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Phase Transition of the Kardar-Parisi-Zhang
Equation in Four Substrate Dimensions

In a recent Letter [1], Lässig and Kinzelbach have stud
ied the phase transition of the Kardar-Parisi-Zhang (KPZ
equation [2] and have claimed that the KPZ equation has
upper critical dimensiond. # 4, where the exponents in
the strong coupling regime take the valuesz ­ 2 andx ­
0, equal to those at the roughening transition. In this Com
ment, we have studied the finite temperature directed po
mer on a random potential on four substrate dimensio
and have foundz ø 1.75 andvs­ xyzd ­ 0.15 6 0.01
in low temperature regime (strong coupling regime) an
z ø 2, v ø 0 at the transition temperature.

The finite temperature directed polymer on a rando
potential problem ind ­ 1, 2, and 3 was studied in
the literature [3]. Here we extend it to dimensiond ­
4. Consider a directed polymer on a discrete “hype
pyramid” structure with random potentialmsr, td assigned
to each sitesr, td wherer is thed dimensional transverse
vector andt is the longitudinal length of the polymer.
The polymer starts from0 and its path is restricted by
jrstd 2 rst 1 1dj ­ 0 or 1. There is a bending energy
g against a transverse jumpjrstd 2 rst 1 1dj ­ 1. The
partition functionZsr, td for the polymer ending atsr, td
can be obtained recursively. For example, ind ­ 1

Zsr , td ­ Zsr , t 2 1d exps2 msr,t21d
T d

1 Zsr 2 1, t 2 1d exps2 msr21,t21d1g

T d

1 Zsr 1 1, t 2 1d exps2 msr11,t21d1g

T d , (1)

whereT is the temperature. Themsr , td are uncorrelated
random variables between 0 and 1.

We define a total partition functionZstd as
P

r Zsr, td
and the related free energyFstd as 2T ln Zstd. We are
interested in both the free energy fluctuation

DFstd ­ fF2std 2 Fstd
2
g1y2, (2)

which is a similar quantity as the surface width in growt
models [4], and the transverse fluctuation of the polym
kr2l whereA is the sample average ofA and the symbol
kAl is the thermal average of a quantityA by

kAl ;
P

r AZsr, tdP
r Zsr, td

. (3)

These quantities are characterized by the scaling exp
nentsv andz by

DFstd , tv and kr2l , t2yz . (4)

We have measuredkr2l as a function of timet for
various temperatures. As shown in Fig. 1, forT ­ 0.30,
kr2l is linear to t implying z ­ 2. It increases ast1.14

with z ø 1.75 at T ­ 0.05. So, the value ofz in the low
temperature phase is less than two.

To look at the transition between these two phases mo
clearly, we monitor a dimensionless quantity [3]

gsT , td ; krl2ykr2l , (5)
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FIG. 1. kr2l as a function oft in log-log plot. The data are
for T ­ 0.30, 0.18, 0.10, and 0.05 from the top to the bottom
The slope of the upper guide line is one, which should be2yz
sz ­ 2d and that of the lower guide line is 1.14 (z ø 1.75 for
5 , t , 25).

which depends onT and t. At T ­ `, since the
randomness becomes irrelevant, we expectg ­ 0. On
the other hand, atT ­ 0, only one path is dominant that
kr2l ­ krl2 and g becomes unity. We have seen thatg
increases as a function oft for T , 0.17 and decreases
for T . 0.19. Near T ­ 0.18, g is independent of the
lengtht. So the critical temperatureTc is 0.18 6 0.01.

We also measure the free energy fluctuation up tot ­
200. At T ­ 0.05 (low temperature regime),DF shows a
very good power law behaviortv with v ­ 0.15 6 0.01.
However, atTc ­ 0.18, sDFd2 grows as lnt and atT ­
0.30 (high temperature regime),DF becomes saturated
as t increases implyingv ­ 0. The similar behavior is
observed in both the directed polymer problem [3] and t
surface width of a growth model ond ­ 3 [5].

Our results show thatz ø 1.75, v ø 0.15 for T ­
0.05 søTcd, and z ø 2, v ø 0 for T $ Tc on d ­ 4.
Tc ­ 0.18 6 0.01 sd ­ 4d is close to 0.23 of the critical
temperature ond ­ 3 [3].
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