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1. INTRODUCTION

N the treatment of both one-particle and many-
~. particle systems, the constants of motion play an

important role in studying the time-dependent phe-
nomena and the stationary states. In the classical
theory, the constants of motion were physical quanti-
ties like the energy, the momentum, the angular

*The research reported in this paper has been sponsored in
part by the King Gustaf VI Adolf's 70-Years Fund for Swedish
Culture, Enut and Alice Wallenberg's Foundation, The
Swedish Natural Science Research Council, and in part by
the Wright Air Development Division of the Air Research and
Development, Command, U. S. Air Force, through its Euro-
pean OfFice.

momenta, etc. In quantum theory, the list of the
constants of motion has been considerably extended
and includes, not only the spin and the total angular
momentum, but also such operators as the permuta-
tions, the translations, the crystal symmetry opera-
tors, etc. The physical quantities are represented by
Hermitian operators, whereas the latter quantities
correspond to another type of operators, the so-called
normal operators, which may be considered as a
generalization of the Hermitian operators. The
normal constants of motion are essential for classify-
ing the energy levels, and we will here give a short
outline of their theory by means of a projection
operator formalism.
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by using (1) and (2) one obtains

II
(A" —~*)e II' = f I

(A' —) ')e I'(d*)
= ((A —) *.)e„l (A —x*.)c.)
= (e.l(A —),)(A —) *,) Ic,)
= (c.l(A —x*,)(A —),)e.) = 0

l.e.,

This means that CI, is also an eigenfunction to the
adjoint operator A.~ associated with the eigenvalue
)&*.Using this property, one can now easily show that,
eigenfunctions CA, and C~ associated with different
eigenvalues, ) I, / X&, are necessarily orthogonal,

since
(e~lei) = 0, 4 4 )I~, (6)

&~(@"Ie~& = (

~eaglet&

= (A elle~& = (e~lAe~&

= (e~lx~ei) = &i(e~lei), (7)
l.e.)

() a —),)(e, l
e,) = 0 .

2. NORMAL OPERATORS

Two operators F and Ft are said to be mutually
adjoins, if their expectation values are conjugate
complex for all normalizable functions C, so that
(C IFt

I C) = (C IF
I
C)*. Here and in the following,

we are using bracket notations of the type (C &
I
C,) =

f e*e (d*) (e IF I
e &

= f e'F"e (d&) and II el I' =
(C I C). Putting C = e~ + e~ and C = C, + ie, and
combining the two relations, one obtains the basic
matrix formula (e~lF IC'2) = (e2IFle~)* and the
"turn-over rule, "

(Fe Ie) = (e.lF"e.) (1)
An operator is said to be self-adjoint, I' = I', or
Hermitian, if it always has real expectation values,
and vice versa. An operator A. is said to be normct, if
it commutes with its own adjoint operator A~, so
that

(2)

The Hermitian operators are hence a special class
of the normal operators. On the other hand, a normal
operator may always be written as the sum of an
Hermitian and an anti-Hermitian component (see
the Appendix), but we note that it is usually more
feasible to develop the theory by means of the more
general concept of the normal operators.

If Cf, is an eigenfunction to A associated with the
eigenvalue P I„so that

The normal operators have, hence, orthogonal eigen-
functions in the same way as the Hermitian opera-
tors, but the eigenvalues )I, for the former are in
general complex numbers.

A special class of normal operators is represented
by the unitary operators U, satisfying the relations
UU~ = U~U = 1, where the first part indicates that
U is normal and the second part that XfX~ = 1, i.e.,

I4I = 1, for all k.

3. NORMAL CONSTANTS OF MOTION

A normal operator A. is said to be a constant of
motion of the system under consideration if it com-
mutes with its Hamiltonian H:

The fundamental importance of such an operator
depends on the fact that the eigenfunctions 4» and
C & are not only orthogonal but are also nonintemctint7
with respect to II, so that

(e.lIIle, &
= 0,

Using (6) and (8), we ha, ve

»(e IIIle& = O*e'IHle) = «e IIIle&
= (e,l~IIle, ) = (e, lIIAle, ) = ),(e,lIIle,), (1o)

i.e.,
p,.—),)(e,lIIlc, ) = 0,

which proves the theorem. This property can often
be used to obtain an essential simplification of the
treatment of the energy problem, whether one con-
siders a single expectation value or a full energy
matrix. For this purpose, it is convenient to partition
the entire Hilbert space into the subspaces associated
with the different eigenvalues 'A~ to A., and this can
be done using a projection operator technique.

Let us consider an arbitrary trial function C

which has been found, for instance, by some general
physical arguments and which is hence not neces-
sarily an exact solution to the Schrodinger equation.
This trial function may be considered as a super-
position of pure A functions:

where the different components C» are associated
with different eigenvalues X&. If such a resolution
exists, it is certainly unique. Assuming that there
would be two resolutions, e = Q~e& ——g~eV, one
has after subtraction 0 = g~(e,' —C,").Because of
the orthogonality (6), one obtains for the normaliza-
tion integral 0 = P IIC'. —el'll', which leads to
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Projection Operator Formalism

Equation (11) may be interpreted geometrically
as the resolution of a given vector C into orthogonal
components C» along axes and into subspaces defined

by the eigenstates to A. Such a component analysis
can be carried out by means of a set of operators OI,

having the selective property

O~C' = C»- (16)
From this relation follows that OI, is an eigenoperator
to A, so that AOI, = Of,A = XI,OI, and further that
OI, = 0~, i.e., 0& is a projection operator. A.ccordjng
to (3) and (5), the operators h. and A.t have the same
eigenfunctions which means that 0~ = Oj,t. The
operator OI, is hence an Hermitian projection opera-
tor having only the eigenvalues 0 and 1; it will

project on the entire subspace associated with the

C» = C»' and proves the uniqueness theorem except
for an irrelevant zero function. The existence theo-
rem is further discussed below; see (25).

By using (6) and (9), one obtains now for the
expectation value of the energy

Z.&C.IHI~.)
g « IC") (»)

In order to analyze this expression, it is feasible to
introduce the energy expectation value EI, associated
with the component 4», i.e.,

(c~lHl c")
(@.

l
c")

and the weight factor

(c"lc~)
&c'IC') '

which is always positive. In this way, we obtain

(Hop)AV gk ~kK i (15)

with P~&oi ——1, showing that (H) is a weighted aver-
age of the component energies E& without any inter-
ference between the difterent X values. It follows that
at least one of the energies E& is lower than (H), unless

they are all equal and, if the trial function is not a
pure eigenfunction to A, one can hence always lower
the energy by a "component analysis. " This is of
importance in understanding the nature of the
chemical bond; see Sec. 5. Of still greater importance
is the theorem that each one of the quantities EI, is an
upper bound to the lowest true energy of the same
A. type, and that the variation principle can hence be
applied to each one of the subspaces characterized by
the different eigenvalues )&.

eigenvalue X&, and the quantity g&
——Tr(01,) is an

integer giving its dimensions and the order of the
degeneracy of the eigenvalue. In summary, we have

~0~ = Oa~ = 40a,
20, =0, , 0, =0. , Tr(0) =g, .

(»)
(18)

Instead of (6) and (9), one obtains further the oper-
ator relations:

A —X)
0~

i~& 4 —~& (21)

and, even for multiple eigenvalues, each factor is
taken only once. We note that, in the expansion (ll),
each one of the factors (h. —X~) will annihilate the
corresponding eigenfunction C ~ according to (3), and
the denominator is chosen so that C» will survive the
operation in an unchanged form, i.e., with the factor
l.

Let us now introduce the reduced characteristic
polynomial F(e) —= g& (e —

X&) of degree n in the
complex variable z. The associated function

F(e)
(e —Xa)F '(X,) (22)

is a polynomial of degree (n —1) which has the value
1 for e = X&, and the value 0 for e = P t(l & k). It is
interesting to study the function

~(s)
(. —~,)~ (~.) , (23)

~ J. von Neumann, 3fath. Grundlagen der QuantenmechaniA;
(Dover Publications, New York, 1943); M. H. Stone, Linear
Transformations in Hilbert Space and Their Applications to
Analysis (American Mathematical Society, Providence, Rhode
Island, 1932).

s P. O. Lowdin, Phys. Rev. 9'7, 1509 (1955).

0&0& ——0, OaPOi ——0, (4 4 X&) . (19)
The expansion (11) corresponds now to the formula
1 = g&0&, which is a resolution of the identity in
terms of the projection operators 0&. It directly fol-
lows further from (17) that A. = Q&X&0&, and the
more general formula

f(~) = Z~f()~)o. , (20)

for any polynomial function f of A. The essential
question is now whether the basic expansion (ll)
exists and whether one can find some expressions for
the corresponding projection operators 0&.

For the essential applications of the theory of
normal constants of motion, it is sufhcient to assume
that the operator A has a finite discrete eigenvalue
spectrum X&, )2, )3, . X„with the degeneracies

g1, g2, gs, ~ g„. The projection operators OI, are
then conveniently expressed in the product form'.
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since it is a polynomial of degree (n —1) having n
different zero points: z = X&, X2, . X„.The function
G(z) is hence identically vanishing for all values of z,
and the relation G(z) —=0 is a simple polynomial
identity valid also if one substitues the operator A.

instead of the variable z. This gives the result

C = Q.O.C = Q,C. ; (25)

which proves the existence of the resolution (ll) in
this particular case. We have also proven the validity
of (20) and, as a special case, we get F(A) = 0 which

is the reduced Cayley-Hamilton equation for the
operator A. We note that the operator OI, defined by
(21) will project on the entire subspace connected
with the eigenvalue ) I„and that the quantity

»(O~) = g~,

gives the order of the degeneracy.

(26)

Simultaneous Eigenfunctions to H and A.

From the Schrodinger equation H+ = E+ and (8)
follows that

H(A+) = E(A.%')., (27)

showing that, in addition to +, the function A.+ is
also an eigenfunction to H associated with the same
eigenvalue E. If the energy level is nondegenerate,

this implies that A.%' is proportional to N, i.e., A.%' =
) 0, and + is then a simultaneous eigenfunction to H
and A.

The treatment of a degenerate energy level requires
a somewhat different approach. Using (21) and (8),
one obtains

HO~ ——Ogpu, (28)

i.e., the projection operators 0& commute with H; the
result is also easily derived directly from (16) pro-
vided that 1 = Q,O, . From (28) and (17) follows that

H(Og%') = E(Og%'), A(Og@) = Pg(Og@), (29)

which means that OI,% is a simultaneous eigenfunc-

tion to H and A, provided that

OI+ / 0.

1 —QaOg = 0,
which is the fundamental "resolution of the identity"
needed in treating the normal constants of motion
having a 6nite eigenvalue spectrum. Multiplying the
arbitrary trial vector C by the operator 1 = gaO~,
one obtains

A.ccording to (25), one has 4= Q~O~+, i.e., one may
resolve + into its A. components, and we note that all

nonvanishing components have the same energy E.
By means of the A. analysis, one is hence able to
derive an ortho-normal and noninteracting subset of
simultaneous eigenfunctions which are useful in de-
scribing the degeneracy. The orthonormalization of
a series of projections 0&+&, 0~+2, . will be further
discussed in the next section.

In some cases, the classi6cation of the energy
degeneracy by means of the-eigenvalues A,I, to A. may
be complete; in other cases, the simultaneous eigen-

functions to H and A. are still degenerate, and one

may try to introduce further normal constants of
motion commuting with both H and A to classify the
remaining degeneracies. Examples from the theory
of atomic energy levels tell us that it may be very
difFicult or perhaps even impossible to find enough
normal constants of motion of a physical character to
classify all degeneracies actually occurring in nature
and this is probably still more accentuated in molecu-

lar and solid-state theory.
Relation (30) is of crucial importance in the theory,

since it tells what X~ values one can expect to find

associated with a certain energy level E. It is also of
interest to study the connection between the de-

generacies of E and the degeneracies of a normal

constant of motion A. having the mutually com-

muting components (A.&, c4, c4) which one has
tried to make as complete as possible. In case there
are further constants of motion A.'1, A'2, , which

commute with H but not with the selected operator
A. or with each other, one should observe that, ac-
cording to (27), also the functions h.'~%, A'2N, ~ are
eigenfunctions to H associated with the same energy

E, provided that they are not vanishing identically.
If one starts from a single eigenfunction to H, one

can in this way by means of the operators A'&, A.'&,

~ span the degeneracy that is still inherent in the
combined observable (H.„hi,c4, h.„). The ap-
proach is systematized by means of the theory of
"ladder-operators. " For example, if an angular
momentum M = (M.,M„,M,) is a constant of mo-

tion, one classifies the energy levels by means of the
operator (M', M,) and can transform the associated
eigenfunctions into each other by means of the step-

up and step-down operators M+ ——M. + iM„and
M = 3f. —i3/I„, respectively. As we will see in the
following applications, one can often use this idea in

a very elementary way, whereas a more profound
theoretical treatment should be based on group

theory and particularly group algebra. Research on

this point is in progress.
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H- = (f-lHlf-), ~- = (f-lf-), (31)

respectively. From H%' = E%' follow immediately
the relations g„(H „—E5 „)c„=0 or, in matrix
form,

(H —E~)C = 0, (32)

where the eigenvalues E are determined by the so-
called secular equation det {H .—Ed .} = 0.

We will now study some of the expansion properties
of the simultaneous eigenfunctions 4' to H and A,
satisfying the relations H%' = E%" and A%' = XA,%'.

From the latter follows 0&+ = 0' and, letting 0~ work
on both sides of the expansion @= P &f&c&, one obtains

+ = Qi(%fi)c~. (33)

This implies that, if the set {f&}is complete, one may
expand an eigenfunction to A associated with the
eigenvalue 'A~ into the projections {OIf~} of the basis.
The set {0&f&}spans a subspace of the total Hilbert
space, which we will call the XI, space. The functions
in {01f&}are usually not orthogonal and show actu-
ally linear dependencies which make it possible to
collect the terms in (33) so that a more rapidly con-
vergent sum is obtained; one can also replace the
set {O~f,} by an orthonormal one; see below. The
problem of the expansion of + refers now entirely to
the X& space, and we will obtain a simpli6ed secular
equation of type (32) which then may be treated by,
e.g. , the partitioning technique. Actually we will

obtain such a simplified secular equation for each
one of the eigenvalues X&, and together all these equa-
tions are equivalent to (32).

Conventionally the normal constants of motion
have always been used to split the secular equation
(32) based on a truncated or complete set {f~},and,
for symmetry operators A., group-theoretical methods
have been of essential importance. In studying, e.g. ,
the atomic energy levels associated with a specific
configuration P, Slater4 could find the splitting of

s W. Ritz, J. reine angew. Math. 135, 1 (1909).
4 J. C. Siater, Phys. Rev. 34, 1293 (1929).

4. SPLITTING OF SECULAR EQUATION

In quantum mechanics, the solution of the eigen-
value problem H%' = E%' is to a very large extent
based on H,itz's' expansion method. Introducing a
complete basis {f&}, one may express the wave
function in the form + = g~f~c~, where one has to
determine the coeKcients c~ forming a column vector
C. For this purpose, we will introduce the energy
matrix H and the metric matrix 4 having the ele-
ments

the energy levels in an ingeniously simple way by
using the "diagonal sum rule" combined with the
knowledge of which terms were to be expected in
connection with the configuration P rendered by
elementary combinatoric arguments. However, in-
stead of this splitting of the total secular equation,
we have here carried out a splitting of the basis
{f&} into subsets iO~f~{ which are orthogonal, non-

(H —EA) =
0
~ ~ ~

Xp Xg Xg...
0 0 0:.

&Pl/g, o o

o o

FIG. 1. Splitting of matrix
(H —ECL) into independent
parts by means of the project-
ion operator formalism.

interacting with respect to H, and complete with
respect to the subspaces associated with the eigen-
values X~ to A; see (19) and (33). This splitting of the
basis leads hence automatically to a splitting of the
secular equation according to Fig. 1.

In the projection operator technique, there is a
possibility of an obvious generalization, since one
may start from different basic sets {f't}, {f~'},{fl"},

~ in constructing the various projected subsets

{Olf & }, {02f l' }, {OsfI" }, This result is of par-
ticular importance if the original set {f, } depends on
adjustable parameters a.&, n2, ~3, ~ ~, since one may
now use different parameter values for the various
XI, types in order to obtain optimum convergency,
etc. This generalization is still more valuable in the
case when only a truncated basis is used.

Calculation of Matrix Elements

Let us now re-examine the properties of H,itz's ex-
pansion method in the case when the subspace
associated with the eigenvalue )& is described by
means of the projected subset

&~i =%f~. (34)

According to (33), we have + = P&O&&ci, and, for
the matrix elements with respect to the new basis,
we obtain by means of (1), (18), and (28) that

II'„„=(e. IHle, „) = (0 f„IHIO f.)
= (f IO&0 If.) = (f IHO lf.), (35)

~'..= (e,-le..) = (y-lo lf.) (30)

The essential simplification comes from the relation
OP = 0&. U the function (34) is expressed as a series,
each matrix element is a double series which may be
reduced to a single series by means of the "turn-over
rule" and this relation,
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Construction of Orthonormal Subset

The functions 0» are usually not linearly inde-
pendent, and it is often convenient to replace them
by an orthonormalized set 0'&1. Since we will here
consider only a single subspace X&, we will drop the
lower index k. Expanding the functions 0.( = 0,.)
into the complete set If„I,we obtain

Assuming that Nns'2 0, we will now consider the
third function,

0, = of. = f,n, .+ f.n, .+ f.n..+ . . (43)

It is possible to eliminate fl and f, from this expan-
sion by introducing two multipliers d» and d» such
that

(44)

0'=0(f +fd +fd )
= 0+ 0+fsn88+ f.n88 + . (45)

2a = a ) (38) A.s before, we can directly show that this function is
automatically orthogonal with respect to 01 and
0'2 and that the normalization integral is given by
the expression

showing that the matrix a = (al, as, a8 . ) has only
the eigenvalues 0 and 1, and that further each one of
the column vectors a„ is an eigenvector to a, so that
aa„= a„.

Let us consider' the functions 01, 0„03 ' ' ' suc-
cessively in order, and let us start by considering the
expansion

(0'I0') = -" (46)

If &33 0, we have +13 = 0, and the function 03 is
then a linear combination of the functions 01 and
0'2 and should be omitted in the orthogonalization
process, which is here simply accomplished by means
of the Gaussian elimination technique developed for
solving equation systems. The connection between
the matrices a and a' may be written in the form

01 = Of1 = fn 1 +fn1 +fsn +
0. = Ofs = flnl. + f.n.2 + fsn82 +, (39)

If n» / 0, we will 6x the first function 01 having the
normalization integral 6» ——n». It is then possible
to determine a multiplier d» so that n» + n»d» ——0.
Putting nl2 ——nl, + nlld12 for t & 2, we then obtain d12 d13 d14

0 1 d23 d24

0 0 1 d34 ~

0 0 0 1

~11 ~12 +13 14

~21 ~22 23 24

O'31 ~32 ~33 ~34

&42 CX43 &44

0,' = o(f, + f,d„) = o + f,n'„+ f.n'., + . (40)

The function 0 2 obtained by eliminating f, in the
expansion of 02 is automatically orthogonal to 01
for, using the "turn-over rule" and (18), we get

0 =Of =Q fn„ (37) nl8 nl3 + nl2d23 + nlld18

where the coefficients n„„=(f„IOlf ) are apparently fulfilling the conditions n13 ——n28 ——0. This gives

the matrix elements of O. From the operator relation
O' = 0 follows immediately the matrix relation

(0.I0') = (of. l0') = (f.lO0')

=(fl0l) = (flf l +f l + ) = o (41)

and the question is now only whether 02 is identi-
cally vanishing or not. For the normalization integral,
we obtain similarly

o»
&21 &22

CL31 CX32

0!41 &42

0 0 0
0 0 0
n33 0

I
CX43 CX44

(47)

(0ll0l) = (o(f + f d ) I0l) = (f + f d I0l)

(f2 + fld12lf2n22 + f3n82 + ' ' ') n22 1 (42)

showing that the function is nontrivial if 0.22 @ 0.
However, if 0.22 = 0, we can conclude that all the
higher coeKcients +~2 are also vanishing: The func-
tion 02 is then proportional to 01 and may be
omitted; in such a case, we will proceed in the set
0, until we find a function having a nonvanishing
normalization integral connected with the coeKcient
for f2

where we have omitted all columns in the matrix a
leading to identically vanishing columns in the
matrix a'.

The eigenvalue problem with respect to the energy
II., is now conveniently solved by means of the
orthogonalized A.-adapted set 0„0,', 0.', Using
the "turn-over rule" and (34), we obtain (m ( n):

a'..= (0'.III.,I0.')

= (o(Zf.d.-)l&"IZf '-)

P. O. Lowdin„Advances in Chemical Physics (Interscience
Publishers, Inc. , New York 1959), Vol. 2, p. 290 ff.

= 2 2 d -.(f.lIIlf)n'- (48)
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The single sum in (35) is here replaced by the sum of
m such single sums, depending on the orthogonaliza-
tion. The eigenvalue problem is in this way reduced
to the form

det fH'. —En' 8 .} = 0,
and we note that there is an equation of this type
associated with each eigenvalue Xf, to A. Hence, the
projection operator formalism leads to a splitting of
the original secular equation with respect to the
various eigenstates of A, which is very convenient
also for practical purposes.

S. EXCLUSION PRINCIPLE
AND ANTISYMMETRY REQUIREMENT

Let us now consider a system of E identical
fermions which obey the Pauli exclusion principle,
and let x, = (r, ,f';) be the combined apace-spin co-
ordinate which is associated with the particle i. The
spin-coordinate may describe the ordinary spin, the
isotopic spin, etc. , depending on the nature of the
particles. The total Hamiltonian H is assumed to be
symmetric in all coordinates x;, and the exclusion
principle is now formulated so that the total wave
function @ = 4'(xl, xs,xs, xN) is required to be
antiaymmetric with respect to all permutations P of
the coordinates x1, x2, . x~, so that

Superposition of Con6gurations

In the discussions concerning the solution of the
many-electron Schrodinger equation, the method of
superposition of configurations or "configurational
interaction" has played an important role, and we
will now study this method from the points of view
developed in this section . For this purpose, we will
introduce a discrete, orthonormal and complete set
( +&} of one-electron functions or spin-orbitals +&(x),
where x = (r,f) is the space-spin coordinate, and
assume the existence of the expansion

+(x) = +2+,(x)c, , (54)

for every normalizable function @(x) of a single
electronic coordinate. For a function of X electronic
coordinates, one can then repeat the use of (54) for
one coordinate at a time. This procedure leads finally
to an expansion of the form:

%(xllX2lXsl ' ' ' ) = Q C2l 4'2(Xl) %l (X2)% (X2)
lt'lm. . .

(55)
where each term in the right-hand sum is actually a
so-called Hartree-product. We will now utilize the
fact that the electrons obey Pauli's exclusion princi-
ple. Since + is antisymmetric, one has according to
(53) that O..e = e and that

+ = O~A

P+ = (—1)"+, (50) = (XI)
' Q detI+. ,el,e, . . . }c2l . . .

where p is the parity of the permutation. In this
connection, it is convenient to introduce the operator Q detI llr2, +l,+', }c2l„

Ic& 1&m. .. (56)

oA. = (&i) 'Z. ( —1)"P, (51)

O»+=+ ~ (53)

Since HP = PH, one has further HOAs —OAsH,

which means that O~~ is a normal constant of motion
which always has the value 1. We note that, for
fermions, all further constants of motion have to
commute with both II and O~~.

which satisfies the relations

POAs = (—1)"OAs, OAs OAs l OAs OAs ~ (52)

The operator 0» may hence be characterized as the
antisymmetry projection operator which selects the
"antisymmetric component" out of any trial function
4, so that P(OAsc') = (—1)"(OAsC'). Conventionally,
the operator A = (X!)'~'OAs is often called the "anti-
symmetrizer. "

For the exact wave function + satisfying the anti-
symmetry requirement (50), one obtains

Hence, every normalizable antisymmetric wave func-
tion + may be expanded in Slater determinants built
up from a complete basic set, and this theorem forms
the basis for the method of "superposition of con-
figurations. "AselectionKof Ãindices k & l & m &

~ is called an "ordered configuration" and, intro-
ducing the notations

@K ——(XI) '~'det{@,,%,,@, },
+K = (+') Cklm. .. l

one can write (56) in the condensed form

(57)

2 P. O. I owdin, Revs. Modern Phys. 32, 828 (1960).

%(xllx2l ' ' ' XN) QK +K(xllx2l ' ' ' xN)CK ~ (58)

In the ¹ lectron configuration space, the Slater
determinants +~ form an orthonormal basis which
completely spans the antisymmetric subspace. The
linear system (32) takes the form

Qr. (HKr, —E8Kr, )Cr, = 0,
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but the secular expansion can often be split still into a symmetric and antisymmetric component with
further if there are additional normal constants of respect to Pis.'
motion.

C'(»2) = sl:C'(»2) + C'(21)1

+ 2 f:C'(1,2) —C'(2 1)j (63)

A.ccording to the general theory, the two components
are orthogonal and noninteracting with respect to
H, and, by considering the possible spin functions
and the antisymmetry requirement for the total
wave function, it is easily seen that the first com-
ponent corresponds to a singlet state with the spin
factor (a,P, —P&ns) and the second component to a
triplet state with the three possible spin factors

(mPs+ Pins), and P,P2. By using (13), the
energies of the two components are now easily ob-
tained:

Expansion in Projections of Slater Determinants

Let us assume that h. = A(xi, xs, x») is a normal
operator, symmetric in all electronic coordinates,
which commutes with the total Hamiltonian and
with 0~~ so that it is a constant of motion. Let us
now consider a simultaneous antisymmetric eigen-
function + to II and A. Letting the associated pro-
jection operator Os work on both sides of (92), we
have

+ = Og.+ = Q» (OA»)C», (60)

showing that, such a function may actually be ex-
panded into the projections {0~+»} of the Slater
determinants +z. The functions 0&+& are usually
not linearly independent and, by eliminating the
redundancies, expansion (60) may often be con-
siderably condensed. We note that the antisymmetry
property is undisturbed by the projection, since Of,

commutes with 0~~.
By means of the projection operators 0&, we can

now split the antisymmetric subspace of the X-
electron Hilbert space into smaller subspaces associ-
ated with the eigenvalues XI, of A. by splitting the
basis {+»}into the orthogonal and non-interacting
bases

(C fH+ HPfe&
&~ll + Pl~) '

(CfH —HPfe)
(65)

where P = P». We note that these two energies are
to be compared with the expectation value

(@fIIfe&

(66)

and, according to (12), one of them must be lower,
unless both are equal. The splitting of the average
energy (H) into the two levels (64) and (65) depends
on the fact that Pis is a constant of motion. The
identity of the two electrons leads in this way to the
so-called exchange phenomenon, which was first dis-
covered for the helium atom by Heisenberg'. Later
Heitler and London' found that the same symmetry
splitting and energy lowering was responsible for the
stability of the covalent chemical bond.

The "exchange integral" J associated with the
space function C is conveniently described as the
difference:

{Oj+»} {02%»}, {03%»}, . . . (61)

In the following we will use this technique for de-
scribing total wave functions of pure spin or pure
angular momenta in general and for discussing
properties connected with the total translational
symmetry of a crystal.

6. EXCHANGE PHENOMENON

AND NATURE OF CHEMICAL BOND

Let us consider a two-electron system character-
ized by the spinless Hamiltonian H = H~e~ + H&

+ H2 + HgQ which is symmetric in the two space
coordinates rl and r2, so that the operator P12 is a
normal constant of motion. In this section, we will

omit the upper index r. Since P»' ——1, the eigenvalues
are & 1 and, according to (21), the associated projec-
tion operators are given by the expressions:

~ = s('E —'E) (67)

Choosing 4 normalized so that (C
f
C) = 1 and sub-

stituting the expressions (64) and (65) into (67), we
obtain

&C IHPI C'& —(C IPI C&&~IHI C'&

(68)

0, = —', (1 —Pi2),

We note that this quantity is invariant under a

0 ir1lP change of zero-point of the energy, so that J' = J
+1

for H' = H + a. If 4 is a mixture of the two exact
space-eigenfunctions involved, the expression for J

having the sum l. Any trial function C = C (1,2) of 7 W. Heisenberg, Z. Physik 38, 411 (1926); 39, 499 (1926);
the space coordinates r, and r2 may hence be resolved 41, 239 (1927); W. Heitler and F. London, ibid 44, 466 (1927). .
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will be exact, too. The formula is also a convenient
starting point for discussing approximate theories.
Only if 4 from the very beginning is either sym-
metric or antisymmetric, there is not enough infor-
mation available about the other state, and the
formula for J breaks down.

The importance of the quantity J depends on the
fact that, for J & 0, one has 'E ( 'E and a parallel
spin alignment in the ground state, whereas, for
J & 0, one has 'E & 'E and an antiparallel spin
alignment in the ground state. This simple 2-electron
model is the basis both for the theory of the chemical
bond and for the theory of ferromagnetism and anti-
ferromagnetism. For further comments, we refer to a
recent paper'.

7. ANGULAR MOMENTA

The projection operator technique described here
is particularly important for treating the angular
momenta as constants of motion'. Let M = (3I.,3I„,
3I.) be a general angular momentum expressed in
units of h, defined by the commutation relation
M x M = aM. As constants of motion, we will
consider the operators 3P and 3II, having the eigen-
values k(k + 1) with k = 0,-'„1,-'„.. and m = k,k—
1,k —2, . —k, respectively. According to (21), the
associated projection operators have the form

3I —l(l + 1)
i~k k(k + 1) —l(l + 1) ' (69)

(70)

and, according to (16), these operators applied after
each other give the analysis of an arbitrary trial
function into components of pure angular momenta.
In the case when the trial function has a definite
3I. = m( ) 0), one can expand Ok(3Is) in terms of
the step-up and step-down operators 3I+ ——3I, +
i'„, M = 3f. —iM„, respectively,

knrax —k

Ok„= (2k+ 1)
i Q ( —1)"

k —m+v~ k—m+v

k!(2k+ k + 1)! ' (71)
which form is sometimes more convenient than (69).

This approach has been applied to the spin de-
generacy problem", and to the problem of separating

s P. O. Lowdin, Technical Note No. 46, Uppsala Quantum
Ch'emistry Group, 1960 (unpublished); Revs. Modern Phys.
34 1 (1962).

P. O. Lowdin, Technical Note No. 12, Uppsala Quantum
Chemistry Group (1958) (unpublished).

M P. O. Lowdin, Phys. Rev. 97, 1509 (1955);Technical Note
No. 2, Uppsala Quantum Chemistry Group (1957) (unpub-
lished); Coll. Int. Centre Rech. Sci. 82, 28 (Paris 1958).

space and spin in antisymmetric wave functions.
Such a problem as the evaluation of the energy of
the valence bond functions including overlap inte-
grals, which has withstood all attacks along conven-
tional lines, can be solved by the new technique. It
has been successfully used in constructing atomic
wave functions", and it has also been adapted to the
nuclear sheH model". Also the connection with the
group theoretical treatment has been studied".

In a many-particle system, one has M = g;m(i)
and, since the projection operators (69) and (70)
hence commute with the antisymmetrizer, the sym-
metrizer, etc. , there are no complications coming
from the Pauli-principle or the general symmetry
requirements. In the atomic and nuclear cases, as
well as in crystal theory, this leads to a very simple
treatment of the problem of the coupling of a large
number of angular momenta, which should be
handled on an equivalent basis.

0 =1 (72)

It is evident that 0 is a unitary operator having the
eigenvalues 0 satisfying the relation 00 = 1, i.e.,

0. = exp(2vrt'k/( ), ——',6 ~( a ( + -', ( (73)

According to (21) and (22), the projection operator
0„ for selecting the state associated with the eigen-
value 0, is then given by

0, =.
1 1 —0 1
g 1 —g„e-' g ~ " ' (74)

where we have actually used an expansion in the
adjoint operator 0t = 0—', which is particularly
convenient for our purpose. It follows from the
general relations (19) that the projection operators
associated with different eigenvalues select wave
functions which are not only orthogonal but also
noninteracting with respect to every operator H,
etc. , with which the operator 0 commutes.

~~ R. Fieschi and P. O. Lowdin, Technical Note No. 4,
Uppsala Quantum Chemistry Group (1957) (unpublished);
P. O. Lowdin, Proc. R. A. Welch Found. Conf. Chem. Res.
II, 5 (1958); J. L. Calais and J. Linderberg, Technical Note
No. 89, Uppsala Quantum Chemistry Group (1960) (unpub-
lished).

ks J. L. Calais, Technical Note No. 52, Uppsala Quantum
Chemistry Group, (1960) (unpublished).

rs H. McIntosh, J. Math. Phys. 1, 458 (1960);J. L. Calais,
Technical Note No. 25, Uppsala Quantum Chemistry Group
(1959) (unpublished).

8. CYCLIC OPERATORS AND TRANSLATIONS

Cyclic Operators

Let us consider a normal constant of motion 0
which at the same time is a cyclic of order t, so that
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Examples of cyclic constants of motions are the
permutations P in the case when H is symmetric in
all the coordinates, so that HP = PH; see Sec. 6 and
a forthcoming paper.

Another important example is provided by the
cyclic organic molecules, i.e., the conjugated systems
of symmetry D«, of which the benzene molecule for
G = 6 is the most well-known case". The cyclic
linear chain will be discussed further below.

Translation Operators

In order to prepare for the discussion of the three-
dimensional translational symmetry of a crystal, we
will here brieAy study the linear chain. Let the sys-
tem be described by the single coordinate x, and let
T be a translation operator connected with the length
defined by the relation:

Te(x) = e(x + a) . (75)

It is easily shown that Tt = T—', i.e., that T is a
unitary and hence also normal operator. The system
is said to have trcnstationat symmetry if HT = TH,
and T is then a normal constant of motion. The
further discussion is greatly simplified if we assume
that the system satisfies the Born-von Karman
boundary condition, i.e., that it exists a large number
6 so that

4(x+ Ga) = +(x) . (76)

The wave function is hence periodic within the
ground domain defined by G. Using (75), one ean
write this condition in the form (T~ —1)%(x) —= 0,
which means that

(77)

i.e., F is a cyclic operator of order G for all wave
functions satisfying the periodicity condition. We
can now apply the results previously obtained for
the cyclic operators: the eigenvalues of T are given

by (73) and the associated projection operators by
(74), so that

10„=—Q exp(2~iv~/G) F ".0 „0
Using the projection technique, an arbitrary trial
function C = C(x) may be resolved into eigenfunc-
tions to T:

(79)

(80)

The functions given by (80) are known as the "Bloch
functions" after Bloch" who derived them in a some-
what different way. The eigenvalue relation TC„
= O, C„ is known as the "Bloch condition":

2m iK/G@
K (81)

Translational Symmetry in Crystals

An ideal crystal is characterized by the transla-
tional symmetry which is basic for understanding its
fundamental properties. Let a&, e2, a3 be the primitive
translations of the ordinary lattice arid g&, g&, ga of
the reciprocal lattice, so that a~ g~ = 81,&. The
vectors m = gian + p2a2 + psa3, where (pl p2 pa) is
a triple of integers, connect equivalent points in the
ordinary lattice, whereas the vector K = i, g, + i2g,
+i&ga for integer (i„i2,ia) connect equivalent points
in the reciprocal lattice. Let further T1, T2, T3 be the
translational operators connected with the primitive
translations a1, a2, e3, respectively, and defined by
the relation

T„@(r) = +(r + a„), v = 1,2,3. (83)

For the operator T(m) connected with the general
translation m one has T(m) = I"i"'T2"'T3"'.

The treatment of the translational symmetry is
greatly simplified, if one introduces the Born-von
Earman boundary condition:

%(r+ Ga„) = %(r), (84)

where 6 is a very large integer, which defines the
periodically repeated microcrystal. Each microcrystal
contains 6' lattice points characterized by the triple

(p&,p2, p&), and the inequality 0 &~y„~&G —1 defines

and we note finally that, according to (9), eigen-
functions associated with different eigenvalues are
not only orthogonal but also noninteracting with
respect to H and all other operators commuting with
T. In the next section, we will show that all these
theorems are easily generalized to the case of three-
dimensional translational symmetry, i.e., to crystals.

Let us finally consider the special case when +(x)
is analytic within a sufEciently large region so that
one may expand +(x + a) in Taylor series around
the point x. According to (75), one obtains

7 = expIa(d/dx) I = exp I (2~i/h)apI, (82)

where p = (h/2~i)d/dx is the momentum operator
along the chain. Any eigenfunction to p will also be
an eigenfunction to T, whereas the reverse is not
true.

i4 P. O. Lowdin, J. Chem. Phye. 21, 496 (1953). i"' F. Bloch, Z. Physik 52, 555 (1929); 5'7, 545 (1929).



530 PER-OLOV LOWDIN

(&)

0~ = G Q exp I27rik mI T( m), —
m

which fulfil the following basic relations:

(88)

Oj' = Oj )1 Ok = 0~, 0~0' = 0(k 4 1), (89)

T(m)0~ = exp {2s-ik mI 0~ . (90)

One has further the "resolution of the identity"
1 = PqOq which implies that every trial function
C(r) satisfying the periodicity condition (84) may
be resolved into Bloch components, i.e.,

C(r) =

+OTIC(r)

= g C(k, x),

a convenient "ground domain" (G). It follows from
(13) that T. = 1, i e., .the three translations will

now be cyclic operators of order G having the eigen-
values exp(2s. ilr„/G) where ~„ is an integer. The
associated eigenvalue problem is now easily solved

by the simple projection technique" which does not
require any use of group theory. Generalizing the
results in the preceding section to three dimensions,
it is now convenient to label the simultaneous eigen-
functions to TI, T2, T3 either by the triple of integers
(~i,s2, 1rs) or by the reduced wave vector:

k = (lrgg& + zsgs + ~sos)/G, (85)

—G/2 ( Ir„( + G/2, (86)

where the inequality (86) defines a ground domain

(G) containing G' points in lc space. The eigenvalue
relation may now be written in the form:

T(m)%'(k, r) = 4 (k,r + m) = exp I2s-ik. r } 4'(k, r) .
(87)

For rn equal to the primitive translations, this gives
the famous Bloch condition. The corresponding
eigenfunctions may be found by means of the projec-
tion operators:

which are not only orthogonal but also noninteracting
with respect to every operator 0 which commutes
with the translations Tj, T~, T3 according to the
general formulas

O~Oi = 0, O~QO~ = 0,I

for different reduced wave vectors (k A 1). The
fundamental relations (88)—(92) are easily veri6ed
directly. Por a more detailed study of crystal theory
on this basis, we will refer to another paper".

APPENDIX

Every normal operator h. may be written as the
sum of a Hermitean and an anti-Hermitian operator:

A = —', (A + A') + -', (A —A') = A + iB,
A = —,'(A + A. ) ——,'(A —A ) = A —iB,

where A = —', (A + A ) and B = —.', (A —A') are self-
adjoint. One has

AA. = A'+ B' —i(AB —BA),
A A = A'+B'+i(AB —BA),

and the operator h. is normal, if and only if, AB =
BA. On the other hand, every pair of commuting
Hermitean operators may be combined into a normal
operator. From the eigenvalue relations

with X& = a~ + ib~ follows, after addition and sub-
traction, that

~4k ~lcCIc )

Hence C» is a simultaneous eigenfunction to the
Hermitian operators A and B.

M P. O. Lowdin, Phys. Itev. 9/, 1509 (1955); p. 1512; A.d-
vances in Phys. 5, 1 (1956); p. 56 ff.

~7 P. O. Lowdin, Technical Note No. 67, Uppsala Quantum
Chemistry Group (1961);J. Appl. Phys. 33, 251 (1962).


