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1. INTRODUCTION

HE steady flow of an incompressible, inviscid,

electrically conducting fluid past an obstacle, in

the presence of an applied magnetic field, depends on

two parameters: the magnetic Reynolds number Ry,

and B, the ratio of a representative magnetic pressure

to the dynamic pressure of the free stream. We consider
two different types of flow for which Ry is small.

Section 2 contains a short discussion of the equations
of motion. In Sec. 3 we assume 3 to be small: The mag-
netic field which, for simplicity, is supposed to be caused
by a distribution within the body itself, is weak. The
first-order effects in 8 and Ry are determined. The per-
turbation in Ry is not regular at infinity: Exponential
decay factors, of the same type as those occurring in
Oseen’s approximation for slow viscous flow, must be
introduced. Two paraboloidal wakes (of magnetic in-
tensity and vorticity) are formed.

We may picture the fluid particles as moving with the
potential flow past the body, acquiring rotation through
the action of the nonconservative electromagnetic force.
As a general consequence, at least in plane and axially
symmetric cases, the vorticity becomes logarithmically
infinite as any point on the surface of the body is ap-
proached. The section ends with a discussion of the drag
coefficient, which is proportional to SRys.

Secondly (Sec. 4), we consider the effect of a very
strong magnetic field: 3Ry large. The body is assumed
to be nonconducting. The applied magnetic field, which
is uniform and directed at right angles to the freestream,
is relatively insensitive to the flow disturbance. On the
other hand, the flow is strongly affected by the field.

To a first approximation, change in the flow across
the lines of force is prohibited. However, the fluid may
slip freely along these lines, which it does to an extent
just sufficient to circumnavigate the obstacle. To obtain
a more accurate description, the coordinate along the
lines of force is compressed by a factor (8Ra)*: This
makes the inertia forces comparable with the electro-
magnetic. The results should be compared with those of
Stewartson.! Finally, the drag coefficient, which is pro-
portional to (8Rar)?}, is given for a circular cylinder.

2. EQUATIONS OF MOTION

The steady motion of an incompressible, inviscid,
electrically conducting fiuid is governed by the equations
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v-gradv=— (1/po) gradp+ (u/po) curlHXH, 0
curlH=¢(E+puvX H),

divv=0, curlE=0, divH=0. (2)

Let U, be the velocity of the uniform stream at in-
finity, let @ be a representative length in the fixed ob-
stacle, and let % be a representative magnetic intensity.
An appropriate choice for % depends on the particular
problem considered (see later sections). Then, when v,
r, and H are made dimensionless by referring them to
Uy, a, and &, respectively, Egs. (1) become

v-gradv= —gradp+8 curlH X H, (3a)
curlH= R (E+vXH), (3b)

while (2) are unchanged. Here Ry =Ujgauc is the mag-
netic Reynolds number and 8= ph?/polU ¢ is the ratio of
a representative magnetic pressure to the free-stream
dynamic pressure; the electric field is now given by
(uUok)E and the pressure by (ool ).

For an axially symmetric flow in which v and H lie
in the meridian plane and are independent of the azi-
muthal angle, the conduction equation (3b) shows that
E is perpendicular to this plane and also independent
of the azimuthal angle. The second of Egs. (2) then
shows that

" where

E=0,

if it is to be finite at the axis. Similarly, for the corre-
sponding plane motion, we have

E=Ey(const),

where Eq is perpendicular to the plane.

The character of the motion depends on the parame-
ters 8 and Ry appearing in Egs. (3). In the following
sections we suppose that Ry is small, which means that
the applied magnetic field is only slightly perturbed by
the motion of the fluid.

3. WEAK MAGNETIC FIELD

First we consider 8 small. Then Eq. (3a) shows that,
in the limit 8 — 0, we have v — vy, the ordinary poten-
tial flow past the obstacle. The magnetic field is con-
vected with this flow.

For definiteness, we assume that the field is due toa
magnetic distribution within the body itself. As Ry — 0,
it tends to the undisturbed field Hy of the distribution
(curlH,=0), while E— 0. In any finite region the ap-

1000
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proximation is uniform, the disturbance field H; being
given by
4)

see (3b). At large distances, however, the magnetic
field dies out more quickly than Hp by a factor
exp[ —1Rur(1—cosh)], where 6 is the polar angle meas-
ured from the undisturbed stream direction.

This is easily seen by taking the curl of (3b) and using
(2). Then

curlH; = RvoX Hy,

V2H = Ry (vo- gradH—H - gradv),

and, when v, is replaced by its value at infinity, this is
of the same form as Oseen’s equation for the vorticity
in the slow flow of a viscous fluid. Thus the magnetic
field is swept into a paraboloidal wake (parabolic in the
plane case), given by the exponential factor just men-
tioned. Correspondingly, the vorticity of the velocity
disturbance caused by H; (which we are just about to
discuss) is confined to a similar wake of half the size.

For present purposes it is sufficient to take (4), and
when this is used in (3a) the disturbance velocity vy,
due to Hy, is found to satisfy

vo-gradvy+ vy - gradve= —gradp,
+BRu(voXHo) XHo.  (5)

Of particular interest is the production of vorticity in
the flow, for which an equation is given by the curl of
(5). For the axially symmetric case of Sec. 2 the equa-
tion reads

(d/dt) (w/y)= (BRu/y) curl[ (voX Ho))XHo],  (6)

where w is the single azimuthal component of the vortex
vector, ¥ denotes distance from the axis, and the single
nonzero azimuthal component is to be understood for
the curl on the right side. The d/d: is to be taken with
respect to vo.

The picture is now clear. The particles effectively
move along the streamlines of the potential flow with
velocity ve, acquiring vorticity according to (6). The
value of w itself is obtained when (6) is integrated along
these streamlines.

Now the time that a fluid particle takes to pass
through the neighborhood of the front stagnation point
tends to infinity logarithmically with its closest ap-
proach to that point. The same is true of the vorticity
which the particle acquires, provided the right-hand
side of (6) does not vanish at the front stagnation point.
[This happens only when either (i) Ho or (ii) all second
derivatives of v, vanish at the stagnation point.] It
follows that w becomes logarithmically infinite as any
point on the surface of the body is approached.

For the plane motion of Sec. 2, Eq. (6) is replaced by

dw/dt=BR curl[ (voX Ho) X HoJ,

and a similar conclusion holds. [In this case the excep-
tions are that at the stagnation point: (i) H, is per-
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pendicular or parallel to the obstacle; (ii) all first de-
rivatives of vy vanish.’]

In computing drag, Chopra and Singer? have noticed
that the rate of doing work, i.e., U, times the drag D,
is equal to the Joule dissipation. For the present ap-
proximation this leads to the result

U 2=ﬂRMf(VoXHa)2dV,
poUo'a

the integration being taken over the whole volume
occupied by the fluid.

When the obstacle is a sphere of radius ¢ and the field
is due to a dipole, of moment M directed along the free-
stream direction, at its center, this gives

Cp=D/3mpoU *a*=[144u"*/5 2u-+u")* ]8R

Here p' is the permeability of the sphere and % has been
taken to be M/a?. Other examples have been given by
Chopra and Singer,? Ludford and Murray,? and Chi.*
The essential point to notice is that the drag can be
computed directly from the undisturbed potential flow
and magnetic field.

If one wishes to know what part of the drag is due to
pressure and what part is due to the Maxwell stress,
further analysis is necessary. In the case just given, all
is due to the latter. For details a previous paper® of
Ludford and Murray may be consulted; there also is
found a more systematic treatment in which the present
approximation appears as the first in a sequence, The
corresponding treatment of plane flow past a circular
cylinder, which encounters certain interesting mathe-
matical difficulties, has been developed by Chi.*

With minor modifications, the same approach may
be used when the magnetic field is applied at infinity.

4. VERY STRONG MAGNETIC FIELD

Secondly, we take B8 so large that SRy is also large
(even though Ry is, as before, assumed to be small).
For simplicity, we consider plane flow past a cylinder
of arbitrary cross section, the magnetic field being
applied at infinity in the y direction, i.e., perpendicular
to the free stream in the x direction. (Here we set
h=H,, the strength of the applied field.) There is now
a constant induced electric field in the z direction.

In the limit Ry — 0, Eq. (3b) shows that the mag-
netic field is undisturbed, i.e., H=j (since we assume,
for simplicity, that the permeability of the cylinder is
the same as that of the fluid). On substituting (3b) in

.2K. P. Chopra and S. F. Singer, Heat Transfer and Fluid Me-
chanics Institute (Stanford University Press, Stanford, California,
1959), p. 166.

3G. S. S. Ludford and J. D. Murray, Proceedings of the Sixth
Midwestern Conference on Fluid M echanics, Austin (University of
Texas Printing Division, Austin, Texas, 1959), p. 457.
4 L. Chi, Department of Mathematics, University of Maryland,
Tech. Rept. 46 (June, 1960).
( 5 6%) S. S. Ludford and J. D. Murray, J. Fluid Mech. 7, 516
1960).
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Fic. 1. Limiting form of the streamlines for a very strong
magnetic field perpendicular to the free stream.

Eq. (3a), taking the limit SRy — o, and using this
last result, we find

0=grad(p/BRu)+[v— (v-)i], ™)

where v= (%,v) is now the disturbance velocity and we
have allowed for the possibility that p becomes infinite

The only acceptable solution of these equations is
illustrated in Fig. 1. (To avoid unessential complica-
tions we restrict attention to cross sections which are
symmetric with respect to the x axis.) There is no varia-
tion in the y direction, the streamlines forming two
families of congruent curves. Only the y component of
velocity is disturbed : The fluid slips along the magnetic
lines of force to an extent sufficient to circumnavigate
the obstacle. Even this solution breaks down on the
vertical lines x=-1, since an infinite vertical velocity
is required there.

To obtain a better approximation, account must be
taken of the inertia forces, whose effect, though small
in any finite region, is appreciable by accumulation over
large distances. Thus we compress the coordinate 7,
with respect to which there are no variations in the
solution just given, by writing

Y=y/(BRax),
and, correspondingly, magnify the x component of the

disturbance velocity by a factor (8Ra)% Then (7) is
replaced by the equations

0=9P/0x+U, 0v/dx=—9dP/0Y, (8)
where U= (BRy)*u and P=p/(BRx)} To these must
be added the continuity equation

dU /dx+ v/ 9Y =0.

The flow above the y axis is identical with that below.
For the former we require a solution of

3%/0a3+0%/dT2=0 9)
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taking on the values

0, x| >1
v= as
@), |#[<1

where y=f(x) gives the shape of the upper surface of
the cylinder.

The problem is quite similar to the initial-value
problem of one-dimensional heat flow. It would seem,
however, that the initial values of dv/dY should also
be prescribed, but this is replaced by the requirement
that the disturbance vanishes as ¥ — «. We build up
the complete solution from the one having the unit step
function for its initial values; this corresponds to the
error-function solution of heat conduction.

Consider the solution

Y — +0, (10)

1 ot
UD T —
211 c—iw

ax
exp(A Y—Mx)x, (11)

which is clearly a function of
n=a/Y}

alone. In the first instance v, is defined for positive x
only, but by deforming the path of integration in the
complex A plane, it can be continued analytically to all
values of x. We easily find the asymptotic expansions:
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9exp[— (4/21)] =, An
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Fi1G. 2. The step-function solution of Eq. (9):
y=H(n), n=x/Y1
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where the coefficients 4, are determined by the recur-
rence relation

4 -1-27( 14 @) Ao=1
e ) T (—3—3m)

It follows that
3¢ (n)=1—%vo(n)
is the required step-function solution.
A graph of 3¢(n) is given in Fig. 2. In addition to (12),
the series expansion

@ (=n»
h(d =l+_2_ n3"
() =3+35n nZ=)0 Gnt1) !I‘(%—Zn)l
o (-pm
+%772 Z 3n

=0 (3n42) I (—3—2m)

was used in constructing this figure. Note the gradual
(algebraic) decay of 3C for negative g[cf. (12a)] in
contrast to the sharp (exponential) rise to its limiting
value when 7 is positive [cf. (12b)].

The solution of Eq. (9) which satisfies the initial
conditions (10) is

v=;—§ ) Ilf'@):fc'(%';f)ds,

since the « derivative of 3C is, by construction, the source
solution.

Of main interest are the values of P on the surface
of the cylinder, i.e., as ¥ — -0, which follow from (8)
and (12). A unit source at ¢ contributes nothing to the
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pressure at x when x is greater than £, while for x<¢ it
provides an amount

wi(g—a)
for P. On integrating we have
1t ()
= d¢ for |x| <1.
Vade (—x)
The total drag D on the cylinder is therefore given by

D BRu\*! ! L®
=2 — " (%)d d
poUoza ( ™ ) *lilf (x) xf (E—x)% 27

z

where the factor 2 corresponds to equal contributions
from the upper and lower surfaces.

For a circular cylinder of radius ¢, f(x)= (1—4?)* and
the drag coefficient is

D BRair\?
Com (22
%poUoz’Z(l ™

1 1 x‘i:
X1 d d
Lo tmsaaaan®
= (18m)7B*(},5) (BR)*=3.656 (BRu)*.

Flow past a three-dimensional body may be treated
in a similar fashion. The dimensionless drag D/poU a2
is again proportional to (8Ra)*.

Details are given in a separate paper.$

6G. S. S. Ludford, Department of Mathematics, University of
Maryland, Tech. Rept. 45 (April, 1960).



