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We propose a novel factorization theorem for N-jettiness at hadron colliders, which incorporates
coherence-violating effects induced by Glauber gluons and several new momentum modes. Their interplay
generates coherence-violating logarithms starting at four-loop (N ≥ 1) or five-loop order (N ¼ 0). We
calculate the anomalous dimensions required for the resummation of coherence-violating logarithms and
establish a general framework for the systematic treatment of coherence violation. Our findings imply that
most existing factorization formulas for global LHC observables must be revised.
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Color coherence denotes the phenomenon that soft gluon
radiation in hard scattering processes is sensitive only to the
net color charge of a group of collinear partons rather than
their individual charges. Together with soft-collinear fac-
torization, it is a foundational principle that underpins
precision collider phenomenology. They provide a system-
atic framework through which short-distance partonic
dynamics can be disentangled from universal long-distance
hadronic physics, thereby enabling systematically improv-
able predictions for jet observables. As the LHC enters the
high-luminosity era, with percent-level experimental pre-
cision becoming the norm, this paradigm is pushed to its
limits. Reliable phenomenology now calls for the inclusion
of higher-order perturbative corrections and the precision
resummation of large logarithmic corrections.
Global jet observables such as N-jettiness [1], which

impose constraints on radiation across the full phase space,
are particularly simple and play a central role in this
program. They are useful in the context of slicing schemes
[2–6], as well as for jet merging in parton showers [7,8].
Their theoretical description relies on factorization formulas
assuming a strict separation between collinear and soft
modes, enabling all-order resummation of logarithmically
enhanced contributions.
Yet, it is known that strict collinear factorization at the

amplitude level already fails at one-loop order for spacelike
splittings [9]. While this effect cancels in observables at the
cross-section level, at higher loop orders [10–12] this is

generally no longer the case [9,13]. The resulting break-
down manifests itself through coherence-violating effects,
most prominently in the form of super-leading logarithms
(SLLs) in non-global observables [14–17]. These SLLs are
double-logarithmic effects in otherwise single-logarithmic
observables at hadron colliders, starting at four-loop order.
They originate from the noncancellation of Glauber phases,
arising from Coulomb-like gluon exchanges between soft
and collinear sectors, thereby spoiling factorization.
Since SLLs arise in non-global observables with com-

plicated phase-space constraints, it was hoped that for the
simpler global observables these effects would be absent.
However, this expectation has come under increasing
scrutiny: coherence-violating logarithms (CVLs), of which
SLLs are a particular subset, have been argued to arise even
for global observables [18–20], and a recent analysis [21]
has identified the leading-order CVL for 1-jettiness using
Lund-plane arguments. These developments challenge the
assumption that globalness guarantees soft-collinear fac-
torization and raise a pressing question: do standard
factorization formulas remain valid for even the simplest
observables at hadron colliders?.
In this Letter, we address this question and propose a

novel factorization theorem for N-jettiness that accounts for
the subtleties arising from genuine Glauber gluons in active-
active parton scattering processes [22,23]. We identify
several new modes that arise only through interactions with
Glauber gluons, leading to a much richer and more intricate
structure of global observables than previously assumed,
exhibiting features characteristic of their non-global coun-
terparts. In addition, we present the one-loop anomalous
dimensions sufficient for the all-order resummation of the
leading CVLs.
We begin our analysis with the definition of the

N-jettiness observable at hadron colliders, which reads [1]
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T N ¼ 2
X
k

min

�
qa ·pk

Qa
;
qb ·pk

Qb
;
q1 ·pk

Q1

;…;
qN ·pk

QN

�
;

ð1Þ

where k runs over the final-state particles with momenta
pk. The lightlike reference vectors qa;b and qi (with
i ¼ 1;…; N) are defined as

qμa;b ¼ xa;b

ffiffiffi
s

p
2

nμa;b; qμi ¼ Ein
μ
i : ð2Þ

The center-of-mass energy is denoted by s. The definition
of the hard scales Qi is not unique [24], a common
choice is Qi ¼ 2Ei and Qa;b ¼ xa;b

ffiffiffi
s

p
, where xa;b are

the momentum fractions of the incoming partons. In the
following, we abbreviate na ≡ n, nb ≡ n̄, with n · n̄ ¼ 2.
For T N ≡ λ2Q ≪ Q, where λ is a small expansion param-
eter and Q is a reference hard scale, the final state consists
of N narrow jets, two beam jets, and ultra-soft radiation
between the jets. Using soft-collinear effective theory
(SCET) [25–28], the well-known factorization formula
for N-jettiness takes the form [1]

dσ
dT N

¼ hHN ⊗ Ba ⊗ Bb ⊗

"YN
i¼1

Ji

#
⊗ SNi; ð3Þ

where HN denotes the hard function for N outgoing
partons, Ba;b are the beam functions for the incoming
partons, Ji is the jet function associated with direction ni,
and SN represents the ultra-soft function. The sum over
partonic channels is kept implicit in this notation. The
angular brackets denote the trace in color-helicity space of
the partons. The boldface notation indicates operators
acting in color space [29]. The convolutions in the T N
variables of the various sectors are contained schematically
in the ⊗ symbol. The measurement functions are included
in the definitions of the beam, jet, and ultra-soft functions,
with the parton distribution functions (PDFs) contained
within the beam functions. Details can be found in [1].
A crucial assumption for the derivation of the factori-

zation formula is the absence of Glauber modes [1],
essentially enforcing strict (timelike) soft-collinear factori-
zation from the beginning. Consequently, the result takes
the simple form (3), in which the beam and jet functions are
color-singlet objects, and the ultra-soft function only
contains (N þ 2) different Wilson lines for the parent
partons in the hard scattering process. However, the
findings of [9] show that one must carefully distinguish
timelike and spacelike collinear splittings. The ultra-soft
radiation of the beam particles cannot be described by the
Wilson line of the incoming parent parton and gives rise to
separate outgoing Wilson lines. Moreover, the presence of
Glauber gluons entangles the dynamics of the different
sectors, such that collinear degrees of freedom remain
relevant at the ultra-soft scale.

In the following, we demonstrate the breakdown of the
factorization formula (3) when these subtleties are taken
into account. Because of Glauber interactions, new modes
appear in the beam, jet, and ultra-soft functions, spoiling
naive soft-collinear factorization. The underlying mecha-
nism is similar to the appearance of genuine Glauber modes
in the context of non-global observables at three-loop order
[22,23]. For the calculation of Glauber graphs, one can use
the SCET Glauber Lagrangian [30].
To be concrete, consider first the beam and jet physics,

whose natural scale is ðT NQÞ1=2. We introduce the scaling
ðn · pc; n̄ · pc; pc⊥Þ≡ ðpþ

c ; p−
c ; pc⊥Þ ∼Qðλ2; 1; λÞ for the

incoming collinear momentum, pc̄ ∼Qð1; λ2; λÞ for
the incoming anti-collinear momentum, and likewise for
the outgoing jet momenta with respective reference vectors
ni. All of these modes were included in the original
factorization formula and can both appear virtually and
as real emissions that are separately measured.
The presence of Glauber modes in the collinear sector

with scaling kg ∼Qðλ2; λ; λÞ (and likewise in the anti-
collinear one) necessitates the introduction of an additional
soft mode characterized by ls ∼Qðλ; λ; λÞ. Both modes are
purely virtual: the Glauber is off-shell by construction,
while real soft emissions are forbidden by the N-jettiness
measurement function. Since purely virtual contributions
are scaleless, these new modes start contributing at three-
loop order; an example diagram is shown in the upper part
of Fig. 1. Information about the measurement acting on the

FIG. 1. Examples of factorization-breaking diagrams at the
collinear (top) and ultra-soft (bottom) scales. A spacelike
collinear splitting (blue) connects to soft modes (orange) through
Glauber-gluon exchange (red dashed). A colored blob indicates a
measurement on the respective line, and MN is the hard
scattering amplitude. Both diagrams use the same color scheme,
with ultra-modes depicted in a darker shade.
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collinear leg is transferred via the Glauber gluon to the soft
loop, where it provides a physical scale. As this is a genuine
Glauber mode, well-defined in dimensional regularization
and not absorbable into other modes, it needs to be included
in our analysis.
The physics at the ultra-soft scale T N is also affected by

Glauber dynamics. This requires the introduction of further
modes: alongside the original ultra-soft mode scaling as
lus ∼Qðλ2; λ2; λ2Þ, we must include ultra-Glauber modes
characterized by kug ∼Qðλ4; λ2; λ2Þ and ultra-collinear
modes scaling as quc ∼Qðλ4; 1; λ2Þ (and likewise in the
anti-collinear sector). Here, only the ultra-soft mode
contributes to the measurement, as the relevant momentum
component of ultra-collinear modes is too small,
qþuc ∼ λ4Q. At the ultra-soft scale, we find similar diagrams
as before with the measurement performed on an ultra-soft
emission; see the lower graph in Fig. 1. A detailed study of
the appearance of genuine Glauber modes for such dia-
grams was performed in [22,23] for a slightly different
measurement on the soft emission, which does not change
the analysis. In addition, it was shown that such diagrams
feature a collinear anomaly, resulting in a sensitivity to the
hard scale in the form of a rapidity logarithm lnðQ=μÞ
appearing in the low-energy matrix element [31], which is
untypical for global SCETI observables. A summary of all
modes and the scales at which they appear is shown
in Fig. 2.
As a result of the breaking of color coherence and the

appearance of these additional modes, the factorization
theorem becomes significantly more complicated. Working
in Laplace space to turn convolutions into products, and
denoting the Laplace variable conjugate to T N by ω (for
details see, e.g., Ref. [8]), we obtain

dσ
dω

¼
X
m

hHNðQ; μÞK̃N;mð
ffiffiffiffiffiffiffi
Qω

p
; μÞW̃N;mðω; μÞi; ð4Þ

where Laplace-transformed quantities are denoted by tildes.
Compared to the naive factorization formula (3) the hard
function remains unchanged, but the inclusion of Glauber
modes has drastic consequences for the remaining pieces.
This formula takes into account that the final state contains
bundles sk of collinear particles in the beam (k ¼ a, b) and
jet (k ¼ 1;…; N) directions, labeled collectively by the
index m. Because of the breaking of color coherence, these
can no longer be represented by their parent partons. The
quantities K̃N;m describe the dynamics of the beam and jet
functions, which become entangled beyond two-loop order
due to Glauber effects. The low-energy matrix elements
W̃N;m contain the ultra-soft Wilson lines for the in- and
outgoing particles, but also ultra-collinear fields for the
initial-state partons. Their explicit form is similar to the low-
energy matrix elements for non-global jet observables
studied in [23]. In analogy with the situation in that paper,
PDF factorization becomes nontrivial under these circum-
stances, and we refrain from factorizing the physics at the
ultra-soft scale from nonperturbative dynamics at ΛQCD.
However, due to the structural similarity of the low-energy
matrix elements, we believe that PDF factorization is
recovered below the ultra-soft scale by the mechanism
discovered in [22,23].
Another subtlety is that the usual association of collinear

Wilson lines with the incoming particles no longer holds in
this form, and a generalization is required. This is further
discussed in the End Matter and connects to the calculation
of one-loop spacelike splitting functions. Also, beyond two-
loop order, it becomes important to carefully keep track of
the polarization indices of the collinear fields [23].
We now turn to the resummation of large logarithmic

corrections in the factorization theorem (4), which is
sensitive to the appearance of additional modes already
in the one-loop anomalous dimension. For concreteness,
we focus on the example of 1-jettiness. The hard function is
not modified with respect to the standard treatment, and its
anomalous dimension reads (focusing on the cusp loga-
rithm, with sij ¼ 2qi · qj, and the Glauber phase) [15]

ΓH ∋
αs
2π

X
i∦j

ðTL
i · TL

j þ TR
i · TR

j Þ ln
sij
μ2

þ αs
π
VG: ð5Þ

The notation i∦j enforces that parton j is not collinear to
parton i. For a hard function with well-separated legs, this
prescription boils down to the usual form i ≠ j. However,
when the amplitude contains collinear emissions, the more
general prescription becomes important. The Glauber part
relevant for the lowest-order CVL reads [16]

VG ¼ −2iπðTL
a · TL

b − TR
a · TR

b Þ: ð6Þ

FIG. 2. Scale hierarchy and mode structure for N-jettiness,
color coded for their appearance in diagrams. The soft modes at
the collinear scale ðT NQÞ1=2 may only appear as virtual particles,
while the ultra-collinear modes at the ultra-soft scale T N do not
contribute to the measurement.
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The general expression is given in the End Matter. The hard
anomalous dimension is purely virtual, as the N-jettiness
measurement prevents any hard emissions. The labels L
and R on color generators indicate whether they act from
the left or the right on the hard function, i.e., on the
amplitude or its conjugate. For the case of 1-jettiness,
the hard anomalous dimension is color-diagonal and
the evolution of the hard function to the collinear scale
ωc ≡ ffiffiffiffiffiffiffi

Qω
p

is thus straightforward.
Below the collinear scale, real emissions are kinemat-

ically allowed, and the product HNK̃N;m evolves to the
ultra-soft scale via

ðHNK̃N;mÞðωÞ

¼
X
m0≤m

ðHNK̃N;m0 ÞðωcÞP exp

�
−
Z

ωc

ω

dμ
μ
ΓW

�
m0m

; ð7Þ

where ΓW denotes the anomalous dimension of the low-
energy matrix elements W̃N;m. For its derivation we
introduce a gluon mass at the ultra-soft scale m2

g ∼ λ4Q2

as an infrared regulator. With the regulator in place, the
ultra-collinear modes become visible already at one-loop
order. The gluon-mass dependence cancels between the
ultra-soft and ultra-collinear modes, leaving behind a large
rapidity logarithm. To show this, and to derive the explicit
form of ΓW , we use color-coherence relations for the N
final-state jets. The virtual part of the anomalous dimen-
sion matches the hard anomalous dimension, such
that ΓW

virt ¼ −ΓH. For the cusp terms in the real-emission
contribution we find

ΓW
real ∋

αs
π

X
i∦j

TL
i ∘TR

j

�
ln
sij
μ2

− ln
μ2

ω2
− ln ŝij

�
; ð8Þ

where ŝij ¼ sij=ðQiQjÞ, and the hard scalesQi are the same
for all particles in a given collinear sector. The ∘ symbolizes
an extension of the color space [15] due to the emission of a
gluon collinear to the beams or final-state jets, which raises
the multiplicity m by one unit. The low-energy anomalous
dimension is thus not diagonal, but an operator in both color
and multiplicity space. The first logarithm in (8) is due to the
collinear anomaly [31], whereas the remaining two loga-
rithms are part of the “naive” anomalous dimension of the
soft function [32]. In addition to the cusp terms, the
anomalous dimension contains color-aware Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi terms; see Refs. [16,23].
Combining the hard and ultra-soft anomalous dimen-

sions, we can obtain the anomalous dimension of the
collinear matrix element comprising the dynamics of the
beam and jet functions. Using color conservation, the cusp
terms in the result ΓK ¼ −ΓH − ΓW can be written in the
form

ΓK ∋
2αs
π

X
k

TL
sk ∘TR

sk ln
Qkω

μ2
; Tsk ≡

X
i∈ sk

Ti; ð9Þ

where the sum runs over k ¼ a; b; 1;…; N, and sk denotes
the set of k-collinear partons. Naively, the objects Tsk yield
the color generators of the parent partons. The above
expression generalizes the sum of the one-loop beam
and jet anomalous dimensions encountered in the study
of the traditional factorization formula (3) [32,33]. For the
cusp terms in the anomalous dimension of the beam
functions, in particular, our result implies the replacement
Ca → TL

sa ∘TR
sa and similarly for Cb. Ultimately, this

replacement is the source of the coherence violation.
Starting at three-loop order, diagrams such as the top
graph in Fig. 1 interconnect the individual beams and
final-state jets, so that ΓK can no longer be expressed as a
sum over beam and jet anomalous dimensions.
We now proceed with the derivation of the lowest-order

CVL for 1-jettiness. We neglect the running of the
hard function between the hard and beam scales and
use the tree-level expressions K̃mðωcÞ ¼ 1 and W̃mðωÞ ¼
fa=pðxaÞfb=pðxbÞ for the matching conditions at the
collinear and ultra-soft scales, where fa=pðxÞ denote the
proton PDFs. The path-ordered exponential in (7) leads to
a tower of anomalous dimensions acting on the Born-level
hard function. To derive the expression for the lowest-
order CVL, we use that the first insertion of the anomalous
dimension needs to extend the three-parton color space via
a real emission, so as to obtain a nontrivial color structure.
The next two insertions consist of Glauber operators. They
do not commute with the real emission, and an even
number of Glauber phases is needed in the (real-valued)
cross section. As the fourth operator, we insert the
logarithmically enhanced cusp terms of ΓW . Under the
trace the real and virtual parts combine and the anomaly
logarithms cancel, leaving behind a logarithm of the ultra-
soft scale. Suppressing the PDFs for brevity, we obtain

dσCVL
dω

¼
Z

ωc

ω

dμ1
μ1

Z
μ1

ω

dμ2
μ2

Z
μ2

ω

dμ3
μ3

Z
μ3

ω

dμ4
μ4

× hHBorn
1 ΓW

realðμ1Þ
αsðμ2Þ

π
VG αsðμ3Þ

π
VGΓWðμ4Þi;

ð10Þ

which is nonvanishing since ½VG;ΓW � ≠ 0. As the trace
vanishes when VG appears at the end, one can also rewrite
the last three operators in the form of a double commutator
½VG; ½VG;ΓW ��. Neglecting the running of αs, the iterated
scale integral evaluates to
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Z
ωc

ω

dμ1
μ1

ln
ωc

μ1

Z
μ1

ω

dμ2
μ2

Z
μ2

ω

dμ3
μ3

Z
μ3

ω

dμ4
μ4

ln
μ4
ω

¼ 1

46 080
ln6

�
Q
ω

�
: ð11Þ

For the qg → q channel, expression (10) confirms the
corresponding result obtained in [21]. Our formalism also
makes it clear that the leading CVLs scale as dσCVL=dω ∼
α2þn
s ln2þ2nðQ=ωÞ with n ≥ 2. For 0-jettiness, the CVL

series starts at five-loop order because an additional
insertion of ΓW

real is needed for a nontrivial color structure.
Formally, the CVLs constitute a leading double-

logarithmic contribution to the cross section that does
not exponentiate in a simple form. Similar to SLLs in
non-global observables, CVLs are suppressed in both color
and higher loop order. Yet, as shown in [34] for SLLs, these
effects can still be significant and affect precision studies of
global observables.
It seems remarkable that the complicated structure of the

factorization theorem (4) and the presence of several addi-
tional modes have not been observed previously. Despite the
fact that computations of the beam, jet, and ultra-soft
functions have been carried out up to three-loop order
[35–39], with resummation achieved to next-to-next-to-
next-to-leading-logarithmic accuracy [8], no inconsistencies
were encountered. The reason is simple yet concerning: a
factorization formula assuming timelike kinematics is
internally self-consistent. By working exclusively within
such a framework, and neglecting Glauber effects in all
components of the factorization formula, the additional
contributions remain entirely hidden, regardless of the loop
order at which the calculations are performed. The only
possibility to detect inconsistencies would be the direct
QCD computation of the hard function in physical kin-
ematics, with inconsistencies starting at four-loop order for
pure QCD processes [13]. We expect that three-loop effects
stemming from HNVGVGΓW under the trace in (10) are
captured by the naive factorization formula (3).
In this Letter, we have uncovered several key ingredients

for the correct resummation of global hadron-collider
observables using the example of N-jettiness. The presence
of Glauber modes gives rise to a significantly more involved
factorization theorem: Glauber exchanges break strict fac-
torization and introduce several additional modes, resulting
in a richer and more intricate structure. These changes will
similarly affect other global observables, where spacelike
splittings are allowed and which are hadronically not fully
inclusive. For example, we expect that jet-veto resummation
[40–42] as well as transverse energy-energy correlators
[43,44] are affected, while qT resummation is not, as only
electroweak bosons are measured in the final state. We
presented a framework for the resummation of coherence-
violating logarithms to higher loop orders, the full under-
standing of which will be crucial going forward. Our

findings underscore the urgency of further developing
finite-Nc parton showers [45–50] and achieving a deeper
understanding of the underlying mode structure in general
[51–55], verifying that no further modes enter the factori-
zation theorem in higher loop orders. The generalization of
the collinear Wilson-line structures discussed in the End
Matter and diagrams such as the first graph in Fig. 1 form
the basis for the calculation of the factorization-breaking
terms in spacelike splitting functions. We verified that this
approach yields the correct one-loop factorization-breaking
terms; the two-loop calculation is left for future work.
The formalism developed here will have a direct impact

on LHC precision studies utilizing N-jettiness or other
global observables, including Higgs and electroweak phys-
ics as well as dark matter searches. They also demonstrate
that the structure of SCET factorization for hadron colliders
is much richer than previously appreciated. Indeed, the
additional complexity should be viewed as an opportunity
rather than an obstacle, as it opens new avenues for
theoretical exploration, phenomenological investigation,
and precision tests of QCD.
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End Matter

General form of the Glauber operator—The general
expression for the one-loop Glauber operator is given
by [15]

VG ¼ −
iπ
2

X
i∦j

ΠijðTL
i · TL

j − TR
i · TR

j Þ; ðA1Þ

with Πij ¼ 1 if i and j are both either incoming
or outgoing, and Πij ¼ 0 otherwise. Using color
conservation, this expression can be rewritten in the form

VG ¼ −
iπ
2

�
4TL

a · TL
b − ðTL

sa − TL
a Þ2 − ðTL

sb − TL
b Þ2

−
XN
k¼1

ðTL
skÞ2 − ðL → RÞ

�
: ðA2Þ

For the calculation of the leading-order CVLs the extra
terms compared with (6) reduce to Casimir operators
and cancel out. The generalization of the anomalous
dimension may also induce subtle effects for SLLs in
non-global observables. Because of the repeated action
of the collinear anomalous dimension, the hard
functions on which it acts are no longer objects with
widely separated legs. The sum over i∦j in the soft
anomalous dimension (8) and over sets sk in the
collinear anomalous dimension (9) accounts for this
correctly. It should be investigated whether this impacts
the resummation of SLLs starting at five-loop order.

Collinear Wilson lines—At the intermediate scale
ðT NQÞ1=2, the SCET building blocks contain collinear
Wilson lines. However, when spacelike splittings are

involved, the usual expression for these Wilson lines
needs to be generalized. For an amplitude with only
incoming particles, attaching an ni-collinear gluon to a
leg j∦i produces an off-shell hard fluctuation, which can
be integrated out to give the Wilson line

Wþ
i;jðxÞ ¼ P exp

�
−igs

Z
0

−∞
dsn̄i · Aa

i ðxþ sn̄iÞTa
j

�
; ðB1Þ

where Aμ;a
i is the associated ni-collinear gluon field. The

path from −∞ to 0 corresponds to using the þi0
prescription in the eikonal propagator with incoming
momentum ki. Combining the attachments to all legs
j∦i yields

WiðxÞ ¼ P exp

�
−igs

Z
0

−∞
dsn̄i · Aa

i ðxþ sn̄iÞ
X
j≠i

Ta
j

�

¼ P exp

�
igs

Z
0

−∞
dsn̄i · Aa

i ðxþ sn̄iÞTa
i

�
; ðB2Þ

where we have used color conservation (
P

i Ti ¼ 0) in
the last step. The result is the familiar form of the
collinear Wilson line in SCET. This form allows for the
factorization of the different collinear sectors from each
other, but crucially assumes the same i0 prescription
for all collinear propagators (all particles incoming).
Typically, it is argued that the i0 prescription in the
eikonal propagators is irrelevant, which is indeed true
for purely timelike kinematics.
In the following, we show explicitly that for spacelike

collinear splittings, the i0 prescription does matter and that
the usual Wilson line needs to be generalized. We start with
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the calculation of the diagram shown in Fig. 3, where only
the scalings of the in- and outgoing collinear momenta pc,
qc and anti-collinear momentum pc̄ are fixed, while the
scaling of the loop momentum k is left unspecified. We
strip off the Lorentz structure and map this diagram onto
the box graph shown on the right. We can then ascertain
that all leading-order scalings of the virtual momentum k
are accounted for by comparing the method-of-region result
to the well-known result for the box diagram, expanded to
leading order in λ [56]. We find that the leading contribu-
tions arise from collinear or Glauber scaling. However, the
Glauber region is scaleless after analytic regularization.
The collinear region gives rise to the integral

J ¼ −ið4πÞd=2
Z

ddk
ð2πÞd

1

k2 þ i0
1

ðkþ qcÞ2 þ i0

×
1

ðkþ qc − pcÞ2 þ i0
1

pþ
c̄ k− þ i0

: ðB3Þ

Performing the integrals yields

J ¼ Γ2ðεÞΓ2ð1 − εÞ
s12s23s45Γð−2ϵÞ

ð−s12Þ−ϵ
�
s45

�
−1þ s45

s23

�
ϵ

Γð−ϵÞ

−
s23

Γð2þ ϵÞ 2F1

�
1; 1; 2þ ϵ;

s23
s45

��
; ðB4Þ

with s12¼−p−
c qþc , s23 ¼ −pþ

c̄ q
−
c , and s45 ¼ pþ

c̄ ðp−
c − q−c Þ.

Comparison with the result [56] shows perfect agreement in
Euclidean kinematics, where all sij < 0. Performing the
analytic continuation sij → sij þ i0 for both timelike and
spacelike splittings, we find that spacelike splittings are
sensitive to the i0 prescription while timelike splittings are
not. As the eikonal propagator in (B3) corresponds to the
collinear Wilson line, it is clear that the i0 prescription
matters. This demonstrates that the simple Wilson line in
(B2), where one is indifferent toward the i0 prescription, is
insufficient.
Indeed, distinguishing the Wilson lines for incoming and

outgoing particles carefully, we find the proper form

Y
j≠i

Wþ
i;jðxÞ →

Y
k≠i

Wþ
i;kðxÞ

Y
l≠i

W−
i;lðxÞ; ðB5Þ

where k refers to incoming and l to outgoing legs, and we
have defined

W−
i;jðxÞ ¼ P̄ exp

�
igs

Z
∞

0

dsn̄i · Aa
i ðxþ sn̄iÞTa

j

�
: ðB6Þ

We can combine the Wilson lines by introducing unit
operators 1 ¼ Wþ

i;lðWþ
i;lÞ†, which leads to

WiðxÞ → WiðxÞ
Y
l≠i

ðWþ
i;lÞ†ðxÞW−

i;lðxÞ: ðB7Þ

The extra terms, which arise from changing the i0 pre-
scription for incoming legs, give rise to δ distributions.
Notably, this effect occurs only for processes with both in-
and outgoing particles and a spacelike collinear emission on
top of it, in agreement with the discussion in [9]. We believe
that this effect is exclusive to spacelike splittings of initial-
state fields; the modifications of the Wilson lines are of no
consequence for outgoing collinear fields. We have more-
over confirmed that the factorization-breaking terms of the
one-loop spacelike splitting function can be completely
reproduced using this prescription. The generalization of the
collinear Wilson lines is relevant for all observables with
both in- and outgoing colored particles and is not restricted
to global event shapes.
We emphasize that this kind of factorization breaking is

not driven by a (genuine) Glauber mode or region, but can
be accounted for by a nonvanishing Glauber limit of the
collinear integral, which shows itself through sensitivity to
the i0 prescription; see the last propagator in the integral in
(B3). Working in light-cone gauge, whereWþ

i ðxÞ ¼ 1, does
not change this fact, as the i0 prescription in the light-cone
propagator must then be kept accordingly.

Details on the factorization theorem—It is most
convenient to define the individual components of the
factorization theorem (4) through subsequent matching
equations. The hard function is not modified with respect
to the usual definition in N-jettiness [1]. Integrating out
the physics at the collinear scale ðT NQÞ1=2, one matches
the theory onto an ordinary SCETII that describes the
dynamics of the ultra-collinear and ultra-soft modes.
The objects K̃ are then the respective matching
coefficients encoding the dynamics at the collinear
scale. The low-energy matrix elements Wm before
Laplace transformation are defined as the hadronic matrix
elements of incoming hadrons h1;2

FIG. 3. Mapping of the one-loop spacelike splitting function
onto a box diagram. The external momentum of the double line is
off-shell, ðpc − qc þ pc̄Þ2 ≠ 0.
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Wm ¼
XZ
X

hh1h2jΦ̄aðtan̄aÞΦ̄bðtbn̄bÞS̃†a;mS̃†b;m
YN
i¼1

S†i jXi

× hXjS̃a;mS̃b;m
YN
j¼1

SjΦað0ÞΦbð0Þjh1h2if: ðC1Þ

Here, Φa;b denote the incoming ultra-collinear building
blocks [16,23], with a crucial modification to account
for spacelike splittings: Instead of the usual collinear
Wilson lines we use the generalized version (B7) in
the definition. The soft Wilson lines Sj are defined for
in- or outgoing particles analogous to their collinear
counterparts in (B1) and (B6), replacing n̄i · Aiðx þ
sn̄iÞ → ni · Ausðxþ sniÞ. The respective soft Wilson
lines S̃a;m and S̃b;m for the incoming collinear partons
must be similarly generalized to account for additional
outgoing beam-collinear partons. The measurement
function f implementing the constraint (1) remains the
same as in [1,32], as ultra-collinear modes cannot
contribute to the measurement.
The definition (C1) uses color-helicity space for final-

state operators, and we suppress color and Lorentz indices
of the initial states for brevity. The full, explicit definition
of the SLL counterpart can be found in [23], where the
collinear Wilson lines have to be generalized as well. Note

that in general the low-energy matrix elements (C1) can
also contain further ultra-collinear building blocks in the jet
directions. However, due to the measurement, these can
only become important if they are resolved beyond eikon-
alization. Glauber operators could potentially achieve this
at even higher loop orders, but this has not yet been
observed. For example, at three-loop order diagrams such
as in the bottom of Fig. 1 vanish due to scalelessness when
involving final-state ultra-collinear building blocks. In
addition, all of the complications in (C1) only start from
three-loop order onward, such that below this order the
original factorization into beam, jet, and soft functions
holds, and no adaptation of slicing practices is needed.
We believe that PDF factorization can be achieved in a

similar mechanism as in [22,23]. While an explicit proof of
this argument has not been given here, the low-energy
effective theory after integrating out both the collinear and
ultra-collinear scales takes the same, Drell-Yan-like form as
for the SLLs, and we expect that the explicit consistency
check performed in [23] carries through.
The matching coefficientsKm could formally be defined

as partonic matrix elements with the collinear counterparts
of every object appearing in (C1), in a similar way as the
partonic low-energy matrix elements Im appearing in the
SLL scenario [23]. This form is useful, e.g., for the explicit
determination of their anomalous dimensions ΓK.
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