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ITH the comptetiou ot computer progreme for the
e1ectronic repulsion integrals, ' it has become

posslb1e to add stll1 anothel to the long and illustrious
list of calculations on the hydrogen molecule. In view
of the widespread use of LCAO (linear combination of
atomic orbitals) molecular orbitals, there seems to be
some merit in an exhaustive study to determine just
how well one can do with such wave functions.

ELECTRONIC WAVE FUNCTION

Ke have used the method of configuration interac-
tion here in an attempt to represent adequately the
spatial correlation of electronic motions in the mole-

cule. One can think of correlation in a two-electron
diatomic molecule in three ways' '—corresponding to
the cylindrical coordinates p, 8, s: (1) in-out correlation,
where the electrons tend to repel each other in such a
way that one electron is close to the axis and the other
further out radially; (2) angular correlation, where the
two electrons tend to keep to opposite sides of an axia1

plane; (3) left-right correlation, where the two elec-
trons tend to stay near diferent nuc1ei.

In the method of con6guration interaction, the total
electronic wave function is written as a linear combina-
tion of total electronic functions, or conagurations.
Often, as in this research, each configuration is repre-
sented as an antisymmetrized product of one-electron
functions (spin orbitals) . The individual conagurations
can be regarded as representing various conditions, or
virtual states, of the molecule in which the Coulomb
repulsion of the electrons acts predominantly in one
way, corresponding to one of the coordinates p, 8, or s.4

The molecular orbitals used here are the primitive
symmetry orbitals constructed from Slater-type atomic
functions:

ogX, o-X=2~(X.~Xh)

irg2p, s 2p= 2-&(2prr. ~2ps g),

*Work assisted by a grant from the National Science Founda-
tion and by Wright Field Air Development Center under contract
with the University of Chicago.' C. C. J. Roothaan, J. Chem. Phys. 28 982 {1958}.

~ J. E. Lennard-Jones, J. Chem. Phys. 26, 1024 (1952).
3 E. Callen, J. Chem. Phys. 28, 360 {1955}.' The authors wish to acknowledge the impetus given to this

research by a reading of a similar study of the helium atom by
G. R. Taylor and R. G. Parr, Proc. Natl. Acad. Sci. U.S. 88, 154
{1952}.

with x= 1$ or 2s or 2po, where

1s= (f'/rr) &e r' — 2Po.

2s= (t g/3rr) &re r' 2-Px" = (P/gr) &re &" sin-ge@'

single +.

Several large-scale calculations were initially carried
out, with as many as 12 con6gurations, in an attempt to
minimize the number of configurations as well as the
energy. A11 possible con6gurations that can be con-
structed with Grst and second quantum shell AO's were
tried. It soon became apparent that the fol1owing
6ve-con6guration wave function would do nearly as
well (that is, the corresponding total energy was 0.01
to 0.02 ev poorer) as any larger one':

P=cr(trgiso'gis )+cg(og2$og2p)+cg(ore1$0'tris )

+c4(gr 2p)'+ca(grg2p)'.

(o,iso,1s') is the basic con6guration modi6ed to the
"open shell" form, with tre4t're. ' The first two con-
6gurations, since they tend to put one electron in an
orbital close to the axis and the other in a more radia1ly
disuse orbital, may be interpreted as accounting for the
in-out correlation. The third con6guration gives mostly
left-right correlation, since the orbitals have a nodal
plane in the center of the molecule and perpendicular
to the axis. This nodal plane does the trick because upon
minimizing the energy with respect to the coeScients,
ci and c3 come out opposite in sign. This means that%',
and therefore

~
4 ~', is smaller in magnitude when both

electrons are at the same end of the molecule,
(o„iso„is'))0, than when they are at opposite ends,
(o 1so„1s')(0. The last two configurations represent
primarily the angular correlation eGect. The nodal
plane here contains the axis, thus tending to keep the
electrons on opposite sides of the molecule.

DISCUSSION OF RESULTS

Table I is illustrative of the kind of results that were
obtained. r The f's were fully optimized only for the
five-configuration wave function, IX. However, some
spot adjustments of the f's indicated that all the results
would not be substantially altered (certainly no more
than 0.01 ev). With the exception of functions I and

' All con6gurations oi the ty e (gt gr') represent the symmetrized
sum —,'Lg (t)g'(2}+g'(t)g (2} .

6 R. Wallis, J. Chem. Phys. 28, 1256 {1955}.
~ These calculations were done at A=1.40 a.u. Energy units

are 1 a.u. =2'l.210 ev. Distance units are 1 a.u. 0.52915 A.
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%'ave function

Blndlng
energy

(ev)

I (agls)'
II (ogis o gis )

III (agis)', (a ls)'
IV (o,is o,is' ), (o„is o„is')
V (agis agls'), (ag2s ag2p), (a„ls a„ls')

IV (ag, alsag, als }t (ag, gls ag, g2p) ~

(a'g a2$ a'g g2p) ) (a'g a2$ a'g a2$ )
(agls agls'), (gg„2p)'
(o,is ogis'), (o„iso„is'), (m-„2p)~
(o;is ogis'), (oII2s cr,2P), (o„is o„is'),
(m. 2p)', (mg2p)2

(a, , 2s ag „2p), (ag 2$ ag, 2$'), (ggg, „2p)'

Experimental

VII
VIII

IX

3.4850
3.5779
4.0210
4.085.8
4.2547
4.2652

3.8678
4.3462
4.5431

4.5505

4.7467

Tharz II. Numerical potential curve.

R (a.u. ) B.E.(ev)g

0.8
0.9
1.0
1.1
1.2
1.25
1.3
1.35
1.38
1.40
1.42
1.44
1.5
1.55
1.6
1.7
1.8
2.0
2.2
2, 4
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
4 0
4.2

4.6
4.8
5.0
5.25
5.5
5.75
6.0

0.3364
2.0679
3.1817
3.8768
4.2818
4.4047
4.4846
4.5288
4.5407
4.5431
4.5412
4.5358
4.4999
4.4496
4.3847
4.2195
4.0203
3.5646
3.0819
2.6095
2.3842
2.1687
1.9641
1.7713
1.5908
1.4230
1 ' 2680
1.1256
0.9955
0.8774
0.7707
0.6749
0.5893
0.5130
0.4455
0.3859
0.2878
0.2130
0.1569
0.1149
0.0838
0.0563
0.0377
0.0252
0.0168

1.053
1.035
1.02
1.00
0.99
0.984
0.977
0.97
0.968
0.965
0.962
0.959
0.955
0.95
0.945
0.94
0.93
0.92
0.91
0.905
0.90
0.90
0.897
0.N7
0.899
0.90
0.90
0.90
0.901
0.902
0.905
0.908
0.912
0.917
0.92
0.924
0.93
0.94
0.948
0.955
0.96
0.965
0.97

. 0.975
0.98

1.68
1.635
1.59
1.54
1.51
1.485
1.465
1.445
1.44
1.43
1.42
1.415
1.40
1.38
1.37

1.32
1.275
1.24
1.205
1.19
1.178
1.166
1.155
1 ~ 145
1.136
1.129
1.12
1.113
1.106
1.10
1.095
1.09
1.086
1.08
1.076
1.069
1.06
1.05
1;04
1.04
1.032
1.028
1.022
1.02

1.41
1.36
1.33
1.275
1.24
1.22
1.20
1.18
1.17
1.16
1.152
1.145
1.14
1.125
1.10
1.085
1.05
1.Oi
0.96
0.92
0.89
0.87
0.85
0.83
0.812
0.795
0.78
0.76
0.742
0.73
0.71
0.70
0.685
0.66
0.64
0.62
0.59
0.56
0.53
0.51
0.5
0.5
0.5
O. S
0.5

2.27 2.03
2.20 1.97
2. 13 1.91
2.06 1.86
1.99 1.80
1.97 1.78
1.95 1.76
1.92 1.73
1.89 1.72
1.87 1.71
1.86 1.70
1.85 1.69
1.85 1.67
1.82 1.65
1.80 1.63
1.76 1.60
1.72 1.56
1.65 1.50
1.58 1.45
1.52 1.40
1.47 1.38
1.44 1.36
1.42 1.33
1.39 1.31
1.37 1.30
1,35 1.28
1.32 1.26
1.31 1.24
1.29 1.22 .
1.27 1.21
1.24 1.20
1.23 1.19
1.22 1.17
1.18 1.16
1.16 1.15
1.14 1.14
1.10 1.12
1.06 1.09
1.02 1.06
0.98 1.04
0.94 1.03
D. N 1.01
D. 85 1.0
0.81 0.985
0.78 0.975

TAM,z I. Sample weave functions at equilibrium distance. Tmx,z II.—Contiwued.

0.8
0.9
1.0
1.1
1.2
1.25
1.3
1.35
1.38
1.4
1.42
1.44
1.5
1.55
1.6
1.7
1.8
2.0
2.2
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3

3.5
3.6
3.7
3.8
3.9
4.0
4.2
4.4
4.6
4.8
5.0
5.25
5.5
5.75
6.0

0.2757
0.2789
0.2819
0.2848
0.2884
0.2898
0.2914
0.2930
0.2942
0.2946
0.2951
0.2959
0.2984
0.2998
0.3019
0.3053
0.3093
0.3166
0.3240
0.3309
0.3341
0.3373
0.3404
0.3433
0.3462
0.3488
0.3511
0.3531
0.3549
0.3564
0.3578
0.3590
0.3599
0.3606
0'. 3610
0.3614
0.3616
0.3614
0.3608
0.3600
0.3594
0.3585
0.3577
0.3569
0.3563

0.0258
0.0267
0.0276
0.0286
0.0292
0.0294
0.0294
0.0296
0.0300
0.0302
0.0302
0.0302
0.0298
0.0299
0.0298
0.0296
0.0294
0.0300
0.0272
0.0255
0.0245
0.0237
0.0225
0.0215
0.0203
0, 0192
0.0181
0, 0168
0.0156
0.0144
0.0133
0.0123
0.0113
D. oi05
0.0095
0.0086
0.0071
0.0058
0.0046
0.0036
0.0030
0.0021
0.0015
0.0010
0.0007

—0.1795—0.1712—0.1661-0.1648—0.1628—0.1632—0.1638—0.1648
-0.1647—0.1654-0.1661—0.1666—0.1676—0.1694—0.1708—0.1742—0.1786—0.1883—0.1998-0.1666—0.2197—0.2265—0.2339—0.2410—0.2480—0.2552-0.2623-0.2694—0.2762—0.2827—0.2888
—0.2946—0.3000—0, 3050—0.3098—0.3141—0.3219—0.3280—0.3332—0.3373—0.3406—0.3439—0.3463—0.3481
—0.3493

—0.0244—0.0253—0.0263—0.0271—0.0279—0.0282—0.0285—0.0289—0.0290—0.0292—
. 0.0293—0.0294—0.0297—0.0299—0.0301—0.0304—0.0307—0.0310—0.0308—0.0304—0.0300—0.0296—0.0291—0.0285—0.0278—0.0270—0.0262—0.0254—0.0245—0.0236—0.0226-0.0216—0.0206—0.0196—0.0186—0.0177—0.0158—0.0141-0.0126—0.0112—0.0098—0.0085—0.0073—0.0063
—0.0054

—0.0344-0.0311-0.0287—0.0267-0 ' 0255
—0.0247—0.0241—0.0237—0.0233—0.0232—0.0230—0.0229—0.0222—0.0218—0.0215—0.0206—0.0200—0.0187—0.0174—0.0161—0.0154—0.0147—0.0142—0.0135—0.0127—0.0120—0.0112—0.0105—0.0098—0.0090—0.0083—0.0076—0.0069—0.0062—0.0055—0.0049—0.0038—0.0028—0.0020—0.0013—0.0007—0.0001

0.0003
0.0006
0.0008

~ Units are 1 a.u. =27,210 ev.

8 C. A. Coulson, Trans. Faraday Soc. 33, 1479 (1937).' S. Weinbaum, J. Chem. Phys. i, 593 (1933).
"The discrepancy of 0.02 ev between these authors and our

results is due to our use of the most recent fundamental constants.
Results in atomic units are the same.

III, the l's used are those of Table II for X=I.4.
Wave functions I and III are the Coulson Mo function8
and. the Keinbaum function, respectively, ' "and they
are included for comparison purposes. A comparison of
functions V and VI, and. IX and, X, illustrates the
saturation effect achieved with erst and second quan-
tum shell functions. Clearly, the extra conigurations
in the longer expansions are unimportant, and
evidently one must add higher quantum shell functions
to obtain further improvement. We intend to do this
in the near future as the appropriate integrals programs
become available. Ke expect the greatest improvement
to come from the addition of a function containing 3d8,
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which should serve to bolster the angular correlation.
Possibly the next most important would be 3da.

The open-shell forms (a1sa1s') do not improve
matters much —about 0.08 ev, as found also by Wallis.
The total improvement due to the "in-out correlation"
configurations seems to be about 0.25 ev (compare
III and VI). Comparison of functions I—VI with VII-X
indicates that the angular correlation accounts for at
least 0.3 ev of the energy. The greatest improvement
(=0.5 ev) comes from the "left-right correlation"
effect (compare functions II and IV) . The convergence
of the energy from functions I to VI is consistent with
the estimate of James and Coolidge of 4.30 ev as the
limit for trial functions which do not take into account

IP—

Wf~~~=g+8Co~ el~

~08-

Z& ~ZR=ZL

Pl J'P g~R

GpxpuvEo CoxF. I'm.

ESTIQATFD Cow. FvN&T---'

-(ho' Q
4ll2
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FIG. 2. Dependence of the total wave function on the relative
angular coordinate.

jC
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COwF. lwvsAAcnoo

Coo 0

Zf=D

a substantial improvement, although less than
(a,2sa,2p) by =0.03 ev. The two together did es-

sentially no more than (a,2sa,2p) alone. The open-
shell configurations (~,2p m, 2p') and (~ 2p vr 2p')
were also tried and found to be of inappreciably greater
value than the closed-shell (m2p)' forms. An attempt
was also made to make f,1sgf 1s for the functions

( a1s) '+n(a„1s)' and (a,1s) '+n(a„1s) '+p(a, 1s a,2p),
independently varying f; and f'„ to minimize the energy.
The minimum energy, for all practical purposes, was
found to be at f;=f . For example, for the first function,
the best binding energy was 4.02111 ev at t;=1.201,
f =1.190, whereas f', =f„=1.20 gave 4.02101 ev.

ZrgR
I I

0,
ZR

FIG. 1. Probability density vs interelectronic distance along the
molecular axis. ZI=0 at center a.

angular correlation. "It is also consistent with Callen's
result of 4.276 ev, using a three configuration function
without angular terms. '

Figures 1 and 2 illustrate the effects of left-right and
angular correlation, respectively, for our five-configura-
tion function IX. In Fig. 1, we have plotted

~

0' ~' along
the axis for two cases: (1) electron 1 is fixed on one
nucleus, (2) electron 1 is fixed in the center of the
molecule. For comparison, we have also included the
corresponding plots for the "correlated orbitals" wave
function. "In Fig. 2, we have plotted the wave function
itself against (p~ —p,). An estimate of the "correlation
cusp" one should obtain has also been drawn for com-
parison. Inclusion of higher angular terms would be
expected to effect a better approximation to such a
cusp behavior.

Of the other configurations tried but not indicated
in the table, (a,1s a,2s), (a„1s a„2s), (a,2p a,2p'),
and (a 2p a 2p') were found to contribute practically
nothing ((0.01 ev). The configuration (ag1s a~2p),
when used in place of (a,2s a,2p), was found to provide

"H. M. James and A. S. Coolidge, J. Chem. Phys. j., 825
(1933).

'~ Correlated wave functions of the form C =q (1)q (2)g(r12)
and 4 =Py(1)P(2)+P(1)y(2) jp(r») recently have been com-
puted for H2 by W. Kolos (private communication).

(8

I6

&4

'8-

~4
og

0
LO B.P 4" a

=

FIG. 3. Optimum p vs R for the 1s and 1s' functions.
4(g1.+gI.') ~I.=gi, —g1,'.

DETAILS OF THE CALCULATION

As mentioned earlier, the f's were optimized for the
five-configuration function. This was done in a stepwise
fashion. Fixing l», f'2„, fu~, the energy was computed
over a two-dimensional grid of |'q., t» values. The best
t' pair was then found by quadratic interpolation.
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Fixing i'i, and f'i, at these values, the process was
repeated for f'p, and i p„, W. ith these values fixed, the
energy was then minimized with respect to f's„~.

This procedure can be justified on the basis of the
experience obtained from minimizing the energy over a
range of E values (see next section). For several values
of R, this stepwise minimization was repeated a second
time, and the results were found to be self-consistent to
at least three significant Ggures in the binding energy.
Furthermore, the f's of the various orbitals turned out
to be fairly independent, e.g., the best 1''s were nearly
the same (to within 0.01) for function IV as for func-
tion IX (Table I). Similar results were found for the 2s
and 2''s for functions V and IX. We estimate the error
in the energy due to incomplete minimization with
respect to the f's to be no greater than 0.005 ev at all
values of E. All the integrals were obtained to an ac-
curacy of six significant Ggures.

A potential energy curve was computed with the
five-configuration function, IX, optimizing the t's at
each point along the curve. The best f's were obtained
for 8=1.0, 1.4, 2.0, 2.5, 3.5, and 5.0 in the manner
described previously. Curves of f vs E were then
drawn, and the f's for all other R values were read off
from these curves (see Figs. 3 and 4). The 1s f' curves
are estimated to be accurate to 0.01, and the 2s and 2p
curves are probably accurate to 0.03. The energy is
much less sensitive to the 2s and 2pf's than to the 1s.
The effect of adding in the (o 2s o 2p) configuration
also was investigated for several E values. The energy
was changed by no more than 5 parts in 1000. In Fig. 3,
we have also plotted the quantity 1 = ', (f&,+1&,-'),
which turns out to be practically identical with
Coulson's f values for the function (o;1s)'.P

The binding energy was computed at 45 different

25
24
2'2

fpP

+20

go

-2D

-40

FzG. S. Binding energy vs R for the wave functions
+i——(&r, is o,ls') + (p,2s o,2P) + (o ~1s o~1s') + (~„2P)'

+(~,2p}2,
eIg = (o'01S o g1S )
+qqI = (o,1S o;1S')+ (o.„1So „1S'),
O'Iv= {o,1s o,1s'}+(o.~1s o.~1s')+ {m~2p) + (m.~2p) .

values of the internuclear distance, from 2=0.8 to
X=6.0. The results are tabulated in Table II and the
resulting curve drawn in Fig. 5. Ke have also drawn,
on the same graph, the curves for several other func-
tions which omit various configurations. While the f's
are not fully optimized for these functions, it is doubtful
that the results would be substantially different.

A quadratic curve was fitted to the points 8=1.38,
1.40, 1.42. This gave an interpolated binding energy of
4.54306 ev at 8=1.4013, compared with the experi-
mental value of 4.7467 ev at 8;„=1.4008.

CALCULATION OF SPECTROSCOPIC CONSTANTS

Dunham, "in a study of the energy levels of a rotating
vibrator, solved the Schrodinger equation for the prob-
lem, namely,

O'P 2Isr, ' h'E (K+1)
d ' h' 2lsr, '(1+@)

where $= (r r,)/r„ ls is the r—educed mass, E the rota-
tional quantum number, and V is a potential energy
with a minimum at r„expanded in a power series
around )=0 as indicated in the equation

V =heap/(1+ai$+asP+ ~ ) (1)

p6-
~5

)a5-

~7

l.O 2,0

2,0

&.o R- -~ 4.0

BO
R

In Eq. (1) the quantity ap is equal to co,'/48, where
is the classical harmonic oscillator frequency for

small displacement expressed in cm '; B,=h/87r'Isrgc.
is the rotational constant for a rigid rotator with mo-
ment of inertia prP.

Dunham gives the solution as the double sum

F.»——Q I'(;(i+-', ) 'K&(K+1)&, (2)
Lj.

where e and E are the vibrational and rotation quan-
tum numbers, respectively. In Eq. (2) the coefficients
F~; are expressed in terms of the harmonic oscillator
and rigid rotator constants or, and 8, and the coeKcients

FIG. 4. Optimum f vs R for the 2s, 2po. , and 2p~ functions. "J. L. Dunham, Phys. Rev. 41, 721 (1931}.



CONFIGURATION INTERA CTION IN H2

TABLE III.' Spectroscopic constants.

Computed Exptl b

~1O

Iso
~3o
~oi

4385—115—1.57
60.81—3.064

4401—121
0.72

60.86—3.017

U'nits are cm &.

b See reference T4.

I"I=o) I 20= GOgSp, F30= (o,y„
7()g=8„ I ig= —o, (3)

An eighth-degree polynomial was 6tted to the po-
tential energy curve computed using the five-configura-
tion wave function of Table II for the internuclear dis-
tances r=0.9, 1.1, 1.3, 1.4, 1.5. 1.7, 2.0, 2.4, 2.8 a.u.
When transformed to the form of Eq. (1), the co-

of Eq. (1). These coefEcients F''; are related to the
experimentally observed spectroscopic constants. It
requires a very careful analysis to determine exactly
what the coefficients I » experimentally compare to.
(For details see Dunham" and Stoichekt4) However,
to high accuracy (better than 99.9%) the identification
indicated in Eqs. (3) can be made. Note that the ra,

and 8, of Eqs. (3) are experimental quantities and are
not to be confused with the harmonic oscillator and
rigid rotator constants just defined.

efficients a„were found to be

ao ——0.79178,

as= —2.278,

ay = —1.607,

a4= 1.956,

a6=0.070.

a2 ——1.957,

as= —0.817,

In Table III the comparisons between the computed
I ~; using these coeQicients and the spectroscopic con-
stants by StoicheG" are shown.

In the course of this research, a crude bibliography
of previous work on the H2 ground state seemed to
grow quite naturally, and it was thought that it might
be of some value to expand it and include it in the
current report. All results have been standardized and
brought up to date with the most recent values of the
fundamental constants. A capsule description of each
calculation is included. Only those calculations have
been included which represent a direct evaluation of the
expectation value of the energy, thus eliminating
perturbation calculations, semiempirical calculations,
etc. While this Bibliogra, phy pretends to be complete, it
probably is not; we can only plead that the literature on
this subject is too extensive to preclude omissions.
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1.406 a.u. +=is isf+isf, is .

varied P, $= 1.166. v =4900 cm '—fitted quadratic to several
points computed with fixed g.

E.Hylleraas, Z. Physik 71, 739 (1931) 3.4201'
(0.12571)

N. Rosen, Phys. Rev. 88, 2099 (1931) 4.04
(0.1485)

S. Weinbaum, J. Chem. Phys. 1, 593 4.024
(1933) (0.1479)

3.230
(0.1187)

4.122
(0.1515)

1.40 a.u.

1.416 a.u.

1.42 a.u.

1.67 a.u.

1 ~ 41 a.u.

+= iso iso'+1$o'iso. , where iso and iso' are 1st terms of H2+ solu-
tions for Z=1 and 0.5, respectively.

+=f~pf,+ff,f&, where f= 1$+&2po. &1,=&2~=1.19. Finds ) =0.105.
Draws potential curve, gets v=4260 cm ' from Morse curve fit.
In comparing with experiment, forgets to include zero-point
vibrational energy.

+=c(is,isf, +isf, is,)+(1$,1$~+isj,isf,).c=3.9, t =1.193, fits Morse
curve, v=4750 cm '. Minimizes covalent and ionic g's independ-
ently, finds P,=P;.

Same function but /=1.0, c=6.322 with no ionic (repeat Sugiura),
gets 3.145 ev (0.1156).

Same function, except 1s+o.2po. replaces 1s in the covalent part.
Best &=1.190, c=5.7, o =0.07.

Binding energies in a.u. are in () when available. All binding energies are in ev corrected when possible to 1 a.u. =27.210 ev.
Has been recalculated by Coulson; see Coulson (1937).
Computed by Wallis and Hulbert from Hylleraas' formulas.

~ B.P. StoicheB, Can. J. Phys. 85, 730 (1957).



Reference Details of calculation

H. James and A. Coolidge, J. Chem.
Phys. 1, 825 (1933)

T. Nagamiya, Proc. Phys. -Math. Soc.
Japan, 18, 497 (1936)

4.7200~
(0.173465)
4.2910

(0.1577)

4.215
(0.1549)

C. A. Coulson, Trans. Faraday Soc.
88, 1479 (1937)

T. Inui, Proc. Phys. -Math. Soc, Japan 4.0584
20, 770 (1938);ibid. 23, 992 (1941) (0.14915)

H. Hellman, Einfuhrungie die Quan- 2.65
telchemie (1937),p. 133

C. A. Coulson, Proc. Cambridge Phil. 3.6239
Soc. S4, 204 (1938) (0.13318)

1 ~ 40 a u P=exp[ S(f1+kb)]~tntvbrawarvbr[tl tb 91 'Sb r12 +f1 b '9l 'Sb r12 )I
13 terms, 8=0.75. Draws potential curve for an 11-term function.

Without rI2 terms, not minimizing coeScients.1.40

+=%(1)q (2) q =exp( —&$)& e $ q'", 5 terms setting 5=0.75. For
2 terms (q~) gets 3.1142 (0.11445), 3 terms (q', $) gets 3.5559
(0.13068).

%=~+pq, where bb, /=exp( ng+ffq)—. Best a=0 8735,.p=0.6855.
v=4390 cm '. Fits Morse curve, Gnds min at 1.440 with B.E=.
4.0584 (0.14915).

i.'40 a u. p=exp[ a($1+$2)][1+Cl(fl+b)+02sl's2+'r3[Pb (sl)+Ps ('gR)]
+ 4[(6'—) (fb' —) ( —~F) ( —nb') ]' o (4u —4b) ].

Sets o, =0.75. Makes the claim that odd powers of rI2 are unnecese-
sary in James and Coolidge function.

0.732 A 4 =y(1)y(2), when p= 1$ +isb=o, is. Best /=1.197, I =4584 cm
Fits Morse curve to 3 points, g minimized for each. Points out
potential curve very sensitive to small errors in energy. Plots best
f vs E. Recalculates work of Wang, Rosen, Sugiura. Corrects
Sugiura to 3.156 ev at 0.869 A. Corrects Wang v to I =4180.
(Wang used same g along potential curve. )

1.6 0 =o,is(1)o,is(2) rbi$= 1$&+isb. &=1.0.

A. Nordsieck, Phys. Rev. 58, 310
(1940)

E. Ishi uro, J. Phys. Soc. Japan 3,
129 1948)

J. Hirschfeider and J.Linnett, J.
Chem. Phys. 18, 130 (1950)

E. Gurnee and J.Magee, J. Chem.
Phys. 18, 142 (1950)

4.05
(0.149)

1.40

0'=~+Pq, q, /= exp( —~A$+~Bg). A =1.706, 8=1.344. Repeats
Inui, only not as well minimized. Compares electron density at
various points in molecule for Wang, J and C, and Nordsieck
functions.

'P =expL —&(6+fr) ][&b+&bbe'+e') +&rmgb+&b(6+fr)
+&5 (11 +t2 ) +&bflfrR sb+&r~ c'os (O'I 4'b) jt

where 3E= [(bbP —1) (ebb —1) (1—gp) (1—ebb) ]&. Sets 4 =0 75. Draws
potential curve.

e= fs.1sb[1+ (~f') (x.*b+y.yb) + (Pp) s.sb]
+1s.feb[1+ {af'b) (xbx.+yby. )+ {pf'b) sbs.]+.[1s.ir.+1rbirb]

x„y, etc. are Cartesian coordinates of electrons. Best /=1.195,
0.= —0.05735, P= —0.06944, a=0.3334. Makes extensive plot
of potential curve including Van der Waal's region. Discusses
behavior of parameters along curve.

4'=1$,isq+isqis„where the centers c and d are inside the molecule
at a distance x from the nuclei. Best f=1.16, x=0.08. At X=1.4,
B.E.=4.108, /=1.185, x= 0.06. x&0 for large R, and varies wildly
with R.

G. Newell, Phys. Rev. 78, 711 (1950) 4.5661
(0.16781)

A. Frost and J. Braunstcin, J. Chem. 4.109
Phys. 19, 1133 (1951) (0.151)

C. Mueller and H. Eyring, J. Chem. 4.20
Phys. 19, 1495 (1951)

*

R. Wallis and H. Hulbert, J. Chem. 3.683
Phys. 22, 774 (1954) (0.135

F. Berencz, Acta. Phys. Acad. Sci.
Hung. 4, 149 (1954)

R. Pauncz, Acta Phys. Acad. Sci.
Hung. 4, 237 (1954)

44
371)

3.48451
(0.12806)

A. Hurley, Proc. Roy. Soc. (London) 4.14
A226, 179 (1954) (0.152)

3.65
(0.134)-

4.14
(0.152)

3.23

1.40

1.44

1.38

1.589

N =exp[ —-,'a (f~+ tb) ] (cosh-', p (q~ —
g&) +a exp[ ——',4 {1~+fb) ]i1f

«»(4b —4b)+fbanb+b[b —(4/~)][b —(4/~)] },
where 24'= [(fp—1) (ebb —1) (1—ebb) (1—ebb) ]&. Best n= i.'127,

P =1.435, 8=0.817. Draws coarse potential curve.

4 =o.gisogb (1+PrI2). Beat &=1.285, P=0.28.

4'=~+pq, where@ =x +~xb; If| =ex +xb, where x b=exp( —a$Wpq),
i.e., "distorted" atomic orbitals. Best 0.=0.835, P=0.775, m=0. 137.

+=qq'+y'q, where y, q' are 1st two terms of H~+ solutions for
Z= 1, 2'=0.5.

Same functions but best Z= Z'=Qb78868.

%=1$01$@+1$g1$ey e and 8 lnsldc Inolcculc distance x. Same f and
x as Gurnee and Magee. Corrects G and M at large R.

+=q (1)q (2), where y= 1$,+1$g, c and d as previously.

@=[is 1sb+isbis, +b(is iro+1rbisb)](1+pr&b). Hest f'=1.248, s=
0.356, p= 0.073.

0 = 1$1sb+1$b1$ +) t q (1, 2) +q» (1, 2) j hydrogen 1$(g =1).q (1, 2)
is 3-term Hylieraas function for H . br=exp[ —f (r&+rb) ].
t 1+eI&12+c2(&I-&2)'j.This is a fully theoretical MoKt calculation.

~ 4.7210 is a correction given in a 1ater communication.
8 Energies and R too high by 0.03 and 0.04, respectively See H. Shull and D. Ebbing, J. Chem. Phys. 28, 866 (1958).
f Recomputed by H. Shull and D. Ebbing, J. Chem. Phys. 28, 866 (1958).Discrepancy.
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Reference BEa Details of calculation

B.Kockel, Ann. Physik 15, 64 (1955)

E. Callen, J. Chem. Phys. 23, 360
(1955)

R. Wallis, J. Chem. Phys. 23, 1256
(1955)

A. Rahman, Current Sci. (India) 24,
370 (1955)

S. Huziriaga, Progr. Theoret. Phys.
(Kyoto) 15, 501 (1956)

A. Rahman, Physica 23, 31 (1957)

H. Aghajanian, Mass. Inst. Technol.
Quart. Progr. Rept. 12 (April 15,
1957)

4.30~
(0.158)

3.05
(0.112)

4. 1249

4.2756

3.566
3.866
4.082

3.7101
(0.13635)

4.3264
(0.1590)

3.7999

3.725
(0.1369)

4.341
(0.15955)

4.04

1.46

1.326

1.40

1.40

1.40
1.40
1.40

1.40

1.40

1.35

1.35

1.49

g'= exp[ —rr (bi+rb) ][1+c2'bb(rn) ]b[l+cPs'(bn) ]b. Best u=0 87.5
c=0.48.

Repeats same for "floating" functions, finds same B.E. 0 =
exp[—p(b, +bb) ], Best p= 0.81.

9r o=(g)'+b(N)' where g= exp( —ebb)[1+Ay'+Bb] (from Coulson)
and bi=exp( u'()is—[1+cvp+DQ n, =n. =0 75 S.et c.r, to Coulson
value.

4'=ogb+bbbb+c[g g, +g,g ], where g;= (2';—b)exp( —a;t). I'; chosen
to make orthog to Coulson g. a;,„=1, 0.5.

4'=o, i$o-, i$'. Best &=1.5, f'=0.9.
4'=1$,1$y'+1$q1$,'+1$,'1$q+1sb'1$, . Best g= 1.4, f'= 0.9.
p=i1s, ls +b1sb1 's+1s, '1s +b1s '1bs, +X[1s,1s,'+1s 1 bb's

+1s '1s,+1sb'1sb].
Best &=1.4, t'=1.0, ) =0.2584.

%=exp[ —b (bi+ eb) ][1+p (bi+ bb) +r$i $b] {1+bi')(1+cia') ~ 5 =
0.75, p=0.01134, r= —0.03693, c=0.255.

%1+exp[—b (bi+bb) ]I [obn'ss+b [(f'is 1) (b—b —1) (1—rn )
( —nb')]' o (di —db) I

Same parameter values as before.

Single-center Slater functions at center of molecule. +=@i2+ciyi~+
c2~, where yi=1$+a4$, q2=4d, fi,=1.0, f4.=$4~=4.3, a=0.25.

%i=exp[—b(bi+b)][1+cbnb) (1+c&P)][1+a(ti+b&)+b(b,b)].b=
0.75, c=0.25.

'1'=+, +exp[ —3 {t,+ 5b) ](cfi5gis, +derib+2d cos (fbi ebb) ), w—here
M =

t (gi2 —1) (f22 —1) (1—gi2) (1—g22) $&; same parameters.

4 =Z;;c;;@;;,where p;;=X;y;&x;y;, where x; are LCAO SCF solu-
tions 1$, 2$, 2po. , 2p7r. Omitted configuration 3o. 1o„, 3o'&2o„,
3o„3o . v=5728 cm '. Energy obtained as-a min of Morse curve
(1.0 intervals) .

F. Harris, J. Chem. Phys. 27, 812
(1957)

F. Berencz, Acta Phys. Acad. Sci.
Hung. 6, 149 (1957)

4.160

4.440

3.93

0.793 A +i=yp'+q'y, where q =exp( —Bg—ng). 5=0.7, 6'=1.1, a=0.7,a'= —0.7 (min).

0.793 A %4,+c'(=giTb''+rb'rTb) db=exp( bb ~) [—{p—1) {1—gb)]&exp(&).
0 i parameters same. Second configuration b=b'=1.3, o.=o.'=0.0.

0.72 A @=(1s,1sb+1sb1s,) (1+pris) ~ Best &=1.188 p= 0.5.

F. Berencz, Acta Phys. Acad. Sci.
Hung. 6, 423 (1957)

H. Aghajanian, Mass. Inst. Technol.
Quart. Progr. Rept. 29 (July 15,
1957)

H. Joy and R. Parr, J. Chem. Phys.
2S, 448 (1958)

H. Shull and D. Ebbing, J. Chem.
Phys. 2S, 866 (1958)

S. Hagstromh

3.60

4.26

3.69

4.30

4.3218
(0'. 15883)

4.3441
(0.15965)

3.9264
(0.14430)

3.5814
(0.13162)

4.0853
(0.15014)

4.7109
(0.17313)

0.76 A

0.76 A

1.36

1.39

1..40

1.40

1.387

1.43

1.4

4'=bb(1)bb(2), where s =exp( —ebb) [exp( —pg)+exp(pg)]. Best n=
0.855, P=O. 753.

g =bb(1)p(2) (1+pris), where br=exp( nb) [exp( —pq)+exp(pg)].
Best a=0.925, /=0. 84, p=0.32.

+;=q (1)q (2), where q =o.,1$+cio.,2,+c~o,2p. LCAO SCF, one de-
terminant, varies scale factor.

+=X;;c;,P;P, 11-configuration LCAO SCF MO's. v=4747.3 cm '
from cubic fit. Omits 3 configurations (see other).

ki c]$$ +c2$ $ +c3$ "dp+c4$"gp+cspp +csp+ip i+c7p p fp. Single-cen-
ter Slater functions at center of molecule, noninteger principle
quantum numbers.

gr=+i+cbs"'db'+cbdbd b+cib[(pi'f i)+{p i'fi-)]. See original paper
parameter values.

@=1s,1ss+1ssls, "floating orbitals" (see Gurnee, Magee). 1'=1.165
x= 0.055.

+=q (1)q (2), where p= 1$,1$q, "floating. "&= 1.187, g= 0.045.

4'=is, 1ss+1ss1s,+[1s,1s.+1ss1ss]. f'=1.190, x=0.036. All param-
eters minimized, integrals computed carefully.

Configuration interaction in elliptical coordinates, 4 =Zc„g„.p „;=
[(p—1) (1—rp) ]~"e"g&'exp (—np —pg) exp (irrbb) . Thirty-four terms
up to m=3, n=1.0, P=O.

g This number must be in error, since an orbital product cannot improve on SCF.
Papers unpublished at time of compilation of bibliography.



Reference QKs Details of calculation

W. Kolosh

W'. Kolos"

H. Shull and S. Hagstrom, J. Chem.
Phys. M, 1314 {1959)

4.3819
(0.16104)

4.6955
(0.17257)

4.7061
(0, 17296)

4.7465
(0.17444)

4.3920
(0.16141)

4.1049
(0.15086)

1.4
1.4

Same function except all vs=-0 terms, 31 terms.

Correlated orbital, closed shell.
@=y(1)y(2)X(rn), @=exp( n—e)Z„„e „P'rl", y=Zrarrsr.

Correlated orbital, open shell. += [q (1)rP(2)+4 (1)q (2) gx(ru).
P and q dier in expansion coeScient only. re=0.95, both cases
(a minimized) .

40-term James and Coolidge type function, o.=0.95 (minimized).
Computes potential curve from 8=0.4 to 4.2 varying a along
curve.

Twenty-seven term James and Coolidge type function without rig
terms, a =0.95.

Single-center I,aguerre function at center of molecule.
+=zc. ,exp( gr) I )+—P&~(2qr) 1'P(e, y)

44 conf lguratH)ns up to 7$O. JfsR =QJ~=gg~=2. 9, go+=8.7p g;R =
11.6.

Same type, but 3p con6guration —all orbitals axially symmetric.

Exptl. B.E.=4.746 ev at X=1.4008 a.u. =0.74166 A; v, pg. =4401 cm '.~

' See reference 14.


