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Fractional quantum Hall states host emergent anyons with exotic exchange statistics, but obtaining direct
access to their topological properties in real systems remains a challenge. Neural network wave functions provide
a flexible computational approach, as they can represent highly correlated states without requiring a tailored
basis. Here, we use the neural network variational Monte Carlo method to study the fractional quantum Hall
effect on the torus and find the three degenerate ground states at filling factor v = 1/3. From these, we extract
the modular S-matrix via entanglement interferometry, a technique previously only applied to lattice models.
The resulting S-matrix encodes the quantum dimensions, fusion rules, and exchange statistics of the emergent
anyons, providing a direct numerical demonstration of the topological order. The calculated anyon properties
match the well-known theoretical and experimental results. Our work establishes neural network wave functions

as a powerful tool for investigating anyonic properties.
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The fractional quantum Hall effect (FQHE) [1-9] arises
when a strong magnetic field is applied to a two-dimensional
(2D) layer of interacting electrons with a fractional Landau
level filling factor v. While the integer quantum Hall effect can
be understood in terms of noninteracting electrons, the FQHE
is intrinsically interaction driven and hosts anyonic excitations
with fractional charge [2,10,11] and exchange statistics [4,12],
which may be Abelian or non-Abelian [7,8,13,14]. The latter
are of particular interest because of their potential use as
decoherence-resistant qubits in topological quantum comput-
ing [15-17].

Computational studies of the FQHE have used exact di-
agonalization, density-matrix renormalization group methods,
and variational trial wave functions. Most calculations are
restricted to the lowest Landau level, either on the surface
of a sphere [19-26] or in the plane with a disk of positive
charge binding the electrons [2,20,27-29]. However, the as-
sumption of vanishing Landau level mixing is not always
valid, as fractional quantum Hall states have been seen for
dimensionless mixing parameters up to k = 2.8 [30]. In this
limit, the assumption of vanishing Landau level mixing does
not even approximately hold.

In recent years, neural wave functions [18,31-52] have
proven able to provide accurate descriptions of a wide
variety of interacting electron systems. Many of the afore-
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mentioned examples are strongly correlated and difficult to
study with standard electronic structure methods because one
lacks a many-body basis set that accurately captures the un-
derlying physical phenomena, such as virtual positronium
formation in positronic chemistry [46]. Neural networks, in
contrast, are such expressive function approximators that,
with only minor modifications, the same network architec-
ture is capable of representing a wide range of correlated
states accurately. Here, we show that neural wave func-
tions are able to describe the topological order of quantum
Hall states and can be used to study the properties of the
emergent anyons.

The most interesting property of the FQHE ground state
is that it has fractional excitations. The topological proper-
ties of these excitations are hard to investigate using direct
computational methods, but several indirect approaches have
been used to verify the topological order of fractional quantum
Hall states obtained numerically. The first is to calculate the
overlaps of the wave function with known topological states
[19,53-56], on the assumption that the topological order is
shared with the state that has the highest overlap. The second
is to demonstrate an adiabatic connection. One can check
numerically that the many-body gap remains open as, for
instance, the Coulomb Hamiltonian Hy is smoothly deformed
to a Hamiltonian H; with a ground state of known topological
order [57,58]. If this is true, the topological order of the
ground state of Hy is the same as that of the ground state of
H,. Entanglement entropy and, in particular, the entanglement
spectrum contain fingerprints of the topological order [59,60].
Finally, some studies have calculated the braid phase by ex-
plicitly braiding the anyons [61,62].

This article reports the results of a neural-network-based
variational Monte Carlo study of the fractional quantum
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FIG. 1. Psiformer architecture with a custom complex-valued multilayer-perceptron-based Jastrow factor. The one-electron features depend
on periodic functions of the position of each electron [18]. The Jastrow factor is evaluated independently for each pair of electrons. The values
from each pair are then multiplied together. The envelope is a sum of quasiperiodic functions with learnable coefficients. The products of all
components are reshaped into matrices in the so-called orbital projection layer, and the sum of the determinants of those matrices is the value

of the wave function.

Hall effect at 1/3 filling on the torus. We calculate the three
degenerate ground states and use them to directly obtain the
modular S-matrix [63-68], which encodes the topological
properties of the emergent anyons [69-72]. From the modular
S-matrix, we calculate the quantum dimensions, fusion rules,
and braid phase of the anyons. This is accomplished using
entanglement interferometry, a method previously used for
lattice systems [63,67].

Two other recent papers have used neural wave functions to
simulate the FQHE in the continuum [26,29], but did not ex-
tract properties of the topological order. Lattice analogs of the
FQHE, so-called fractional Chern insulators, have also been
studied with neural network quantum states [73], but again the

the boundary conditions. We work in the Landau gauge, A =
(yB, 0)", with the magnetic field pointing into the xy plane.
In the torus, this requires the use of quasiperiodic boundary
conditions,

V(x4 L, y) = ¥(x,y), 3

Y(x,y+ Ly) = e 2Nex/boy (x, y), )

where L, and L, are the lengths of the sides of the toroidal
simulation celland Ny = 1N € Z is the number of flux quanta
piercing the simulation cell. We write the envelope as a sum
of quasiperiodic functions,

. . . . Nip—1Ng—1

topological properties of the resulting wave functions were not J

considered. Xi (x.y) = Z Z Uns €ns(X, ), ®)
The neural wave function we employ is based on the n=0 s=0

Psiformer architecture [42] as implemented in the FermiNet ens(X,y) = Z Fos (_ + k) 2N/ L (©6)

package [74], with most hyperparameters set to the default k Ly

values. (For a complete list, see the Supplemental Material Fula) = TN Hs/Ng Hy(a + 5/Ny), 7

[75].) The Coulomb interactions were evaluated using 2D
Ewald summations. We write our variational ansatz in Slater-
Jastrow form,

where ad’ are learnable parameters, H, is the nth Hermite

polynom1al and MNpp, is a cutoff of Landau levels included.
The form of the envelope is based on the eigenfunctions of a

Ndet
U, ... ry)=J Y det[odr;, rD], (1) single particle moving on the torus subject to a magnetic field
d; i Loy ;D) [76]. The complex-valued Jastrow factor J takes the form
where J is a complex-valued Jastrow factor computed by N
a multilayer perceptron and the second term is the output J@ry, ... ry) = l_[ MLP(s;, s}, 8, Sij)s (8)
of the Psiformer [42,74] (with the default Psiformer Jastrow ij=1

factor removed). The structure of the wave function is shown
schematically in Fig. 1. The orbitals d)f (rj, {r;;}) are ex-
pressed as

&y fryiH) = @l ey {rHxf (), 2

where (pid is a periodic function of all inputs obtained from the
last layer of the network and X,~d is an envelope used to enforce

where MLP stands for multilayer perceptron and s; is a peri-
odic function of r; [18],

2 . [ 2r
si = (cos (—r,-), sin (—r,»)), ©)]
L L
2 . (2 10
Sij = <cos< T (r,-—rj)>,81n (T(ri_rj)>>v (10)
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TABLEI. Variational energies (in hartrees) obtained for the three lowest-energy eigenstates (lowest energies in bold). We use the shorthand
FN+1J to denote the combination of a FermiNet wave function with a complex MLP Jastrow factor, PS+J to denote the combination of
a PsiFormer with a complex MLP Jastrow factor, and ED to denote exact diagonalization in the lowest Landau level. N is the number of
electrons and B is the magnetic field in atomic units. For the four-electron case, we also calculated the energy of the fourth state, verifying that

the ground state is threefold degenerate.

Ansatz N B E() E1 E2 E3
FN+J 4 10 14.741 808(5) 14.741 909(6) 14.742 021(7) 14.879 138(9)
PS+J 4 10 14.741 847(6) 14.741 960(7) 14.742 222(7) 14.879 14(1)
ED 4 10 14.748 217 14.748 227 14.748 228 14.897 403
Laughlin 4 10 14.761 14(2) 14.761 14(2) 14.761 14(2)

FN+J 5 5 7.882 24(1) 7.882 34(1) 7.882 43(1)

PS+] 5 5 7.881 565(9) 7.881 872(9) 7.882 07(1)

ED 5 5 7.886 53 7.886 53 7.886 53

Laughlin 5 5 7.889 23(2) 7.889 23(2) 7.889 23(2)

FN+J 6 5 9.470 78(2) 9.470 96(3) 9.472 10(3)

PS+J 6 5 9.469 23(2) 9.469 35(2) 9.469 88(2)

ED 6 5 9.473 84 9.473 85 9.473 85

Laughlin 6 5 9.478 03(2) 9.478 03(2) 9.478 03(2)

FN+J 8 5 12.649 81(5) 12.654 20(5) 12.661 93(7)

PS+J 8 5 12.637 63(3) 12.637 87(3) 12.638 06(3)

ED 8 5 12.641 98 12.641 99 12.642 00

Laughlin 8 5 12.649 35(2) 12.649 35(2) 12.649 35(2)

2 2
Sij = %: |:1 — COS (L_j:(rij)a>:|Mab|:1 — COS (L—:(rij)b>:|

. (27 Mo si 2 11
+ sin <L—a(rij)a) b SIN <L—b(rij)b), (1D

where a, b € {x,y} and My, = a, - a5, with a; being the jth
lattice vector of the torus. The fact that the Jastrow factor
returns a complex output is essential, as it enables the net-
work to represent the complex phase structure of the quantum
Hall state.

As described above, the method used to calculate the
quasiparticle properties requires the computation of multiple
degenerate ground states. To maintain orthogonality, we use a
penalty function method originally introduced for computing
excited states [77]. The loss function is given by

LUy =Y wEWd + 1) 10,1, (12)

i<j

where E[v] is the energy expectation value of v, w; o 1/i,
A was chosen to be unity, and O;; is the overlap between v;
and ;. We find that the rate of convergence depends only
weakly on the choice of w; and A. Indeed, as we are targeting
degenerate states, the method should converge regardless of
the choice of these hyperparameters. As the method used to
calculate the anyon properties requires access to the orthogo-
nal ground states, the penalty method is more convenient than
natural excited states [78], which would require further or-
thogonalization of the states. The parameters were optimized
with the Kronecker factored approximate curvature (KFAC)
algorithm [79].

The energies obtained from our calculations are reported in
Table I. For the larger systems, the Psiformer [42] consistently
obtains a lower energy than the earlier FermiNet architec-

ture [34]. Using the variational principle to optimize neural
network representations of FQHE wave functions proceeds
smoothly but takes a surprisingly large amount of computer
time (see the Supplemental Material [75]). This prevented us
from studying systems with more than eight electrons. Previ-
ous neural wave function studies of the FQHE [26,29] were
similarly limited. Further, these studies computed a single
ground state in the sphere and disk geometry, respectively.
The calculation of the entire degenerate space in the torus is a
significant step up in complexity.

We are interested in the modular S-matrix, which contains
topological information about the anyon excitations of the
Hamiltonian. For example, the ground-state degeneracy of a
system with N, anyons of type a approaches d™« for large N,,
where d, is the quantum dimension of anyon type a. The total
quantum dimension D is then defined by D*> = Y d?, where
the sum runs over all allowed anyon types in the theory. If one
calculates the modular S-matrix, the quantum dimensions can
be read from S, = d,/D. Further, as there is always a “vac-
uum” particle with quantum dimension 1 (call it a = e), the
total quantum dimension is D = 1/S,,. The modular S-matrix
can also be used to work out the fusion rules of the anyons
via the Verlinde formula (see the Supplemental Material [75]).
Further, if a and b are Abelian anyons, then arg(S,,) is the
argument 6,;, of the complex phase obtained when braiding
anyon a around anyon b [80].

To obtain the modular S-matrix, we follow the approach
laid out in Ref. [63]. The first step is to use the penalty-
function method [77] to find the number of degenerate ground
states on the torus. The ground-state degeneracy is the num-
ber of quasiparticle types. For the v = 1/3 state, there are
three anyon types: the vacuum/identity (e), the quasihole
(gh), and the quasielectron (ge). Therefore, we expect the
ground-state degeneracy to be three. Call the (orthonormal)
degenerate ground states we converge to |&;), i € {1, 2, 3}.
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FIG. 2. Partitions across which the second Renyi entropy is cal-
culated. Panels (a), (b), and (c) correspond to the partitions used to
obtain S.,, Sy, and S 1, respectively.

An arbitrary state in the degenerate subspace is a linear
combination of |&;):

W) =Y ailé). (13)

Next, one finds the linear combination |Z7”) that minimizes
the second Renyi entropy, Sy” = ln[Tr(pﬁ)], where p, is the
reduced density matrix in subregion A of the torus:

|ET) = argminy,,Sz" (¥ ). (14)

The symbol < refers to partitioning the torus horizontally, as
shown in Fig. 2(a). The entropy is calculated using the method
of Ref. [81], which we summarize in the Supplemental Mate-

|

rial [75]. One then repeats the entropy minimization process to
find a three-state basis, enforcing orthogonality with previous
states:

|E37) = argminyy zo =Sz (V). (15)

|E57) = argmin) - =&z jy)=0Sx (¥)- (16)

Similar bases are constructed by partitioning the system ver-

tically, as shown in Fig. 2(b), to obtain |Ei¢), and diagonally,

as shown in Fig. 2(c), to obtain \E;Z ). The modular S-matrix
is then given by [67]

S = {R[(U@))_1(7("’)]}‘1]%[((7@))‘1(7([‘)}

17
< RO D), "

where R[X] denotes the matrix obtained after left and right
multiplying X by the diagonal matrices of complex phases
required to make the first row and column of X real and
positive. The U matrices are defined as

|E) = 0%g,). (18)

Note that although U ;Z) is not invariant under U (1) transfor-
mations of |,), the resulting S-matrix is.

The S-matrix computed from our eight-electron simulation
was

L 1 1 1 +0.006 + 0.001; —0.032 —0.002i +0.017 + 0.000i
S=—1[1 €23 23] 4+ | 40.006—0.001;i +0.006+ 0.004i —0.020+ 0.039;
3\ in g —0.020 — 0.001i +0.016 — 0.025; —0.005 — 0.017;
0.035 0.025 0.034 0.002 0.003 0.002
+10.032 0.043 0.034 ] +[0.002 0.029 0.034]i, (19)

0.032 0.045 0.042

where the first term is the expected result, the second term is
the deviation from the expected result, and the last two terms
are the statistical error of the mean calculated by computing
the S-matrix 17 times. Let the anyon ordering corresponding
to the rows and columns of the S-matrix be e, a, b (the entan-
glement interferometry method only gives the S-matrix up to
a trivial permutation of the anyons’ ordering sequence, so it is
not possible to know whether a is the gh and b the ge, or vice
versa). The total quantum dimension is estimated to be D =
1/S.e = ~/3 + (0.001 — 0.0047) & 0.106 = 0.000i. The other
quantum dimensions can be calculated using d. = DS, and
come out to be d, = 1.016 — 0.004i £ 0.104 £ 0.005i, d, =
0.971 — 0.004i £ 0.101 £ 0.008i (note that we have assumed
d, =1). For a list of the computed fusion rules, see the
Supplemental Material [75]. The phases obtained by braiding
different anyon types around each other were calculated to be
Ona =21 /3 —0.014 £ 0.079, 6, , = 27t /3 + 0.021 £ 0.076,
and 6, , = =27 /3 — 0.013 £ 0.051 [obtained from averaging
arg(S,.») and arg(Sp ,)]. As shown in the Supplemental Mate-
rial [75], S matrices computed for smaller systems also yield
correct results, even for the tiny four-electron system. This
is an important advantage of entanglement interferometry;
it seems to produce the correct topological order even for

0.003 0.036 0.028

(

very small systems, which would probably not be the case
for entanglement scaling and entanglement spectroscopy. The
reason, we suspect, is that the corrections are exponentially
small in L/, where £z = 1/+/B is the magnetic length.
Since BL?> = Ny ®y = N®y/v,wefindthat L/lp = /27T N/v.
For the smallest system studied, containing only N = 4 elec-
trons, exp(—L/£z) ~ 10~*, implying that accurate results can
already be obtained. We hope this will also be the case when
studying more exotic phases, including non-Abelian systems.

In conclusion, this paper reported neural-network-based
variational Monte Carlo simulations of the ground state of an
FQHE system at filling fraction v = 1/3 in the torus, confirm-
ing that small modifications of existing neural wave functions
make good ansitze for the quantum Hall problem. Using a
penalty-function method [77], we demonstrated numerically
that the ground state is threefold degenerate, corresponding
to the three anyon types in the theory: the vacuum/identity
(e), the quasihole (gh), and the quasielectron (qe). The three
ground states in the torus were then used to extract the mod-
ular S-matrix through entanglement interferometry [63,67].
The modular S-matrix contains topological information about
the emergent anyonic excitations and thus identifies the topo-
logical field theory corresponding to the ground state. We
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also obtained the quantum dimensions, fusion rules, and braid
phases of the anyons. This was all done in the continuum with
Landau level mixing, completely ab initio and assumption-
free. We find that the topological anyon properties match those
predicted by Wilczek and co-workers [4].

More generally, we have extended an assumption-free
approach for calculating anyonic quasiparticle properties in
lattice models to the continuum. Although we have inves-
tigated a system with known topological order, there is, in
principle, no obstruction to using the same method for systems
with unknown or debated topological order. This work has the
potential to shed light on the nature of fractional quantum Hall
states at other filling fractions and higher Landau levels, and
may help understand the properties of other systems in which
interactions lead to emergent anyonic excitations.
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