
REVIEWS OF MODERN PHYSICS VOLUM E 28, NUM B ER 1 JANUARY 1956

Simj~. .iI ication in . . inc ing Symmetry-Ac aj&1)ec
. ~ igenI:unctions*

M. A. MELVIN

Department of Physics, Florida State University, Tallahassee, Florida

The problem of finding symmetry-adapted functions {SAF's)
belonging to irreducible representations of a group (R) is ex-
amined. The problem arises when one wishes to determine the
states of a complex system in terms of combinations of functions
given by some simplified problem (as in the determination of
molecular symmetry coordinates, or approximate molecular,
atomic or nuclear eigenstates). A standard method for finding
SAF's is to project any given function with respect to each row
of each representation; the projection operator is the sum of
operations of (R) each weighted by an element of the correspond-
ing representation matrix. It is shown here that each projection
operator can be written simply s,s a product of two factors: (1)
the sum of operations in the identity-mapping or kernel subgroup
(K) and (2) a weighted sum of operations in a quotient set of (K).
The kernel operator (1) and its quotient operator (2) may often

be factored again and the simpli6cation carried on to a reduction
to two-term factors, whereupon the testing of a function for its
potency to contribute an SAF becomes especially simple. Kernel
operators are interpreted intuitively by the symmetry principle.
Several examples illustrating the application of the tables of
factored projection operators are given. An auxiliary simplification
occurs with degenerate representations in which the principal
diagonals vanish in a set of the matrices just suitable to reduce the
process to one for a subgroup (devertebrote simPhgcotion) The.
structures of all the point symmetry groups are analyzed, and
tables of factored and simpli6ed projection operators for all
irreducible representations are given (except for the icosahedral
and spherical groups). All of the dihedral-type groups, the tetra-
hedral group 1', and the didodecahedral group Vh, respectively,
admit of devertebrate simpli6cation.

TABLE OF CONTENTS GLOSSARY OF TERMS AND NOTATIONS

Glossary of Terms and Notations. . . . . . . . . . . . . . . . .
Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Algebra of Group Representations
Generation of Symmetry-Adapted Functions. . . . . . . .

Simplifications
A. Factoring the Projection Operator. . . . . . . . . . . . . .
B. Devertebrate Simplification. . . . . . , . . . . . . . . . . . . .

The Point Symmetry Groups. . . . . . . . . . . . . . ~. . . . . . .
Irreducible Representations of the Point Symmetry
Groups
A. Factoring in the Cyclic-Type Groups. . . . . . . . . . . .
B. Simpli6cation and Factoring in the Dihedral-Type

Groups. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1. The Dihedral Representations in Complex Form
2. The Dihedral Representations in Real Form. . .

C. Simpli6cation and Factoring in the Regular Solid
Groups 4 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

D. Tables of Factored Projection Operators for the
Point Groups. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Examples
A. Transverse Eigenvibrations of a Square Membrane

or Plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
B. SAF's from Atomic Orbitals for a Molecule with

L)4" Symmetry. . . ~ ~. . . . . . . . . . ~. . . . . . . . . . . . . . .
C. Standing Sound Waves in a Cubic Room. . . . . . . .
D. A Three d-electron Problem for a Solid-State Sys-

tem with Cubic Symmetry. . . . . . . . . . . . . . . . . . . . .
Summary. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . ~. . . . . .
dix I. Verification of the Symmetry Principle for the
Symmetry-Adapted Eigenfunctions of a Hamiltonian.

dix II. Derivation of the Improper Symmetry Groups
from Proper Groups. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

IV.
V.

VII.
VIII.
Appen

Appen

* Assisted by a contract with the U. S. Atomic Energy Commis-
sion, aiid by a grant from the Research Council of The Florida
State University. Some of the work was begun during tenure by
the writer of a Guggenheim Fellowship, which is gratefully
acknowledged,

"Rep": "irreducible representation. " We urge accep-
tance of this abbreviation for the following reasons:
(a) It is much less ponderous. (b) It serves a useful
discriminative function: i.e., the term "representa-
tion" can then be used to mean either "reducible
representation" or one for which it is not specified

24 whether it is irreducible 'or not. (c) The quantum-
mechanical use of "representation" divers from the
group-theoretic use. In quantum theory it refers to

26 the choice of the particular basis or "coordinate sys-
tem" in which an observable (and likewise a group-

28 theoretic representation) may be expressed. If the

29 word "rep" is available, it becomes possible without
excessive awkwardness to introduce the well-estab-
lished quantum-mechanical terminology, i.e., one
may speak of a "rep in a given quantum-mechanical
representation. "

"jith symmetry type": "The ith row of the jth rep. "
If the rep is degenerate, then its symmetry types
depend upon the particular choice of basis (or

39 "coordinate system") .
"Projection operator of the jith symmetry type": A

properly weighted sum over the operations of the
group which, when operating upon any function f,
projects out the component f&' which belongs to the
jith symmetry type.

"kernel of a rep": Subgroup consisting of all operations
43 which are mapped by identity matrices in the rep.

"cokernel of the jith symmetry type": Subgroup (see
Appendix I) consisting of all operations which are
mapped by jth rep matrices having a lone non-

vanishing diagonal element equal to 1 in the ith row.
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(In parentheses is given the manner of indicating
the symbols in manuscript or typescript. )

Scalars: A, u, ~ ~; complex conjugate: A, a
Vectors: X, x, (inferior tilde)
Matrices: K, ttt
Matrix elements: M;,
Groups: (R), ((R), or tR (stroke through symbol from

upper left to lower right)
particular groups: 83

Operators: In general: R, K (inferior tilde)
particular operators: Cs, zr„: (inferior tilde)

Group elements: see operators.
Classes: same symbol as symmetry operators, but not

bold face: C3
Characters: x& of jth representation.
Representations: In general: F'

of particular point symmetry groups:
~ ~ ~

Functions belonging to ith row of jth rep:P"
Projection operators: In general: p, d. (lower case bold-

face) (inferior tilde)
for particular groups, e.g., 83. &'c3 jth rep, ith row
for particular groups, e.g., symmetric group S„:

's„neth rep, ith tableau
Dimension of jth representation: l'&'

Orders of groups, sets: 6, B, IC
Quantum-mechanical oPerators: Ho, H, Ls

Eigenvalues: E, W, 1,(1.+1)
I. INTRODUCTION

' 'T happens in the determination of energy eigenstates
- of a system' that one encounters the following

problem: It is desired to find a set of symmetry-
' The relation between the form of a Hamiltonian H of a system

and of the form of an eigenfunction P of that system is, of course,
quite various. But there is a universally valid relation between the
symmetry of the Hamiltoilian and the transformation character of
its eigenfunctions. These functions can serve (singly or, in case
of degeneracy, in linear combination with partners) as basis
functions for reps (irreducible representations) of the symmetry
group of the Hamiltonian. Given any group and its reps in some
explicit form: Each of the rows, e.g., the ith, of each rep, e.g. , the
jth, may be considered to define a distinct "symmetry type. "We
may call a basis function, f&', which "belongs" Las defined by
Eq. (3)j to such aj ith symmetry type, a symmetry adapted func-
tion (SAF).

In connection with this concept, there is one general and quali-
tatively important aspect of the relation between Hamiltonian
and eigenfunction which does not seem to have been emphasized
suf5ciently in the literature: The actual symmetry of a symmetry-
adapted eigenfunction, i.e. the set of operations under which it
goes exactly into itself, is a subgroup of the symmetry of the
Hamiltonian. LThis relation, and the fact that it is a special case
of a general Symmetry Principle, is discussed. in Append" I. For
a more detailed discussion of the Symmetry Principle p, . M. A.
Melvin, Proc. Second Can. Math. Cong. (University of 'I'oronto
Press, 1951),p. 225. In that paper, however, the connection with
representation theory was not stated explicitly. g The subgroups
in question are the "kernel subgroups" (ior nondegenerate states)
and the "cokernel subgroups" (for the eigenfunctions belonging
to degenerate states). These subgroups are discussed in detail
below. The corresponding "projection operators" have the
property of sifting out of any given function that part of it which
definitely does not belong to the given symmetry type. The
projection operators for the kernels and cokernels of the point
symmetry groups are listed in the tables at the end of Sec. V of

adapted functions (SAF's) which exactly or approxi-
mately represent eigenfunctions of the complete Hamil-
tonian. A commonly effective procedure in dealing with
the problem is to make up such SAP's as linear com-
binations of eigenfunctions appropriate to some simpli-
fied version of the problem; the technique for doing this
is of considerable practical importance and will be the
principal object of our inquiry.

The problem comes up in the determination of elec-
tronic (or nucleonic) states of atomic' or molecular'
(or nuclear) systems, as well as in the analysis of
molecular4 and macroscopic5 vibrations. That SAP de-
termination is important for the solution of these com-
plicated eigenstate problems follows from the existence
of the very general expansion theorem. We shall formally
discuss the theorem below; but it may be well to preface
this with a verbal discussion of its meaning: Suppose
that we are given some group as well as its symmetry
types in explicitly chosen forms (i.e., the individual
rows of the matrices of all reps are given explicitly,
corresponding to a definite choice of the "coordinate
system" for each rep; see below). The expansion theorem
then asserts that any given function F may be resolved
completely into an orthogonal set of component func-
tions or "projections, "ftz, each belonging to a different
symmetry type of the given group. In essence the ex-
pansion theorem is a magnificent generalization of
many familiar theorems, and it may be instructive to
list a few examples of these, indicating in brackets their
setting in the generalized theorem.

this paper. It will be seen that the cokernel operators formalize
the application of the symmetry principle, i.e. any function whose
symmetry is not a subgroup of the Hamiltonian symmetry cannot
survive the cokernel operators and therefore cannot be an eigen-
function.

'Here it usually presents itself in the following form: Given
individual-particle eigenfunctions for a simplified Hamiltonian,
one seeks SAF's which represent approximately (in special cases
exactly) the eigenfunctions for the actual many particle system.
The general theory, and the atomic problem, are treated by E.
Wigner p&uppenttzeorie und z7zre Anzoendung auf die Quanten
meclzanz7z der Atomspetztren (Friedrich Vieweg und Sohn, Braun-
schweig, Germany, 1931; Edwards Brothers, Inc. , Ann Arbor,
1944) Ch. XII). 8'igner calls SAF's "right linear combinations"
of functions.

3 In the theory of solid-state and molecular binding, approxi-
mate eigenfunctions are built up as symmetry-adapted linear
combinations of atomic orbitals or products of such orbitals. A
history and bibliography of the early investigations, stemming
from the pioneer work of Heisenberg and Dirac, is given by J. C.
Slater (Etectronic Structure of Atoms and 3fotecutes, Technical
Report No. 3, Solid-State and Molecular Theory Group, Massa-
chusetts Institute of Technology, Cambridge, Massachusetts).
Later work on directed valence is described by J. H. Van Vleck
and A. Sherman, Revs. Modern Phys. 7, 174 (1935); G. E. Kim-
ball, J. Chem. Phys. 8, 188 (1940).

4In the theory of molecular vibrations, -symmetry-adapted
normal coordinates are built up as linear combinations of dis-
placements from equilibrium positions; see, for example, J. R.
Nielsen and L. H. Berryman, J. Chem. Phys. 17, 659 (1949),
or Wilson, Decius, and Cross, Motecutar Vibrations (McGraw-Hill
Book Company, Inc. , New' York, 1955). Here, where the number
of degrees of freedom is finite, eigenfunctions reduce to eigenvectors,
and SAP's are known as "symmetry coordinates. "

' W. Ritz, Ann. Physik 28, 737 (1909); M. A. Melvin and S.
Edwards, J. Acoust. Soc. (t;o be published); M. A. Melvin (to be
published).
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(I) Resolution of a 3 d-imensional vector into orthogonal
vector components (this is an expansion in terms of
SAF's belonging to the three rows of the D&" rep of the
rotation group —or sphere group —in three dimensions. )

(II) Resolution of a3 dim-ensional symmetric tensorinto
(1) i ts trace (a scalar), and (2) a 5 legg-ed traceless quan
tity, ' a physical instance is the resolution of a "strain"
tensor into (1) a "dilatation" (scalar) and (2) a "shear"
(traceless symmetric tensor). LThis is an expansion in
terms of SAF's belonging (1) to the nondegenerate
rep, D&'&, of the sphere group and (2) to the 5-dimen-
sional rep, D"', of the sphere group. )

(IIIa) Resolution of any function f(0), 0&8&2s-, in
a Fourier series. (This is an expansion in terms of SAF's
belonging to the successive reps —all nondegenerate-
of the cyclic group of infinite order, the group of all
rotations about a fixed axis. )

(IIIb) Resolution of any function in terms of a corn

piete series of orthonormal basis functions. (This is an
expansion in terms of SAF's belonging to the successive
reps of the invariance group of some operator, i.e., an
operator which has the basis function system as a com-
plete set of eigenfunctions. )

It can be seen from these examples that, quite gener-
ally, the expansion theorem serves to implement the
classical method of mathematical physics since before
the time of Fourier: Given a "complicated problem"
one first resolves it into a superposition of "simple
problems, " obtaining in the process a set of resolution
coefFicients. Next one finds the "simple solutions" to
the separated problems. Finally one recombines these
solutions, using the original resolution coeKcients, to
find the "complicated solution" of the original compli-
cated problem. In quantum theory the third step is
often not necessary because the simple solutions them-
selves may have direct observational meaning as eigen-
values and eigenfunctions.

The application of the expansion theorem depends
upon the existence of a standard method of finding
SAF s. This is described in Sec. II; it gives, for a general
function Ii, its projection belonging to a given row of a
given rep. In Sec. III it is shown how the "projection
operators" involved may be factored; the factored forms
will often simplify practical calculations considerably.

In brief, the formal argument is as follows: Given any
rep I" of the group (R. Consider the subset (K) of
operations in (R with the following property exhibited
in F~: The representative matrices have, in their ith
rows, a lone nonvanishing diagonal element equal to 1.
It can be proved (Appendix I) that this set of opera-
tions forms a subgroup of (R, which we call the "co-
kernel" subgroup (K) of the ith row of the jth rep.
In case the rep is nondegenerate this reduces to the
identity-mapping or "kernel" subgroup (K)'. I.et the
identity, plus a complete set of coset generators with
respect to (K)&', be called a quotient set (Q), &' of (K),&'.

There will generally be several alternative quotient sets,
all equally suitable. It now follows that the jith pro-

jection operator can be written simply as a product of
two factors: (1) the sum of operations in the cokernel
subgroup (K),', (2) a weighted sum of the operations
in any of the associated quotient sets (Q), '. The co-
kernel operator (1) and its quotient operator (2) may
often be factored again and the simplification carried
on to a reduction to two-term factors, whereupon the
testing of a function for its potency to contribute an
SAF becomes especially simple. An important theorem
in this connection is that the result of operating with a
factored projection operator is independent of the order
of the factors.

In Secs. IV and V the structures and reps of all the
point symmetry groups are analyzed and tables of
factored projection operators for all symmetry types are
given. And in Sec. VI four examples are worked out to
illustrate the method of factored projection operators;
the first and third are from classical continuum me-
chanics, the second is a simple one-electron problem
for a symmetric molecule, and the fourth is a three
d-electron problem for a cubic crystalline system. In
each case, once the table of factored projection operators
(e.g., Tables III.4 and IV.2) is available, one needs to
know the transformation behavior of the generating
functions only under a few hey symmetry operations
(Tables Va, VIa, VIIa, and VIIIa) in order to work out
in a few minutes a table of SAF's (Tables Vb, VIb,
VIIb, and VIIIb). In each row of the projection-operator
table one needs only to glance through the factors of
the projection operator. With any of the two-term
factors, it is usually apparent immediately whether the
generating function will survive or not. As soon as one
notes that it perishes under any factor, whichever is
easiest to inspect, one writes "no" in the table of SAF's,
and is through with that entry. In those cases where the
generating function survives all factors of the kernel
operator, and at least one quotient operator, it will
survive. In such a case it is often found that certain of
the factors leave it unaltered. These "neutral" factors,
which neither annihilate nor build up the generating
function, can all be ignored in the operational calcula-
tion by which the final SAF is found; for, since the
result is independent of order, one could imagine the
neutral operators all applied first, whereupon they
would have made no difference.

It is evident that the generating function may sur-
vive each factor of the kernel operator, and yet perish
under the combined action of two or more factors. The
whole procedure is easily carried out systematically
with the help of "k.ey" tables like Tables Va, VIa,
VIIa, and VIIIa.

A sequel to the present publication will deal with the
problem of diagonalizing a perturbed Hamiltonian
expeditiously. It will be shown that the tables of fac-
tored projection operators can be applied to shorten
appreciably the process of finding approximate eigen-
values, or of setting up configuration-interaction secular
equations from which such eigenvalues may be found.
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A simpljt6cation corresponding to that developed
here' for the 6nite point symmetry groups may be
expected in the treatment of the full rotation(sphere)
group, the double symmetry groups, and the symmetric
groups. In the latter case factoring of the Voung opera-
tors should prove highly useful in problems of complex
atoms and nuclei.

II. ALGEBRA OF GROUP REPRESENTATIONS. GENER-
ATION OF SYMMETRY-ADAPTED FUNCTIONS

Before presenting the formal relations governing the
generation of SAF's it is worthwhile to give a brief
review of the fundamentals of representation algebra.
The theory actually applies to any group, but, for the
sake of concreteness, let us think explicitly of a group
of proper linear orthogonal transformations in three
dimensions, i.e., one of the proper symmetry groups
which we will discuss in detail below. Consider then
any such group of pure turn operations. We shall in-
terpret the operations as "extrinsic operations" (see
Melvin, reference 1) i.e., as turns of the space-frame,
while the geometrical or physical objects which are
being viewed from the frame are regarded as "Axed."
The description of the objects from the turned frame is
naturally altered. For example, under any individual
operation R of the group, a vector described before
as u is now described as U. Formally we may say that
"U results from R operating on u, " and we may write
symbolically

Ru= U.

Explicitly, let% be the matrix in Cartesian coordinates
representing the operation R, and let tt and Q be the
column matrices representing u and U, respectively,
then

The set of matrices St, for all R, constitutes a representa-
tion of the group; this representation may or may not
be reducible depending upon the group. I For all the
cyclic and dihedral groups it is reducible, whereas for
the tetrahedron, octahedron-cube, and icosahedron-
dodecahedron groups it is not (see below). )

In general many other representations (homo-
morphic groups of matrices) of the group are possible.
These representations arise for instance when a suitably
chosen set of basis functions are operated on by the
operations of the group. In order to make clear what
this means one must define explicitly what is meant

'Af. Ler the present investigation was completed, Dr. P. O.
J owdin and the writer discovered some of the mutual relations of
our independent work. fn Dr. Lowdin's work /Phys. Rev. 97, 1509
(1955);Advances in Phys. 5, 1 (1956)g, factored projection opera-
tors also occur. His development of these operators is from the
point of view of their definition in terms of Hermitian operators
with known eigenvalues {e.g. angular momentum). The eigen-
value point of view is perhaps less universally applicable than the
group-theoretic point of view; on the other hand its advantage in
physical familiarity is great whenever the eigenvalue spectrum
is available. It is hoped to unify the two points of view in future

, work.

by an "operation on a function. " With the particular
kind of group we have chosen for illustration it is
natural to think of a function of position, f(x). The
function which results when f(x) is operated on by R
is to be interpreted as the same function, but of the
transformed variables, i.e., of X:

Rf(x)=—f(Rx) =f(X)=—F(x).

The last equality defines F, the ecto flection of the old
sariables which results from R operating on f.

As an example, suppose that the operation to be
carried out is C4, i.e., a quarter of a whole turn about the
s-axis in the positive (counterclockwise) direction. This
operation changes the description of a "axed" vector
with old components x, y, z to one with new components
X, I', Z which are equal respectively to y, —x, z. We
write this symbolically, and in accord with the notation
of crystallography,

C4xys =XFZ= yxs.

Now suppose that we have the function sinpx cosvy.
Under C4 it becomes

C4 sin1ix cosi y= sinpX cosvt'= cospx sinpy

where, as will often be convenient in solving complicated
problems, we have rearranged so that the order of
occurrence of xyz is alphabetic.

Suppose we have a set of functions f' such that under
all the operations of the group they mix with each other
according to

RP —P R ifs
k

Then the set of matrices, (%), corresponding to the
complete set of the operations R, also constitutes a
representation of the group. This representation may
be reducible under some equivalence transformation
PQ

—'(Q)+ or, alternatively, it may be a rep. However,
for any group of finite order 6 there are only a finite
number, J, of inequivalent reps. (The number J is
always the same as the number of classes in the group. )
Suppose these reps are given in explicit forms, i.e., the
matrices are explicit. In the jth one, of dimension l&,

let the element in the ith row and kth column of that
matrix which represents R be &E;~. Then a function is
said to be a synzrisetry adapted fgtsctsoe and -to "belong
to the ith row of the jth rep" when it is one of a set of
partners which transform under R by mixing with each
other according to
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The reason for the name may be made clear as
follows: Temporarily omitting the rep label j, one can
write

1 2. . . — 1 2. ~ ~

row of the jth reP:

F=P
j=1

(4)

g R', 'R,'&'=(G/l )b,,'b, ,'b„..
R

Here the sum is over all the operations of the group, and
the 8's are the Kronecker symbols. (The well-known
orthogonality theorems for characters of reps are of
course all corollaries of this. ) Multiplying Eq. (1) by the
complex conjugate matrix element &8"; and summing
over R it follows from the basic orthogonality theorem,
Eq. (1') that the partners of f" are given by

l&

fib P jzih. Rfii
g R

(2)

If one sets h=i in Eq. (2) one gets, as a necessary
condition (it is also suKcient) for the function to belong
to the ith row,

Ei
fii P jgi. Rfii

Q R
(3)

It is clear from Eq. (3) that any linear combination of
ith row functions is a function of the same kind.

To 6nd the SAF's systematically from arbitrarily
given eigenfunctions we need the general expansion
theorem referred to above. This theorem states: Ae
arbitrary function F of position, or of uny other variables
to which the operations R may be applied, can be expanded
in a linear sgm of basis flnctions (S-AF s) f" (i= 1,
l', j=1 ~ ~) where the fNnction f" belongs to the ith

7 It is assumed implicitly here that all the representations are
unitary. The following formulas are equally valid for nonunitary
representations however if one interprets E,'"; to be the hith ele-
ment of the matrix representing R '.8";=(R ')";.

or in vector-matrix form,

Rf= fef.

As we see, each Rf involves a linear combination of all
f's Rf' .contains f' with coeKcient E, Rf' contains f'
with coeKcient RP, etc. Thus f' is associated with the
ith row of the matrix of R in the process of determining
the "rotated vector" Rf from the original f.

We shall often have occasion to describe an P'
satisfying Eq. (1) in another, equivalent, way which is
perhaps more intuitive physically: We shall say that f"
"belongs to the jith symmetry type. "

To invert (1) one makes use of the basic orthogonality
theorem of irreducible representation theory which
states that'

For a proof that the f&" functions form a complete set
for expansion one may consult signer. ' Assuming this
completeness, the indicated expansion may be carried
out explicitly with the help of the basic orthogonality
theorem. We apply R to Eq. (4), multiply by &8', and
sum over all R. This gives

Q &R',RF=+ Q Q &8',R'f&"'= (G/l&)fi*
)'I ~/ R

Thus, for any F, the function Pn &&;RFbel'ongsto the ith
row of the jth reP and muy be considered to be the "corn
Ponent" or "Proj ection" of F with respect to this row.

Now we see how one may derive SAF's systematically.
One starts with arbitrary particular functions (e.g. ,
solutions to the actual or simplified eigenfunction
problem as found without regard to the full symmetry
of the system). By applying Eq. (5) to a sufEcient
number of linearly independent particular functions
one generates a complete set of SAF's appropriate to
the reps as given.

III. SIMPLIFICATIONS

A. Factoring the Projection Operator

Fquation (5) gives, for a general function F, a process
for finding its projection belonging to a given row of a
given rep. This process amounts to taking a weighted
average of the results of operating on F by all the opera-
tions in the group (R). Now, often, in taking a weighted
average of any kind one finds it possible to simplify the
calculation by lumping together sets of like terms, and
then averaging over the sets. An exactly analogous
"factoring" of the projection operator occurring in
Eq. (5) is possible, and may result in a considerable
simplification for practical calculation, as we shall see.
Formally the argument is as follows:

Given any rep I" of the group (R). On account of
homomorphism, the subset (K)' of operations in (R)
represented in F& by identity matrices is an invariant
subgroup of (R). It is the "kernel" of the homo-
morphism. Let its order be g. Let the identity, E, plus a
complete set of coset generators Q', Q", with respect
to (K)' be called a quotient set (Q)' of (K) &'. There will

generally be several alternative quotient sets, all
equally suitable. Then, formally, the group (R) may
be factored into a "direct product" of (K)& and any
one of its (Q)'. More explicitly, insofar as the projec-
tion process is concerned we have the following.

First simplification theorem A, p' nondegenerate. To-
find for an arbitrary function F its projection be

longing to F'it is sufhcient to average F with respect to

(K) & alone (i.e. proj ect with respect to' the kernel of ri)
See reference 2, p. 12&.
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and then to take the Proj ection of the result over a quotient
set (Q)'=E, Q', Q". . . . In short, letting If.& rep'resent

the character (which is the same as the diagonal matrix
element in a nondegenerate I') of R, we have

1 —. 1
f =-P 8 RF=-(PQ Q) (P KF)

G (R) G (K) '

1=—(&+Q"0'+Q"'Q"+ ) (2 KF) (6)
G (K) '

The Projection may also be made in the reverse order,

erst with respect to (Q)' and then with respect to (K)'.
The result is independent of order and of choice of (Q)'
among the quotient sets of (K) ~'.

The proof of the theorem is almost self-evident. It is
contained in the successive steps indicated in Eq. (6)
together with the remark that the character E.& corre-
sponding to any operation R is the same as that Q'
for the coset generator which, when multiplied by some
element in (K), yields R; for, by definition, all elements
in (K) have the character 1.

A similar theorem may be stated for each row of a
degenerate I'&, in terms of factoring with respect to the
kernel subgroup of F&'. But actually a more extensive
factoring is often possible. Consider all operations in
the group whose representative matrices in F& have a
lone nonvanishing diagonal element equal to 1 in some

given row. It is proved in Appendix I that this wider set
of operations also forms a subgroup (this time not
necessarily invariant), and we shall call it the "co-
kernel" subgroup, (K);&', of the ith row of the jth rep.
Of course, all the cokernels of a given degenerate I' in-

clude its kernel as a common invariant subgroup.
Now, it is easy to prove in the same way that we have

the following.

First simplification theorem B, I" degenerate. To pnd-
for an arbitrary function F its Projection belonging
to the ith row of I' it is sufficient to average F with

respect to (K) alone and then to take the ith row proj ec

tion of this average over a quotient set (Q),&'= E, Q', Q",
~ ~ ~ In short

l& I&'

f"= 2'~" RF=--(2'Q" Q) ( 2 KF)
G(R) G (K) ~

=—(E+'Q"' Q'+'Q"" Q"+ ).( 2 KF) (6')
G (K) '

The Proj ection may also be made in the reverse order,

fr, rst with respect to (Q) and then with respect to (K);i.
The result is independent of order and of the choice of
(Q),' among the quotient sets of (K);&.

The proof is contained in the successive steps indi-
cated in Eq. (6'), together with the remark that the
diagonal element E in the matrix corresponding to any

operation K is the same as the diagonal element for that
coset generator which yields K (see Appendix I).

Very often, the "kernel (cokernel) operator" QK( )
may be factored again and again by separating out
further subgroups and quotient sets from (K). When
(K) is a direct product of two subgroups, either in the
strong or in the weak sense, ' the factoring is especially
neat. Similarly one may sometimes factor the original
quotient operator further. With small enough factors,
the testing and rejection of any given Ii as a possible
source of SAF's belonging to any given (row of a) rep
can be done by inspection. This is formalized in the

Second simp/i/cation theorem. By a—n extension of the

Procedure indicated in the first theorem, the Projection
operator can be factored further to the form

f"= (2'Q"Q)i(E'O''Q)s (ZK)i(EK)s F, (6")

where the order of factors does not matter.
It is only necessary to ascertain that any one of its

factors operating upon a given F gives zero to decide
that Ii has no projection belonging to the ith row of F'.
When F does have a nonvanishing projection, this
may be determined readily by evaluating in any order
the successive effects of those factors which contribute.

The independence of the left side of Eq. (6") of the
order of factors on the right follows from the discussion
in reference 9. Tables indicating the factorization (6")
for all reps of all the 6nite point symmetry groups
(except the icosahedral groups 8 and d") are given in
Sec. VD.

Not only the set of rep matrices consisting of +1's
in the main diagonal but also the enlarged set including
matrices consisting of —1 s along this diagonal forms
an invariant subgroup of the entire rep. It will some-
times be convenient, especially in the case of d.egenerate
reps, to single out this larger subgroup. For brevity we
will designate it the "prokernel" subgroup and the cor-
responding projection operator will be called the
"prokernel operator. "

The method of application of the tables of factored
projection operators is illustrated by the examples of
Sec. VI.

B. Devertebrate Simplificatio

Inspection of the form of the matrices in reps of
various groups suggests that a simplification might be
made in the method of 6nding SAF's in certain cases

by applying Eq. (5) to a subgroup only. Such a sim-

' Given two groups (K) and (Q) which have no elements in
common except the identity. A group (R) may be said to be a
direct product, in the weak sense, of (K) and (Q) if all products
formed by taking an operation of (K) on the left and of (Q) on
the right are included among and include all products formed in
the opposite way, and likewise include and are included among the
operations of (R). It is said to be a direct product in the strong
sense (this is the usual sense) if, in addition, the individual opera-
tions of the two groups commute with each other: K„Q,= QqK„.
For our purposes, since what occurs in the projection operator
is the (weighted) sum of all the operations, direct products in the
weak sense are equally admissible with those in the strong sense.
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plification will be possible for the ith row of the jth
rep of a group (R) provided the following condition
is satisfied: The principal-diagonal element &8', must
vanish for all rep matrices except those belonging to a
subgroup (H) of (R).

'R';=0. except for R in (H) (7)

Naturally this reduction can only occur for degenerate
reps since for nondegenerate reps the matrices (char-
acters) are never zero. Upon passage from (R) to (H),
the irreducible matrices of dimension t& may become
reduced in such a way that the ith row now belongs to
a rep of dimension lid&" of the subgroup (H).

If the subgroup condition (7) is satisfied, it will
follow from Eq. (5) that an SAF belonging to the ith
row of the jth rep of (R) also belongs to a correspond-
ing row of a rep in the subgroup (H) of (R), i.e.,

(f")~=- & ('~"Rf")~
Q R

Ht t ' Ht
(2 '~"Rf")u= (f")n .. (8)

GtKg ' H R GtH2i

The numerical factor in the ratio of (1")~to (f")a is of
course irrelevant to the transformation character. With
the help of the correspondence (8) one may be able to
cut down considerably the tediousness of calculating
SAF's. Whenever Eq. (7) holds one may say that row
SAF simplification is possible, and that (H) is the
reducing subgroup for the ith row of the jth rep of (R).

If we limit outselves to considering the restricted
case, where there is a common reducing subgroup (H)
for all rows of a given rep, the theory simplifies. All the
principal-diagonal elements of the matrices in the co-
sets of (H) must then vanish simultaneously. In Sec. V
we shall examine the instances in which this case of
simultaneous simplification for all rows of a rep occurs
among the point symmetry groups.

We may call a matrix whose principal diagonal ele-
ments all vanish a devertebrate matrix. It is clear that if
simultaneous SAF simplihcation is to be possible there
must be the proper number of cosets of devertebrate
matrices in the rep, e.g., at least half of the matrices in
the rep must have zero characters. However, the
character of a matrix may be zero without it being
devertebrate. Thus we have, as a necessary character
cordi ti oe

(C): 2 necessary but not sufhcient condition for SAF
simptift, cation to be possible simultaneous1y for a11 rows of
a degenerate rep is that the characters for at 1east half the

group elements vanish For the existe. nce of a simultane
ously reducing subgroup of index 3, 4, 5, . the characters
of at least 2/3, 3/4, 4/5, , respectively, of the group
etemeeIs mist famish.

On account of the invariance of the characters, this
criterion will apply to SAP's corresponding to a given
rep no matter what similarity transformation is made.

IV. THE POINT SYMMETRY GROUPS

We shall try to ascertain for all the point symmetry
groups what simplifications are possible. In order to do
this we must examine the reps for all these groups. As
a preliminary we review their abstract group structure.
This structure indicates isomorphisms and invariant

FIG. 1. The possible symmetries around a point. Except for one
or two innovations the usual Schoenflies notation for the sym-
metry operations and groups has been used. In the illustrations of
6nite order groups we have not used the customary stereographic
projection. Rather, for the sake of easy picturization, each repre-
sentative particle in the symmetrical system is considered to be a
source of rays spreading out with a fixed solid angle. In other
words, a more distant particle under another particle projects in
the same location but with smaller size. If the system has a mirror
perpendicular to the 6gure axis, then this mirror coincides with
the plane of projection. Likewise, if there is a center of symmetry,
the plane of projection contains this center. An open circle, with
a right-handed "thumb, " i.e., a palm-up right hand, represents
the position of a right-handed particle lying above the plane of
projection. Further palm-up right hands of the same size stand
for other equivalent particles obtained from the 6rst one by
symmetry turns about the figure axis. An open circle, with a left
"thumb, " represents the position of a left-handed particle lying
above the plane of projection. Such a particle is obtained from an
equivalent right-handed particle by reflection through a mirror
passing through the 6gure axis, and is shown with the same size.
Solid circles with right or teft 'thumbs" (and of smaller size), i.e.,
palm-down left or right hands —represent the corresponding left-
handed or right-handed particles lying below the plane of projec-
tion. These "more distant" particles are obtained from the 6rst
ones by reflecting through the plane of projection when it is a
mirror, by inverting through the 6gure center when it is a sym-
metry center, by mirror turns about the figure axis, or by half-
turns about twofold axes lying in the plane of projection when
these symmetry elements occur. The positions of open and solid
right and left hands determine the symmetry group. The figures
also show the different symmetry elements of each group. They are
described as follows:

Full and dashed large circles, respectively, denote that the
system has one or no mirror in the plane of projection. Such a
mirror if present is designated oh, . The operation of re6ecting in o-I,

ls WI'ltteil 0'7, .
Full lines show intersections of vertical mirrors (e.) with plane

of projection. The operation of reflecting in o- is written o'„.
Dashed lines indicate twofold axes of symmetry C2 in plane of

projection (dihedral-type groups). Half-turns about such axes are
labeled D or D' instead of the customary C2' or C2".

If vertical mirrors do not coincide with D-axes, but lie between,
they are labeled o d.

Solid ellipses, triangles, squares, hexagons, or generally p-gons,
are endpoints of twofold, threefold, fourfold, sixfold, or p-fold
axes, respectively; such sigils in center of 6gures represent p-fold
axes C„ in z-direction, i.e., perpendicular to plane of projection
(basic operation C„).An (n/p) th part of a turn about the principal
axis in a cyclic- or dihedral-type group is labeled C„".Ellipses at
the end of full lines in the plane of projection indicate that inter-
section of o, with o.

y, is also a C2 axis.
Open ellipses, squares, hexagons, etc. , are end points of two-

fold, fourfold, and sixfold alternating mirrors or "axes of rotary
reQection" S„(basic operation S~), respectively. (In an alternating
mirror one has to rotate the system about an axis and concur-
rently reflect across a plane perpendicular to that axis. A twofold
alternating mirror is identical with a center of symmetry &.)

The classes within each group are indicated by writing a repre-
sentative operation; the small numeral on top gives the number of
operations within the class.

The symbols for the symmetry groups are essentially those of
Schoenflies except that the group subtype is characterized by a
superscript instead of an extra subscript. For the sake of uni-
formity and to make the notation discriminative we have intro-
duced as alternatives to Schoenflies' S2~ and 8~' the symbols
6~ (q even) and 6, (q odd). The upper o in contrast with h
means that the group contains only an alternutieg mirror (or
rotary-reflection axis) rather than a direct mirror o-h.
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subgroup relations between the groups, and knowledge
of these materially simplifies the problem.

The different kinds of groups and their relations
may be derived concisely in two main steps. "First all
the proper (turn) groups are derived by considering
the possible regular tesselations of a sphere. This leads
to the cyclic, dihedral, and regular-solid turn groups,
any one of which may be designated by the generic
symbol (T).

Once the turn groups are known all the remaining
point groups are derivable on the basis of the following
theorem" .

All improper symmetry point groups are either of
central type:

column, include the others as halving (therefore in-
variant) subgroups. In addition, the classes of con-
jugate (equivalent) operations within each particular
illustrative group are given, with the classes in iso-
morphic groups, on the same horizontal row, in corre-
sponding order"; these class correspondences are easily
generalized, from the examples given, to groups of any
order. In Table I.1 essentially the same arrangement of
groups is presented in more abstract form; invariant
subgroup relations in the vertical as well as horizontal
directions are easily read off. Which reps correspond to
which in the various cases of isomorphic groups and
invariant subgroups can be read off from standard
correlation tables in the literature.

comprising the direct product of all turn groups with the

origininversion group, or else they are of noncentral type:

obtained from the coset decomposition of all turn groups
containing halving subgroups (T') (i.e., subgroups of
index 2). (A)„,„„„t„~is obtained from the corresportding
turn group by multiplying the coset generating element T,
by the inversion operator: A, =sT, . Although it is not
contained in (T'), T, is necessarily the square root of some
element in it. Any odd power of A, will serve equally well

as a coset element for (A)„,««t»l. If the half order q of-
T, is odd, one of the possible coset elements is a pure re
flection and then Eq. (9') may be written, analogously to

Eq. (9), in the concise form of a direct product of two

subgroups
In Fig. 1 we present a chart'"' classifying the various

types of groups, as derived on the basis of the foregoing
theorem. We have illustrated all the different types by
examples of systems having those symmetries; inci-
dentally, these examples include most of the crystal-
lographic groups, e.g., nearly all those with principal
axes of order greater than two.

In the chart we have tried to exhibit clearly the iso-
morphisms and invariant subgroup relations between
all the groups by arranging them in such a way that
these relations may be read off upon inspection: All

groups on the same horizontal row are isomorphic
except that the central direct mirror groups, in the last

'0 M. A. Melvin, Proc. Second Canadian Mathematical Congress
(University oi Toronto Press, 1951),p. 225.

"In essence this theorem is old. In content, if not form, it was
probably known to Pierre Curie $0ettvres, pp. 78, 114; Bull. de la
Soc. min6ralogique de France, t. VII, p. 418 (1884); and Compt.
rend. , tome C, p. 393 (1885)g who iirst emphasized the existence
and importance of general rotary-re8ection symmetries. A proof
for the crystallographic point groups is given by W. H. Zacharia-
sen /Theory of X Ray Digractiort inCry-stals '(Jo, hn Wiley and
Sons, Inc. , New York, 1945), p. 40j. A general proof, for all point
groups, is given in Appendix II at the end of this paper.

"A rudimentary version of this chart, with an unfortunately
original notation, will be found in the earlier paper'0 by the author.
In the present version we use the standard SchoenQies notation
except for slight innovations: A half-turn about a twofold axis
perpendicular to the principal axis in a dihedral-type group is
labeled 9 or D' instead of t q or Cq'.

V. IRREDUCIBLE REPRESENTATIONS OF
THE POINT SYMMETRY GROUPS

A. Factoring in the Cyclic-Type Groups

All the reps of every cyclic-type group are one-
dimensional. "Explicitly, the jth rep of C„consists of
the jth power of e=exp(i2sr/p) and all successive
powers of e&; it is convenient to take j here with the
range 0, +1, . + (p —1)/2 (p odd), and 0, p/2, &1,

&[(p/2) —1] (p even). The 0-index or "identity"
rep is called A, and the p/2-index rep (p even) is called
B. All the other pairs are labeled by the conventional
symbol for doubly degenerate reps, E, with the corre-
sponding index. This calls for some explanation:
Strictly, from the point of view of space-symmetry
alone, there are no degenerate reps in the cyclic-type
groups. However, on account of the frequent occurrence
of time-inversion symmetry in physical systems, func-
tions belonging to complex conjugate reps (&j) are
frequently degenerate with each other and the corre-
sponding reps are conventionally taken together as
forming a ("separably" ) degenerate rep. s

All the improper noncentral cyclic groups are iso-
morphs of C„groups and therefore have the same reps.
Finally, the reps of the central cyclics are obtained from
those of the corresponding 6„'s by taking the direct
product with the reps of the inversion group 6', i.e.,
with t 1][1]and [1][—1].

The general pattern of the factoring in 6~ is as fol-
lows: The projection operator 'c~, for the jth rep of 6„
may be summed formally to giventE —(e& C-v) &

'c =g '"C s= (10)

"These isomorphic correspondences are not unique. Of the
various possibilities one fairly natural correspondence is that
exhibited in the chart.

~4 A. Speiser, Die Theoric der Grstppem (Verlag Julius Springer,
Berlin, 1937; Dover Publications, New York, 1945), p. 179,

where Coo= E plays the role of unity in the sum 1+x
+ +xo-'. The numerator on the right may be
factored according to the p roots of unity, 1, e, e',
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TABLE I. 1. Isomorphisms and invariant subgroup relations among the point symmetry groups. All groups on the same horizontal
line are isomorphic with each other uniess the symbol (, meaning "invariant subgroup in, "appears. Within each half of the table set
apart by the horizontal heavy line, each group is an invariant subgroup in a group of the type vertically beloved it.

Proper

Mirrors
through

axis

Noncentral

Horizontal
alternating

mirror

Improper

Horizontal
direct mirror
(direct prod-
uct gro&ips)

H onzontal
al ternati ng

mirror

Central

Horizontal
direct
mirror

Cyclic

odd odd even

62q

l

odd I even
I

I

l

I

I

even

8,"(=g „)

odd
I

odd
I

I

6,h I

I

I

even

Dihedral CD'& q

$2q

I62q"

l
s

Sqh
A,
Sq"

I

1

I

e02q

'U(= S,) Uh( Q,h)

Tetrahedral -fh

Cube-octahedral K"(= v"&)

Dodeca-icosahedral

Spherical

~ e~', and we get

'cs= II (e" &—"Cv) = II (E—e' "Cv). (10')

The factored form (10') for the projection operators may
sometimes be more useful than the familiar series form
in that it indicates effectively when a function has no
part in the jth row; though for actually calculating a
nonvanishing part it is probably more cumbersome.
We shall not discuss it any further here.

At this point we take note of the kernel subgroups
and operators of the various reps of 6„. We shall
merely sketch the method of analysis since high-order
cyclic groups are not common. Also we exclude the case
j=0 (identity rep) from the discussion since in it the
kernel is always 6~ itself. From the form of the char-
acter of Cv" in E;, i.e., e+'s'~'t", it is evident that the
general condition for the kth power element to belong
to the kernel (prokernel) of E; is

h=nP/j n=0, 1, " j—1 (n=-'„"j—-,').
The upper limit to e is set by the fact that the largest
value of h is P—1.It is clear that E; for j=1 can never

have other than the trivial kernel consisting of the
identity element E. The same is true for any j tohich is
relatively prime toith respect to p. Further cases may be
classified according to the parity of p.

p=Zq+1 odd.—The kernel for the rep j=2 (or, in
general, 2 ) is also always trivial; this is a special in-
stance of the case just described in italics. The first
odd-order group for which a nontrivial kernel for j=3
appears is P=9; the kernel then consists of E, C,, Css

and we designate the operator, which is the sum of these
elements, by c3. The same kernel occurs with j=3 for
all p's which are multiples of 3. A similar analysis may
be given for the kernels (and prokernels) of the higher
order reps.

p =Zq even. —The kernel of the 8 rep is 6, and we label
the kernel operator c,. For j=2, the kernel is 8& and
the operator is E+Cs =—c. For j=3, the kernel is trivial
unless p contains 3 as a factor, in which case the kernel
is 6s. For j=4, the kernel is 6s if P is merely simPly
even (q odd) but is 64 if p is doubly even (q even). The
analysis for higher order reps is similar. Results are
given in Table IIb,
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TABLE I. 2. Isomorphic generating elements in the dihedral-type groups. Reducing subgroups, and projection operators for
the complex reps in both cydic- and dihedral-type groups.

Isomorphs of the
proper dihedral

groups
l&Q~ ~

element

Cp

Cp

i CD'
~

element

Ov

Invariant subgroup of"C"elements. The
reducing subgroup

Projection operators for the jth rep
(1st row: +j, 2nd row: —j)

7Cp

7Cp

qodd S" Sq

Cq q odd
S2, q even

E70 .'1' 7Cq
C' S2q

E ' C'&C
7 ~ q

E7M.' 1'7C
v.2Ag2 q

E " C'7'C

C2q E7'g .' 1 C ~ 7Cq
1' C 7cq

E7.N- 1'C'7Cq
1 C'7Cq

(j even)
(j odd)

q=2r: X)4P C4r i c (E+C4) 7C4r" '

l ' c ' (E—C4) &'c4," '

1 C'7C4 2r 1

i c (E+C4) 7C4r

i c (E—C4) &'c4," '

C 7C42r &

(j double
even)

(j double
odd)

(j odd)

j—E+g

i=—E—z

c=—E+C2

c—=E—C2

cs—=E+oh

C =E—Oh

7's2 e=E+~7' S2 + ~(a-)7 S2 a-

c —=E+~7 C +. . . e'& ' 7 C & '

s=E+&+7 C4r+ - ~ . &+7 C4 s

subseries of the Fourier series of F; this subseries consists
of all terms of index nP+j where n takes on all integral
valles.

For the limiting case of the full two-dimensional rota-
tion group, 6„, this reduces to the familiar result that
the projection of any function Ii upon the jth rep is
simply the jth term in the Fourier series of F. In general,
for systems with a high order of symmetry the first term
or two obtained by (10") should provide a good ap-
proximation in contrast to the series expression in

Eq. (10) which becomes increasingly cumbersome for
large values of p. The limiting case where only one term
is retained corresponds to the "free-electron approxima-
tion" which is now being used in studies of long chain
molecules. Thus (10")a,ppears to provide a formulation
by which one may pass continuously from the linear
combination atomic orbitals (I CAO) approach to the
free-electron model in the study of molecular structure.

Various simpli6cations by factoring, according to
their structure, occur for the other cyclic type groups.
These are exhibited in Tables I.2, I.3, III.1a, and III.1b.

We have already implied above that the factoring of
the projection operators for 6„ is not too important
practically because the original form in Eq. (10) is
fairly simple to use. What is of frequent practical value
is the factoring of the projection operators of the more
complex groups down to the cyclic projection operators,
and to such 2-term factors as c'—=E+oq, i—=E+a,
and it is this factoring on which we have mainly con-
centrated in the tables at the end of this paper.

Before leaving the topic, it is interesting however to
consider still a third form, which is readily obtained,
for the cyclic projection operators. From Eq. (10) we

see that since e&'&=et2 '=1,. and Cv&=E, the operator
7'cp operating on any function F clearly gives zero unless,
simultaneously, (E—e'Cv)F=O. In other words, for
any function F, only that "part" which is exactly recovered

under the oPeration e' Cv survives the Proj ection into the

jth rom. The exact "part" which is recoverable under
the operation e' Cv is given by certain terms in the
Fourier expansion of F with respect to q, the angle
about the principal axis. Only the terms in e ~'& where

E j=nP (n=0, &—1, ~ ~ ) will recover exactly, and
therefore survive, under the operation ~'Cv. This is
clear from the fact that this operation simply multiplies
each such term by the phase factor e&' ~&2 'f&. Thus,

applying the general formula for the Fourier coeK-
cients, we arrive at the expression

B. Simpli6cation and Factoring in the
Dihedral Type Groups

1. The Dihedral Representations in Complex Form

We now consider the proper dihedral groups and their
isomorphs. These include the 6„"groups and all the
improper dihedral groups with the exception of the
central h-dihedral type, $2,". Any such proper di-
hedral-type group (order 2p) is generated by two ele-
ments, C and D, and its abstract structure is indicated
by the equationsIn words we may state this as the cyclic projection

theorem: The Projection of any function F uPon the jth
rep of the cyclic group Cv is given by a regularly picked C&=E D'=E D—'CD= C—',

p2x
p- d p' e&~( v

' v) F(p'. . .) (10")—
2v ~x op+.g, as n
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where the collection of pth-order elements C form an
invariant subgroup of index 2. These subgroups are of
cyclic type and can be read oG from Fig. 1 or Table I.j.
by proceeding vertically up. The "C" elements in the
various groups are either elementary rotations or rotary
reflections, whereas the "D" elements, in every case
but one, are half-turns about an axis perpendicular to
the principal axis. In the case of 8~", e is the "D"
element (see Table I.2).

A complete set of reps for the proper dihedral groups
are given by Speiser. "These are naturally also reps for
the isomorphic groups. There are always two non-
degenerate reps labeled A& and A2, respectively. A& is
the identity rep C 1, D 1 and A& parallels it except
that C 1 and D —1. In the cases where the order p
of the principal axis of the group is even, there are two
more nondegenerate reps labeled 8~ and $2, respec-
tively. In Bi, C —1 and D 1 whereas in Bs C —1
and D —1. The kernels and quotient sets are readily
inferred and are indicated in Tables III.2—III.4.

Besides the nondegenerate reps there are (p —1)/2
(p odd) or (p/2) —1 (p even) degenerate reps. All the
degenerate reps are of dimension 2. The jth one is
indicated by

0 y to 1q
D ] ~

e=exp (2s'i/p) . (12)
t,o;t) E1 0)

As we see, in this case devertebrate simplification is
possible. By doing the calculation with its cyclic-type
subgroup of "C" elements, instead of with the di-
hedral-type group, one needs to find the effect (RF)
of only half as many symmetry operations on the
generating functions Ii; furthermore, the sum in Eq.
(5), corresponding to each row, involves only half as
many terms. The analysis into kernel subgroups and
further simpli6cation by factoring is then quite similar
to that for the cyclic groups.

In the case of the 5)s,k groups the elements C and D
must be supplemented by the inversion ~ which com-
mutes with all elements and which is represented by

Upon operating with 11 '( )l1 on the matrices of the jth
degenerate rep of a dihedral-type group with axis of
order p we find (setting 2s/p=—a)

(coshja —sinkja )k~]
~sinkja coskja)

(—sinkja coskjaq
CkD

coskja sinkja j

(13)

In the $2," groups the added elements coming from a

retain their form (12') under this unitary transformation.
Only in certain groups and certain reps does the form

(13) permit of devertebrate simplification. In any
group whose principal axis is double-even in order,
p=4r, we will get devertebrate simplification in the rep
(13) corresponding to j=r. For then all elements of the
form C'"+' or C'"9 are devertebrate and the remaining
elements make up the reducing subgroups listed in
Table I.3.

For example, let us consider the group X)4" and the
E, (or E„) rep. Here P=4 and j=1, and the matrices
corresponding to

C—=C4
aC= S4s

C4' D=D', t4 C'D=D', s.t4
iCs= S4 sD=a', s.t4 tCsD= e', .t4

are all devertebrate according to Eq. (13).This shows
that the invariant subgroup in which E, becomes com-
pletely reduced is X)2~, which consists of the following
classes:

E C, (Do, Dvts)
u'h (o'v, v/s, u'v, e).

(The invariance of the subgroup goes, of course, with
the fact that it contains a whole number of classes of
X)4k.) Thus, in determining symmetry-adapted func-
tions of the $4" group in the rep E, we need only apply
the operations of the group X)2". Exactly the same is
true for E„.In the same way the E reps of x)4, 64", and
$2" permit of devertebrate simplification to X)2, 82",
and 62', respectively.

(1 Oi (—1 Oi
inE,

I )
ink„.

(0 1) 4 0 —1j
(12 ) TAnrz I. 3. Reducing subgroups and kernels for the rth real rep

of the group X)4„ its isomorphs) and X)4„".

Here again the simplifying subgroup in which reduction
is possible is the invariant subgroup represented in
Table I.1 vertically above the $2," group, i.e. 62,".

Z. The Dihedra/ Representations in Rea/ Form

By means of a single unitary equivalence transforma-
tion it is possible to put all the reps (12) and (12') into
real forms. This is especially desirable if we wish to deal
only with real basis functions. The unitary matrix
which accomplishes this reality transformation is

t 1/v2 i/@2'

E i/V2 1/v2)

X)4) C4r

C4r

S4r

$4r
and its "C" "D"

isomorphs element. element

Reducing
subgroup

for the )th
representa-
tion in its
real form

$2.

62,"

Kernel
operator

d' Cr
d 'Cr

Cr 'C
Cr C

Cr 'C
cr'c

1 d'ci
Cr

Quotient
operators

d', E—C2,
d, E—C2,

E—Cgr
E—C2,

-c",E—C2r
c', E—C2r

-d', E—Cg,
d) E—C2r
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tp
cd

V
bo~
O
cd C

C4
cd cA

o

Py
gp CA

wg+' C4

O o)
~~ b

cA ~
o

~~ ~ &0
cd ~

&Qo
rZ

cd
t6

o
CO ~

~ C4

&8
g, cd

bOA

O rn

4) ~
W v

go"cd~

~ ~o~~

oB '5
cd ~

CA+~

o

O
KA

C4.m tD

g cll 'g
cd
@4o

cd
ca

b0~ ~cd

@)W cd

cd O

cd
mob

cd~ b

+ cd

g~~
P4

vA6

SPA&

I I

I I

cd cd

C. Simpli6cation and Factoring in the
Regular Solid Groups

A still better result holds for the enantio-tetrahedral
group 1, of order 12. It has altogether three 1-dimen-
sional reps including the separably degenerate pair
grouped under "E"and one 3-dimensional rep, Ii, which
is given by V itself represented as a transformation
group in Cartesian coordinates. The 1-dimensional reps
are all readily factored as indicated in Table IV.1.
Further the necessary condition (C) for devertebrate
simplification of Ii to be possible holds, since the eight
characters connected with the C3 and C3' classes all
vanish. To verify whether devertebrate simplification
is really possible we must find Ii itself. Consider a cube
(Fig. 2) whose edge directions define the hays system.
Let a tetrahedron be inscribed in the cube in such a
way that two opposite (criss-cross) edges of the tetra-
hedron coincide with the opposite diagonals of opposite
faces of the cube. Then the half-turn axes of the tetra-
hedron lie along the xys directions, and the operations
associated with them constitute X)2=—'U, an invariant
subgroup of index 3 in K The matrices for this invariant
subgroup are all diagonal. All the other operations of 1,
corresponding to rotations about the threefold axes,
permute the ryan axes among each other. Thus these
matrices have zeros in the principal diagonal and de-
vertebrate simplification is possible. Upon examination
one sees that the successive rows in Il correspond to the
three nonidentity 1-dimensional reps in 'U: 5'3 82 Bg,
in that order. These then simplify further according to
Table III.2. The case of V" runs exactly parallel to
that of K Its reducing subgroup is'U", the direct product
of U by the inversion group.

We next consider 8 and its isomorph V', of order 24.
One can factor the projection operators belonging to
the identity rep owing to the fact, which may readily

/px

Y

Np

FIG. 2. The proper symmetry operations in the cube and tetra-
hedron. The C's and D's represent axes perpendicular to the
faces and edges, respectively, of the cube; whereas the T's repre-
sent threefold axes through the corners. It is to be noted that,
besides the obvious relations, the following ones also hold:
D D„D, are perpendicular to T~, D D„D, to T2, D D„D, to
T3, and D,D„D, to T4.
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(I ~ ( 1~ (-1 —1q

where the six matrices are to be taken four times each.
It is clear that, though it satisfies the necessary condi-
tion (C), E does not satisfy the sufFicient condition

~E =0 alii, except for R in V'. (6')

's B. L. van der Waerden, Noderts Algebra (Verlag Julius
Springer, Berlin, 1940; F. Ungar Company, 1950), pp. 181-2.
This rep is nonunitary. VVe can unitarize it by the standard
method, whereupon it becomes

1 1 —i&3/2 —1/2 W3/2 —1 2

—1 2 v3/2 —1/2 —v3/2

be verified, that 8 may be written as the weak direct
product of 'U and X)3, while W" may be written as the
weak direct product of 'U and 63'. For the second non-
degenerate rep, A &, the projection operators factor with
W as the kernel operator. Besides the two nondegenerate
reps there are three degenerate reps, of which one is of
dimension 2 and two are of dimension 3. The 3-dimen-
sional reps do not satisfy (C). The 2-dimensional rep E
satisfies condition (C) since its S4 and o„classes have
zero characters; thus, possibly, it admits of devertebrate
simplification with V" as reducing subgroup. To see
whether E actually admits simplification we must look
at it in detail. It is derived in somewhat indefinite form
by van der Waerden" to be

Thus, in this form, E does not permit devertebrate
simplification. Likewise for E, and E„in 8 .

We have described the rep given in (14) as "some-
what indefinite. "This is because from the way (14) is
obtained" one does not know ofI'hand to which opera-
tions of the group each matrix corresponds. Because the
rep is not faithful there is a certain amount of arbi-
trariness in associating elements with matrices. But
this arbitrariness is limited. Examination of the
characters of the degenerate reps of 0 (Table I.4)
indicates that the first of the six matrices is to be asso-
ciated with E and the 3Cs operations, whereas the last
two matrices are associated with the 8Cs operations.
How the three other matrices of trace 0 are to be asso-
ciated with the 6C4 and 6Cs operations is not obvious
at first inspection. Upon more detailed examination,
and by analogy with the more explicit Ii & rep which i
faithful, we see that a consistent scheme of association
is the one indicated in Table I.4 with reference to Fig. 2.
The final results of factoring and row simplification of
the projection operators for 6 and 1' are gathered
together in Tables IV.2 and IV.3. The projection
operators for 8"may be inferred immediately from those
of 6.

It may be noted that the nonunitary rep (14) is
more convenient for factoring than its unitary equiva-
lent. Once the SAF's are found, they can be trans-
formed by the unitarizing transformation to the
unitary basis.

Finally we consider the icosahedral groups. The
character table for 8 and a discussion of its reps is given
in Speiser. "Upon examination one finds that (C) is not
satisfied by any of the reps. Thus 3& (and likewise 0")
does not admit of devertebrate simplification in finding
SAF's for any of its degenerate reps. On account of their
infrequent occurrence in Nature we shall not discuss 8
or 0" any further.

D. Tables of Factored Projection Operators for the Point Groups

TAniz IIa. Characters and projection operators' for the cyclic groups e„L(p=2,3,4,5,6), (i =—es"is)7.

Kernel
operator

Quotient
operator

Types of
symmetry-adapted functions

E C& Cg2

1 1 1

1 v
1

c=E+C2

Projection
operator

c3=—E+C3+C32

'ca=—E+yC3+yCp
E+yC3+yC32

c—=E—Cg

T„'L,
~vs &yy &zz &~y

Tp Typ Lzp Ly
o'ygp zx

Types of SAP's

T„L,
&vs+yy p O'zs

(~* ro) ' (I-*,Io)
(~.—~yy ~.y) (~y., ~-)

a In these and all subsequent tables the following abbreviations are used: c =E+Cs(z), d E+D, cs =E+0'h, cv d =E+0'v, d, c =E —C2(z), d =E—D
cs =E —0'h, c»d =E—0',d, and &'cp ~E+co~& Cp+co+» Cp2+ ~ ~ ~ (cu =—e2&s»). A further abbreviation which may be used is to put +Cp =—E+Cp (p g2)

or, in general, +aR —=E&aR (R~ &E) but, for the sake of greater explicitness, we have not done this in these tables.
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TABLE IIa.—Continued.

E

E Ce

C2 C 43

Ce4

Kernel
operator

c (E+C4)

Quotient
operator

E—C4

(E+ic )
(E—iC4). c

Types of SAF's

Tgp Lg
(X~,+CYyy, O.zz

Az* CLyy) Agy

q ——e2g i/5

Types of SAF's

A 1 1 1 1 1 T'' L &x,+O,yyp ~zz

g2

E.2

g2

e2

g2

E C6 C3 C2 C32 C6e

1 1 1 1 1 1

Q2

e2

Kernel
operator

C'C3

Quotient
operator (s)

(n„—ayy, e,y)

Types of SAF's

T„L,
0!xx+Ayyz O.zz

1 —1 1 —1 1 —1 C3 E—C6, -c

1 —V2 V —1 7' —V
-V V2 -1 V -V2

'c3. c (~* Tw)
' (~*, ~w)

(ay„n )

Y V2

1 72 v
(~» ~wwy ~*w)

TABLE IIb. Projection Operators for the even-order cyclic group 62~. The product of any prokernel factor by the associated kernel
operator is the prokernel operator, i.e., the sum of all operations in the prokernel subgroup each weighted by ~1, according to the
corresponding diagonal matrix element in the representation.

C~g
(q odd)

A
8
jV1
jV,
jV,

Kernel
operator

C2q =C ' Cq

Cq

Prokernel
factor (s)

c, E—Cq
C

C

Remaining quotient
operators

Cq

Cq

Cq

c =E+e+ C + . ~ .e+(a-1)7 C a-1

q—lc

62q 4r
(q even)

A
B

Kernel
operator

c (E+C4) c4r
Cq

Prokernel
factor (s)

c, E—Cq

Remaining quotient
operators

&2a+1 M+1C4 2r -1
4r

C 2mC4 r -1

c4 =—c (E+C4) 4nC4 r -1

2r —1

7c4-- r-1 E+~+7' C4r+. . .$+7 {~1)C4 r 1

7C4 2r—1~E+6+ 7 C4r+ ' ' .&+7(2r-1) C4 2r—1

2r -1 2r —1
C4 r
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TABLE III. 1a. Factored projection operators for the irreducible representations of the h-cyclic and the a-cyclic groups, C~ and C~
s„~ and 8„"(q=1,3,5) (p=2,4,6).

Qih —Qe

A'
A II

A'
A/I
g/
g/I

Kernel {or prokernel)
operator

c'=E+oh
c'=—E—eh

eSh=eSXe
CB C'

Cl
c'
Cs

Quotient operator {s).
alternatives

c', E—SB
CB

1C

A,
A„

Ag
A„

g

i=E+s
i—=R—a

i, E—S6
CB

1C

S' =—+S' =—gs =-S XCa

CB'1
CB

1
1

A'

II

jV2'
II

2

C»h =6» X8a
C6' C

Cs
c'

8C
Cs

8C

c' E—S5
C5

C6
2C

C5

Ag
A„

gl
g2

Gal
C6

1

1
1

1

t'»8=—t'»' =gio =+» Xea

12 R S]Q
1C

1G

2G

2G

82 —$4
c.(E+S4)
C

C

E—S4
RaiS4

Ag

Bg
Bq4

C'1
C

1
C'

2h —2 Xg»

8lI C

C C

c,

A
B

A
B
+1
E2
EB
g4

64~ —=gS

c4 (E+Ss)
C4

C

C

CBo $12

ca (E+Si2)
C6

C

C

C

C
C

{s~82qri/S)

E—Ss
(E+eS8) (E+~C4)
(E+eS8) (E—iC4)
(E—C4) .(EaiS8)
{E—ASS) {E—iC4)
(E—&ST) (E+iC4)

p ~82qr4/S

8 8;82qr»n2

Ag
E—S12 A„
ls 6 Bg
2s126 B
S12 ~1g
S126 +2

Ss 6

&sgp—= (E+e' S&2) (E—y+ Cs+v' Ca)

64h =64 XC'
C4'1
C'1
C4

c (E+S4)
C 1 C'1
C Csi 1Cs

6»h =CBXt '
C6'1
C6
CB'1
CB' C
C'1 Cs'1
1'C
C'C 1'C
1 C7 G8 ~ C

E—C4, E—S4
1» C~ E—S4
1I CI E—C4
RaiC4
E~iC4

-i, -c', E—S6, E—SB-c -c E—C„E—S,
c, i, E—C6, E—S6

1C

-2CB

1C

2C

A@LE III ].b. Factored projection operators for the irreducible representations of the h-cyclic and the u-cyclic groups 8,", and 6, .

A'
A//

g I/

Cq'C
Cq
Cs

cs

c', E—Sq

Cq
4

q odd

Ag
A
E1g
+1m

688 =68'=$28 =Cq XC'

Cq'1
Cq
1

i, E—S2q

Cq
0

8C

q even

~(q-1)/2, tr,

{,=—~2~'/2q)

(g 1)[2C
q

cq (E+S2q)
Cq R —S2q

g-1
E+g ~+1 S I

k 1

E+2 e+/' S
k 1
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TABLE III. 1b,—Continued.

Q ocIci

C2q 1

C2q

Cq = Cq'1
Cq = Cq'C

i, c', E—S2q E Sq
-g, -c&, R—C2q R—Sq

cp 1p E Cpq& E S2q

Ag

Bg
Bu

C2q 1

C2q

Cq =Cq'1
c, =cq (E+S2q)

—
i,

—c', E—S2q
E—C2q, E—S2q
1~ C8) E Cpq

c c'

G2 = C'1

C

Cq

C'C
2I+'c

2q

O'C
Cq ~2tsi g

~2104 u

0

c (E—C4)
G {E—C4)

2mC l
q

+q—l, g

Eq lru C' 1

q 'cq

Ii.4„,g

E4„„

CPq =E+6 C4&+ ' ' 6 C4l'

c (E+C4) i
c.{E+C4) i

C'1
C'C

4~C, ~-&
q

c2 2
2q

TABLE fff. 2. projection operators for the dihedral and pyramidal groups X)„and &„" (P= 2 3,4,5,&},

c=—E+C4(s}, d—=E+D, c'=—E+4rh, c"4—=E+4r~. s,—c—=E—C, (s}, d—=E—D, c'=—E—4rh, c"a—=E—a', , a.

Al
Bl
B.
B3

Al
A2

r)2 =—'U =(62, DC2)

d2= d'c
C

d(y)
d(~)

Qe = (63, DCe)

d C3

C3

$4=(64, DC4)

d
C

C7 d (y)

d
C3

Al
A2
Bl
82

Al
A2
E

c cv
C

C (y)
C ()

C3 Cv

C3

t:& =(62, e,C.)

83~ =(63, ev83)

64~ = (64, +v4)

Cv

Cv

C) C (y)

Cv

lc

Al

A2

B2
jV

Al
A2
El

(E+C4) c.d
(E+C4) c d'
(E+C4} c
d c
c d
d(y)
d(&)

Se = (8e, D('e)

d'GG
CG

r)e=(6e, DCe)

d d)
-d, E—C4—

d, E—C4
c) d(~)
C,

lc
2CG

Al

A2
Bl
82

Al
A2

jV2

C4-Cv

C4
c.cv
c.cv
C (y)
C

CG'Cv

CG

Cent =(66, ev8e)

Ce' = (e, &vee)

V

CV'

Cv

C Cv

C) C (y)

Cv

lc
2C6

Al
A2
Bl
B2
@1
jV2

d (E+Ce) c3
(E+C ).c

d C3

d c3
C

d —d1

C,
c~ d
lc
2C3

Al

Bl
B2
+l
E2

(E+C6) c3 c
(E+C4} c4

C3 ~ Cv

CB C

C

V CVC )
c~ c ) E C6—c, —cv, E—C6
lc3
2C3
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TABLE III. 3. Projection operators for the h-dihedral and d-dihedral groups with odd-order axis, S„"and S~" (p= 3,5).

Se~= Se Xe Se& = S&X(."
A1'
A2'

II

+I
+II

d. c3 c'
C3'C

El'Cs
Cs'C
Cs

Cb

-d, -c-
cs cv E $
d, c' E—S3
1C3

1C

A1„
A2g
A2„

jV„

d'Cs'Cd
d'C3
1' C3

C3'C
1

1

-i, E—Se) cd

d) Cd

-d, —i, E—Se
1C

1C3

A1'
A'

II
II

jV1

g II
1
II

Se~ = Qe X6s
li ce.c'

Ce'Cs
d ce
Ce' C

Cs

c'
Cb

C'

d, cv
c', cv, E—Se

-d, -c', E—Se
1C

2G

1C

2G

A1g
A1„
A2g
A2„
F1

Se~ Se XCl
d-ce c
d Ce

Ce Cd

Ce

1
1

1

1

1, E—S1p, cd

d, cd
-d, -1, E—S1P

Ce
2G

'c
2Ce

TABLE III. 4. Projection operators for the d-dihedral and h-dihedral groups with even-order axis S„"and X)~" (p= 2,4,6).

Sg~ = (S2, +AS.) S &=$&X8'

A1
A2

82

d'C'C
c (E+S4)
d'c
C'Cd

d(u)

d)' Cd

E—84,
—cd

E—S4, -d
c) d(~)
c, d(&)

A1g
A2g
B1g
B2g
A1~
A2„

B2„

1 C' d
1'C
1 d(u)
1' d(~)
c' d
c cv

d(y) 'c ) d(y) c (~)
d() c, d(~) 'c (~)

El, Cv

d) 1) C

c d()

S4d = (S4, 0'gS4)

A1,
A2
B1
82
K

Ei'C4 Cd

c4 (E+S&)
d' C4

C4 Cd

C

C

C

C

d) .Cd

E-Ss, -cd
E—Ss, d
1sss
c" (E—C4)c".(E—C4)
3S 3

A2g
B1g
B2g
A1
A2„
B1„

d' C4'1
C4 '1
d'C'1
Eic1

'C4

G4 cv"'
d c c"
d' c cv

d(u) '1
d(+) 1

d( )'c
d(~) ' c

—v,v'
C

E—C4, d', E—S4, cv'
E—C4, d, E—S4,

—cv

1, E—S4 Cs'v'v

&sss—=E+&' Ss+c22 S 21~3' Sss
pm. ~/s

Se& = (Se, 0'gSe) Se~ = Se X('s

A1
A2
B1
82

Es
g4
Ee

d cs'Cd
cs (E+Sgs)
d Ce
Ce'Cv

d) Cd

E—S12, -cd
E—S12, d
S12

S12
S12
812

A1g
A2g
Blg
B2g
A1„
A2„
B1„
B2„

~2 '

d cq i
C6'1
Ei C3 Cv
d' cs cv
d' Cs

I
Ce, Cv, v

d cs.c'
d' cs.c'
1' C

1'C
1'C

d, d) c'
E Cs) c) d) E S3) c'
E—Cs, c, d E—S3,

—c'v'
i, E—S3, E—Se, c' ~

'

-d, -d', i, E—S3, E—Se, c'
E—Ce) c, d, i E—Se, c"

1C

C3
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TABLE IV. j Projection operators for the cubic groups V, V".

g Ia —g"Xgi

t=—(E+T +T„) c( ) c(p)
(nWp; n,p=x,y,s)

(mWn; m,n=1,2,3)

Ag

A„

C(~)'C(P) 1G

i.G(~) C(p)

1 C(~) AC(P)

C3

lC

C(g)
C(y)
C(z)

C(y), C(z)
C(z) & C(g)
C (g) 7 C(y)

1 G(g)
1' C(y)
1 ~ C(g)

1 C(g)
1' C(y)
1 ~ C(z)

C(y) y C(g)
C(g), C(g)
C(g), C(y)

C(y), C(g)
C(z) & C(g)
C(g), C(y)

TAnLz IV. 2. Factored projection operators for the enantiocube (proper octahedral) group 8.
(c&,&=E+Cz, , cc=E+T+T', d&»=E+D, ).

Kernel operator Quotient operator (s)

0= V' (&4)corner =C(a) 'C(P) ' (C2'd)corner
(nWp; o,p=x,y,s

A2 t=c() c(p) (E+T +T )
(mWn; m,n=1,2,3)

d, (y) = (E+Cz(„)) c(z) d&z, z )
dc(x)=(E+C4&.&) «& d&*, "&

c4(x)=c& & (E+C4&*&)
c (y)=c&„& (E+Cc&„&)
cz(s) =c&.& (E+C4&*&)

E—C4, E—D

E—T2, 4~ E—TI 3p E—C4(g), E—C4(g)', E—D(g, g )
E T24p E T&3t E C4(y)j E C4(y) p

E D(y

E—C(y, .), E—D(, )
E—C(, ), E—D(y, y )
E—C(., y), E—D(., z )

dz(x)=c(z) d&z, z )
d2(y) C(z) 'd(w 2')
d2(s) —. c(z) 'd(z, z')

E—C(y, ,), E—C4( ), E—C4( )'
E C(zcg)q E C4(y)p E—C4(y)
E—C(.', ,)', E—C4(,),

'
E—C4(.)

Equal]y admissible forms of 8 may be given with xyz in any cyclical permutation. The representation used is the nonunitary one discussed in the text.
For it: 8'i=(R I)'i.

TABLE IV. 3. Factored projection operators for the tetrahedron group
(c(*)=E+C(z)r', cz=E+T+P' c (z)=E+(r(z), ).

Kernel operator Quotient operator (s)

Ag td= r ' (Cz )corner= C(a)' C(p)' (Cz' C )corner
(uNp; a,p=x,y,s)

t= c(a) 'c(p) ' (E+Tm+To)
(m~n; m, n=1,2,3)

dz'(y)= (E+S4&z&) c&z& c &z, z')
d2 (x)=(E+84&z)) c(z}'c (z, z )

sz(x)=c(,) (E+Sc(.))
s4(y)=c(„) (E+S4& &)

sz(s) =c&.& (E+Sz&.&)

C2 (X)=C(z)'C (z, zr&

c2 (y)=c&z&'c &z, z'&

C2 (S)=C(z)'C (z'z')

E—S4, E—e

2 4 p 1 3) 4(g) p E S4(g)p (g, g )
4, E—T~, 3 t E—S4(y)'p E—S4(y)t E—11'(y. y )

E—C(y, .), E—&(,* )
E—C(., g), E—&(y, y )
E—C(g, y), E—+(z, z')

E—C(y, .), E—S4(,)', E—S4( )
E—C(, ), E—S4(y)', E—S4(y)
E—C(,y), E—S4(,)', E—S4(.)

a Equ@ly admissible forms of ~ may be given with xyz in any cyclical permutation. The representation used is the nonunitary one discussed in the text,
For it; gii = (R I)ii.
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V'e= O'I/c'r}P (c'= T/o), —
(15)

a=aN/Bt=O at x=Wzr/2 and at y=av/2.

Particular solutions of this system are of the form

cospx cosvy e'"',

cospx sinvy e'"',

sinpx cosvy e'"',

sinter sinvy e'"',

(lz, v odd)

(p odd, v even)

(p even, v odd)

(lz even, v even),

(15')

where the angular frequency in each case is

cd=c 2 v2 s. (16)

In contrast to the usual analytical procedure, it is
important for the following to prefix in front of each
of the particular solutions (15) the unit vector u indi-
cating its direction. The linear combinations of the
solutions, which belong to each of the symmetry types
of X)4", may then be found. For this simple problem they

TAsLE Va. Behavior of certain generating functions eersgs key
operations in the $4" group. The erst column gives a list of
symmetry operations sufhcient to build all factored projection
operators (see Table III.4) for $4". The second column gives the
ordinary cartesian transformation matrices in the abbreviated
notation of crystallography; i.e., we indicate merely to which old
variables the new (xyz) are equal in that order. In the remaining
columns are given the transforms of the four basic types of gener-
ating functions (again new in terms of old) with the following ab-
breviated notation paralleling that for the coordinates themselves:

coszx= Ksinzx=E—' (s=—p, v)
coszy —=E sinxy=—E' (K=M,N)

The symbol occurring first in order after the unit vector always
represents the function of x and the second represents the function
of y. Thus, for example, 1P3E represents sinvx cospy (v even, p odd).

New xys 4 MN

C4 ySS
C xys
D( ) xye
D(+) yÃ8

9(y) eye
Ov xyS
4Fvr yX2'
0'h xy8

4 E'M
—4 MlP

4 MN'
—@¹M—@M¹—@M¹
—4M¹

—4 XM'
—4 M'E
—4M—A XM'

4 M'X
e M'E
4 SM'

—4 M'S

—4 E'M'
4 M'¹

—4 M'E'
—u E'M'

4-M'N'
—4 M'Ã'

4 E'M'
—I 3&I'Ã'

VI. EXAMPLES

A. Transverse Eigenvibrations of a
Square Membrane or Plate

As an elementary macrophysical example consider
the classi6cation of eigenvibrations of a homogeneous
square membrane clamped at all edges. Since its
analytic solution is so simple, it provides a good ex-
ample to illustrate the simplified symmetry method.
Also, in it occurs an interesting "accid'ental" degeneracy.

Let the unit of length be chosen so that the side is of
length x, let the areal density and the tension of the
membrane be 0 and T, respectively. Choosing the origin
of coordinates in the middle, the differential equation
and boundary conditions for the displacement e in the
transverse direction are

TABLE Vb. Symmetry-adapted transverse eigenvibrations
of square membrane.

~a~
+its
+2'8
Ey

4(sinlmx sinvy —sinvx sinpy) =—s»
d(coax cosvy+cosvx cospy) =C»—+
d(sinpx sinvy+sin~x sinpy) =—S„„+
tt(cospx cosvy —cosvx cospy) —=C„„
4 cospy sinvx
6 coax sinvy

(p, v even)
(a,v odd)
(a,v even)
(p, v odd)
(a odd,
~ even)

cosy' cosvy, cosvs cosjLf y

which go into each other under Q. Thus the accidental
double degeneracy, which was "separable" in the forms
of Table Vb, takes on a familiar form. '6

For su6iciently large p'+ v' (beginning with 65, where
both pi=8, vi.=i and p, 2=7, v2=4 make sides of
Pythagorean triangles) there are several possible lz, v

pairs and therefore functions giving the same eigen-

"The degeneracy in this form, together with an apparently
analogous one which they have discovered in the vibrations of an
e!aslic cube has "'.o been discus"cd b~ H. Ekstein and T. SchiA-
man (to be published& They consider its origin to be an
yet unsolved prubleru. A,lthough this is true in the sense of an
intrinsic explanation, it is'clear that the systematic "accidental"
degeneracy is described formally by the arithmetic substitution
group indicated in the paper.

can be found by trial and error making use of the nodal
properties of the particular solutions (15); but to
illustrate the systematic procedure it is instructive to
apply the projection operators given in Table III.4. The
results for our problem utilizing the "key" Table Va
are summarized in Table Vb. We see that our particular
choice of basis for E„corresponding to the operators in
Table III.4, means that the basis functions have nodal
lines parallel to the x- and y-axes, respectively.

It has sometimes been considered that one has addi-
tional degeneracy besides that indicated here because
one may interchange p, and v and get the same fre-
quency. But we see from our correctly classided SAF's,
Table Vb, that this is not the case. The nondegenerate
functions go into plus or minus themselves under the
interchange of p, and v, whereas the degenerate functions
go into different ones which do not however satisfy the
bolmdary coeditioes; thus there is no additional "acci-
dental" degeneracy under exchange of p, and v in the
functions as classi6ed in Table Vb. One notes however
that there is accidental degeneracy present, in that
functions belonging to different symmetries, e.g., S„,
arid S„„+,will have the same energy for the same p, v

pair. Likewise for functions C„„and C„„belonging to
A2„and 82„. In each case, one function goes into plus
itself and one into minus itself under the operation of
interchanging p and v. If we denote this operation by
Q we have for example

QC„.+=+C„,+, QC„,—= —C„;.
Because of the accidental degeneracy, one may take
linear combinations of C+ and C and obtain such func-
tions as



FlG. 3. s, pa., and Pvr orbitals in the "cyclobutadiene molecule. "

frequency, and so we have a still higher degeneracy
which, again from a purely spatial point of view, may
be regarded as "accidental. "

In general one may say that associated with the prob-
lem (and analogous problems in classical and quantum
physics) there is an arithmetic substitution group in the

"qua~turn numbers" p, and v which leaves the qnaetum-
number formula (eigenvalue formula) invariant; in our
case this formula is given by Kq. (16) and its quantum-

number group necessarily includes the interchange
operation Q. When viewed with reference to the ex-

tended group, consisting of the direct product of the
"quantum-number group" and the ordinary symmetry
group of the system, the foregoing "accidental" de-

generacy is not accidental but intrinsic. If, however,
the system is subjected to some perturbation which

changes the quantum-number formula, i.e., Eq. (16),
and lowers its invariance group then, of course, all or
part of the accidental quantum-number degeneracy
may be lifted. The further development of these ideas
involves the theory of arithmetic substitution groups
and we shall not pursue the matter further here.

We now look briefly at the plate vibration problem.

A g„. uLu„(x)u, (y) —u„(x)u„(y))
Ag .. u[u„(x)u, (y)+u„(x)u„(y))
8&„. uLu„(x)u„(y)+u„(x)u„(y))
82„. ALu„(x)u„(y) —u„(x)u„(y)]

Qu„(x)u„(y)1
(du„(x)u. (y)j

(p, v odd)

(p, v even)

(u, v odd)

(u, v even)

(p even, v odd)

(17)

where the functions N„and N„are the eigenvibrations of
of a bar with both ends free; the length of the bar is the
same as the side of the plate. Taking half this length as
the unit of length, and locating the origin of coordinates
at the center, these bar functions for all integral values
of v are"

'~ W. Ritz, Ann. Physik 28, 737 (l909).
's See reference 17, p. 752.

The most interesting case, corresponding to Chladni's
famous experiments, is that of transverse vibrations
in a square plate with free boundary. This was studied
by Ritz" using the variational approximation method
devised by him and by Rayleigh. Here approximate
symmetry-adapted eigenfunctions to within a few
percent are
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TABLE VIa. Behavior of certain generating functions versus key operations in the SP group. The first column gives a list of symmetry
operations sufhcient to build all factored projection operators for $4~. In the remaining columns are given the transforms of some of the
16 basic functions $1, 2, 3, 4 O1, 2, 3, 4 %13 %24, chosen for convenience. From these basic functions 16 symmetry-adapted functions are
generated in Table VIb.

Sl S2 $3 $4

+1s 2 ~ 3 ~
4* (px +pII) 112~ 3i4

&1 &1

)r13 =Pzl +Pz3
')r 13 7r13

1r24 =Pz2 &Pz4
&24 1r24

C4
C
D(.)
D( )'
~ (W)

1

Ov
Ovr

Oh

S4
S3
$2
S1
S4

$3
$2
$1
$1

S4

S1
S4

$3
$4
S1
S4

$2

$2
$1
S4

$3
$2
$1
$4
$3
$3

$3
$2
S3
$2

$1
$2
$3
$2
$4

g 2+

g 3+
472

01
O +
~+
g 2+
O'1

O'1

O2
O'3

O2

g'4

O3
O'2

')I 24
')I 13

8 24

')l 13

~24
')I 13
')I 24

7I 13

~13

~24
')I 13
7l 24

~13
7l 24
')I 13
7I 24
')l 13
7I 13

%13
')I 24
')I 13

%24

~13
7l 24
')I 13

%24

%24

3I 13

~13
')I 24

~13
'r 24

~13
jl 24
'7I 24

v odd: Q„=

v even: I„=

sinhk„sink„x+ sink, sinhk„x

(sinh'k„—sin'k ) '

where tank„= tanhk„

coshk, cosk,x+ cosk„coshk„x

(cosh'k „+cos'k„) *

where tank„= —tanhk, .

Particular solutions of these equations are of the form

coax cospy cosvs e'"' (X, p, v even)
cosXx cospy sinvz e'"' P, p even; v odd)

a) =e(X'+y'+ v') &.

Omitting the common factor, e'"', the possible inde-
pendent particular solutions may be written out as
follows

The more nearly exact solutions obtained by Ritz
differ from those given in (17) only by small added
terms consisting of linear combinations of solutions all
of the same symmetry type.

C. Standing Sound Waves in a Cubic Room

We turn now to a 3-dimensional example. The eigen-
vibrations of the velocity potential P in a fluid bounded
by a cubic box with side of length x, are governed by the
3-dimensional wave equation analogous to (15).

182
g2f-

c BP
(19)

The boundary conditions are defined by the require-
ment that the velocity

I= %/-
shall be zero at x, y, z= &m/2.

(2o)

B. SAF's from Atomic Orbitals for a
Molecule with X)4" Symmetry

As an elementary microphysical example we consider
a "one-electron problem"; i.e., the determination of
SAF's as linear combinations of atomic orbitals. These
linear combinations are often taken to be a first approxi-
mation to molecular orbitals. In Fig. 3 we have dia-
grammed the s, pe., and p~ atomic orbitals in a hypo-
thetical molecule ("cyclobutadiene") of X)4~ symmetry,
and in Tables VIa and VIb we have carried out the
generation of SAF's from these, tak. ing as generating
functions the orbitals of atom number 1.

even

even; v

even; p

even; p, ,

even; X

even; X,

even; X,

where, as in the membrane case, we
convenient abbreviations

)
odd)

odd)

v odd)
(21)

odd

v odd)

p odd)

v odd)

have adopted the

cosy= E sinl(x =E'
coszy=—E sinf(:y=—E'

(~=X,p, v)

(E=I.,M,X) (22)

cosmos =E slnics =E,
and the order of the capital symbols always represents
the order of the functions of x, y, and s, respectively,
in that sequence.

Since we are dealing with a scalar quantity (velocity
potential) in this case, there is no unit-vector prefix in
front of the product wave function.

The symmetry group here is the octahedron group.
It will be sufhcient to find the symmetry-adapted
eigenvibrations with respect to the proper-octahedron
(or "enantio-cube") group, 8, alone because the
doubling of the group by including the inversion will

merely lead, in a fairly obvious manner, to doubling
each symmetry-adapted function: The two resulting
functions under the larger group will be delined so that
one is even under inversion and the other is odd.

Figure 2 shows the proper symmetry operations in



40 M. A. MELVIN

TABLE VIb. Determination of symmetry-adapted functions made up of $, po., and p~ atomic orbitals, respectively, for a system with
X)4" symmetry, e.g., the well-known (and unobserved) cyclobutadiene molecule (Fig. 3).

X4)~ = $4 X6s

SAF's from s-orbitals.
Generating function:

SI

SAF's from P0- orbitals.
Generating function:

~1+ —= (Pg ~Py)1

SAF's from p-orbitals.
Generating function:

)i 13 =Pz1 &Ps 3

A1g
A2g
~lg
82g
A1„
A2„
81„
~2t4

EI'C4 1
c4'1
EIci
lI' C'1
EI' C4c,cd v

I

EI C C

EI .C. C

Ely '1
Elg '1
Ely 'C

g'C

v, v'

E C4) EI ) E S4) c
E—C4, 1, E—S4, cv
a E—S4 c' ~

'
) ),

El) El ) 1) E—S4) c'
E—C4, EI', i, c' v

E—C4, El, 1) c'
C, Cs, EIg) C g

V
C) 1) uy) C g

Sl+$3+S2+$4
no
no

S1—$2+$3—$4
no
no
no
no
no
no

$1—$3+$4—$2

$1—$3+S2—$4

&1 +03 +02 +&4
0'1 —(T2 +0'3 —04
&1 +&3 +&2 +&4
01 —0'2 +0 3

—04
no
no
no
no
no
no

0'1 —0 3 +0'4 —
fTy.

01 —03 +02 —fT4

no
no
no
no
no

~13 +~24
7l 13 7794

no
~13 +r24
~13 '2r24

no
no

TABLE VIIa. Behavior of the particular solutions given by Eqs. (11)under key operations of the enantiocu'~e group 8. The first column
gives a list of symmetry operations sufhcient to build all factored projection operators for 8. The second column gives, in crystallographic
notation, the ordinary Cartesian transformation matrices corresponding to these operators: What are indicated are the old variables to
which the new ones, (z'y's'), are equal in that order. In the remaining columns are given the transforms of the eight basic generating
functions written in the abbreviated notation defined by Fqs. (13).

LMN LM'N LM'N' L'cMÃ I'MN' LrMIN Z'M'W

C
Cy
C,
T1
T2
T1
D
D„
D.
D,
C4
C4y
C4,

Xg8
xyz
XgS
sxy
gSg
ysx
Say
SgX
yX4)l

'/$8
S8y
Syg
@X'

L3fN
L3fN
L3flV'
NL3f
3IIlVL
MNL
LNM
NML
MLN
MLN
LNM
NML
MLN

L3II1P—LMN'
L3flP
N'LM
3fN'L
MN'L
LN'M
1P3fL—MLN'

—MLN'
—LN'M

N'ML
MLN'

—LM'N
LM'N

—LM'1V
NLM'

—M'NL
3f'NL
LNM'

—NM'L
MVN—M'LN
LNM'
NM'L

—M'LN

—LM'N'
—LM'1P

1PLM'
—M'N'L

M'1PL
LN'M'

—N'M'L
—.V'LN'

3f'LN'
—LN'3f'

N'3II'L
—M'LN'

L'3fN—L'M'N
—L'3fN

NL'3f
—3fNL'

MNL'
—L'Mf

NML'
3fL'N'

—ML'N
L'NM

—NML'
3fL'N

—L'MN'
L'MN'

' —L'3IIN'
N'L'M

'.

' —3flPL'
M1PL'

—L'N'M
N'3IIL'

—ML'N'
ML'N'

'-'". —L'ÃM
—N'3fL'

ML'N'

—L'M'N

L'M'N
NL'M'
M'1VL'
M'NL'

—L'NM'
—1VM'L'

MV.%
3II'L'N
L'NM'

—NM'L'
—M'L'N

L'M'N'
L'M'N'
L'M'N'
N'L'M'
M'N'L'
M'N'L'

—L'ÃM'

—MIL'N'
—M'L'1V,

—M'L'N'

the cube. The notation is a natural generalization of
that we have used for the cyclic and dihedral groups,
with their unique principal axes.

Table IV.2 gives the factored projection operators for
8, and Table VIIa gives the behavior of the various
generating functions (21) under a set of key operations
involved in the factored projection operators of Table
IV.2. Finally Table VIIb gives the required "right
linear combinations, "or symmetry-adapted vibrations.

D. A Three d-Electron Problem for a Solid-State
System with Cubic Symmetry

We consider an ion with three d-electrons in a crystal
Q.eld of cubic symmetry. Examples are chrome alum"
and chromium Quoride. 20

The number and type of levels which can occur are

"This system was studied in detail by R. Finkelstein and J. H.
Van Vleck, J. Chem. Phys. 8, 790 (1940).

20 C. M. Herzfeld has studied the strong field case of this system
in detail (private communication; see Bull. Am. Phys. Soc. 29,
No. 7, 11, 1954). He has also found some of the proper basis
functions for the reps (or, in our terminology, the SAF's) in terms
of products of one-electron functions. He used for the projection
operators (unfactored) the Young generators for the symmetric
permutation group on four letters, which group is isomorphic to
the octahedral group 6.

obtained by the standard method. " In this case the
method consists of reducing the product representations
corresponding to a system of three isolated electrons
in a field of cubic symmetry:

(F ') 'A +'F.+'F +'F,,

(FssE)—+4Fr+4Fs+sA r+sA s+2sE+ 2'Fr+2'Fs (23)

(FsE')—+4Fr+ 2)Fr+ 2'F s

(gs)~sg

The products on the left correspond to the only ad-
missible types in a field of cubic symmetry, since the
d-electron rep of the sphere group, D(", breaks up into
the E and F2 reps of the cubic group when the sym-
metry is reduced to the latter. When the Coulomb inter-
action between the electrons is allowed for, the crystal
configurations on the left break up into the level types
indicated on the right. The spectral multiplicity of the
levels is indicated by the upper prescript in front of the
symbol for the symmetry type; the number of levels
of each type is indicated by the coefFicient.

We have listed only those types which are permitted

"E Wigner, Z. Ph. ysik 43, 624 (1927);H. Bethe, Ann. phys. 3,
133 (1929);I.. Tisza, Z. Physik 82, 48 (1933).
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TAstz VIIb. Symmetry-adapted eigenvibrations for the velocity potential P (or the pressure p= ps//Bt
where p= density) in a cubic room. The factor e'"' has been omitted. '

Ag..

A2.

LMN+NLM+ MNL+ MLN+ LNM+ NML =PL—MNj+
L'M'N'+N'L'M'+ M'N'L' M'L—'N' L'N—'M' N'M—'L' = [L'M—'N' j
LMN+NLM+MNL LNM— NM—L ML—N= ELM—N jL'M'N'+N'L'M'+M'N'L'+L'N'M'+N'M'L'+M'L'N'= PL'M—'N' j+

F2.

(
LMN+NML —LNM —NLM
LMN+LNM —NML —M'NL

f LM'N' LN'M—''l

i
L'MN' N'ML—' i=fig, g

t,L'M'N M'L'N—)
(LM'N'+ LN'M''l

~

L'MN'+N'ML' ~—=~„,
l L'M'N+M'L'N)

L'M'N' —N'M'L'
L'M'N' —L'N'M' —'

fL'MN+L'NM'l
~

LM'N+NM'L ~—=~, ,
ELMN'+MLN')

(L'MN L'NM l—
~

LM'N NM'L-
(LMN' —MLN')

a The symbol [LMN j+ is introduced for the sum of all permutations of LM¹The corresponding symbol fLMN j represents the sum of the even
permutations minus the sum of the odd permutations.

tv=x' —y' (2y)s X=—yz~(2e)s
v—=s' —x' (2y) t—(2y) s Y—=sx (2e) s

Z=—xy (2e) &,

(24)

where on the right is indicated the correspondence with
the "p" and "c"functions chosen by Bethe."

For symmetry we have also used the nonindependent
function I—=y' —s'= —(v+tv).

By way of assistance in quickly obtaining the SAF's
it is convenient to have the transformation properties
of the X, I', Z and I, v, m functions available, and we

list these for some key operations, in an abbreviated
notation similar to the crystallographic notation used
in Table I.4; i.e., since the transformation matrices
are all monomial, we indicate merely to which old
variables the new (XYZ) (uvto) are equal, in that order.

VII. SUMMARY

by the requirement of antisymmetry of the total space-
spin wave function. Thus we have omitted those types
which would appear if the products on the left were in-
terpreted as totally symmetrized Kronecker products. "

The explicit forms of the SAF's corresponding to the
. right side of Eq. (23) are rather tedious to obtain by
the usual methods. On the other hand, they are found
quite quickly with the help of the factored projection
operators in Table IV.2, and on the basis of Table VIIIa
we have exhibited in Table VIIIb four sample sets of
functions resulting from the (Fs'), (Fs'F), and (FsE')
crystal configurations. We have chosen as a basic set of
one-electron functions

The complete set of "symrmetry types" associated with
the system are de6ned by the complete set of rows of
the various irreducible representations (reps) of the
invariance group. An efFicient method has here been
developed for generating, from an arbitrary basis,
symmetry-adapted functions (or SAF's) belonging to
any given symmetry type. The method involves the
use of factored and simplified forms of the projection
operators for each symmetry type. It has been worked
out in detail for all the finite point symmetry groups
except 0 and d~. It is useful in problems where one
wishes to determine the states of a complicated system
in terms of combinations of functions given by. some
simplified problem. Such problems occur in the determi-
nation of symmetry coordinates for the analysis of
vibrations in macroscopic continua, crystals, or mole-
cules; or in the determination of approximate electron
(nucleon) states in crystals, molecules, and atoms
(nuclei).
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Given a system, however complicated. One may find

its invariance group, i.e., the group of operations under
which the relevant features (e.g. , the equations of
motion or wave equations) of the system are invariant.

~ See reference 21, p. 165.

C, (XYZ) (uvw)

C„(XFZ)(uvw)

C, (XFZ)(uvw)
Ti (ZX F) (wuv)

T~ (YZX) (vuu)
TP (FZX) (vwu)

D, (XZY) (uwv)

D„(ZFX)(wsu)
D. (YXZ) (vuw)

C4, (XZF) (uwv}

C4„(ZYX)(tvsu)

C4, (FXZ) (suw)
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TABLE VIIIb. Sample SAF's made up of d3 electron functions for a system with 6 symmetry, e.g. , in the chrome-alum or chromium-
Quoride crystal. The SAF's are those for levels resulting from the (J &'), (FPE), (F2E') crystal configurations.

X —=yz
Q p2 ~Z2

(F23)A 2

quartet level,
type of

generating function:
Z1.X2Y3

V=—ZX

v =—z2 —x2

(F22+)Q
doublet level,

type of
generating function:

X1X2203

Z =xg—g2 p2

(F2jV2)F1 (F2F2)F2
doublet levels,

type of
generating function:

X1702K'2

AI

Zl(X2F3 X3F2)+Z2(X3F1 X1F3)
+Z3(XII'2 —X2I'I) =X XXY

F&F2(w3 N3)+Z)Z2(V3 1/3)

ZIZ2(u3 —v3) +XIX2(K3 'v3)

Xy (V2V3 —202W3)

F I (m 2+3—u2u3)
Z, (u,u, —.;.,)
Xi(v2v3+m2m3)
I"I(m 2m3+u2u3)
Zi(u2u3+v2v3)
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APPENDIX I. VERIFICATION OF THE SYMMETRY
PRINCIPLE FOR THE SYMMETRY-ADAPTED

EIGENFUNCTIONS OF A HAMILTONIAN

We shall demonstrate, 6rst, that the symmetry of a
symmetry-adapted eigenfunction is a subgroup of the
symmetry K of its Hamiltonian and, second, that this
relation may be viewed as an instance of a general
"Many-One Symmetry Principle" which can be
formulated for both geometrical and physical systems. '

If an eigenfunction belongs to a nondegenerate rep
I', its symmetry group is exactly the kernel of the homo-

morphism of K upon F and is therefore an invariant
subgroup of 3C. There remains only to consider the some-

what less obvious case of a function which belongs to the
jth row of a degenerate rep I'&: By a simple relabeling
of rows, amounting to a trivial "change" of basis, it is

always possible to arrange matters so that the ith row

becomes the 6rst. The symmetry group of the eigen-

function, f&", is then that subset of the operations of X
for which the respresenting matrices in I'& take the form

I
~

)1 Oy

(ti

Here 0 is a 1-row null matrix and lj is some 1-column
matrix. The product of any two matrices of this type
is another matrix of the same type, and thus the corre-

sponding operations of BC form a subgroup. This sub-

group is the "cokernel" of the 6rst row of the jth rep.
We note also in connection with the demonstration

of the first simplification theorem 8 (Sec. III; A), that
the product of a matrix of the form (I.1) by a general

is

i.e., the first-row, first-column element of the multi-

plying matrix reappears.
It is clear that the cokernels of the various rows of

I'& depend upon the explicit choice of basis. It is also
clear that they all contain as a common invariant sub-

group the kernel of F'; the latter, which is constituted
of all the identity matrices in the rep, is independent
of the choice of basis.

We turn now to the demonstration that the relation
between the symmetries of Hamiltonian and eigen-
function is a special case of the many-one symmetry
principle. In order to state the principle concisely we
need to define two terms:

Many- and One-State

In a system of any given kind let there exist two types
of state description having the following relation when

viewed in the complete assembly of all systems of the
given kind. Suppose that for e. ry one of.the states of
the erst type there is one of the second but that for every

one of the second there are more than one of the erst. We

say that the two types of states are in mazy-)0-ore
correspondence. "We will call the states of the first type

"There is no implication in this definition that the many-one
correspondence is unique. If this is assumed, then the many-one
principle follows deductively.
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the mazy-states, '4 and those of the second type the orIe-
states of the system under consideration.

Now a general principle may be formulated concern-
ing the relation between the symmetry groups of the two
different types of state found in a given system.

Many-One Symmetry Principle

The symmetry of a one state may be greater, but caunof
be less, lhasa the symmetry of any of the corresPouding
maeystates. Concisely: Mmsy-state symmetry is a sub-

group Az ore state sy-mmetry

This principle may be proved exactly' for any kind of
geometrical system in which there is a determinate
m: 1 correspondence between the two types of states
and in which representatives of the two types occur with
equal likelihood of any orientation in space, i.e., in the
complete assembly of the system there is a uniform
density distribution of states of each type. Then the
symmetry of an m-state is a subgroup of index m in the
symmetry of the 1-state. More generally, it is clear
deductively that the principle holds whenever the one
state is a one-valued function of many states. "

The principle may also be shown to hold in various
cases where the densities of states and m:1 ratio are
quantitatively indeterminate and only the many-one
correspondence may be established. Just as in the
analogous case of the Entropy principle, to which it
may be related, the Symmetry principle is verified in
various fields of reversible and irreversible physical
phenomena on the basis of the specific laws which are
known to hold for those phenomena. Thus it suggests
itself that, if only heuristically, the principle be taken to
have universal validity.

Its validity within the domain of Hamiltonian quan-
tum mechanics is readily verified: Any quantum-me-
chanical system may be described by giving its Ham-
iltonian. " It may also be described by giving the
complete set of possible eigenvalues and their sym-
metry-adapted eigenfunctions or, as we may say for
brevity, eigenvalue SAF s. For ore given Hamiltonian
there are mazy eigenvalue SAF's; in fact it is generally
surmised, though it does not seem to have been proved, "
that there are always an infinite number of them. On
the other hand, ore given eigenvalue SAF corresponds to
one Hamiltonian of which it is a characteristic solution. '~

'4 In the paper referred to in reference i the names of the two
type states were interchanged through an error.

'5 For a comp/ete description one must of course designate a
complete set of commuting obser; ables, of which the Hamiltonian
need only be one."B.L. van der Waerden, Die Grzsppentheoretische Methode ie
der Quoetettmeckamk (Verlag Julius Springer, Berlin, 1932;
Edwards Brothers, Ann Arbor, 1944), p. 5."It is readily seen that this is the case in all normal instances
where the general form of the Hamiltonian is known: For a non-
relativistic many-particle system in an electrostatic 6eld, we have
the potential energy (and therefore the Hamiltonian) uniquely
determined in terms of the eigenvalue W and the eigenfunction P

It is evident, from the demonstration at the beginning
of this appendix, that the many-one symmetry principle
is verified here.

APPENDIX II. DERIVATION OF THE IMPROPER
SYMMETRY GROUPS FROM PROPER GROUPS

The determinants of the matrices representing the
symmetry operations in a group are all +1 or —1 since
the unit of volume is unaltered by a symmetry opera-
tion. In general the group may be proper, i.e., such that
all operations are represented by matrices with de-
terminants +1 (pure turns); or improper, i.e., such
that operations with det= —1 also occur.

First we establish the proposition that the collection of
proper operations iu any improper group forms un in
eurictet subgroup of index Z, or what may be termed a
halving subgroup. That the collection forms an in-
variant subgroup is evident from the fact that the
product of two proper operations or of two improper
operations is proper, while the product of a proper
operation with an improper operation is improper.
Next, we may draw the conclusion that the number p
of proper operations in an improper group is exactly
equal to the number i of improper operations. The
reasoning is as follows: Take any improper operation.
Multiply successively by the i diferent improper opera-
tions. We get i distinct proper operations (The dis-
tinctness follows from the group property of the exist-
ence of a unique right inverse. ) Therefore p is at least
equal to i. Conversely, multiply the given improper
operation by the p different proper ones to obtain p
distinct operations. Therefore i is at least equal to p.
Comparing the two italicized statements, we see that
i =p. The proper operations obviously form a halving
subgroup.

It will now be demonstrated that all improper groups
fall into two types and are directly derivable from
the set of all proper groups once these are known. It is
at once evident that for every proper group (T) there
is an improper group (A)„„t„,& obtainable by taking the
direct product of (T) with the origin-inversion group
t„' Thus

(A) central = (~)&
'

and conversely, by the result of the preceding para-
graph, every group containing the inversion operator e

can be written in this form.
On the other hand, there are improper groups possible

which do not contain the origin-inversion group as sub-
group, i.e., do not contain the inversion ~. Such a non-
central group will be represented by the symbol (A)
Let A, represent any one of the improper members of

as follows:

v=w+r, "' '"~.
r 2zzza

For a relativistic one-electron system in a general 'lectromagnetic
field (A, U} the latter (and therefore the Hannltonianl is de-
termined in terms of W and the 4-component wave function by
inverting the Dirac system.
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(A) . By a familiar elementary theorem this may always
be represented as compounded of inversion followed by
a turn, i.e. A, = aT, where T, is the turn corresponding
to A, . This corresponding turn cannot be a member of
the given noncentral group for, if it were, we should
have

T A, =aT T,=a

as a member of the group contrary to hypothesis. Let
us expand the group (A) in cosets under its proper
halving subgroup (T')

that the two sets (T') and T,(T') together form a new
group which must be one of the proper symmetry
groups, i.e.

This proper group and the improper group (II.2) are
clearly in 1-to-1 correspondence (isomorphic). In case
the group (A) includes among its elements a pure re-
Cectioe, e.g., the product of an origin-inversion by the
half-turn C2, we may choose

(A)-= (T'), A, (T') = (T'), (T')A, (II.2) A, =aC2=e

where A, is any improper member.
From A, (T') = (T')A, , which must hold, we have also

T, (T') = (T')T, .

Remembering that T, is not a member of (T'), we see

which has the property that its square is the identity,
and (II.2) may also be written as a direct product of two
sub groups.

In summary then, we have the classification-simpli-
fying theorem stated in Sec. IV of this paper. .


