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at the same depth but emerging near the limb
follows a much longer, oblique path through the
superincumbent layers. It is easy to see, there-
fore, that light from a point near the limb must
originate, on the average, at higher and cooler
levels of the solar atmosphere, and, consequently,
must be less intense than light which emerges at
the center of the disk.

Suppose that the sun has unit radius, and
consider the light which reaches the earth from a
point on the zone of radius sino. It will be seen
in Fig. 1 that such a ray emerges from the
photosphere at an angle 8 with the direction of
the radius vector to the point of emergence. In
order, therefore, to provide a complete descrip-
tion of the continuous spectrum of the sun, we
must be able to specify, in absolute units, for all
angles of emergence and for all wave-lengths, the
monochromatic intensity Iz(0) of radiation' which
emerges from the photosphere in the direction 8.
Such a description of the continuous spectrum
of the sun, for the region 3400A to 21000A, is
provided by the very extensive series of observa-
tions begun about 1890 by S. P. Langley, of the
Smithsonian Astrophysical Observatory, and con-
tinued by C. G. Abbot and his collaborators to
the present day. ' But although the general form
of the function Iq(8) has been established by
these and other' investigators for 20 years or
more, the physical interpretation of the observa-
tions has remained obscure until the past year.
Today, for the erst time, the physical theory is
able to account in detail for the continuous
spectrum of the sun.

INTRODUCTION

'NDER spectroscopic examination, sunlight
is found to comprise a continuous spectrum

which is crossed by thousands of absorption lines.
The continuous spectrum has long been attrib-
uted to the thermal radiation of the relatively
dense regions of the solar atmosphere, and the
Fraunhofer lines to the characteristic absorptions
of the atoms comprising the less dense and less
hot upper atmosphere. The layer of the solar
atmosphere in which the observed continuum
originates is called the "photosphere, " and the
higher layer in which the Fraunhofer lines origi-
nate is called the "reversing layer. "

Except for irregularities produced by sunspots
and certain other transitory features of relatively
small dimensions, the radiation which emerges
from the photosphere is found to be the same in
all respects at points equidistant from the center
of the solar disk. It is found, however, that
radiation from diR'erent zones of the disk does
not have the same characteristics. In mono-
chromatic light of every wave-length the bright-
ness of the disk decreases from the center to the
limb, the decrease being greater in violet light
than in red. This darkening at the limb is
qualitatively explained by the consideration that
we view an incandescent atmosphere of 6nite
depth rather than a luminous surface. The atmos-
phere is not perfectly transparent, so that radia-
tion which originates in the deeper layers is
largely absorbed in passing through the super-
incumbent layers. Thus, we may consider that
at the center of the disk radiation of any given
wave-length originates, on the average, at a
certain geometrical depth in the solar atmos-
phere, and is therefore characteristic of the
temperature at that depth. But radiation origi-
nating at that depth traverses the superincum
bent layers along the shortest possible path a
the center of the disk, while radiation originatin

THE CONTINUOUS SPECTRUM OF THE SUN

In the precise determination of the function
Iz(0), the first requisite is a sufficiently sensitive

Now at Harvard College Observatory, Cambridge,
Massachusetts.

' The emergent light is completely unpolarized.
2 C. G. Abbot et a/. , Ann. Astrophys. Obs. Smithsonian

Inst. 1 (1900)—6 (1942). See also numerous papers in
Smithsonian M iscellaneous Collections.

An extensive bibliography will be found in A. Unsold,
Physik der Sternatmospharen (Julius Springer Verlag Berlin,
1938},p. 470.
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CONTI NUOUS SPECTRUM OF THE SUN

non-selective receiver of radiation. The Smith-
sonian observers have employed the bolometer,
as invented by Langley and developed by Abbot.
In this instrument, the sensitive element is a
strip of blackened platinum about 16 mm long,
0.12 mm wide, and 0.02 mm thick, which forms
one arm of a Wheatstone bridge. The bridge is
balanced in darkness; then, when radiation is
allowed to fall upon the sensitive element, its
temperature increases slightly and the bridge is
unbalanced. Extensive tests have shown that,
when the circuit elements are properly chosen,
the galvanometer current is strictly proportional
to the intensity of the light striking the receiver.

In order that observations may be made in

nearly monochromatic light, the receiving strip
of the bolometer is placed in the focal plane of a
prism spectrograph, as shown at A in I ig. 2.
8 is a silvered mirror of about 1.2-m focal length,
which produces a spectrum with dispersion equal
to approximately 20 A/mm. The receiving strip
acts as its own monochromator and intercepts a
strip of the spectrum about 2A in width. C is. the
dispersing prism, which can be rotated to reHect
any wave-length at minimum deviation to A.
D is a collimating mirror, and E the slit of the
spectrograph. The combination of bolometer plus
spectrograph is known as a spectrobolometer.

The spectrobolometer is not suited to absolute
measurements. It is well adapted, however, to
the measurement of the darkening function
@q(8), which is defined in the relation

4»(8) = 1~(8)/2~(0),

where I&,(0) is the monochromatic intensity dis-
tribution at the center of the disk. In practice,
Iq(8) is found, through this relation, from the
measured values of Pq(8) and Iq(0). In order to
determine Pq(8) for a given wave-length, the
prism is set to transmit that wave-length to the
bolometer strip. An image of the sun 21 cm in

diameter is then formed by the concave mirror I'

at the slit E; the mirror Ji is stationary and is
illuminated by a beam of sunlight reHected from
two properly oriented plane mirrors G which are
mounted at the top of a 75-foot tower. As the sun
describes its diurnal arc, its image moves uni-

formly across the slit, so that the bolometer
strip is exposed successively to monochromatic
rays originating at all points along a diameter of

~e
to Earth

FtG. 1. The angle of emergence of a ray from a zone of
radius sin8 on the solar disk.

the solar disk. The galvanometer deHections are
recorded on a moving plate, giving rise to a
Q-shaped trace. The ratio of the ordinate at any
point to the ordinate at the center then gives the
value of the darkening function for the corre-
sponding values of 8 and ) . Once the solar image
has drifted across the slit, the prism can then be
set to transmit another wave-length to the
bolometer strip, the mirrors G can be reoriented,
and another tracing. can be made in the new
wave-length. Since the object of the measure-
ment is the determination of a monochromatic
intensity ratio, there can enter no question of
units or of differential extinction in the terrestrial
atmosphere or in the optical train.

The result of a great many such observatioI&s
of the sun is that the darkening function can be
represented within the limits of experimental
error by the empirical law4

Qx(8) Ax+BR cos8+ Cx cos 8, (2)

4 D. Chalonge and V. Kourganoff, Ann. d'Astrophys. 9,
69 (1946}.' R. Wildt, Astrophys. J. 104, 81—83 (1946} cites evi-
dence that the brightness falls by a factor of 10 over an
angular distance of half a second of arc. The sharpness of
the limb indicates a thin photospheric layer, and hence a
relatively steep temperatprp gradient.

where A~, Bq, and C), are quadratic functions
of X. Table I gives numerical values of &f q(8) for
selected values of the arguments. Incidentally, it
will be observed that Eq. (2) predicts finite
intensity at the limb of the sun. Actually,
Abbot's observations do not give the darkening
function at the extreme limb, but other investi-
gations have confirmed the fact that the limb
is extremely sharp. '

In order that Iq(8) can be found in Eq. (1),
there now remains to be determined the intensity
distribution I&,(0) at the center of the disk. The
Smithsonian observers have used the spectro-
bolometer again for this purpose. A plane mirror
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CONTI NUOUS SPECTRUM QF THE SUN

The combination of pyrheliometric and spectro-
bolometric observations therefore yields the
monochromatic fluxes fj,(z), in absolute units, at
the base of the terrestrial atmosphere.

The atmospheric extinction is next evaluated
separately for light of various wave-lengths. It
suffices to suppose that the terrestrial atmosphere
comprises plane parallel layers. Let the x axis be
taken in the direction of the downward normal
to these layers, and let the origin be at the ob-
server. Consider a ray of sunlight which traverses
the atmosphere along an oblique line' through
the observer and at a zenith angle s. In traversing
&he atmospheric layer of thickness dx, the light
will travel the differential path length dx secs'.

According to Beer's law of absorption, the
extinction will then be given by the equation

de/Iq ———sqdx secz,

where ~), is the monochromatic coefficient of
absorption at height —x. Since the angular diam-
eter of the sun is only 32 minutes of arc, rays
from all points of the disk traverse the atmos-
phere at essentially the same zenith angle at any
given time, so that we may write Eq. (4) with
sufficient precision in terms of the Huxes:

de, (z)/fj, (z) = —zgdx secs.

Integrating this equation from the top of the
atmosphere to the bottom, we obtain

fj,(z) =f&, exp( —rq secs],

where fq(z) is the flux at the base of the atmos-
phere. , f~ is the flux at the top, and

po
KgdÃ

is the optical thickness of the atmosphere.
From Eq. (5) it follows that, for any given

wave-length, log fj,(z) is a linear function of secs.
A series of determinations of fq(z) made at
different values of 2' can therefore be accurately
extrapolated to secs =0, thus yielding the desired
quantity fj,. It should be noted that Eq. (4) does
not imply an absorption law of the same form
for the integrated intensity. The observations of
the monochromatic fluxes at various zenith

'The curvature of the ray produced by the varying
index of refraction can be neglected.

TABLE I. The darkening function p(xs), after Abbot.

Qsin8
X(A.)Q

3860
4560
6040

10310
20970

0.00

1.0000
1.0000
1.0000
1.0000
1.0000

0.20

0.9797
0.9857
0.9894
0.9978
0.9965

0.75

0.7097
0.7564
0.8160
0.8886
0.9361

0.92

0.4826
0.5377
0.6485
0.7724
0.8664

0.95

0.4177
0.4706
0.5935
0.7208
0.8374

fade = 1.94 cal. /cm' min.

= 1 35 X 10' erg/cm' sec.

The quantity f is the so-called "solar constant";
its exact value is of prime importance in meteor-
ology as well as in astrophysics. As a matter of
fact, the accurate determination of the solar
constant has been the primary object of the
Smithsonian observers. '

One further correction now remains to be made
in the derived values of the monochromatic
fluxes f&, at the top of the terrestrial atmosphere
before these are reduced to the photosphere. The
quantity which is to be found is the distribution
of energy in the continuous spectrum, i.e. , in the

8 In integrating over ), an estimate must be made of the
fluxes in the ultraviolet and far infra-red which do not
penetrate to the ground. The estimate is based upon the
blackbody distribution which most closely approximates
the observed cruxes in the wave-lengths accessible to ob-
servation.' For discussions reiating to the small variations in f,
and their effects upon the earth, see reference 2.

angles amply confirm the predicted linear rela-
tion between log f&, (z) and secs, but other obser-
vations of the integrated Aux exhibit definite
deviations from a linear relation. The fact that
the extrapolation to the top of the atmosphere
can be made accurately only for the mono-
chromatic fluxes has been of fundamental im-
portance in the development of the methods of
the Smithsonian observers.

At this point, notice should be taken of two
important byproducts of the measurements. The
first is the determination of the optical thickness
of the terre'strial atmosphere in light of various
wave™lengths; these are found, of course, from
the slopes of the logjam(z) vs -sec-z r.elations. The
second result is the total integrated Aux of solar
radiation at the earth's distance from the sun;
this iss
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tance come out of the investigation at this
point. In the first place, the net integrated flux
from the photosphere can be determined; this is

F=
i

F dX=( /R)'f
~J()

=6.27 X 10"erg/cm' sec."
The integrated flux from a blackbody is related
to the temperature according to Stefan's law,

5000 10,000 15,000

a (Anggtroms)

20000

Ftc. 3. The monochromatic intensity Iy(0), per unit
solid angle and per cm eave-length interval, at the center
of the solar disk. Derived by Minnaert and Mulders from
the measures of Abbot, Plaskett, and Fabry. Bx(T.) is
the intensity in the Planck spectrum for 5750'K.

part of the spectrum which lies between the ab-
sorption lines. However, the resolution of Abbot's
spectrobolometer is too small to reveal in the
tracings any but the strongest Fraunhofer lines.
The fluxes fq derived by Abbot are therefore too
small in every wave-length region in just the
proportion of the energy which is absorbed in
the lines. By a photometric calibration of the
Rowland scale of line intensities, G. F.
Mulders has evaluated this depletion of the spec-
trum separately for the various spectral regions. "
The total depletion is found to be 8.3 percent,
but in the near ultraviolet, where strong absorp-
tion lines are the most numerous, the depletion
amounts to as much as 40 percent.

After correction for the energy absorbed in the
unresolved Fraunhofer lines, the fluxes fq can
next be reduced to the photosphere. Since the
space between the photosphere and the top of
the terrestrial atmosphere is essentially trans-
parent, the lux in every wave-length varies
simply as the inverse square of the distance, and
we have

where a is the distance from the earth to the sun,
and R is the radius of the sun. The values of I'p,

determined from this relation can now, finally,
be put into Eq. (3) to yield the monochromatic
intensities, in absolute units, at the photosphere.
Figure 3 exhibits the results of this procedure.

Several more byproducts of primary impor-

"G. F. W. Mulders, Zeits. f. Astrophys. 11, 132 (1936).

It is yet to be seen how closely the continuous
spectrum of the sun approximates that of a
blackbody, but it is natural at this point to
calculate the temperature of the blackbody
which would emit the same integrated flux as the
photosphere. The temperature so defined is said
to be the "effective temperature" of the sun; it is

T.= (J'"/o)'= 5750'K.

A. Unsold" estimates that the probable error of
this result is about 30'. The blackbody distribu-
tion Bq(T,) is also shown in Fig. 3.

THE OPACITY OF THE SOLAR ATMOSPHERE

In order to interpret the continuous spectrum
of the sun at the center of the disk, let us first
assume that it originates at a single definite level
of the solar atmosphere, and that thermodynamic
equilibrium prevails at that level. The second
assumption allows us to ascribe some definite
temperature to the level and to calculate the
corresponding Planckian spectrum. The first
assumption then requires that the continuous
spectrum of the sun be the same as this Planckian
spectrum.

In point of fact, neither assumption is correct.
In the first place, the radiation which reaches the
earth from the center of the disk must originate
over an appreciable interval of depth in the solar
atmosphere, such that at the top of the interval
the gas is effectively transparent and only weakly
luminous, while at the bottom it is effectively

"7800 hp/ft. 'l The energy absorbed in the Fraunhofer
lines is not counted in this figure, since it is scattered back
into the photosphere. Multiplication of Ji by the superficial
area of the photosphere yields the luminosity of the sun;
it is 3.78X10" ergs/sec. Since the mass of the sun is
1.98&(1033 g, the average rate of energy generation is
therefore 1.90 erg/g sec.

'2 Reference 3, p. 32.
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opaque and intensely luminous. Moreover, in
the second place, the enormous net ffux of radia-
tion outward from the solar atmosphere disposes
of the possibility that thermodynamic equi-
librium can prevail. In view of these considera-
tions, the very appreciable deviations of Iz(0)
from the Planckian spectrum B&,(T,) can hardly
occasion any surprise.

Since no direct interpretation of the con-
tinuous spectrum of the sun is possible in terms
of Planckian radiation from a surface of given
temperature, we must consider in some detail
the actual transfer of radiation through the solar
atmosphere. If, at a given level in the atmos-
phere, the monochromatic emission per cubic
centimeter and per unit solid angle is j~, and if
the absorption per cm from a ray of intensity I&

is a~I~, then the'change of monochromatic in-

tensity per unit length along a ray at this level
will be

where ds is the element of path length. This is
the equation of transfer of radiation; in this
form, it is valid under very general circum-
stances.

Since the total thickness of the photospheric
layers is small compared with the radius of the
sun, we may regard the solar atmosphere as
stratified in plane parallel layers, as shown in

Fig. 4. If we take the x axis in the direction of the
outward normal to these layers, the element ds of
path length becomes dx sec9, where 0 is the angle
between the outward normal and the ray, and
the equation of transfer becomes

cos8dI&/dx =j & a),I&. —

azimuthal coordinate of the ray. For our pur-
poses, however, we require the solution of Eq. (6)
only for the emergent radiation, i.e. , for the
intensity at 7&=0. This is readily shown to be

Iz(8) = (jz/~z) exp[ —r&, sec8] sec8drI, .J,
It will now be recalled that the ratio j&/~&, of

the coefficients of emission and absorption is, in
thermodynamic equilibrium, just the Planck
function Bq(T) for the appropriate temperature.
It has already been pointed out that the solar
atmosphere cannot be in strict thermodynamic
equilibrium, so that it is not possible to ascribe
a proper temperature to any level. Nevertheless,
there is reason to suppose that, except in the
highest levels, it is possible to assign to each
level rq a temperature T(v q) such that the
Kirchoff law is a valid approximation, i.e. , such
that

jg/~„= Bg[T(rg) ].
This assumption is said to define the state of
local thermodynamic equilibrium; it is justified
by the consideration that the interaction be-
tween continuous radiation and matter proceeds
by transitions of atoms and ions into and out of
continuous states, and is therefore governed
largely by the kinetic characteristics of the
matter.

Assuming, then, that the photospheric layers
are in local thermodynamic equilibrium, we have

I~(8) = ~ W, [T(r~)]
Jo

Xexp[ —~q sec8] sec8drq. (7)

t now roves convenient to define the element In this form, the solution of the equation of

of optical depth in the relation transfer suggests an immediate physical inter-

d7y = —Kydx,

and to regard rq as the independent variable. ln
terms of v.&, then, the equation of transfer is

ds

cos8dI~/d r~ = I~ g~/z~. —(6)

Equation (6) is linear in Iz, and the general solu-
tion can be written down at once. The quantity
Iq is a function of optical depth 7-q and of direc-
tion 0; since there is symmetry about the out-
ward normal, I~ will not depend upon the

FIG. 4. The relation between geometrical height and
optical depth in the solar atmosphere.
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pretation: the radiation which emerges from the
photosphere in any direction is the simple sum
of the Planckian emissions from all the levels of
the photosphere, the emission from each level
being. cut down, however, by an amount which
depends upon the optical path length through
the superincumbent layers.

Since Iz(8) is given by the observations, it
should now be possible to derive from Eq. (7)
the function rq(T), which describes the absorbing
properties of the solar atmosphere. A number of
diH'erent procedures have been devised for this
derivation; we shall employ the relatively direct
method of Chalonge and Kourganoff. 4 Upon
division by Iq(0), Eq. (7) becomes

r "»[T(rg)]
h(0)

exp[ —~q sec8] sec8d~q,

2.0

CL

A
~, 0

O

O

5000 f0000 l5~000

X (Angstroms)

20000

FIG. 5. Optical depths in the solar atmosphere, after
Chalonge and Kourganoff. The full curves are derived
from the observations of Abbot, Plaskett, and Fabry, as
corrected by Mulders. The dashed curves are derived from
Chandrasekhar's theoretical absorption coefficient of H .

and this can be regarded as an integral equation
for the fraction Bq[T(rq))/Iq(0). It is found that
the solution, which leads to the observed ex-
pression for gq(8), as given in Eq. (2), is

»[T(r~) j/Ix(0) =~K+»~x+-.'~~rA'. (8)

Corresponding .to any given values of T and ),
all the quantities which appear in Eq. (8) are
now known except rq(T). It is therefore possible
to solve directly, in any prescribed wave-length,
for the optical depth r&, (T) down to the level in
the atmosphere where the temperature has any
prescribed value T. Chalonge and Kourganoff
have carried out this solution; their results are
summarized by the full curves of Fig. 5. Wave-

lengths to the violet of 4000A are not considered
because of the relative uncertainty of Abbot's
data in this region of the spectrum.

The question now arises whether it is possible
to account for the observed wave-length de-
pendence of the opacity. The curves of Chalonge
and Kourgano6' are so similar in shape as to
suggest at once that the same agent is responsible
for the opacity at all levels. For, if this is the
case, the variation with wave-length of the
optical depth down to any given level is neces-
sarily the same as the variation with wave-
length of the strength of the relevant micro-
scopic absorption process. Thus, for example, if
the opacity of the solar atmosphere were due to
the photoelectric ionization of some specific
atom, then the coef6cient ~), of absorption at
each level would be just the product of the
coefficient k), of absorption per atom and the
number n of atoms per cm' in the appropriate
lower state. The optical depth down to any given
level would then be simply

rg(T) =
) kgndx = kg%(T),

g (T)

where X(T) is the total number of absorbing
atoms above one cm' at the level of tempera-
ture T.

It is natural to attempt to attribute the
opacity first to the photoelectric ionization of the
atom most abundant in the solar atmosphere.
The Fraunhofer spectrum indicates that this is
hydrogen; for, while most of the strongest
Fraunhofer lines are produced by transitions out
of atomic states having excitation energies be-
tween zero and three volts, the Balmer lines,
which are among the strongest in the spectrum,
originate from the second quantum state of
hydrogen, which has an excitation potential of
10.15 volts. Since only a minute fraction ( 10—')
of the hydrogen atoms in the solar atmosphere
can exist in the second quantum state at the
temperatures and pressures which must prevail
there, it follows from the strength of the Balmer
lines that hydrogen must be exceedingly abun-
dant. Recent quantitative investigations" have

"See, for example, B. Stromgren, Festschrift fiir Elis
Stromgren (E. Munksgaard, Copenhagen, 1940), pp. 218—
25'7.
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led to the result that hydrogen atoms must out-
number the metals in the ratio of nearly 8000:1.

A hydrogen atom in the ground state can
absorb continuous radiation'4 only at wave-
lengths shorter than the limit of the Lyman
series, which falls at 912A. The absorption of a
quantum of wave-length less than 912A produces
a photoelectric ionization, the excess of radiant
energy above the amount required for ionization
going into kinetic energy of the ejected elec-
tron. The quantum-mechanical discussion of this
process indicates that the atomic absorption
coefficient falls off to the violet of the Lyman
limit very nearly as X . Similarly, the absorption
coefficient for. a hydrogen atom in the second
quantum state falls oA as )' from the limit of
the Balmer series, at 3646A, and is zero to the red
of this limit. Photoelectric ionizations from still
higher states follow the same law. The con-
tinuous absorption coefficient per cm' of hydro-
gen will therefore be a sum of the atomic absorp-
tion coefficients for the various energy states,
each coefficient being weighted by the number
per cm' of hydrogen atoms in the corresponding
state. Since the atomic absorption coefficients
are essentially discontinuous at the limits of the
respective line series, the resulting coeS.cient
per cm' is also a highly discontinuous function.
However, the curves of Fig. 5 exhibit no sig-
nificant discontinuities at the limits of the Balmer
and Paschen series, and their general form is
entirely incompatible with the discontinuous X'

law. It must therefore be concluded that the
photoelectric ionization of hydrogen atoms is not
mainly responsible for the opacity of the solar
atmosphere.

After hydrogen, the elements most abundant
in the solar atmosphere are probably helium,
carbon, nitrogen, oxygen, magnesium, silicon,
and iron. Of these elements, and the others which
are abundant, only the metals, which are of
relatively low ionization potential, can con-
tribute to the opacity in the visual and infra, -red;
for only these elements can be appreciably ex-
cited to states from which photo-ionization will

produce continuous absorption in the relevant
spectral regions. No one of the metals by itself
can be nearly abundant enough to produce the

"Light of all wave-lengths except those of the Lyman
lines is here considered continuous.

T&Br.E II. Variation functions and energy limits
for H and He.

Variables s =ri+rg t = —r&+r2 u =ria
Form of wave function (atomic units)

—8' (ev)
H He

e '(1+Pu)
e ~'coshPt
e '(1+Pu+yt')
e ~4 coshpt(1+yu)
e '(1+Pu+yt'+its+es'+1 u')
e ' eoshPt(1+yss+y4u++4uS)

+te * sinhpt(y4+y4u)
e ™(1+pu+~t&+gs+es'+t'u4+x4t4

+xrt +x4t usyxgt u +xlpt u )
Experimental

12.8
13.8
13.90
14.22
14.237
14.251

14.263

14.281

" 77.086
78.265

78.569

78.591

78.603

44 Wildt, Astrophys. J. 89, 295 (1939).

observed opacity, but it is conceivable that,
acting together, they may suffice. The quantum-
mechanical discussion of continuous absorption
processes for complex atoms is much more
difficult than for hydrogen, but the result indi-
cates that the X' law provides an adequate
approximation. The dif6culty again is that no
metal absorption edges are observed in the solar
spectrum. The absence of any one absorption
edge cari always be attributed to a scarcity of
the corresponding element, but it is clearly
impossible to account in this way for the absence
of all metal absorption edges, and yet maintain
that the metals are responsible for the opacity.

In addition to the atoms and positive ions
which are present in the solar atmosphere, there
are known to be some diatomic molecules. From
the relative weakness of their absorption bands,
it follows tha. t they must be far too rare to con-
tribute appreciably to the opacity. But the solar
atmosphere must also contain appreciable num-
bers of free electrons, liberated mainly from the '

metals of low ionization potentials. By them-
selves, these, again, can.not account for the
observed opacity. However, it was suggested by
Wildt, " in 1938, that some of the electrons
would combine with hydrogen atoms to produce
negative ion s of hydrogen-H, and that the
subsequent photoelectric dissociation of H might
be responsible for the opacity. Wildt went on to
show that, according to the theory of dissociative
equilibrium, ions of H must actually be more
abundant than H atoms in the second quantum
state, at least through a large part of the solar
atmosphere.
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FrG. 6. The absorption coefficient of H, after Chandra-
sekhar. Two different variation functions have been used
with the matrix element of the dipole moment.

The negative ion of hydrogen had been de-
tected in certain experiments' with canal rays,
but nothing whatever was known of its proper-
ties until Bethe' and Hylleraas" discussed it
from a theoretical point of view in 1930.The fact
of the existence of H was established by an
application of the Ritz principle, which can be
formulated as follows. Let 0 be any function of
the coordinates of a dynamical system, which is
normalized to unity, and let

W= t Q*HQdr,

where II is the Hamiltonian operator of the
system. Then the Ritz principle asserts that if E
is the lowest energy of the system, and f the cor-
responding wave function, 8'&E, and, further-
more, that Q~P as W~E. The application of the
Ritz principle to the discussion of H —is then as
follows. We take as the system one comprising
a proton and two electrons, and we let

Q = (1+Prts) exp) —n(rt+rs)],

where r~ and r2 are the nuclear distances of the
respective electrons, r~2 is their separation, and
a and P are parameters to be determined by the
conditions which minimize W, vis. , t) W/Bu
= BW/tie =0. The result of the calculation is that
8'= —13.8 volts. However, the energy of a
system comprising an H atom in the ground state
and an electron at rest at ~ is already —13.54
volts, which is larger than g. It follows from the
Ritz principle that this state of a proton and two
electrons is not the state of lowest energy, and

' See, for example, O. Tiixen, Zeits. f. Physik 103, 463
(1936).

't H. A. Bethe, Zeits. f. Physik 5'7, 815 (1930).
"Hylleraas, Zeits. f. Physik 60, 624 (1930).

that there must exist a state of energy less than
—13.8 volts, in which both electrons are bound
to the nucleus.

Having once established the stability of H, it
became a matter of great importance to approxi-
mate the energy of its ground state as accurately
as possible. In order to accomplish this, a large
number of variation functions have been tried,
having more and more disposable parameters.
This work has been done mainly by S. Chandra-
sekhar and his collaborators at the Yerkes Ob-
servatory. "Table I I lists the variation functions
which have been used and the energy limits to
which they have led. The last column, inci-
dentally, gives the energies predicted by these
variation functions for helium, for which the best
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FIG. 7. The absorption coefficient of H, after Chandra-
sekhar. The same two variation functions as in Fig. 6 have
been used with the matrix element of the momentum
operator.

results agree to one part in 5000 with the experi-
mental value. It is clear that the energy integrals
seem to converge to a value very near —14.28
volts; the chances are that this is an accurate
value for the energy of the ground state of H .

The atomic absorption coefficient depends
essentially only on the square of the matrix
element of the dipole moment; apart from a
constant factor, the matrix element is"

Qs*(st +ss) f,dr.

In this expression, 14* is the (complex conjugate)
wave function of the initial (bound) state, which
is a discrete state —hence the subscript d—and

"S.Chandrasekhar summarizes the work in Rev. Mod.
Phys. 16, 301 (1944).

~' The x and y components of the matrix element vanish
if the s axis is taken in the direction af motion of the
photoelectron at ~.
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FIG. 8. The absorption coefficient of H, after Chandra-
sekhar. The coefficient is here given per neutral H atom and
per unit electron pressure at T=6300'K. The heavy curve
is the observed coefficient, after Chalonge and Kourganoff.

"Actually, the ejected electron is not quite free even
after dissociation. In Astrophys. J. 103, 41 (1946), Chan-
drasekhar and I . H. Breen have evaluated the wave
functions of an electron moving in the Hartree field of a
hydrogen atom, and in Astrophys. J. 102, 395 (1946),
Chandrasekhar has used these wave functions in the
evaluation of the matrix elements.

P, is the wave function of the final (dissociated)
state, which is a continuous —c —state. For P„
one uses the product of two wave functions:
first, the wave function of a hydrogen atom in
the ground state, and second, the wave function
of a free electron. "For Pd, one can only use one
of the variation functions of Table I I. Un-

happily, however, this approximation of the true
wave function of H by a variation function
proves troublesome for the following reason. In
minimizing the energy integral according to the
Ritz principle, one determines well only those
parts of the wave function which contribute
appreciably to the energy, while the other parts
of the wave function are only poorly deter-
mined. In particular, the more remote parts of

are quite uncertain. However, the matrix
element of the dipole moment weights most
heavily just these parts of Pd. The extent of the
uncertainty is illustrated by the curves of Fig. 6,
which gives the atomic absorption coe%cient of
H as computed with each of two variation
functions which lead to the same energy within
0.03 volt. According to one variation function,
k~ has its maximum at about 4000A, while
according to the other the maximum lies near
8000A.

It will be recalled that in the classical theory
the radiation of a dipole can be expressed in
terms of its momentum or its acceleration, as well
as in terms of its dipole moment. Analogously, in

quantum mechanics the matrix elements, of the
dipole moment, the momentum operator, and
the acceleration operator are all related. In fact,
it can be shown that, if the energies of the
initial and final states are Ed and E„respectively,
then

P 'd( s+ts)s4, dr

Chandrasekhar has found" that the matrix ele-
ment of the acceleration operator is again ex-
tremely sensitive to the form of Pd, however, the
matrix element of the momentum operator is
not. The improvement eAected by the use of the
momentum operator is illustrated in Fig. 7;
the two curves have been computed with the
same two variation functions employed in the
derivation of the curves in Fig. 6, but the di-
vergence between the curves is appreciably
diminished.

Chalonge and Kourgano64 have adopted the
higher curve of Fig. 7 and have compared the
wave-length variation with that which they have
deduced for the opacity of the solar atmosphere.
In order to eA'ect the comparison, for example,
with that curve of Fig. 5 which gives rq(7000'),
they have simply multiplied Chandrasekhar's k&

at all wave-lengths by the number X(7000') of
H ions above the 7000' level. This number they
have chosen as 5.12 &( 10", in order to achieve
the best general agreement between the observed
and predicted curves. The dashed curve depicts
the result of this procedure; the other dashed
curves have been similarly derived by multiplica-
tion of Chandrasekhar's values for kq by the
appropriate values of X(T). The close agree-
ment of the predicted and observed curves
between 4000A and 13,000A conclusively estab-
lishes H as the principal source of opacity in the
solar atmosphere.

Only in the extreme infra-red can the photo-
dissociation of H still not account for the
observations. However, Chandrasekhar and F.

"S. Chandraseichar, Astrophys. J. 102, 223 (1945).
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H. Breen have shown" that the free-free transi-
tions of H suffice to remove this last discrepancy.
In the earlier studies of the continuous transi-
tions of an electron in the field of a hydrogen
atom, it was assumed that an s-electron could
be adequately represented by a plane wave.
However, the field of the hydrogen atom proves
to modify this representation considerably for
the relatively slow electrons which occur in the
solar atmosphere, and the matrix. elements calcu-
lated with the modified wave functions lead to
an absorption coefficient which exceeds the older
one by a factor of order ten. Figure 8 depicts
the new absorption coefficient for free-free transi-
tions, together with the absorption coefficient
for photo-dissociation. The agreement of the
resulting total absorption coefficient with the
observations can now be considered satisfactory
over the whole observed range of the solar
spectrum.

Finally, there remains to be interpreted the
structure of the photospheric layers that is
implied by the function %(T), as derived by

"S.Chandrasekhar and F. H. Breen, Astrophys. J. 104,
430 (1946).

Chalonge and Kourganoff. Since hydrogen is so
very abundant, it will be readily seen that with
the ionization equation X(T) gives, essentially,
the density as a function of temperature; the
pressure then becomes determinate through the
gas law. The derivation Of these physical param-
eters in the photospheric layers involves an
application of the theory of radiative equilibrium,

, and is beyond the scope of this paper. Rapid
progress toward a completely satisfactory theory
of the photospheric structure is now being made.
But even in the absence of a definitive atmos-
pheric model, the results already achieved may
well be said to represent a real triumph of theo-
retical physics and observational astrophysics:
in the one case, for the prediction of the existence
and properties of an ion never studied in the
laboratory; and in the other case, for the verih-
cation of these predictions by the discovery,
through its absorption spectrum, of the ion in

the atmosphere of the sun.
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