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part of the logarithm is #z for the part of the path
just above the cut. The expression (16) is conse-
quently.

2ko

P (rum) = —%(2rfmh4ﬂ2/~ (ks — 3 ¢")e""mdg.
-t 1110

(17)

This integral is easy to evaluate. In fact, one sees
immediately by changing the variable of integration
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by a factor 2 and making a partial integration that
(17) is equivalent to (10) and hence to (11). The final
result is thus independent of the order of integration,
as one expects.

The present paper was written while I was East-
man Visiting Professor at Oxford University, and
the staff of the Clarendon Laboratory join me in
extending heartiest congratulations to Professor
Wigner on his sixtieth birthday.

OCTOBER 1962

Energy Spectrum of Elementary Excitations
in Helium ITI"

H. W. Jackson' axp E. FEENBERG
Washington University, Saint Louts, Missour:

I. INTRODUCTION

HE elementary excitations in helium II have

been the object of extensive study in the past
twenty years. The phonon-roton type dispersion
curve! was first introduced to account for superfluid
properties and thermodynamic behavior of liquid
helium below the N transition line. Experiment? has
confirmed the general dependence of excitation
energy on momentum postulated on phenomeno-
logical grounds by Landau.! The direct observation
of single excitations generated by inelastic neutron
scattering yields the experimental dispersion curve
shown in Fig. 1.

A quantum theory of the excitations exhibiting
both the phonon and roton aspects of the phenomeno-
logical dispersion curve was first derived by Bijl® and
later with great clarity and simplicity by Feynman.*
Further development of the theory by Feynman and
Cohen® led to fair agreement with the phenomeno-
logical dispersion curve. In these calculations physi-
cally plausible trial wave functions are used to com-

* Supported in part by the Office of Scientific Research of
the Air Force and by the National Science Foundation.

T National Science Foundation Predoctoral Fellow.

1 L. Landau, Phys. Rev. 60, 356 (1941).

2 D. G. Henshaw and A. D. B. Woods, Phys. Rev. 121,1266
(1961); D. G. Henshaw and A. D. B. Woods, Proceedings of
Seventh International Conference on Low Temperature Physics
(University of Toronto Press, Toronto, 1961).

3 A. Bijl, Physica 7, 869 (1940).

4R. P. Feynman, Phys. Rev. 94, 262 (1954).

( 5R. P. Feynman and M. Cohen, Phys. Rev. 102, 1189
1956).

pute the expectation value of the energy. A some-
what different type of calculation by Kuper,® based
on the evaluation of phonon-phonon interaction
using the Rayleigh-Schrodinger perturbation for-
malism, gives similar results at the one point where
the numerical evaluation was carried to completion.
However, Kuper regarded the agreement as partly
fortuitous and pointed out several deficiencies in the
calculation, some unavoidable considering the state
of the theory at that time and others due to the
practical limitations of a hand calculation.

The theoretical description of a single excitation
developed in references 3 and 4 can be extended in a
systematic manner to an arbitrary number of excita-
tions, provided that real and virtual processes in
which excitations split and coalesce and scatter are
neglected.” In this approximation, the theory gives
a ‘““free phonon” description of the excitations with
the energy formula

e(k) = h’k*/2M S(k) 1)

plotted in Fig. 1 as the B-F curve. Here (k) is the
energy of an excitation with momentum #7k. The
function S(k) is the liquid structure factor derived
from x-ray scattering data extrapolated to absolute
Zero.

We report in this paper on the evaluation of
phonon-phonon interaction in the approximation of

6 C. G. Kuper, Proc. Roy. Soc. (London) A233, 223 (1955).
7H. W. Jackson and E. Feenberg, Ann. Phys. (N. Y.) 15,
266 (1961).
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Fia. 1. The energy of elementary excitations. B-F labels
the Bijl-Feynman curve calculated from Eq. (1). The curve
KSA is based on the Kirkwood superposition approximation
and CA is based on the convolution approximation; both were
calculated using Eq. (21). The vertical lines indicate the upper
limit of momentum for stable excitations. The points marked
by x were calculated from the convolution approximation and
the Rayleigh-Schrodinger energy formula obtained by setting
Y(k) = 0 in the right member of Eq. (21). The open circles
mark the points found experimentally by Henshaw and Woods
from inelastic neutron scattering. The filled circles mark the
points calculated by Feynman and Cohen using a variational
calculation. Conversion of energy units is given by energy
in °K = 6.061 x (energy in A~2).

the second-order Brillouin-Wigner energy formula.
By using the B-W formula we avoid unphysical
singularities in the computed energy shift generated
by the corresponding R-S formula. Kuper® mentions
the singularity in the long wavelength region; a
second occurs when the wave number k is large
enough to permit solutions of the equation

«(k) = e((k —h|) + &), h=0, (2)
implying a real phonon splitting process in the free
phonon approximation.

The B-W energy formula also possesses the valua-
ble property of giving an upper limit on the energy
eigenvalue, provided of course that both second- and
third-order corrections are evaluated. Our results at
present are limited to the second order.

An additional, and at this time unavoidable, un-
certainty is introduced by the need to use an approxi-
mation for the three-particle distribution function
p (1,2,3) in evaluating matrix elements of the phonon-
phonon interaction. Results are presented for the
Kirkwood superposition approximation (curve KSA
in Fig. 1) and a new alternative form called the con-
volution approximation (curve CA in Fig. 1). Both
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calculations agree fairly well with the experimental
curve of Henshaw and Woods.? However, the differ-
ence between the two computed curves is large
enough to encourage a determined effort to find an
improved and practically useful form for p (1,2,3).
In Sec. V we develop a criterion for judging the
accuracy attained by any assumed form and apply
it to both the KSA and CA forms.

Finally, in Sec. VI we discuss the regions of
stability associated with the experimental and theo-
retical dispersion relations.

II. PERTURBATION PROCEDURE

We treat a system of N particles confined to a
cubical box of volume Q. The following definitions
are convenient:

p = N/Q, mean particle density

Yo is the normalized ground state solution of the
Schrodinger equation with the eigenvalue E,

g(re) = @ ; D@ /¢§d7)34.,.~

is the radial distribution function, and

3)

St = 1+ [l9) = 1%

is the liquid structure factor. Also U(k) = S(k) — 1.

p(123) = NV = DOV = 29 [ idous...

is the three-particle distribution function and k is
the discrete wave vector defined by a periodic
boundary condition.

—_ . 1__ iker,,
= Uy 2
is the single phonon model function,

k) = Qupo/S(k)"”

is the normalized single phonon basis function,

|k — hh) = QunQuio/[S(k — h|)S()]

is the normalized two phonon function.
¢, is the nth order B-W energy correction; ex-
plicitly for n = 2
1 [(k[oH |k — h,h)|*
2 h*=0 e(k) - EO(Ik - hl) - éo(h)

6H=H—'Eo —_ 60(]{}) .

€2 (IC) =

The energy of an excitation is certainly smaller
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than the smallest positive e(k) defined by the se-
quence of implicit equations

e (k)
e(k) — e(k)
e (k)
62(]0) — €3 (]C)
(€264 — €)° ‘
(&2 — es)[(e2 — €3) (&2 — €5) — (e — €4)°]

ete.51° Results based on e(k) alone are computed
from the equation

e(k) = e(k) +

e(k) = e(k) +

+ (4)

e(k) = e(k) + e (k) . 5)

We surmise, comparing the curves plotted in Fig. 1,
that the error introduced by neglecting e; and higher
order corrections is no greater than that associated
with the approximate forms for p (1,2,3).

Unusual features of the explicit formula for e (k)
require explanation. The factor 3 compensates for
the double occurrence of the pair of wave vectors
k — h, h in the summation (since interchanging the
members of a pair does not generate a new state).
The constant term in the perturbation operator 6H
is fixed by the requirement that (k|6H|k) = 0. This
in turn permits neglecting the slight failure of or-
thogonality in the basis functions [(k|1|k — h, h)
~ 0(1/VN)].

A useful criterion for judging the accuracy of the
perturbation calculation is supplied by the statistical
weight P (k) of the two phonon components in the
one phonon eigenfunction. This quantity is given by
the formula

Pk 1 |(kl6H |k — h,h)|*

1 —P(k) = 2 & [e(k) — eo([k — h|) — e(h)]”
(6)

To derive Eq. (6) we observe that the perturbation

formalism is simplified, if the function |k — h, h) is

replaced by a slightly modified function [k — h, hY’,

orthogonal to |k) and normalized. This substitution

leaves e:(k) unchanged. The mutual nonorthogonality
of the two phonon functions

[(k — h,h|1/k — h',h’) — O(1/N),h’  h]

is neglected.

8 P. Goldhammer and E. Feenberg, Phys. Rev. 106, 1233
(1956).

9 K. Feenberg, Phys. Rev. 103, 1116 (1956).

10 R. C. Young, L. C. Biedenharn, and E. Feenberg, Phys.
Rev. 106, 1151 (1957).
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III. DISTRIBUTION FUNCTIONS

The two- and three-particle distributions defined
in Eq. (3) are related through the sequential condi-
tion

s [z, @

Note that Eq. (7) does not determine p(1,2,3)
uniquely. The general solution contains a particular
solution of the inhomogeneous equation plus a solu-
tion of the homogeneous equation [p(1,2,3)dvs
= 0. Also

pg (riz) =

o Jlot) - 1w = 1. ®)

These relations provide a means of testing approxi-
mate forms for p(1,2,3). In particular, the Kirkwood
form

px(1,2,3) = p’g(ri2)g(res)g(rs1) 9)

comes deceptively close to satisfying Eq. (7). This
can be seen easily by introducing the ‘hole’” function

fr) =1—g(r) (10)

and using it to separate variables in px(1,2,3). With
the help of Eq. (8), the right-hand member of Eq.
(7) reduces to

pg (7’12)[1 + ]Vp_—z /f(7'13)f(7'23)d?}3] . (11)

Thus, the error term is of order (1/N), but is by no
means negligible. It is just the failure of px(1,2,3)
to represent the three-particle correlations accu-
rately, when all three particles are within the nearest-
neighbor distance, that shows up in the error term.

An alternative form which satisfies Eq. (7) exactly
is given by

pe(1,23) = pe(1,23) = #lp [ F) 7o) (raie

— f(r12)f (r23)f (rs1)]
P2[1 — J(riz) — f(res) — f(ra1)
+ f(ri2)f (ras) + f(ras)f (r31) 4 f (ran)f (r12)

— b [ 1 e e

(12)

We call pc(1,2,3) the convolution approximation
(CA). This form suffers from the major defect that
it does not vanish when two particles coincide. Never-
theless, it is useful in estimating matrix elements of
non-singular operators, such as occur in the present
calculation.
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IV. EVALUATION OF MATRIX ELEMENTS

The procedure described in reference 7 yields

_/Q:ﬁth_hQ;k;Qh\//?Jdvlz...N = S(jk — n)S(n) (13)

To compute (k — h, h|1|k) observe that

Ql:f—hQ;kak _ N_3/2 Z ei{k-rm—(k—h)«n—h‘rp} N N_1/2

m,n,p

X [1 + Neikq'm + Neihq';z

‘I‘ Nei(k—h)'rm + Nzez'k'nn eih-rea] , (14)
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the arrow signifying that equivalent terms are
lumped together and numbers like N — land N — 2
replaced by N. Consequently,

(k — hh|1]k) = [NS(k)S(h)S(|k — h|)]™"
X [= 2+ Sk) + S(h) + S(|k — h])

+ % / e™ e ™ (1,2,3) dvias] - (15)

The approximate forms for p(1,2,3) in conjunction
with Eq. (3) and repeated applications of the Fourier
integral theorem now yield

(k — hh[1[k)x = [NSk)SR)S([k — h[)]™*[1 4+ U k) + U(h) + U(|k — h) + Uk)U (h)

+ U®)U(k — h|) + UMU(k —h|) + % (%) fU(k’)U(lk' + kU (K’ + h|)dk’]

(16)
(k — hh[1[K)e = [NS(k)S(R)S([k — h])]™*[L + U®) + U(h) + U(|k — hl)
+ UEUG) + UE)U(k —h|) + UR)U(k — h|) + UE)UR)U (& — h))]
= N"[S(k)S(R)S(k — h|)]"*. a7
Matrix elements of the phonon-phonon interaction are obtained from
J @0t — B Qubedons.w = N [ 4i9,108.408) -V Qudvis v
5 I 2
= SN [k-(k —h)S(2) + k-hS(|k — h])] = TN kF* +k-(k—h)U() +k-hU(k —h|)]. (18)
Equations (16)—(18) yield
(k — h,h[sH|k)e = (*/2M~/N)[S(k)S(h)S(/k — h|)]™"
X [— k-hU(h) — k- (k — h)U(Jk — h|) — KUR)U(Jk — h)])] (19)
_ _ : € (k) ]
(k — hh|sH|K)x = (k — h,h|6H|k)e + VSS0S (& = BT
X [U(k)U(h)U(lk — k) - (—2‘;) Jow v + kv’ + hl)dk'] (20)

The behavior of these matrix elements for small
and large values of k£ and A is summarized in Table 1.
Both forms give e(k) proportional to & in the range

TasrLE I. Asymptotic behavior of the interaction matrix

elements.
Interaction E<KplB k> plB hKplB B> plf3
Matrix element k£ < h k> h h<Lk h>k
CA [Eq.(19)] O (k%) O (k) O (h/2) O (hU(h))
KSA [Eq. (20)] O (k/2) O (k) O (W1/2) O (hU(k))

k < p/?; however, e(k)c has the same slope as ¢ (k),
while e(k)x has a smaller slope. Feynman states
without proof that ¢ = A'(de,/dk): = 0is the correct
velocity of normal sound in the long wavelength
region; if this statement is accepted, the correspond-
ing result e(k)x = ¢’hk with ¢’ < ¢ must be inter-
preted as an unphysical consequence of the Kirk-
wood form.

To obtain numbers from Eq. (5) we convert the
sum over h into an integral using the level density
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function 27Qh*dhdu/(27)® with u defined by 2
= (k — h)? = k*+ h* — 2khu and du = —Idl/kh.

H W.JACKSON AND E. FEENBERG

With (r?/2M)Y (k) = —e(k) 4+ e.(k), Eq. (5) be-
comes

N|(Lh|sH|K)|"(2M /1*)*

Y (k) =

an implicit equation for Y (k) which is solved on a
machine by a program of numerical integration and
iteration.

V. AN APPROXIMATION CRITERION

The relation
X(F) = /|//0F(H — Eo)Yodviz..x =0 (22)

holds exactly for arbitrary operator F, if ¢, is the
exact ground state eigenfunction. The formalism of
the generalized normalization integral”!! provides a
means of expressing X (F) as a functional in one or
more of the distribution functions p(1,2 .. .). If these
functions are exact, then X (F) vanishes; if approxi-
mate, the function X,(#) does not vanish and, thus,
provides a measure of accuracy (the subscript o
denotes use of approximate forms for the distribution
functions).

Following the notation and method of reference 7
we define

hZ
8M

V* = Z V(Tﬁ) - Z: A@In\bﬁ
1<j [

IN(a) = /tﬁg@av*dvlz..w

— 1 9 av*
pg (r1z,a) = %)_ /lpoﬁ ' dvss. . x

= p[l - f(hz,a)]
Sha) = 1+ p [ g(ra) — do
Ulh,a) = S(k,a) — 1

S(k) = S(6,0),8' (k) = {—d—*%%ﬁ‘l}

a=0

(N'- 1)(N~ 2)9 f¢2 av™®

p(1y2;3ya) = Iy (a) 0" dvas.. v

I F., Iwamoto and M. Yamada, Progr. Theoret. Phys.
(Kyoto) 13, 467 (1955).

1 / “hdh / o
8o Jo "My Y V@) /8 () + B/SQ) — BB .

(21)
Px(1,2,350) = p°g(ri2,a)g (ras,a)g (ras,ex)
pe(1,2,3;2) = px(1,2,3;)
+ 0*{f (r12,0)f (ras,0)f (rs,0)
— o () [t
X f(rss,o)dva} (23)

and observe that

b, = {*dd; In IN(“)} o = /%gv*dvm..w . (24_)

=

The identity

Yo(H — Eo)go = {_dd; TN%J ¢36“V*} )

h2
~ ] Z Ae

(25)
yields
d 1 v
X(F) = {*d“‘; Tnta) /Fe v %dv]z,,.,\v}aw
— _ﬁ Z / VoA Fd
8]‘1 - 0L Wiz, N . (26)
Among the nontrivial choices for ¥ are
(a) EQx
(b)  QxQEQi s
(C) QthQlQﬁ+h+l . (27)

No approximations are required to evaluate all
terms occuring in X(Q*Q). Using the definitions in
Eq. (23) we get

S (k) = (WK /AM)[1 — S(k)] (28)

a relation derived less directly in reference 7.
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To compute X (QxQ¥-n@¥) we use Egs. (16) and (17) as patterns, and write
[ﬁ [yttt ]K — 7 [+ U(ha) + Ulha) + U(k = bla)
+ U(k,e)U (he) + Uk,e)U (|k — hl.a) + Uha)U(k = )
1 (LN, , , ,
3 (&) [vwavi + Hau + o o0
I:Ivl(a) /l/lgeav*Qlef—hQﬁdvm...N:lc = (I/X/N)S(k,a)S(h,a)S(]k — h|,a) . (30)
Also
Do AiQuQE Qi — — ﬁ
X [F'Ne™™ 4 B°Ne™™ + (k — h)’Ne' ™™™ 4 (&* 4 1 + (k — h)"}Ne' ™™™ (31)

The combination of Eqgs. (26) and (28-31) results in

4

BMV/N/B)X x(QuQE-n@k) = {(k —h)* — &* = KJURU®R) + {k* — h* — (k — 0)*}UR)U (k — h|)

PR = K~ G = WA U@UGE — )+ 4+ 8+ G- L () [oeuae + )

1

x U( + = 2 () [ 4 00 410 1 0 4 VR + RDUQR + Bar

2

(32)

BMV/N/1*)Xo(QuQE Q%) = {(& — h)’ — & — BJURUR) + (K — 1 — (k — h)’}JUMK)U(/k — k)

+ (B =& — (& —)}UEU(k = h]) — {£ + & + & - )} UEKUGU(k - h]) .

Note that these functions are symmetrical in the
three variables k, h, k — h, even though the sym-
metry is not obvious in the integrand of the integrals
occuring in Eq. (32).

Both functions approach zero rapidly as k in-
creases beyond 2A-'; otherwise they behave rather
differently. Consider first &k = 0 : Xc(QxQ%_nQ%)
vanishes for all values of h, while X x(QQ%_nQ%) is

(33)

definitely nonvanishing, except at h = o and possi-
bly one or two finite points. This difference may be
correlated with the different behaviors of the corre-
sponding interaction matrix elements for small values
of k as exhibited in Table I and discussed in the text
following Table I.

A second interesting comparison results from com-
puting the integral of X over h space:

Y X (@@t w@tyan = 2 [B-( — WUBU(k — b)dn
3
N % (%> Ji @ + 50 + @K + 8- O + RIU( + KNV + b)) U W) dkdh (34)
One integral vanishes, because the integrand is an a consequence of Eq. (8) and g(0) = 0. Thus,
odd function of k’ 4 h; the remaining integrals can-
cel in virtue of the relation / X x(QuQE nQ¥)dh = 0. (36)

L fewasn

The corresponding integral of X¢ does not appear to
vanish except possibly at isolated points.
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VI. STABILITY OF ELEMENTARY EXCITATIONS

An elementary excitation may split into two or
more if energy and momentum are conserved in the
process. The necessary conditions are

m

e(k) = 2 (k)

=1

(a)

(b)  straight line segments of lengths k, ki, ks,
.. . k, can form the sides of a closed polygon. The
process will occur unless the transition matrix ele-
ment vanishes.

For any given or assumed dispersion curve one can
determine the range in which conditions a and b hold
by a graphical analysis. The dispersion curve is traced
onto transparent sheets which are then superimposed
in an appropriate manner to select out sets k, ki, k.,
. . . k, consistent with condition a. The possibility
that b also holds is then examined.

Feynman* observed that the necessary conditions
are satisfied in any region where the derivative
de/dk is greater than the initial slope (at & = 0). In
fact, the conditions are met in any region where the
absolute value of the derivative exceeds the initial
slope. The characteristic process is then decay into
one relatively large quantum and one or more small
quanta. Feynman’s criterion determines the vertical
lines on the BF and KSA curves of Fig. 1 marking
the upper limit on the region of stability.

The experimental curve represents stable excita-
tions over the entire range provided that any ex-
tension of the curve beyond & = 2.68 A~ has positive
slope.'*"* However, it is clear that a continuation with
even a small positive slope makes possible a decay
process in which splitting into two excitations with
nearly equal energies occurs. A decay process of this
type determines the vertical line on the CA curve of
Iig. 1 marking the upper limit on the region of
stability.

Suppose elementary excitations are possible in the
liquid beyond %k = 2.68A-' and also that the ex-
tended dispersion curve is a continuous function
with continuous first derivative. By graphical analy-
sis one can prove the following statements (cf. Fig.
2):

(a) excitations with energies rising above the
dashed line U meet. the necessary conditions for
instability.

12 Pitaevskil has investigated the properties of the elemen-
tary excitation spectrum near the disintegration threshold by
studying the appropriate Green’s functions.3 In particular,
he has discussed® the type of threshold which seems to
apply to the experimentally determined spectrum at normal
vapor pressure.?

13 L. P. Pitaevskii, Soviet Phys.—JETP 9, 830 (1959).

141, P. Pitaevskil, Soviet Phys.—JETP 12, 155 (1961).
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Fra. 2. Stability of elementary excitations. The solid curve
is that found experimentally by Henshaw and Woods from
inelastic neutron scattering. Excitations with energies above
the line U will be unstable; whereas if their energies lie in
the region enclosed by the parallelgram, they will be condi-
tionally stable. For discussion see See. VI.

(b) excitations with energies falling below the
dashed line L cause instability in the range below
2.68A-".

(c) suppose the following two conditions are met:
(1) the extended dispersion curve lies higher than the
minimum roton energy (near 2A-Y), and (2) every
section of the extended dispersion curve satisfying
L < € < M also satisfies |de/dk| < |de/dk|) - o. Then
every section satisfying I, < ¢ < M represents exci-
tations which are stable against splitting in any way
whatsoever. Also excitations on the experimentally
determined dispersion curve are stable against split-
ting in any way whatsoever.

VII. DISCUSSION

The solutions of Eq. (21) displayed graphically in
Fig. 1 were found by an iteration process on an
IBM 704 computer. The Rayleigh-Schriodinger
second-order energy was evaluated at % = 1.0A~
and 2.0A-!, using the convolution approximation by
setting Y (k) = O in the right-hand member of Eq.
(21). These results appear in Fig. 1. For the liquid
structure factor, we used the experimental curve
determined by Goldstein and Reekie® at 2.06°K
with modifications introduced by Feynman and
Cohen to insure correct behavior at absolute zero.
These modifications are (a) linear extrapolation to
the origin at £ = 0, (b) multiplication throughout by
a factor 0.97 to satisfy ¢g(0) = 0, and (¢) smooth
extrapolation from 6.0 to 7.2A-! and for k& > 7.2A7,

15 I.. Goldstein and J. Reekie, Phys. Rev. 98, 857 (1955).
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S(k) = 1. Modification (a) results in a slope for the
dispersion curves (k) and e(k)c at the origin corre-
sponding to a sound velocity of 366 m/sec, about
509, greater than the directly measured sound
velocity (238 m/sec). We have not succeeded in
resolving this discrepancy.’®

The integral in Eq. (21) was evaluated by Simp-
son’s rule with grids chosen to limit the relative
error to less than 2 or 3% in the region k = 0.6A-
In the region & < 0.6A", we estimate the absolute
error in Y (k) from this source to be no greater than
0.01A-'. Additional uncertainties in the calculation
arise from two principal sources: (1) experimental
error in the liquid structure factor (estimated by
Goldstein and Reekie at 5 to 79, in the region
k> 0.947) and (2) error due to use of the approxi-
mate forms for p(1,2,3). To study (2), we evaluated
the functions X¢(Qu@Q% nQ%) and X x(Qu@E-nQ%) at
each grid point used in computing the integral in
Eq. (21). The results reveal that |X¢| < |X«| in the
range k < 0.6A- for a wide range of values of h
and k — h; thus, supporting the inference already
stated that the convolution form yields a more
accurate evaluation of the interaction matrix ele-
ment for small values of k. Beyond & = 0.6A-1, X,
and X x take on roughly the same range of values so
we have no basis for preferring one approximate
form to the other.

The quantity P(k) defined by Eq. (6) was evalu-
ated at & = 1.0 and 2.0A-, using the convolution
approximation, with the following results:

P(1.0) = 0.20, P(2.0) = 0.12

showing that the dominant component in the one-
phonon state is just the single “free” phonon basis
function.

We conclude with a brief statement on the prob-
lem of determining an improved form for the three-
particle distribution function. Any modified im-
proved form should be invariant under permutations,
rotations, displacements, and reflections of the co-
ordinates. It should be positive valued when no two

16 We are indebted to Dr. Michael Cohen for verifying this
discrepancy (private communication). Added in proof: Miller,
Pines, and Nozieres discuss a possible remedy (preprint).
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particles coincide and vanish when any pair (or all
three) coincide. When particle 3 is far from the other
two, p. should reduce to p%g(riz). These general
conditions are supplemented by the requirement of
Eq. (7) and a general statement of the X criterion

lXa (Qle’L‘—hQ;k\) l << |XK (QkQﬁ—hQﬁ) Iaveraze . (37)

The power of this criterion resides in the fact that it
is required to hold for all values of k, h, and cos
(kh). Thus, it is in fact a triply infinite set of con-
ditions. In an obscure but real sense, the validity of
Eq. (37) implies that p.(1,2,3) can be computed
from a trial function which closely approximates the
ground state eigenfunction.

VIII. SUMMARY

The contribution of phonon-phonon interaction
to the energy of elementary excitations in liquid He?
is evaluated in the approximation of the Brillouin-
Wigner second order energy. The three-particle
distribution function p(1,2,3) occurring in the inter-
action matrix elements is approximated by the Kirk-
wood superposition form and also by the “convolu-
tion” form.

A general criterion is developed to test the accu-
racy of possible approximations for p(1,2,3). The
criterion has the form of a functional X in p(1,2,3)
which vanishes if p(1,2,3) is generated by the correct
ground state solution of the Schrodinger equation.
If an approximate form is used the corresponding
functional X, does not vanish and thus provides a
measure of accuracy. The power of this criterion re-
sides in the fact that X, is a function of three varia-
bles, the magnitudes of two wave vectors and the
cosine of the angle between them.

The computed dispersion curves are compared
with the experimental curve constructed by Hen-
shaw and Woods from the inelastic single scattering
of slow neutrons in liquid helium.
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