
section near the 4a resonance for various values of the boundary
condition number b. The heavy broken line, corresponding to
6 = 0, merges with the solid line near the resonance.

and then matching the logarithmic derivative of
(21), at r = 8&, with (20) we obtain

U =— (0 + beO —NO') '(I + bN, I —N. I')
= 0 '(1 —eI.) '(1 —NI,*)I

for a fixed radius the figure gives cross sections at
fixed energies for varying 81 '. the consequent display
shows resonant structure quite reminiscent of the
ones commonly observed in nuclear physics. The
square-well parameters have been chosen similar to
those of Fig. 2 and of the further figures below so that
the resonance shown corresponds to the well known
4s neutron giant resonance found in the rare-earth
region of the atomic table. The figure shows that the
one-level Breit-%igner formula, for the square-well
problem, is a good approxiInation if and only if 6 is
approximately zero. For this value of 6, also, the
level shift vanishes identically. These facts, together
with the discussion of Fig. 1 above, establish 6 = 0 as
a natural boundary condition for the present prob-
lem.

Much of the content of resonance theory is already
contained in the above example. Most of the re-
mainder of the theory has to do with the complicated
geometry of nuclear configuration space. In the
square-well problem, the nuclear surface on Fig.
is the point r = 81, whereas the general nuclear sur-
face is multi-dimensional and all the channels, c,
project from this surface. In each channel the wave
function is a product of a radial wave function g. and
a channel wave function P, containing the remaining
variables. As we shall see the channel wave functions
form a complete orthogonal set and may be regarded
as unit vectors identifying each channel. The above
derivation for the collision matrix still holds if we
regard each quantity in (16), (21), (22), and (23) as
a matrix with components in the space of the P,. Then
the result for the collision matrix is exactly given by
the second step of (22). Before going through these
steps for the nuclear problem we discuss, in the next
section, the properties of the nuclear configuration
space a,nd of the channel functions P, .

Although the final result of the nuclear problem
has the same form as that found In the pI'esent sectioil
the exact solution of the Schrodinger equation for
the nucleus is not usually possible. In analyzing
nuclear reactions the reduced widths and charac-
teristic energies are treated as phenomenological
parameters. The usefulness of the resonance theory
rests in the easy way in which it allows the extraction
of nuclear parameters.

III. CONFIGURATION SPACE FOR
NUCLEAR REACTIONS

Because of the short-range of nuclear forces, the
compound nucleus occupies only a small region '0 of
the Li-dimensional configuration space of its 2
nucleons. In the configuration space the various re-



THEORY OI»' I.OW ENERGY N UCI EAB, REACTIONS 720

action channels, or reaction alternatives, emerge
from the surface S which encloses 'U. In this section,
we want to make explicit the concept of a channel
and the wave function, P., which labels each channel;
further we want to describe, with a simple example,
the important properties of the con6guration space.
When this is done, the derivation of the results of
nuclear reaction theory is an almost trivial generali-
zation of the steps carried out in the preceding sec-
tion.

Roughly speaking, we choose the compound
nucleus surface S so that all the nuclear interactions
take place only within 'U. Outside S the nucleons are
split into two or more groups with only well known
interactions between the groups. For low energy
nuclear reactions three-body breakup is usually not
allowed energetically —and even when it is allowed
the process may often be described in terms of two
successive two-body breakups —so that we shall con-
sider only two-body breakup of the compound
nucleus. "

In each channel the two groups of particles have
a wave function describing their relative motion,
their internal motions and their intrinsic spins. We
use the term channel, denoted by c, to represent the
collection of quantum numbers describing these
motions. In the channel region of configuration space
we split up the total wave function f, in the following

way:

+ = p. 4A ~ (27)

where @, is a solution of the radial equation in each
channel and P, is the wave function appropriate to
the other quantum numbers. In particular, if r, is the
radius variable in each channel, we write

34 The three-body breakup problem in nuclear reaction
theory has been considered by Wigner in collaboration with
some of his students. See the Princeton Ph. D. dissertations of
G. A. Snow (1950) and A. Sauer (1958).

f. = r. C g, Q„, (lcm(m, . ~Jmg)i'Y~„, ,X,.„,, (28)

where the set of channel quantum numbers is sub-
divided, c= (n, l, s, J, m~). C represents the state
of internal motion of the two particles in the channel,
i Y&, is a spherical harmonic describing their relative
orbital angular momentum t, and its z component,
m~,' x, , is the wave function of the coupled intrinsic
spins, I and i of the two particles, (s = I+ i);
(/3m, m,

~
Jm~) is a Clebsch-Gordan coeKcient; J and

m& are, respectively, the total angular momentum of
the whole system and its z component, both of which
are conserved in nuclear reactions.

In splitting up the total wave function as in (27),
the P, may be regarded as a set of unit vectors,
labeling the channels and the physical content of the
theory is contained in the radial wave functions giv-
ing the amplitude in each channel. In keeping with
this idea we define the channel surface, S„by a radius,
8„in each channel. The whole surface S enclosing the
compound nucleus is composed of the sum of the
S, as will become clear shortly. The choice of the
channel radius is arbitrary, for the moment, although
we have assumed it to be sufFiciently large so that no
strong nuclear interactions take place between the
two groups of particles in the channel.

The above decomposition of the total wave func-
tion in the channel region of con6guration space will

be useful for the theory of nuclear reactions if and
only if the channel wave functions P. satisfy the
following orthogonality condition on the surface S:

(29)

Equation (29) is only approximate and will be seen

(below) to hold if the channel radii are chosen large
enough. It is the orthogonality condition (29) which
ensures that the P, are the set of unit vectors of
which we have been speaking. If (29) is satisfied on S

and on any larger surface, then the channels are
independent arms projecting from the compound
nucleus.

To give a more explicit picture of the nuclear con-
6guration space and to show how and why the
orthogonality condition (29) holds, we consider a
simple example in which the details of the con6gura-
tion space can be drawn. In the example we take four
nucleons, "each moving in a world of one dimension
instead of three. As the top part of Fig. 4 shows, the
particles are chosen to be proton (spin-up), proton
(spin-down), neutron (spin-up), and neutron (spin-
down) and their position along the line which con-
stitutes their world are, respectively, x&, x2, x3, and
x4. The four particles form the compound nucleus
He'. Because the center of mass of the whole system
is chosen to be at rest, at the origin

xg + x2 + x3 + xg ——0 (30)

the entire configuration space of the system has only

~" lf w» chose to consider three nucleons instead of four, the
configuration space of the example would be only two
dimensional, and simpler than the four-particle example which
is discussed. However, for three particles, unlike for four, the
center of mass cannot be removed in a symmetrical way and
the beautiful symmetries of the figure would disappear.
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FiG. 4. The configuration space for four nucleons restricted
to move on a line as in (a). The nucleons are, s,s shown, a
proton with spin up, a proton with spin down, a neutron with
spin up, and a neutron with spin down. The compound system
of the four Inay be thought of as He4. (b) gives the actual
surface of the compound nucleus and (c) the channels emerg-
ing from the compound nucleus. The intersection of the chan-
nels forms the surface. The bottom part of the figure gives the
relative positions of the particles at the surface point II and
at a point in each of the channels.

three dimensions. We choose the three coordinates
which map out the space to be

r, = —,' (xI + x, —xg —x4)

rd s (XI X2 + X3 X4)

r3 2 (XI Xs 23 + Xg)

which are easily solved to yield

XI ——-', (rI + rs+ rs) x, = -', (r, —r, —r, )

X3 s ( rI + rs rs) Xg s ( rg r2 + rs)

(32)

The various possible channels emerging from the He'
compound nucleus consist of the emission of neu-
trons, protons, deuterons or He'. In accordance with
the ideas expressed above for the general nuclear
problem, we choose each channel surface at a separa-
tion, If', between the centers of mass of the two frag-
ments in the channel. The resulting nuclear surface

S, as found by means of (31) and (32), is shown in
Fig. 4(b). It is a truncated octahedron. "The various
channels of the system are shown on Fig. 4(c). The
emission of a neutron or a proton occurs from the
square channel surfaces on the three axes and the
emission of two groups of two nucleons each occur
from the hexagonal surfaces. The lower part of the
figure identifies the various channels. Each channel
is a tube in the space and the nuclear surface S is the
intersection of all the possible tubes.

There are large regions of configuration space on
Fig. 4 which contain neither the compound nucleus
nor the channels. These regions correspond to break-
up into three or more particles and are forbidden
energetically. Even within each channel or tube the
wave function will be small near the edge of the tube
(compared to its value on the axis) if we choose the
channel radii 8 large enough. The approximate
orthogonality of the wave functions, P„correspond-
ing to different channels arises from the same fact.
We note first that each P, is defined in the whole of
the configuration space but is large only within its
particular tube because of the energetics of the prob-
lem. Hence, if we choose a surface S large enough so
that the various intersections of the channels with S
do not overlap, the orthogonality condition (29) fol-
lows. The surface of Fig. 4(b) is the minimum surfa, ce
of this kind. If we choose 8 so that the channel wave
functions are large beyond their particular tubes or
if we take S to be smaller than the surface of Fig.
4(b), then the orthogonality condition breaks down.

The orthogonality condition of our simple model,
as just demonstrated, corresponds to the only part
of the general nuclear orthogonality condition, (29),
which poses a problem. That is, the orthogonality
between the It. of Fig. 4 is that between surface wave
functions corresponding to different pairs of par-
ticles. By making the space three dimensional and
increasing the number of particles, we still obtain
the same kind of orthogonality for f, corresponding
to different pairs. The remaining orthogonality, that
between channel wave functions of the same pair but
with (E, s, l, J, m~) W (E, s, l, J, m~ ), is exact
and due to, for example, the conventional orthogo-
nality of angular momentum wave functions. The
generalization of the example to the larger number
of dimensions inherent in the nuclear problem is
therefore straightforward.

36 The occurrence of this figure in the present context leads
one to the conjecture that all of Wigner's theories eventually
lead to truncated oct,ahe(irons. C;-Lsual readers should here
avoid the trap that the nucleus is a body-centered cubic lat-
tice. [Cf. E. P. YItigner and F. Seitz, Phys. Rev. 43, 804(1933).j
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[«(1)j (88)

IIX), = EgXg [cf. (8)] . (84)

In addition, the X& satisfy the following boundary
condition (on each s,) which makes them stationary:

r,dx, /dr. = b,x,is. [cf. (9)], (85)

where 6, is the boundary condition number appropri-
ate to the channel c. With (85) the states X~ form a,

complete set of functions inside the nucleus,

+ = Qg C)X), [cf. (12)], (86)

where the energy dependent coeflicients C~ are:

[cf. (18)j (87)

in which the integration extends over the entire
compound nucleus volume U. We multiply (88) by
Xq*, and the complex conjugate of (84) by +, sub-
tract and integrate over the whole nuclear volume
to obtain

X [X~+' —+X~*]ds,
= g. (h,'/2m. r, )"z„.(y'. —b.y„),

where the prime means the derivative r,d/dr, in the
channel c and where the reduced width amplitude
y)„ is defined by

px. —= (5'/2m, r, )' '
Q*,Xgds [f (»)j (89)

The p, of (88) are those of (27). From (88) and (87)
we obtain

Cz = (Ex —E) ' Q. yg, (y', —b,y.)(h'/2m. r.)' '

[cf. (15)]; (40-)

IV. THE COLLISION MATRIX FOR
LOW-ENERGY NUCLEAR REACTIONS

Having demonstrated the independence of the
various channels, that is, the orthogonality of the
channel wave functions f., we can now derive the
collision matrix for low energy nuclear reactions by
repeating the steps of Sec. II, replacing functions
everywhere by vectors in the space of the P, . First,
we use Green's theorem to connect the logarithmic
derivative of the total wave function on S to the
(R matrix; then we match internal and external wave
functions on 5 to obtain the connection between the
collision matrix and the (R matrix.

The total wave +, inside the nucleus, satisfies the
same Schrodinger equation as the resonant states X~'.

(R„—= Qg y)„y)„/(E, —E) [cf. (17)] . (42)

For the development of the theory, below, it will
be important that (42) is a sum of direct products
of the vectors y~, and y~, .

Before connecting the R matrix to the collision
matrix we define the latter in terms of the wave
function in the channel region of configuration space.
We begin by rewriting (27) in the form

+ = Q, v, —-,'(A, I, —B,O,)P, , (48)

where the A. and B, are amplitude coeKcients and
where I, and 0, are, respectively, the incoming and
outgoing parts of the radial wave function. That is,
at large distance

I*, = 0, = exp i(k,r, —-', t.m —g. ln 2A:,r,), (44)

where k, is the wave vector of the channel c, t, the
relative orbital angular momentum of the two parti-
cles in c, and

rig = Z)Z28 /AVg (45)

is the Coulomb parameter which depends on the
charges Z& and Z2 of the pair of reaction products
and on their relative velocity v, . If the particles are
uncharged or if their center-of-mass separation r, is
so large that the Coulomb fields are screened, then

q, vanishes. The factor v, '~' is included in (48) so
that if A. or B,have unit value then the correspond-
ing wave function has unit fIux.

In a nuclear reaction we have incoming beams in
some channels and outgoing beams in all channels
for which the decay is allowed energetically. What-
ever the incoming channels and their coefFicients, the
solution of the Schrodinger equation everywhere
would yield all the coefFicients, B„of the outgoing
waves. This fact is expressed by writing

B, = Q, U„A. ,

where U„ is the collision matrix. In the nuclear
problem we do not attempt to solve the Schrodinger
equation everywhere. Instead, we connect the col-
lision matrix, via the (R matrix, to the nuclear param-
eters in such a way that useful approximations may
be made. By means of (46), multiplication by P,*,
and integration over S, (48) becomes

P. = u,
' '(A„I„—Q, U., A. O.) fcf. (.8)(6)].(47)

Using this value of C~ in (86) and evaluating (86) on
the surface s, we obtain

(5'/2m. r,)"y. = g. 51„[y'. —b, y. ]
X (b,'/2m, r, )'" [cf. (16)], (41)

where the (R matrix is
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We now take the derivative of (47) and match the where
slope and value of the p, of (47) with those of (41)
to obtain t»rr = g, gy„„y&,r

tI = (kr)'~'0 (1 —eL) (1 —eL*)I(kr) "
[«(22)], (48)

where all the quantities are now matrices in channel
space. In particular, (kr) '" and (kr)-'~' are the
diagonal matrices with diagonal components (k,r,)'~'
and (k,r,) '~', respectively, 0 is the diagonal matrix
with diagonal components 0., I is equal to 0*, and I
is the diagonal matrix with diagonal components

I., —= 0',0, ' —5, =—8, + iP, , (49)

where 8, is the shift function, which leads to level
shifts and I'. is the penetrability, which leads to level
widths.

The result (48) for the collision matrix was the
one originally obtained by Wigner and Eisenbud. '
For reactions involving only a few channels it has
been used to analyze cross sections, not only for
individual levels but also for the case in which levels
of the same spin and parity interfere with each
other. '" However, when the number of channels gets
to be large, the inversion of the matrix (1 —N. L) ',
in (48) is exceedingly laborious. Since many nuclear
reactions involve a large number of channels (usu-
ally, perhaps more channels than compound levels)
we derive a form for the collision matrix which avoids
the inversion of the channel matrix (1 —(RL) '.

To obtain the new form" of the collision matrix,
we begin by assuming that a level matrix A» exists
satisfying the relationship

[(1 —@L) '(1 —+L*)1..' = &.. + gx~ 2iP.
X vi. .vx. '&w, ' (5o)

We show that (50) exists and derive the form of A.
Multiplying both sides of (50), from the left, by
matrix (1 —(RL), we obtain

IVices xc Lg ~ P YAc7xt:
L

+ gxx 2iPc 'Y) cYK c +Ax
ll

+&can'bc

2~+c p'A c px c Ag g ~

xx x"."E~ —E
Upon collecting terms, we find

+2iP, —"' "'
[b),g —(Eg —E)A),g

+ Q~" bx"~~"~'] = 0

37R. Erotkov, Can. J. Phys. 33, 622 (1955); M. S. Moore
and C. W. Reich, Phys. Rev. 118, 718 (1960).

I. = 0*,, = (G. —iF,)e'"', (55)

where ~, is the Coulomb phase shift related to the
orbital angular momentum quantum number /, and
the Coulomb parameter, q, [Eq. (45)] by

(u. = Q tan '
(q,/n) . (56)

The functions F, and 6, are normalized by their
Wronskian,

(57)

where the prime again means the derivative r,d/dr, .
Then it follows at once from (55) and (49) that the
penetrability P, and shift function 8, are given by

P. = k.r.[F'. + G',]
'

(58)

8. = b. + (F.F!+ —G.G', )/(F'. + G'.), (59)

where both I', and 8, are evaluated at the channel
radius r, = R..

Using these properties of the Coulomb wave
functions we then also find

(k,~.,)'"0,'I, (k. r, )
'" = e'""""(k,r,/1c, r, )' '

X (G ' —iF )/(G + iT" ) = e'"'+"' 'P' 'P ' '
(60)

where

0, =—a). —tan ' (F,/G, ) (61)

38For a more complete discussion of the channel wave
functions see reference 20.

—= —agg + (i/2) r),g . (58)

Since (52) must hold for arbitrary values of pz. and
y~. ' we can set the square bracket of (52) equal to
zero separately, yielding

(A ')~~ = (E), —E)S),~ + a),), —(i/2) I'),~ (54)

thus proving the conjecture that (51) exists. The
existence of the A» depends crucially on the fact
that (R is a sum of direct products of yq, and y~. .

By means of (50) and the result (54) for the level
matrix A~~ we have changed the problem of invert-
ing the channel matrix (1 —(RL)-' into the problem
of inverting the level matrix A '. To complete the
derivation of an especially simple form for the col-
lision matrix we next simplify the factor, 0, ' I,', of
(48). The incoming and outgoing waves" of the
various channels can be written in terms of the
regular solution, F„and the irregular solution 6„
of the radial equation in the following way:
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(I'i.)'" —= (2I'.)'"v~. (63)

has the same sign as the reduced width amplitude
P'hc.

The result (62) is useful for a large number of
problems in the theory of low-energy nuclear reac-
tions. Retaining only one level ) in the various sums
over levels it leads at once to the familiar Breit-
Wigner formula, regardless of the number of chan-
nels. Multilevel formulas are derived from (62) by
retaining only a few levels in (62) and (54). Such
formulas have been quite successfup' in fitting
nuclear cross sections which deviate considerably
from the simple shape of the Breit-Wigner formula.
For average cross sections the results of the statistical
theory of nuclear reactions have been recently re-
fined" by use of (62).

In the derivation of the results above we have
completely ignored the closed channels. The closed
channels are, of course, important in the considera-
tion of threshold effects and have been treated in
detail by Teichmann and Wigner" and by Wigner. "
For the closed channels, the penetrability vanishes
identically and we then choose the boundary condi-
tion numbers 6„ for these channels so that the shift
is also zero [cf. (59)].

~ = (J..~'+ (:.(.")/V" + &')
= IV'./W. (closed channels),

where 8', is the Whittaker function, " that is, an
"exponentially decaying" Coulomb wave function.
With this choice of 6, the closed channels can be
essentially disregarded, since L, is identically zero
for them. The simplicity of this choice of boundary
condition number for the closed channels was al-

ready noted by Teichmann and Wigner" and has
since been used by others; for example by Bloch,
who, in deriving the result (62) by formal scattering
theory, treated the closed channels in the same way.
It is this treatment which makes our derivation of
(62) 1ike Bloch's, appear to be much simpler than the
more rigorous treatments which considered the closed
channel. The boundary condition (62) is energy de-

PP E. Vogt, Phys. Rev. 112, 208 (1958); 118, 724 (1960).
J. B. French, S. Iwao, and E. Vogt, ibid. 122, 1248 (1961).

4O E. P. Wigner, Phys. Rev. '73, 1002 (1948).

is the sum of a Coulomb phase shift and a hard-
sphere phase shift.

The product of (60) and (50) yields at once the
desired formula for the collision matrix components.

P.. = e'""""I5.. + i Q),), rI„'rl,",A),g I, (62)

where

pendent, a disadvantage which is overwhelming in
the consideration of threshold effects. However, for
most nuclear reactions, the use of (64) will not lead
to any serious error. In fact, we show in the next
section that boundary condition numbers for the
open channels should also be chosen as in (64).

In the next section of this paper we discuss the
physical meaning of the resonance parameters and
the choice of boundary condition numbers to remove
the artificial dependence of (62) on the channel radii
(e.g. , in the hard-sphere phase shifts).

V. EFFECT OF THE DIFFUSE NUCLEAR EDGE
ON LOW' ENERGY NUCLEAR REACTIONS'

a. Optical Model Potential

The simplest approximations to the general result

(62) for the collision matrix have some undesirable
properties connected with the nuclear surface. Thus,
in the one-level Breit-Wigner formula, obtained from

(62) by retaining only the terms corresponding to the
single resonance state X, we have, first of all, the
hard-sphere phase shifts in the potential scattering.
That the hard-sphere shifts should appear in this
way is quite natural because the resonance theories
treat the nucleus as a box with standing waves inside
it. Although the total wave function can be expanded
in terms of all the standing waves, when we neglect
all the standing waves but one, what is left is just
one resonant state plus the box or hard sphere. As
we shall see, the change in the hard-sphere phase
shift to a potential well phase shift is made by con-
sideration of the many distant levels which are
neglected in the usual Breit-Wigner formula. The
second undesirable feature of the surface is that we

have neglected all the nuclear effects in the channels.
The above criticisms of the reaction formulas have

been reinforced by the recent success of the optical
model of the nucleus. The elastic scattering and
absorption cross sections of many nuclei can be
described by a simple complex potential well.

Typically the optical model well which best fits the
data has the following form

V(r) = (Vp + t'Wp)/[I + e
"

] (65)

a potential 6.rst used in this connection by Saxon
and Woods. "In (65) Vp tVp Bp and a are constants.
The potential (65) follows the nuclear density and is
Bat almost up to the nuclear radius 80, at which it

4I Some preliminary results for the first two parts of this
section have been reported in reference 29.

4s R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954);
see also C. Eckart, ibid. 55, 1803 (1930).
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falls off in a distance a (a is very nearly the distance
from 75% of maximum potential to 25%). The fall-
off parameter of the nuclear density is 0.55 & 0.06 F,
measured by the bombardment of various nuclei with
high energy electrons. "Bo is chosen to be about 1.25
8'~' F where A is the atomic weight. Then Vo, for
slow neutrons, is about 51 MeV and Wo about 3
MeV. VD decreases slowly with energy (about half
a MeV per MeV) and W increases with energy (about,
half a MeV per MeV below 10 MeV)."The shape of
the imaginary part of the optical model potential is
frequently altered from that of (65) to be larger in
the region of the nuclear surface. Such a change has
its basis in the Pauli principle (in the region of low
density near the nuclear surface the Pauli principle
is less effective in reducing the absorption) and is
confirmed experimentally by the large absorption
cross sections, compared to mR,', measured in many
nuclei. 4'

Analysis of many nuclear reactions with the optical
model suggests that the nuclear surface is not abrupt.
It will be advantageous, below, to consider the effect
of the tail of the optical model potential in the chan-
nel region of configuration space. The principal effect
will be to modify the nuclear penetrability. Moreover,
since the average potential seen by a nucleon appears
to be similar to (65) it would appear to be desirable
to have the hard-sphere phase shifts of the theory
change into the appropriate potential scattering
phase shifts. In the remaining parts of this section
we shall see how the ideas of the optical model can
be incorporated in the resonance theory. We begin
by taking up again the simple s-wave neutron scat-
tering problem of Sec. II, with the square well re-
placed by a diffuse-edge potential.

b. The Scattering Cross Section
of a Real Diffuse-Edge Potential

Unfortunately, we cannot And a simple analytic
expression for the collision function (or phase shift)
in the case of s-wave neutron scattering by a real
diffuse-edge potential. "To facilitate the comparison
of the results for this potential with those of the
square well (Sec. II) we shall use the methods of
resonance theory. We shall choose a matching radius

43 For references, see the review by D. G. Ravenhall, Revs.
Modern Phys. 30, 430 (1958).

44For a discussion of optical model parameters see, for
example, the review papers on the optical model in the Pro-
ceedings of the Kingston Conference on Nuclear Structure 286'0
(University of Toronto Press, Toronto, 1960).

45 V. Meyer and N. M. Hintz, reference 44, page 231.
46 In Appendix A, some analytic results are given for -a

similar potential —one which decays exponentially in the
surface region.

l
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FIG. 5. Comparison of a diffuse-edge potential well [with a
Saxon Woods shape, Eq. (66)j with a square well and of the
resonant wave functions of the two wells.

8 and a boundary condition at the matching radius
in order to obtain resonance energies and reduced
widths for the diffuse-edge potential. Then we shall
compare the reduced widths, level energies, penetra-
bilities, and shift functions of the real diffuse-edge
well with those of the corresponding square well.

The parameters of the diffuse-edge well are chosen
to be those given in the preceding part of this section.
The real square well to be compared with it is chosen
to have a value of VIB such that the lowest un-
bound states of the two wells coincide in energy.
The radius, jt!I, of the square veil is chosen to be
equal to the matching radius, 8, of the diffuse-edge
potential as discussed below. The two potentials are
shown in the lower half of Fig. 5.

For the diffuse-edge potential the best choice of
the matching radius is not obvious. However the
properties of a low-energy resonant state are clear
and are shown on Fig. 5 along with the square well
resonant state on Fig. 1. Just as for the square well,
a resonance occurs when the wave function has zero
derivative where the potential becomes vanishingly
small because the amplitude inside the potential is
then a maximum. If we choose the matching radius
8 to be larger than Bo by many times the surface
thickness c, then the penetrability and hard-sphere
phase shift are both very nearly equal to kR (just as
for the square well for which the potential is exactly
zero beyond the radius 8&) and the shift function is
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NORMALIZED RESONANCE STATES ENERGY LEVELS IMeV) REOUCED WlbTH
RATIO

7*/(N/mR' }26 I 90 259.73 0 989

I9I 58 I90 63 0489

130 49 13000 0 987

78 I2 77 92 0 987

34 48 34 42 0 989

-0 43 -0 43
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I I
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FIG. 6. Comparison of the low lying resonant states of the
square well and of the corresponding diffuse-edge well. For
each well, the states are defj.ned with a natural boundary
condition number (b = 0 for the square well and b = 6.12 for
the Saxon-Woods well). The well parameters are fixed as
discussed in the text. The wave functions given by solid lines
belong to the square well and the ones given by broken lines
to the Saxon-Woods well. The square well reduced widths are
all equal to A2/mB2 and the diffuse-edge well reduced widths
are given, on the right, in terms of A2/m+2,

also equal to that of the square well. To understand
the behavior of these functions as we bring 8 closer
t,o 8&& we note that, in the low energy limit, the wave
function of kig. 5 is the irregular wave function 6
and that the regular wave function Il is very much
smaller than G. Then, from (58) and (59) the pene-
trability reduces to kRG ' and the shift function to

b+—6'jo', while the hard-sphere phase shift (61)
remains very small, as t varies. However we then
see at once, from Fig. 3, that the penetrability in-
creases strongly as 8 approaches RO while the term
6'/6 in the shift function changes from the value
zero, at large If.', to a large value in the vicinity of g0.

In the construction of an R function for the
diffuse-edge potential (with a matching radius close
to Bo), the boundary condition number 6 has a
"natural" value considerably different from the
value 6 = 0 which was shown to be natural for the
square well. Again, the choice of a "natural" condi-
tion is dictated by the value of 6 which makes the
standing waves have the same logarxthmsc deriva-
tive, at 8, as the physical resonant state of Fig. 5
[the same choice of b, again, makes the level shift
function vanish and also makes the one level ap-
proximation a good one (cf. Fig. 3) and appears to

simplify the S.-function derivatives of Appendix B.]
%e shall now show that with the "natural" choice

of 6 we can make the whole (R function of the diffuse-
edge well very nearly equal to the R function of the
corresponding real square well. The example with
which we illustrate this point has a radius correspond-
ing to A = 155 and has the 4s giant resonance lying
very near to zero energy (cf. Fig. 3). We then choose
a matching radius, 8, such that the reduced width
of the 48 level (the fourth level on Fig. 6) is equal to
h'/mB' (the square well value of the reduced width
with the square well radius, 8& chosen to be equal to
8). This radius is just slightly larger than 8, and the
value of b for the diffuse-edge well is 6.12. At that
radius we compare, on Fig. 6, the resonant energies,
reduced widths and resonant wave functions of the
lowest levels in the diffuse-edge well with those of
the corresponding square well. A.s the 6.gure shows,
all of the levels of the two potentials (except the
deepest level" far below zero energy) have very
nearly the same energies and reduced widths. Hence,
the complete R functions of the two wells are very
closely the same. Therefore, we have found that the
only important change in going from a real square
well to a diffuse-edge well is the change in the pene-
trability.

The change of the penetrability with surface
thickness has its physical explanation in the re-
Hection properties of the surface —a square well re-
IIects much more of the incident wave than a diGuse-

edge well (or than a real nucleus). Calculations
carried out on the Chalk River Datatron computer
have shown that to obtain the penetrability for a
diffuse edge well the square well penetrability [which
is also the conventional nuclear penetrability, (58)]
must be multiplied by a factor, f, which depends on
the surface thickness, a, in the following way.

f =1+6.7a' (66)
I

where a is in fermis. The factor f changes only slowly
with the energy because the reAection does not
change appreciably until the incident energy is of
the same order of magnitude as the depth of the real

47 The energy of lowest level in the diffuse-edge well is
below the bottom of the well. The eigenfunction, as the Q.gure
shows, increases "exponentially" up to the matching radius
and satisfies the boundary condition there. All wave functions
at lower energies would increase too rapidly to satisfy the
boundary condition, so the state shown is the lowest eigenstate.
The fact that, it lies below the bottom of the well is not so
perplexing when one remembers that for 6 4 0 the boundary
condition itself contains energy. In fact, the system of wave
equation plus boundary condition of our problem is like the
classical system of a vibrating string with one end attached
to spring. In the lowest normal mode of the classical system,
like in our present one, the energy of the whole system is
positive although the string will have negative energy.
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well ( 50 MeV). In the Hrst 10 MeV the factor
appears to change by only a few percent. The calcula-
tions of Appendix A, carried out with a diffuse-edge
well of slightly different shape than (65), make the
above properties of the reOection factor more plausi-
ble.

The comparison of the two wells just made by
means of Fig. 6 is made clearer by a comparison of
the scattering cross sections, shown on Fig. 7. It is
evident on the figure that the diffuse-edge well has
a larger level width. In fact, since both wells have
the same reduced width the total width of the diffuse-
edge well should be larger by just the reHection factor
f(= 2.67 for the surface thickness, a = 0.5, used on
the Hgure. ) However, because of the approximate
equality of the complete (R functions we can obtain
a good approximation to the cross section of the
diffuse-edge well, holding beyond the validity of
one-level approximation, by simply taking the
analytic result for the square well and increase the
penetrability in it by the factor f(= 2.67). The re-
sulting scattering cross section is seen to approximate
the exact result quite closely oB resonance as well as
on.

Although we have assigned the reHection factor to
the penetrability we could equally well have assigned
it to the reduced width. Thus, if we had chosen B
larger than Bo by several times c then the penetra-
bility would be the usual square-well one of M. Now
the reduced width would be larger than II'/mR' by
just about the reaction factor given above. To see
this we note that the reduced width (18) is propor-

tional to the square of the value of the normalized
standing wave at the matching radius. For the reso-
nant state of Fig. 5 this means that y~' is proportional
to 6'(R) so that the product of penetrability and re-
duced width (i.e., the actual width) is independent of
G. It is the level widths of the two wells which dier
by the factor f U.nder various circumstances it will
be advantageous to associate f with either y'„or with
the penetrability, P.

c. Effect of the Diffuse-Edge on the
Optical Model Cross Sections

Before applying the results of the preceding section
to the theory of resonance reactions, we show how
the results just obtained for real potential wells can
be generalized to the case of complex potential wells.
The results which we shall find will also enable us to
make an exceedingly accurate estimate of the surface
thickness for low energy nuclear reactions. As we
shall see, even for the complex wells, the principal
effect of the diffuse edge is to increase the pene-
trability by a reAection factor.

For the complex square well the scattering cross
section is still connected to the collision function by
(7), [although the phase shift is no longer real and
therefore (5) does not hold]. In the Schrodinger
equation, (1), for the complex square well (V —= —V,—iW, ) we can add the constant imaginary part,
iW&, to the energy E. Then the collision function
for the complex square well is still given by (22) if
the (II function (17) is evaluated at the complex
energy E + iW&. That is

IO-
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8-
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S-'II11AYE NEUTRON SCATTERING BY
REAL POTENTIALS AT 50 kev

SAXON WOODS WELL
Vo~ 5I MeV, R*I25~A
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--"-- SQUARE WELL
VI~55MeV, Rpl282~A~e
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(PENETRABILITY e 26

6I = Q„y'„/(E„—E —iW~)
—= (R" +ies, (67)

where s is the strength function whose meaning for
nuclei will become clear below. According to (67)
we have

s(E) = (1/ ) Z. 7'.W/[(E. —E)'+ W j' (68)
" = Z. (E. —E)~'/[(E. —E)'+ W'j

(E')dE/(E' E), —(69)

120
I
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FrG. 7. The scattering cross sections of the two real equiva-
lent wells as a function of atomic weight A. The cross section
is given in units of 47t-R2. The energy is Axed at 50 keV and the
resonance is the 48 state well known in low energy neutron
cross sections. The broken curve is an approximation to the
Saxon-Woods curve obtained by simply taking the analytic
result for the square well and increasing the penetrability in
it by a factor of 2.67.

where P stands for the principal value of the im-
proper integral. We are now using the subscript p to
label the single particle states rather than A. as in Sec.
II:In Sec. II we wanted the potential-well results to
adapt easily to the nuclear problem; at present we
want to distinguish the widely spaced giant reso-
nances p from the closely spaced compound nucleus
levels. The replacement of E by E + iW& in the one-
level Breit-Wigner formula suggests that for the
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complex wells the total width of the giant resonances
is I'„+ 2Wi. Since even for low-energy nuclear reac-
tions 2W& will generally be larger than I"„the width
of the giant resonances, for the complex wells, will

not be greatly affected by the reQection factor. How-
ever the numerator of the resonance amplitude in
(25) is directly proportional to I;, even for the com-
plex wells, so that the reAection factor is expected to
have an appreciable effect on the magnitude of the
resonance cross sections of the diffuse-edge complex
wells. Before we use this fact to determine the dif-
fuseness of the nuclear surface we show how the
giant resonances of the square complex well show up
in the absorption cross section and we show that the
connection between diffuse and square wells is as
simple for complex wells as for real ones.

The s-wave absorption cross section" of the com-

plex square well is

- .. = (-'/k') (1 —I(/l')

= (4 '/k')Ps/[(I —SLII-+ P.)'
+ (P(R" + w8s)'], (70)

where P is the penetrability (= kR, ) and 8 the shift
function. The second step follows from use of the
complex-well S. function, (67). The denominator of

(70) is very nearly equal to unity with the possible
exception of energies close to giant resonance.
Therefore the following approximation is usually
quite good (especially at low energies where P and 8
both vanish)

c..b, ——47r'Ps/k'

(2w/k ) Q I Wl/[ (E E) + Wl] ~ (71)

The one-level approximation, obtained by retaining
only one level in the sum of (67), yields

o.b. ——(2s./k') I'„W,/[(E„—E —6„)'

+ —,
' (I', + 2W&)'], (72)

which is very similar to (71) if 2W& )& I'z. It is clear
from these results that both the strength function
and the absorption cross section have giant reso-
nances at the energies of the single particle reso-
nances of the real square well.

In comparing the results for the complex square

8 The s-wave square-well results given in the text are easily
adapted to higher partial waves. %e note that for higher
partial waves of orbital angular momentum the "natural"
boundary condition is b = l. Then all the reduced widths for
these partial waves are again equal to h~/ming and the reso-
nance energies can be found from tables of spherical Bessel
functions. The scattering and absorption cross sections for
these partial waves must be multiplied by the factor (2L + I ).
If then in (70) for example, we use the penetrability P&, the
shift function SL and the collision function U~ (with sq and
R~") the result given still holds for the lth partial wave.

gg ——(2J + 1)/(2I + 1) (2i + 1)

I'x = g. r, (74)

If we integrate this cross section over the entire
resonance we hand

2

~..(),)d(E, —E) =,g' g r, .r, ./r, (75)

well with those of the complex diffuse-edge well we
note first that for the latter we cannot make the
substitution, E ~E + iWc, because of the spatial
dependence of the imaginary part of the diffuse-edge
potential. To begin with, then, we add to the real
diffuse-edge potential a square imaginary term with
a radius equal to the matching radius B. From the
above discussion it should be clear that we obtain
a very good approximation to the results for this
potential by simply using the square-well result and
multiplying the penetrability in it by the reaction
factor. Now we point out that the shape of Wo has
only a small effect on the cross sections. The square
shape which we have just assumed might be unde-'
sirable because it can cause reAection just like the
real square well does. However, Wo is always much
smaller than Vo and hence the total energy of the
particle, at the matching radius, is much larger than
8'o, even for zero energy neutrons, so that no ap-
preciable reflection from the square shape of W
occurs. Calculations carried out with the Chalk
River Datatron computer have shown that the phase
shifts of the diffuse-edge well (65) are very closely
equal to those corresponding to the potential in
which the shape of t/I/ is altered to be square. Thus
the complex diA'use-edge well (65) gives results
differing from those of the corresponding square well

mainly by the increase of I; by an amount equal to
the reflection factor f, of (66).

To the extent to which the approximations (71)
or (72) are valid the optical model absorption cross
section is everywhere proportional to the reQection
factor and this proportionality constant is the only
effect the diffuse edge has on the absorption cross
section.

The data to which the optical model cross sections
discussed above are to be compared are the average
over compound nucleus resonances of the slow neu-
tron cross sections. Near a single resonance line of
spin and parity J', s., the cross section is given by the
Breit-signer formula

~-' = —
2 IL~ Z, ,

I'~ I'~ '/[(Ex —E)'+ l I'~], (73)
sl s l

where
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where

(0 (abs))., = ~. Q g~2vr(rg, ),.D"
0. J~sl

4x g gzPcsc
~a Jx st

(76)

For the average absorption cross section (0 (abs)).,
in an energy internal containing many levels we
merely sum (75) over all outgoing n', divide by the
average level spacing D', and sum over all spins
and parities to obtain
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= (7 ). /& (77)

is the strength function giving the average strength
of the poles of the diagonal elements of the R
matrix. If s, is independent of Jm and a function of /

only, then (77) may be written

o. (abs) = (4~'/k') g, (2l + 1)P~s~ . (78)

A. comparison of the s-wave part of (78) with (71)
gives both the interpretation of the optical-model
strength function in terms of resonance parameters
and also the connection between optical model cross
sections and the cvercge compound nucleus cross
sections. The derivation of the average absorption
cross section just given is not valid for the case of
overlapping levels. However, it can be shown" that
the same results are obtained in that case.

Figure 8 shows the data" for the s-wave neutron
strength function obtained from the average absorp-
tion cross section of various nuclei by means of (78).
The figure also shows the optical model strength
functions found from the optical model absorption
cross sections by means of (71). In each case the
plotted quantities are the strength functions multi-
plied by 2B/I (A + 1)-'(0.2197), following the com-
mon practice in low neutron spectroscopy of obtain-
ing reduced widths from observed widths by dividing
the latter by the square of the resonance energy in
eV. The fact that the radius occurs in the normali-
zation constant will be of advantage below. As ex-
pected, the computed curves for various surface
thicknesses c all lie above the square well result
(a = 0) by the reflection factor f, of (66).

The figure also shows the so-called "black nucleus"
strength function. This particular strength function
has played an important role in nuclear reactions.
The physical idea behind it is that the nucleus re-
sembles a black absorbing sphere. In the absorption
of s-wave neutrons this idea is formulated by assum-

-KR=3&

I
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FIG. 8. The neutron strength function data of reference 49,
as a function of atomic weight A, and optical model computa-
tions of the strength. function for various surface thicknesses
g, in fermis. Each computed curve corresponds to a Saxon-
Woods potential with Sp = 8 MeV, Bp = 1.25 AI/3 F, and
with Vp adjusted slightly to make the 43 giant resonances
occur at the same place for each curve. The "black nucleus"
strength function is also shown. Shape deformations and
different spatial distributions of the imaginary potential have
been ignored on the figure because, although they produce a
better Gt to the data, they are largely irrelevant to the com-
putation of the average surface thickness a from the data of
the 6gure.

O,b. ——(4'/A, ")P(KB) ' . (80)

The "black nucleus" strength function plotted on
Fig. 8 is normalized by a multiplication factor pro-
portional to the matching radius 8', so that the
plotted quantity is a constant independent of B.

The "black nucleus" strength function is very
nearly equal to the average over giant resonances of
the square-well strength function (68). To show this
we note that the (R function (67) of the complex
square well may also be written

(R = (KBi) ' tan KB, , (81)
where E is the complex wave number inside the well
and 8& is the square-well radius. Then the strength
function is

ing no nuclear forces outside a radius 8, and only
incoming waves, s-'s" inside the nucleus (K is the
wave vector inside). The (R function of this internal
wave function is i(KB) ' so that the "black nucleus"
strength function is

s = (~KB) '

a,nd the corresponding absorption cross section is

D. J. Hughes, R. L. Zimmermann, and R. E. Chrien,
Phys. Rev. Letters 1, 461 (1958). s = (1/~) Im [(KB,)

' tanKB, j . (82)
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where Im means the imaginary part of the square
bracket. We take the average 8 of 8 over a whole
giant resonance in the following way.

(n+l) g

8K)R ld (K)R j) (83)

'"o This fact was already noted by H. A. Bethe, Phys. Rev.
57', 1125 (1940}.However, he corrected it by using a potential
well whose real part was square and whose imaginary part.
had a diffuse edge implying W )) V. We now believe the
absorption of nucleons to be weaker (W « V) than was
customarily believed in 1940 so that in fact, the whole point
of the present section is that the unphysical reflection occurs
from the real part of the potential.

'~ N. Austeru, Auu. Phys. {N.Y.) 15, 2M {1961).

where KI is the wave vector in the real part of the
complex square well. The averaging integral (83) is
normalized so that the "black nucleus" strength
function (79) has an average value of unity. Straight-
forward use of (82) in (83) also yields the result
unity apart from terms of the order of magnitude of
(W,/ V,)'.

The "black nucleus" consists then in washing out
all the giant resonance structure of the square well.

However, the absorption cross section of the diffuse

edge well is larger than that of the black nucleus by
the reQection factor. In fact, the conventional "black
nucleus" is a poor absorber because it has all the un-

physical reQection of the square well. " At higher

energies, the black nucleus is also not compatible
with any simple complex well. As Austern" has re-
cently pointed out the condition of incoming waves

only at the nuclear surface can be achieved for one
partial wave at a time by adjustment of the well

parameters. The same well parameters will not
usually achieve the same condition for other partial
waves. The problem of achieving only incoming
waves at the nuclear surface is much like the imped-
ance matching problems of the theory of alternating
current circuits. Certainly, increasing W indefinitely
does not increase the absorption because a large W
itself causes considerable reQection.

Just as the average over the whole giant resonance
of the square-well strength function is equal to the
constant black nucleus value, the average of the
di use-edge strength functions differs from the
black-nucleus value by the reQection factor. This
sum rule is independent of many features of the
problem which change the shape of the strength
function. Thus, if W is altered from the value of 3
MeV which it has on Fig. 8 the curves become more
peaked but the integral over the resonance does not
change. Similarly, the collective effects which tend to

split the giant resonance4' "do not appear to change
the sum rule. If these effects had been included, a
better fit to the data of Fig. 8 would have been ob-
tained but because of the invariance to these effects
of the integral (83) over the whole giant resonance
we are assured of a proper estimate of the reQection
factor simply by averaging the date over the whole

giant resonance.
A numerical average of the strength function data

of Fig. 8 over the whole giant resonance, with the
data weighted as in the integral (83), is equal to
(1.42 ~ 0.06) )& 10-' compared to the black nucleus
value of 0.867 X 10-4. The consequent value of the
surface thickness obtained from the reQection factor
(66) is a = 0.31 & 0.02 F. The constant value of the
black nucleus strength function (multiplied by R as
on Fig. 8) depends slightly on the radius. For R&

= 1.4 A'~' we would have found a = 0.25 ~ 0.02
and for Ri ——1.07 2'~', a = 0.37 & 0.02 so that a
= 0.31 ~ 0.06 encompasses the reasonable varia-
tions of well parameters.

If the imaginary part of the complex well is con-
centrated on the surface then the reQection factor is
no longer as independent of atomic weight, mairj. ly
because W is no longer so small compared to Ve(r)
at the matching radius. Calculated values of the
strength functions for a potential well whose real
part is just like that of Fig. 8 but whose imaginary
part has a Gaussian shape centered at Rs with a 1 F
width and a height of 9.5 MeV at peak, are surpris-

ingly close to those of Fig. 8. Consequently, the
shape of the imaginary part of the potential does not
affect, appreciably, the estimate of the surface
thickness.

The surface thickness of the real part of the poten-
tial differs appreciably from the surface thickness of
the nuclear density as found from the scattering of
high energy electrons by various nuclei. The latter
experiments yield" c = 0.55 ~ 0.06. The difference
may be real and caused by the polarization of the
target nucleus by a slow moving nucleon. As the
nucleon approaches the nucleus it attracts the target
nucleons which consequently come out to meet it.
The result is that the incoming nucleon is surrourided

by the normal central density of nucleons at a larger
radius than the static density would indicate. If this
effect is responsible for the two different values of c
then we would expect the value of c for nucleons to
increase with energy toward the electron scattering
value at energies of the order of Vo. The most com-

M B. Margolis and E. S. Troubetskoy, Phys. Rev. 100, 105
(1957}.
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wave function of the problem inside the nucleus is
P. u (r&) where P, is the channel wave function, (28)
and u (r~) is the radial wave function corresponding
to the motion of X in V; that is

0 J I I . I I I

I I I 2 I 5 I4 I 5 I 6 I 7 I8 I9 20

—(5 /2m)d u/dr~ + Vu = Eu, (84)

E LAg (Mev)

I"zG. 9. The surface thickness parameter a as a function of
proton energy, as found from the optical model analysis of
elastic scattering of protons from C'2 (reference 58). The line
through the points is also taken from reference 58.

piete optical model fitting of angular distributions
appear to show this effect. Figure 9 shows the value
of c found by Xodvik et at.53 for a large number of
angular distributions, for the elastic scattering of
protons from C" at proton energies between 10 and
20 MeV. The value of c appears to increase with
energy and to extrapolate reasonably to the present
estimate at zero energy and to the electron scattering
value at high energy.

d. Justification of the Optical Model

The many successes of the optical model, employed
as a phenomenological model to describe a large
number of nuclear reactions, have prompted many
attempts to justify the model in terms of the formal
theory of resonances. One of the earliest and most
thorough of these explanations of the optical model
is that due to Wigner and his collaborators. """In
this part we review the work of Lane, Thomas, and
Wigner and show how their connection between the
average compound-nucleus cross sections and the
cross sections of the complex square well may be
extended to connect the former also to the diffuse-
edge complex well.

In the work of Lane, Thomas, and Wigner one
begins by constructing a set of stationary states
which are different from the actual compound states
Xq, but which more closely resemble the independent
particle model states of the nuclear shell model. The
new set of states are eigenstates of a simpler Hamil-
tonian than the actual one for the nucleus: To con-
struct the set we take, say, an incoming nucleon Ã
and assume it interacts with the nucleus only
through an average potential V. Then the total

'"3 J. 8. Nodvik, C. B. Duke, and M. A. Melkanoff, Phys.
Rev. 125, 975 (1962).

~4 E. P. Wigner, Science 120, 790 (1954); Ann. Math. 62,
548 (1955).

5s E. Vogt, Phys. Rev. 101, 1792 (1956).
M E. Vogt and Z. Lascoux, Phys. Rev. 107, 1028 (1957).

an equation which we already encountered in (l)
above. For t & 0, V includes the centrifugal barrier.
We now add a boundary condition at the channel
radius B~ to make the states u into a complete
orthonormal set of stationary states u„with eigen-
values E„.The boundary condition is [cf. (9)]

rNdup/dr& = Sup~ r~ R~ (85)

Although the states P,u„do not satisfy the Schro-
dinger equation with the total nuclear Hamiltonian
(the difference V —V, where V is the actual interac-
tion of X with the nucleus, has been omitted in con-
structing the f.u, ) we can still expand the states Xq
in terms of the P, u„;

Xg = Q.,„Cy,.„f.u„,

where c runs over all channels for nucleon emission
only and p runs over all its possible values. Because
(86) is a real orthogonal transformation, we have

and

Qx CxicpCx'c'n' = yacc'5pn' (87)

Qcp CxicyCK 'c'y' = 4x' ) (88)

which will be used below to obtain the well-known
sum rules for reduced widths.

The nucleon reduced widths are simply related to
the expansion coefficients Cq;,„.From (86) and (39)
it follows that

pg, = (5'/2m, B,)[g„u„(B,)Cg;,„]'. (89)

yg. ——(h,'/2m, B.)u'„(B,)C),;„. (90)

In particular, if V is chosen to be a square well (or a
diffuse edge well with the matching radius chosen as

The central idea of the work of Lane, Thomas, and
Wigner" is that the mixing of the independent parti-
cle model states, P,u„, to form the actual nuclear
resonances X~ is not so complete as to remove all
vestiges of the independent particle model. Thus, for
each c in (89) one of the C&„,„, in the sum over p, is
assumed to be much larger than the others. Then
(89) may be written
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for Fig. 6), then u„'(8,) is equal to 2/8, and (90)
reduces to

yy. = (A, /mB'. )Cg;.„. (91)

The assignment of each reduced width to a par-
ticular p group is completely in agreement with the
qualitative features of the optical model strength
function (68). The latter has giant resonances at the
single particle energies. The strength function of
Lane, Thomas, and Wigner is obtained by dividing
the average of (91) by the average of the level spac-
ing D. Then (91) agrees with (68) if we write

(C~' )/D = (IV~/~) Z I.(E. —E) + &~1 (92)

If (92) is valid the reduced widths, or equivalently
the expansion coefficients C&;,„, may each clearly be
assigned to the giant resonance, p, which is nearest
in energy to the state X. The square-well optical-
model strength function, (68), is thus just a particu-
lar case conforming to the ideas of Lane, Thomas,
and Wigner.

The attribution of the giant resonances to the re-
duced widths may be tested by a calculation of the
configuration mixing caused by V(r&) —V (r&) .

V(r&) is the actual sum of two nucleon potentials
acting on the nucleon X. According to (92) the
imaginary part 8~ of the optical model potential
is equal to half of the width into which the con-
figuration mixing spreads the state P.u„. Early esti-
mates" of the configuration mixing gave a width
about an order of magnitude larger than the few
MeV found for F& at low energies. Later esti-
mates"" included the combined eA'ects of correla-
tions and the Pauli principle and gave much smaller
estimates of the configuration mixing, compatible
both with W& and with the basic idea that the region
into which P,u„ is mixed is much smaller than the
spacing ( 10 —+30 MeV, cf. Fig. 6) of the single

particle states p.
The giant resonances on the right-hand side of

(92) are attributed to (Cq;„) rather than to D be-
cause the configuration mixing which mixes the
single particle states into the multitude of Inany-
particle states should not appreciably affect the level
density as calculated by the independent particle
model. The latter exhibits no such giant resonances.

The justification of the optical model through the
ideas of Lane; Thomas, and Wigner rests in assigning
the particular energy variation (92) to the reduced
widths. Then use of the resulting nuclear strength
function in the average absorption cross section
(78) gives the same absorption cross section as the

complex square well (71).From the discussion in the
preceding parts of this section it should be clear that
in order to accommodate the disuse nuclear surface
we simply increase the penetrability both in the
nuclear absorption cross section and in the square
well optical-model results. Then the same strength
function (92), by the same route, gives the basis of
the diffuse-edge optical model.

The question arises as to whether or not the
nucleon strength function has exactly the energy
dependence of (92). Some very elegant calculations
of Wigner'4 and Bloch24 suggest that even far from
the giant resonances the configuration mixing co-
efficients may be given by (92). For the analysis of
nuclear data the precise energy dependence of the
strength function is usually not very important; the
dominant features are the positions and widths of
the giant resonances.

A. second question about the above basis of the
optical model concerns the connection between
average nuclear cross sections and the optical model
cross sections. The correspondence between (78) and
(70), for example, holds only to first order in vrPs.
The connection can be improved, particularly for the
case in which there is only one outgoing channel for
each total spin and parity. This situation holds for
most slow neutron cross sections below a few hundred
keV.

In the case of only one outgoing channel the col-
lision matrix (48) becomes a collision function. To
perform the average of the collision function over
compound resonances we use a technique originally
suggested by Thomas. " We tak.e an averaging
interval 8, containing many levels but small enough
so that the functions 0 ', I, I, and I ~, of (48) may
be regarded as energy independent. The energy
variations may then be entirely attributed to the
R function. We next note that the poles of the col-
lision function (48) (one pole a,ssociated with each
level) all lie below the real axis in the complex
energy plane. We therefore perform the average of
U in 8 by moving the averaging interval from the
real axis upwards by an amount e, with

~)) ~)) D, (93)

where D is the average spacing of the compound
levels. The new average with E replaced by E + ie
is equal to the old because the new interval can be
connected with the old forming a closed contour con-
taining no poles: if 8)) e holds, the integral over
the two connecting ends is negligible.

When E is replaced by E+ie (with e)) D as
assumed) then neither the collision function nor the
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—= (R + is.s. (94)

Therefore, the average value of the nuclear collision
function is obtained by use of (94) in (48). The real
and imaginary parts of the R function of the optical
model (67) are connected to each other in precisely
the same fashion as (94). Therefore, if the nuclear
strength function is assumed to be equal to (68) then
the average nuclear collision function is exactly equal
to the square-well collision function.

The total cross section is a linear function of the
collision function (for the nuclear problem or any
other problem) so that the average total cross section
of low-energy neutrons should be exactly equal to
the square-well optical-model result if the nuclear
strength function is equal to (68) . This result applies
also to diffuse-edge wells if we simply multiply the
penetrability by the reQection factor—both in the
nuclear cross section and in the optical model result.
Having established the connection between the
average total cross section and the model total cross
section, one can split up either total cross section
into parts (e.g. , the absorption cross section) and
make the connection separately for the various parts.

Since the result (70), including the higher order
terms in the denominator, applies to average low-

energy neutron cross sections one may enquire about
the conditions under which the denominator deviates
from unity. It appears to be usually true that 8$.",
P(R", mP8, and ass are smaller than unity. " For
p waves, it has recently been found" that the term
8,(R" has an appreciable effect ( 30/o) on the
energy variation of the absorption cross section for
the diGuse edge wells, in the energy range of 10 to
100 keV. The term is large for this case because the
shift function, like the penetrability, must be multi-
plied by the reflection factor f Usually .the shift
function does not vary strongly with the energy and
the "natural" boundary conditions are then chosen
to make 8 vanish. Near the top of the conventional
barrier ( 100 keV for p waves on heavy nuclei) the
shift function varies appreciably with energy (the

""7 P. A. Moldsuer, Phys. Rev. 123, 968 (1961).
~8 A. Jain (private communication); Ph. D. thesis, Cornell

University, 1962 (unpublished).

(R function have strong fluctuations. The S function
of (48) is then

g, (E+ ie) = Qg pg/(Eg —E —is)

D (E), —E —is)dE&,
(7~)

2 2

(v~)+ P (V~) (E E) idE
D D

square-well p-wave shift function decreases from 1 to
0). To see that the shift function must also be multi-
plied by the reaction factor we take a matching
radius lying beyond Rs, of (65), by many times the
surface thickness a. Then the square-well shift func-
tion applies and the reduced widths are larger than
f1'/mE' by the reHection factor. The level shift is
then simply the product of the square-well shift
function and h, '/m8' multiplied by the reflection
factor f. Occasionally, care must be taken to include
the effects of higher order terms.

For cross sections involving many channels con-
siderable work"" has been devoted to establishing
a proper connection between the optical model cross
sections on the one hand and the average cross sec-
tions on the other. It is not clear to the present author
that these treatments have taken higher-order terms
(e.g. , in rrPs) into account properly, nor is it elec, r
that these higher-order terms are important.

e. Diffuse Nuclear Surface in the
Theory of Resonance Reactions

In the general theory of nuclear reactions, as
developed in Sec. IV, the introduction of a diffuse
nuclear surface brings about changes in nucleon
sum rules, in the role of channel radii in nuclear cross
sections, and in the interpretation of the boundary
condition parameters of the theory.

The sum rules for nucleon reduced widths first
given by Teichmann and signer, "already appeared
explicitly in (91) above. Thus, if the average poten-
tial of the optical model is square (or if the matching
radius of the diffuse-edge well is chosen as on Fig. 6),
then no single reduced width should be larger than
h, '/mB'„ the original reduced width of a true single-
particle state. For a diffuse-edge potential, this state-
ment holds only if the penetrability is multiplied by
the refiection factor. The usual practice, in the analy-
sis of nuclear reactions, has been to use the "square-
well" penetrabilities (58). A.s we showed above, this
practice is equivalent to evaluating the penetrability
at a matching radius (cf. Fig. 5) larger than Bs by
several times c. The resulting reduced width is larger
than fi'/mB', by the reHection factor f and also
overestimates the amplitude attained by the resonant
state inside the nucleus. If we accept the evidence
that the average potential for nucleons has a diffuse-
edge and if we persist in using the conventional
penetrabilities, then a true single-particle state has a
reduced width several times the Wigner-Teichmann
limit. Care must be taken in comparing the data for
reduced widths [obtained from observed widths by
means of the conventional penetrabilities, (58)t with
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the values predicted by nuclear models, such as the
shell model. The practice with the models is to
equate the reduced width to the square of the ampli-
tude C~;.„obtained after configuration mixing. The
observed reduced widths, expressed as fractions of
V/mP', are equal to C'&;,„only if the penetrability
is multiplied by the reAection factor.

The principal advantage of introducing the diffuse
nuclear edge into the formal theory is that it allows
us to remove, at least partially, the artificial de-
pendence of nuclear cross sections on the nuclear
radii. In introducing the diffuse edge we are still
splitting up configuration space as on Fig. 4, with a
channel region and a compound nucleus region, but
now we include in the channel region the tail of the
average nuclear potential well which, in turn, modi-
fies the penetrability. The gain is not only to remove
the artificial reAection of the old picture but also to
make the precise position of the matching radius less
important.

Teichmann and signer" first pointed out that the
choice of channel radii was made difEcult by opposing
conditions, one preferring a large radii well outside
nuclear interactions and the other preferring a sur-
face hugging the nucleus more closely. If the radius
is chosen suKciently large then indeed all the nuclear
interactions occur inside the nucleus, the penetrabili-
ties and shift functions are the conventional ones,
and the orthogonality condition (29) is bound to be
satisfied. On the other hand, then the hard-sphere
phase shifts and penetrabilities vary too rapidly with
the energy; the nucleus after all does not scatter like
a very large hard sphere.

In the scattering of s-wave neutrons by a real
diffuse-edge potential the matching radius must be
chosen to be reasonably close to the mean radius Rp

of the well. Otherwise the standing waves will have
a different spacing than the resonances of the poten-
tial well and even though the one-level approximation
(with use of appropriate natural boundary condi-
tions) may hold near one low energy resonance, this
approximation will break down quickly for a match-
ing radius deviating from Rp by several times the
surface thickness c.

The nuclear density and the average nuclear
potential pertinent to incoming nucleons have a
well-defined mean radius and a reasonably sharp
surface, limiting the choice of matching radii.
Recognition of the variation of reduced widths and
penetrabilities with channel radius, as discussed
above, allows us to choose the matching radius
almost anywhere within the nuclear edge without
affecting the analysis of resonance cross sections. The

important point is that the initial effect of the nuclear
forces, for incoming nucleons, appears to be capable
of description by the average potential of the optical
model. The variation of resonance parameters with
channel radius, when the nucleon is moving in the
average potential, is discussed in Appendix A.

One of the intrinsic difEculties of the formal
resonance theories is the artificial dependence of the
potential scattering phase shifts (61) on the channel
radii. According to (61), the potential scattering
(apart from the Coulomb scattering) is that of a
hard sphere with the radius equal to the channel
radius. The hard-sphere phase shifts appear in all
the approximate results such as the one-level or
multilevel formulas which, as already pointed out
above, may be directly attributed to the manner in
which the formal theories treat the nuclear con-
figuration space. The correction of the hard-sphere
phase shift to the proper potential scattering phase
shift is made by consideration of the many distant
levels ordinarily neglected in the one-level or multi-
level formulas.

To obtain the phase shifts appropriate to the
potential scattering in between resonances we could
use techniques similar to those employed in (94) to
obtain the average N, function. In between reso-
nances the collision function doesn't Auctuate
rapidly. In any case, the nearby levels which give
rise to Auctuations usually exhaust only a negligible
fraction of the sum rule so that the real part, N, ", of
the average 3, function arises principally from the
very many distant levels. Therefore we write

(R.. = Q yg.yi„'/(E), —E) + 8..'(R", , (95)

where the sum runs over the few local levels to be
used in a multilevel formula and where N,," is

(96)

in which the sum runs over all the distant levels
omitted in the sum of (95). Because the few local
levels contribute so little to the sum rule, the value
of N.," should be that of the real square well if the
strength function is chosen to be that of (68). In
(95) and (96) the off-diagonal terms of (R.

"have been
neglected, because the sign Auctuations of the y)„
make these terms small. When the N. matrix (95) is
used in the derivation of the collision function, the
previous result (62) still holds except for the follow-

ing changes. First of all, the sums over levels, in

(62), are now restricted to the finite sum 1,'
Secondly, the penetrability, shift function, and phase
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shift change to P„8„and Q. given by

Q. = Q. + tan '[(R",P,/(1 —N,".8.)] . (99)

None of the correction terms introduced in these
functions are very important in magnitude; they were
taken to be small in the discussion of the optical
model results [see (71) e.g.]. However, the change in
the phase shift (99) is of heuristic value. Comparison
of (99) and (19) shows that in (19) we have added
to the hard-sphere phase shift that part of the poten-
tial scattering phase shift arising from the real part
S," of the optical model 6I, function. Except just at
giant resonance, this contribution to the phase shift
changes the hard-sphere phase shift to that of the
real average potential well seen by a nucleon. Thus,
the nuclear scattering is not that of a hard sphere
although the correction to the hard-sphere scattering
is not very large. A better approximation than (62)
is obtained by replacing all the phase shifts in (62)
by those of the diffuse-edge real potential well of the
optical model and by using, in (62), the penetrabili-
ties appropriate to a disuse-edge potential well.

Having shown that both the phase shifts and the
penetrabilities of the formal resonance theory may
be given values compatible with the physical picture
of the optical model then the nuclear collision func-
tion (62) no longer has an artificial dependence on
the channel radii.

The description of direct interactions in terms of
the resonance theory also involves the coherent sum
over distant levels, just as for the potential scattering
phase shifts. In both cases the processes occur rapidly
in time, compared to the lifetime of the compound
states, so that it follows directly from the uncertainty
principle that the very distant levels must be in-
volved. Considerable progress toward such a descrip-
tion of direct interactions has been made by Bloch'4
and Brown and de Dominicis. "These interactions
require consideration of the off-diagonal components
of (R" which are neglected in (95).

The preceding parts of this section have suggested
that the boundary condition numbers of the nuclear
problem have a natural value dependent on the pre-
cise choice of the matching radius within the diffuse
edge of the nucleus. The "natural" boundary con-
dition numbers are chosen in such a way that the
shift-function vanishes in each channel precisely in
the way prescribed above [Eq. (64)] for the "natural"

(97)

8, = [8, —(R", (P', + 8',)]/[(1 —(R", 8.) + ((R".P.)']
(98)

boundary conditions required to eliminate the closed
channels. The shift function may then plausibly be
viewed as an "error function" telling us how closely
the standing waves resemble the physical resonant
states, if we do not choose the shift function to vanish
then we are neglecting from the nuclear problem (as
the discussion of Fig. 3 should indicate) effects aris-

ing from many single particle configurations lying at
a great energy from the levels of interest.

The "natural" boundary condition numbers are
energy dependent just as the shiA function is. Since
the energy on which they depend is that of the whole

system it does not destroy the Hermitian orthogo-
nality of the compound states but it can make the
nuclear parameters energy dependent. Fortunately,
the energy dependence is so moderate that it does not
appear to cause any difhculty in the analysis of
resonance reactions. The calculations of Fig. 3 show
that the boundary condition numbers have to differ
from their natural value by a great extent (so that
the shift function becomes an appreciable fraction
of the single-particle spacing) before the standing
waves deviate appreciably from the physical resonant
state. It is likely for this reason that resonance
theories such as that of Kapur and Peierls, "which
choose complex boundary condition numbers neces-
sarily different from the "natural" ones, can be used
to analyze nuclear cross sections without serious
error.

In analyzing nuclear reactions, one usually is
interested only in a small energy interval containing
a few resonance lines. The boundary condition
numbers should be taken as constants chosen so
that the shift functions vanish somewhere in the
energy interval of interest. The precise value of the
constants compatible with this criterion are not
likely to affect the analysis: They may affect the
precise value of the nuclear parameters but not likely
the energy dependence of the cross section. Even the
low-energy limit of the boundary condition numbers
(that is, the choice which makes the shift function
vanish at zero energy) will su%ce for most reactions.
If the analysis depends appreciably on the precise
point in the energy interval of interest at which the
shift functions are chosen to vanish then the extrac-
tion of nuclear reduced widths or resonance energies
is not very meaningful. Perhaps the best example of
this fact is given, again, by the energy dependent
boundary conditions (64), which we chose to elimi-
nate the closed channels. The treatment described
there breaks down, for cross sections near threshold,
when the required boundary condition numbers vary
too rapidly.
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I'x. = 2P.'Yx.f. (100)

where f. is a reHection factor depending on the surface
thickness a of the average nuclear potential in the
way given by (65). According to (100), the entrance
of a nucleon into the nucleus is a three-step process:
(a) penetration of the nucleon to the nuclear sur-

face, (b) partial reflection at the surface, and (c)
acceptance into the compound state. Without the
reflection factor f., the theory has the artificial re-
Aectivity of the hard sphere. It is shown that the
reAection factor has a value between two and three,
for low-energy nuclear reactions. This factor must,
for example, multiply the signer-Teichmann sum
rule limits if the conventional penetrabilities are
employed in analyzing widths. The fact that the
principal effect of the average nuclear potential is
to introduce the reflection factor f, into the level
widths makes possible a very accurate estimate of
the nuclear surface thickness. The surface thickness
parameter a of (65) is shown to have a value of
0.31 & 0.06 for low-energy neutrons.

The level shifts are shown to vanish by choice of
the boundary condition numbers. The "natural"

VI. SUMMARY

The principal features of the theory of resonance
reactions, originally developed by Wigner and his
collaborators, are described (Secs. II and III) in
terms of simple examples. We give a straightforward
derivation (Sec. IV) of the particular result for the
collision matrix found recently to be most useful for
the description of low energy nuclear reactions. This
result is expressed in terms of the potential scattering
phase shifts and in terms of the level widths and level
shifts of the compound nucleus states.

The division of nuclear configuration space is
shown to be less stringent than envisaged during the
early development of nuclear reaction theory. In
particular, the idea of an average nuclear potential,
so successfully employed in the nuclear shell model
and the nuclear optical model, is shown to be easily
accommodated in the resonance theories. The original
versions of the resonance theories appeared to have
built into them the properties of a hard sphere. It is
the artificial hard-sphere properties of the theory
which are removed by the introduction of the average
nuclear potential. The potential scattering phase
shifts, in between resonance lines, are shown to
change to the phase shifts of the real potential well

of the nuclear optical model.
The levels widths 1 ~„ formerly products 2P.p&.

of penetrabilities P, and reduced widths 7),„are
shown to be, more properly,

boundary condition numbers required to accomplish
this are energy dependent but under moat circum-
stances encountered in low energy nuclear reactions
this energy dependence appears to be suKciently
moderate as to not cause any difhculty.

The surprising adaptability of the resonance
theory suggests that it will still be useful for a long
time.

APPENDIX A. THE EXPONENTIAL POTENTIAL

Although the Schrodinger equation (1) with the
diffuse-edge potential (65) of Saxon and Woods has
no simple analytic solution the exponential potential
also produces a diffuse edge and is somewhat more
tractable. "We can use this potential to show some
of the more important properties of the reBection
factor. For this purpose we match an exponential
potential onto the Saxon-Woods potential at the
radius Rp of (65). The desired potential is

V(r) = —(Vp/2)e
'" "' "r ) Rp, (Al )

which has the same slope and value, at r = Bo, as
(65). If we use the potential (Al) in the Schrodinger
equation (1) and if we introduce the variable

—(r-Ro) /4a
a, 0 (A2)

where Ko is the wave number corresponding to
Vp/2, then the Schrodinger equation changes to

where

x = 4A;ci. (A4)

The solutions of (B3) are the Besael functions
Bq(z). By comparison of the asymptotic behavior
(r ~ ~, x —+ 0) of the Bessel functions with that of

~ Besides being used by Bethe, ~ this potential has been
employed recently by E. Eikuchi, Progr. Yheoret, . Phys.
(Kyoto) 17, 648 (1957), to estimate nuclear transmission
functions.
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= kriJg(x)i '.

the functions sin kr and cos kr we find, for the pene- found from direct differentiation of the R matrix.
trability (58) We begin with the (R function of Sec. II, defined by

(16) or (17). From differentiation of (16) with re-
P —= kr/(Fo 60) spect to the channel radius 8, and multiplication by

(A5) R, we have

Evaluating the penetrability at r = Bo we have

P = A:Ra~ J4~.;(4&oa)~ '. (A6)

Thus the reBection factor is the reciprocal of the
absolute square of the Bessel function of (A6). The
order of the Bessel function, though complex, is
small. For a = 0.31 F, 4kc has the value 0.27 E'~'
where the energy E is in MeV. For low energies we
can use the Bessel function JD in estimating the re-
flection factor. Equation (A6) also shows the slow

change of the reAection factor with energy.
For Vp ——51 MeV and a = 0.31 F the argument

of the Bessel function in (A6) is about 1.40 and the
reAection factor is about 3.2. This value is slightly
larger than the value of (66) for the corresponding
surface thickness, partly because of the smaller
radius employed in the present calculation and
partly because of the larger tail of the exponential
potential, (Al). Like (66), the difference between
unity and the reQection factor, J,'(4Koc), is, to
first order, quadratic in the surface thickness a.

Peaslee" obtained a result for the reAection factor
by considering the surface thickness as small com-
pared to the nuclear radius. The approximate result
which he obtained for the reflection factor f of the
Saxon-Woods potential was

f = 2' '~boa coth (2'"mKoa) . (A7)

This result is in fairly good agreement with the com-
puter calculations of Fig. 8. The average over the
complete giant resonances of the curves of Fig. 8
yields, for a = 0.3, 0.5, and 0.7 F, respectively,

f = 1.68, 2.62, and 3.80, whereas (A7) yields f
= 1.66, 2.50, and 3.36 for the same value of a. Thus,
(A7) appears to be too linear for the larger values
of a.

~' = ~'(~' —l~) + ~(~" —~'~ —t~'), (»)
where primes again imply the operation R if/dR.
AVe note that

y" = R'(d'y/dR') + y'

= (2mR'/h')(V —E)y+ y' (82)

and that it follows from (16) that

e'/(e' —fe) = 1+ l51 (83)

Then we find at once from (81) that

IR' = 1 + (26 —l)5t + R'(2mR /ji') (E —V), (84)

where

V = V —(h,'/2mR')(f' i—li+ 6') .

Next we rearrange the double sum occurring in the
square of the (R function.

&~&' = Q~ v~/(K —E)'

+ Z. Z.'.M/(E - E)(E, - E)
= Q~ v~/(E~ —E)'

+ 2 Qx Q,' vi,v, /(I'~ —~-") (E, —E),,), (86)

(»' —V)' =— Q~ (E~ —V)v~/(E~ —E)'

—Qx vt, /(E~ —E) + Q~- 2yi, (Eg —V)
E~ E

in which the double sum converges absolutely. The
prime on the sum means that the term p = ) is to
be omitted. Multiplying both sums of (86), term by
term, with (E —Ei, —V + Eq) we find

APPENDIX B. DERIVATIVE OF THE R FUNCTION

WITH RESPECT TO THE CHANNEL RADIUS60

The derivatives of reduced widths and level
energies with regard to the channel radii may be

60 The substance of Appendix 8 is due to Professor Wigner.
The author is indebted to him for permission to use this ma-
terial. However, Professor YVigner was, by no means, aware
that the material would be used in the present commemorative
issue. Those associated with Professor Wigner will appreciate
that his direct help enters inexorably into any problem witt~
which he is confronted.

Using the results of (87) in (84) we find

(88)

(R' = [1 —(4mR'/h, ') gg yi, Q,' y,'/(E„—E~)]

+ Qg [(26 —1)yg —(2mR /h )yj,

+ (4mR'/5') Q„' p„'(E), —V)/(L&'„—Ei,)j

y (Eg —F&) '+ [(2mR'/h') Pg (Eg —V)

X v~/(Ex —E)'1 .
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This result is to be compared with the direct dif-
ferentiation of (16):

+' = Q~ (v~)'/(K —L) —Q~ vB"l/(E&, —E)'
(89)

Equating those terms in (80) and (BS) which de-
pend on the energy in the same way yields

1 = (4mR'/5') gg„pity„'/(L&„— L&'g) (810)

(p),)' =—Rdyg/dR = (2b —l)p), + (2mR /h )
A

X [—v~+ 2v~(R —V) P,' v,'/(E. —E~)],
(811)

E'&, =—RdE), /dR = (2mR'/5') (V —E&)p'&, . (812)

The sum rule (810) appears to be a new one and is
easily verified explicitly for the case of no potential
(V=b=0).

It is interesting to note that in the one-level
approximation we can use (811) to arrive at the

1

natural boundary condition numbers. Then (Bl1)
may be approximated by

(7&')' = (2b —1)v~ (813)
because the term proportional to y&„ in (811), is
small unless y~ is an appreciable fraction of the sum
rule liInit. If we now want the total width to be
independent of the matching radius we have

Fg ——0
= 2P'. y&'„+ 2P, (y&,

')' . (814)
Using the definition, (58) of the penetrability (814)
leads at once then to the boundary condition number,
(64), required to make the shift function vanish.

The above derivation of (y~)' and (EI,) is not
valid if the boundary condition numbers are energy
dependent. As we noted in the text, the "natural"
boundary condition numbers are usually only
moderately dependent on the energy: for most
purposes the low-energy limit (the value of b, which
makes 8. vanish at zero energy) suffices.
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EUGENE %igner's sixtieth birthday coincides,
~ within two weeks, with the twentieth anni-

versary of the first fission chain reaction on De-
cember 2, 1942. Wigner's inhuence on the subsequent
development of chain reactors has been extraor-
dinary. There are very few aspects of the current
theory that were not outlined by him nor very few
of the major technological developments of the last
20 years that cannot be traced to his early ideas.

signer's major contributions to chain reactors
occurred in three separate periods: First, from 1940
to 1945, during the last three years of which he was
head of the theoretical group at The University of
Chicago Metallurgical Laboratory; 1946—47, when
he was research director of what is now the Oak
Ridge National Laboratory; and 1952, when he was
a full-time adviser to the Du Pont Company during

Operated by Union Carbide Corporation for the U. 8.
Atomic Energy Commission.

the design of the Savannah River heavy water
plutonium production reactors.

Chain reactors are heavy engineering devices;
they also require, for their design, a certain theo-
retical and physical sophistication. Wigner's great
influence on their development, both at the Metal-
lurgical Laboratory and since, can be traced to the
facility with which he could pass back and forth
between engineering and physics —from a discussion
of the probable distribution of energy levels in U"'
to a critical examination of the blueprints of the
concrete foundations for the Hanford reactors, or
from a group-theoretical argument in transport
theory to the design of aluminum fuel elements!

The full force of %igner's skill and energy was
particularly well demonstrated at the Metallurgical
Laboratory during the fall of 1942 in the crucial
arguments that resulted in the decision to concen-
trate on water-cooled, rather than on gas-cooled,


