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N recent years the problem of the structure of
~ ~ hydromagnetic shock waves, in particular, their
thickness as compared to the kinetic mean free path
and the gyroradius, has ecome of great interest and
importance. For this reas, the special case of a
stationary plane wave propa ting in the absence of
collisions perpendicular to a magnetic Geld has been
investigated. In a Grst investigation' it was assumed
that the pressure of the plasma was zero. Here, more
general conditions are discussed: Grst, that the gas
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FIo. 1.Velocity o as a function of 8 for different values of S.

pressure perpendicular to the magnetic Geld is isotropic;
second, that the gas pressure perpendicular to the
magnetic GeM is nonisotropic.

1. ISOTROPIC PRESSURE

For the description of the plasma we use the macro-
scopic equations. The state of the plasma is
characterized by the density p and by the pressure
parallel and perpendicular to the magnetic Geld, p„
and pr. The magnetic Geld has only one component 8
in the z direction and the velocity has only one com-
ponent in the x direction. We assume stationary
conditions, and that all quantities depend only on the
x coordinate. Therefore, the electric current has only
a y component j. Thus, the electric Geld has a y com-
ponent E, which must be a constant, and also a
component in the x direction owing to possible charge
separation.
*

With these assumptions, the two-Quid equations
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Fxo. 2. (a) The potential qbo= ~2''+2pgv as a function of 8 for dif-
ferent values of S. (b) General form of the potential p =@0+cBB.
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' L. Davis, R. Lust, and A. Schluter, Z. Naturforsch. 1', 916
(1958); see also J. H. Adlam and J. E. Allen, Phil. Mag. 3, 448
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Fm 4 I'or electron
and ion mass ratio,
X&=0.3, M '=0.7, and
3fo '=0.1 is plotted as
function of the space
coordinate x: (a) mag-

(b) netic field 8 and the
"electric current" J, (b)
pressure components for
the electrons, (c) pres-
sure components for the
ions.
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simplify. From the continuity equation, the electrons, and c is the velocity of light'

pv'+ pi+ (1/8~) B'= ll (2)

where the Qux of momentum is a constant. From the
generalized Ohm's law,

( & ' & % )v(d/dx)(j/p) =E c-ivB—
where no~') and m') are the masses of the ions and of
the electrons, respectively, e is the electric charge of

where the Aux of matter Ii is constant. From the
equation of momentum,

m~'& —m&'& d (1 1—
j
—B*+-p

j

ep dx E8v 2 )

an,d
dB/dx = —(4ir/c) j

E=const. (6)

Finally, using the Chew-Goldberger-Low approxima-

Equation (4) determines the electric field in the x
direction. Here it is assumed that the pressure of the
ions p,"' and the pressure of the electrons pi&'& are
equal; that is, p&&'&=p, "=—,'pi. From the Maxwell
equations we obtain
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tion, it follows that

and
gv'= S

I IV

8 are two constants.
On combining Eqs. (3) an

new independent variable r de6ned by

dr = fkrF/m"'m &']&(e/c) e 'Ch, -
we obtain

8=vB—cE,, (10)

where the ots enoh d t d ote the derivative with respect to r.
Equation j g can ejib b integrated and leads to

(1/gm) (B)'+-'Fv'+ 2pge+ (1/4n) cEcEB=e, (11)

where the flux of ene gyr c is a constant.
As a consequence of the energy equation

possible to write (10) in the form

B=-(~~(B)idBj, (12)
with

2. NOHISOTROPIC PRESSURE

that the pressures parallel and
he ma netic Geld are i eren,p p
the ressure is noniso ro

'
p

endicular to the magnetic e . n
r for the ions as well as forwe have a pressure tensor or e

'

13)y (B)= ~ Fv2+2p, e+ (1/47r) cEB.

can be eliminated in principle by use of
l' 't this is poss~ible

l anharmonic osci ator.
dil ob

'
d bof the solutions are rea iy o a'

hs of these waves are o echaracteristic lengths o
the Larmor ra ii od" f the ionsof the geometric mean o th

ll
h h"-end essentia y on r

S E and e, since teo erters, for instance,
u U scale trans-8 can be eliminate y a s

In the case of a solitary wave,
d t fo

' t Sd b two parame ers,a haracterize y
x of energy e is directy rea

of a h dromagnetic wave at in ni y,
ro or', '

of the gas pressure to
ressure. But there exist solutions on y

fh d'8 tfor a limited rang eof the valueo t e i
the maximum ac ne . F r st ce, th

that can be reached has thhe value 2 or
increasing S the maximum value of M decreases.
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&=0.2 M' '=0.7, and Mo '=0.1: (a) magneticJ (b) ressure components for
he

and the "electric current, p
the electrons, (c) pressure compo

andelectrons, with the components p„, p~, an

m h t tionary conditions andmel that we ave s a
'

e e uations of motion, a mogt
the collision-free Boltzma qann e uation up o

ocit for the two diferent in s o
ith o osite charge have een aparticles wit opp

h h orrespond to theaccount. n y. Onl those terms w ic corr
en ne lected. In this wayheat conductivity have een neg ec

we 6nally obtain
p (14)

and
»+P,"'+P,"+(1/gm)B = II,2— 15)

the indices z an d (e) refer to the ions and
. F and II are again constantselectrons, respectively. an
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Fro. 6. For X&=0.3, 3E '=0.8,
(b) and N'p =0.2: (a) magnetic field

8 and the "electric current" J,
(b) pressure components for the
electrons, (c) pressure components
for the ions.
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Instead of Eq. (10) we here obtain

8= (4 /F)~L& ~p„('&—
& ~p„( &7+I,

I= ()8 cE with ) =—m('/i)&(",

(16)

(17)

i& 1 t'1 ) &

7),(e&+3P,(e&-= —
~

—
~ p ('&8 (19a)

() (erF) ~ &)()

where the dot denotes the derivative with respect to v.
Instead of Eq. (7), we have now six equations for the
six components of the pressure tensors of the ions and
the electrons:

v 1
7) (')+3p (') = gkp ('&g

() (irF)&

V
(e)+p (e)

(18a)

1 t 1=—-p,„('& 7 &cE—(1+)(,)—p~('&, (18b)
s . (s.F)& p J

1
p~('& 1—(1+)) -P +2P~('&-

Iie J e

1 c
V —-p ("E+p ('&8 (18C)

(4rF) &

&

7) (e)y p (e&

'V

1 ' 1 pi~& 1
P~"

)
—-i cE+(1+7) P" (19b)-

(~F)~~) ) p

and
(i)p (e) p (i)27c4 g(i&2 (20)

EP-"P " P'"7"=~'"-(21)

with S&" and S&') as constants. These equations

7) '& 1—(1+X)—p„+2p
Fe J v

1 (1) &'c
P-"E P~ "& . (19-c)—

(4~F)«&,) .
With Eqs. (18a)—(18c) or (19a)—(19c) one can show
that there exist the relations



correspond to the adiabatic invariant of Eq. (7) in the
case of an isotropic pxessure. It is also possible to derive
from this set of equations an energy-Aux equation:

i i 3
—psm+ —j2+—s[p (o+p (&)g+ sLp (o+p (+~]
2 8+ 2 2

l.o..00

i c
p~&'~'+ —p~&'&' + EB—= e. (22)

2 E m&'i m&'i 4n.

One important difference is noted in a comparison
to the equation of isotropic pressure, namely, that here
the ratio of masses of the two particles enters into the
equations.

Special solutions were obtained numerically for
different'l ratios of .

'"' the masses. For these special
solutions it was assumed that RH quantities are constant
at —~ and the pressure isotropic Q~&''=p~«&=0;
p„&o=p„&'&=p~&'& = p„„&'&= (p/2); &E=Bm. In addition
to the mass ratio, the solutions depend on the Mach
number M and on the ratio of the gas pressure to the
magnetic pressure at infinity, P.

For starting the computation at —~ the. differential
equations were linearized. In this way the eigen-
frequency (or the growth rates) (0 at infinity can be
obtained. In general, there exist three different solutions
for m', and RH of them are real and not zero. If the
pi cssure 18 zcx'0 two possible cigcnfi cqucnclcs Ri c
imaginary (periodic solutions) and are equal to twice
the gyrofrequency of the ions and the electrons,
respectively. The other solution of ~ is real (exponential
increase) and leads to the solitary wave treated
previously.

In Fig. 3 the different roots for oP are shown as
functions of M ', where

~=('/p(p/~)+(&/~ ) (&'/() j
Rnd 3f ls thc Mach nuIQbcx' Rt —. The pRI'RIIlctcI' of
the different curves is M'0 ' with

(MD 2 is proportional to P).
The co solutions connected with the solitary wave

are the only ones which are not sensitively dependent
on the ration lP (mass of the electron to mass of the ion).

In Figs. 4-7 the different components of the pressure
and the magnetic Geld are plotted as in function of x
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FIo. T. For )&=1.0, 3f ~=0.'l, and Mo ~=0.1: (a) magnetic
Geld 8 and the "electric current" J, (b) pressure components for
the electrons and ions, which are equal.

for different values of 'A M' and Sf'' If the mass
ratio is different from unity, the solutions are similar
to a solitary wave but show three maxima, while for
equal masses there exists only one maximum. The
pressure in these waves becomes highly anisotropic, '

especially for the ions. Even while the anisotropy for
the electrons is small, it has a strong effect on the
magnetic field, since in Eq. (16) p,„' is multiplied by
the factor X~. The simple limits of the mass ratio,
approaching zero or inGnity, seem not to exist. One
unexpected and interesting feature of these solutions
is that they are symmetrical and that all quantities
come back to their original values at —00.
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DISCUSSION

Session Reporter:

P. Germain, University of Paris, Puris, France: I would
like to mention that I have also tried to study shocks using
the two-Quid model and looked into the possibility of using
a singular perturbation method to go from the one-fluid

theory to the two-Quid theory. But there is apparently no

way to continuously go over from the one-Quid picture to
this model, since your particles move isentropically.

R. Lust: This theory is very similar to what C. S. Morawetz
did at New York University. The particles move isentropically
in the absence of collisions, but oscillations are set up which

could later damp out to give the entropy increase.
E. L. Resler, Jr., Cornell University, Ithaca, Ee~ York:

The equations you use are the same as those used by Dr.
Petschek to get the waves he later uses for his postulated wave
mixing. In your results you obtain oscillations for a while

and then come back to the original state. My question is: How
can the mechanism proposed by Dr. Petschek be put into the
moment equation theory —am I to understand you have to take
higher moments P

J. E. McCvxz

A. R. Kantrowitz, Avco-Everett Research Laboratory, Ev-
erett, N'assachusetts: The theories so far developed can be put
into two different classes and distinguished according to
whether they describe an essentially laminar or a turbulent

process. In the turbulent theories one gets dissipation either

by wave mixing as we have suggested or by some plasma

oscillation mechanism such as described by Dr. Colgate, Dr.
Parker, and others. I think the only dissipative process sug-

gested in the laminar theories is this phase mixing. So this is

the fundamental point that has to be settled. I would like to

suggest that we try to define experimentally accessible differ-

ences between these viewpoints —other than shock thickness—

such as electron and ion temperatures and try to settle the

matter experimentally. Along these lines I might add that the

situation with regard to the experiment done by Patrick is not

yet completely clear and one must not take the agreement be-

tween our theory and experiment too seriously.


