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Gauge Dependence of Matrix Elements of the Chem-Simons Current K"
in the Schwinger Model

Aneesh V. Manohar '
Department of Physics, 0319, University of Californt'a, San Diego, 9500 Gilman Drive, La Jolla, California 92093 03l-9

(Received 26 December 1990)

The gauge dependence of matrix elements of the Chem-Simons current K" can be computed exactly
in the (1+1)-dimensional Schwinger model. The matrix elements are gauge dependent even in the for-
ward direction, i.e., when the momentum transfer vanishes. The Kogut-Susskind dipole mechanism is
derived using functional-integral methods.

PACS numbers: 11.40.Dw, 11.10.Ef

The proton matrix element of K" was proposed as a
definition of the polarized gluon distribution in the pro-
ton. ' K" is the gauge-variant Chem-Simons current,

Susskind. The same qualitative features are also be-
lieved to hold in (3+ 1)-dimensional QCD.

The definition of K" for 1+ 1 dimensions is

K" =e""PTrA,(F,p ——', A,Ap), K" =2m"'A„ a„K"=e„,F"".

whose divergence is related to the topological charge
density,

The gauge variation of K" under the gauge transforma-
tion 2" 2"+ a "x is

a„K"=TrF"'F„, . (2)

The forward matrix element of K" was conjectured to be
gauge invariant, ' because the variation of K" under the
gauge transformation 2" g '8 "g+g ' a"g is

K" K" —-' e""P(a,g g ') (a.g g
—') (a,g g

—')

which is a total derivative, and naively vanishes in the
forward direction, as in the (3+1)-dimensional case, Eq.
(3); this naive expectation will be shown to be incorrect.

The Schwinger-model Lagrangian is

—2e""Pa,(a,gg 'Ap) . (3)
Xn =ip8tlt —epr" yA„——,

' F„,F"". (7)

f~ Pr"rsvp (4)

The axial U(l) current is spontaneously broken, but
there is no U(1) Goldstone boson, because the current is
not conserved (4). There is a gauge-variant conserved
current, jz —(e/2tt)K", which is spontaneously broken,
so there is a Goldstone boson which does not contribute
to Green's functions involving only gauge-invariant op-
erators. This is the well-known result of Kogut and

The last term is a total derivative, and vanishes in the
limit of zero momentum transfer. The preceding term is
locally a total derivative, and hence also vanishes. In
Ref. 2, it was argued that the forward matrix element of
K" must be gauge dependent, even in the forward direc-
tion, because of nonperturbative effects connected with
the g' mass. In this Letter, I will show that forward ma-
trix elements of K" can be computed exactly in the
Schwinger model and are gauge dependent because of
intermediate Kogut-Susskind unphysical states, which
are produced when the rl' gets a mass.

The Schwinger model, massless quantum electrody-
namics in 1+1 dimensions, has many of the qualitative
features of the U(1)~ sector of QCD in 3+1 dimensions.
The classical U(1)~ symmetry is not present in the
quantum theory because of the anomaly

The theory can be solved exactly by bosonization. The
fermion field y can be replaced by a boson field p, with
the identifications

The Schwinger model will be solved in n 4 =0 gauge.
Gauge fixing does not introduce a Jacobian which de-
pends on the quantum fields, so we do not need to in-
clude it in the functional integral. The gauge field in
n 2 =0 gauge can be written in terms of the field a,

A" = (e"'n, )cr. (9)

The bosonized Lagrangian is

x=-,' a„ya"y+ma(n a)y+-,' [(n a)o]', (IO)

where m =e/Jx has the dimensions of a mass, and we
have used the identity

This is a quadratic Lagrangian, so the Schwinger model
is a free field theory. The two-point correlation functions
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can be written as a matrix

&0IK"ly(q)&= »m (q' —m')&0IT(K"y) 10&
q ~m

=2imn "/(q n) (i3)

is explicitly gauge dependent. Continuing the matrix
element off shell to q =0, one finds that the matrix ele-
ment is not gauge invariant even in the forward direc-
tion. The reason for this is clear from (12). The matrix
element of K" has a gauge dependence proportional to
q n, which would vanish in the forward direction, except
that the unphysical state produces a 1/(q n) pole, to
give the 1/(q n) dependence in (13). Note that the ma-
trix element of e„„F"',

&0I e,.+"'le(q) &
= —iq, &0IK" I e(q) & =2m, (i4)

(n q)' im(n q) (»)
(q n) (q —m ) —im(n q) q

where index 1 refers to p and index 2 to cr. The (PP)
correlation function has a pole at q =m, so the field p
creates a gauge-invariant physical state with mass m.
This is the massive photon. There is a gauge-variant
state which produces the q n pole. This state must exist,
because there is a (gauge-variant) conserved current
which is spontaneously broken. (Goldstone's theorem
implies that if a conserved current is spontaneously bro-
ken, then there must exist an excitation above the vacu-
um which has zero energy and zero momentum. Lorentz
invariance is not required for the proof. ) The state has a
dispersion relation which is not Lorentz invariant, be-
cause Lorentz invariance has been broken by the choice
of gauge. Gauge-invariant correlation functions such as
(jzjz) can be expressed in terms of the (pp) correlation
function, which is gauge invariant (i.e., independent of
n), as can be seen from (12). Gauge-variant correlation
functions such as (K"j") involve the correlations (Po)
and/or (crcr) and depend explicitly on n

The matrix element

0'
I

I

I

I

I

FIG. 1. The graph contributing to the matrix element of E"
between two g states.

x =
2 a„&a"y+a„pa"y+ 2

(a y)',1 (20)

where m =e/Jm. To eliminate the four-derivative term
in (20), it is convenient to introduce an auxiliary field z,
and modify (20) to

where u(p) is a spinor, and q p' —p. The forward ma-
trix element is

aP

&z(p) IK"Ix(p»=- ' ."1 ' "', (i8)
m q-0 q n

using u(p) y"u(p) =2p". This is clearly n dependent and
singular as q~ 0.

The class of gauges considered so far, n A =0, in-
cludes light-cone gauge and axial gauge. It is also in-
structive to compute the matrix element of E„ in a Lor-
entz-invariant gauge. Consider the gauge choice a„A"
=0. The vector potential can be written as

ew„=Jxe„„a'y,
which automatically enforces the gauge constraint. The
Jacobian for the change of variables is a constant, and
can be ignored. The bosonized Schwinger-model La-
grangian (7) in Lorentz gauge is obtained using (S) and
(i9),

is n independent, even at nonzero q.
To avoid continuing a state off shell, and to make the

connection with the proton matrix element of EC" even
more explicit, couple the Schwinger-model Lagrangian
(7) to a neutral massive fermion z,

,' a„y a~y+ a„pa—~~+,(a'&) '1

2

2 P1 g+2 a Y
l?Z

(2i)

&=&0+iX&x ~zz+ ~~Ay" vxy.z,
where g is an infinitesimal coupling constant. The boson-
ized Lagrangian is

J'- =ro+ ixex mxx+ ge" a.0xy&x.

Let Iz(p)) denote the state of a z particle with momen-
tum p. Then from the graph in Fig. 1, one finds

&z(p') I
K"lz(p) )=, , u (p') y~u (p), (17)

2gmn" e'Sq,

q n q m—
The functional integral over z produces an irrelevant
constant. The modified Lagrangian (21) can be written
as

x = —,
'

a„p a"p+ a„&a"y+ a„za"y 2m z-
=-,'a„g, a g, ——,'a„g, a g, + ,'a„xa x ——,'m'x-',

(22)

where (i =P+ y and g2 =Z —y. The theory therefore
has one physical particle with mass m, and two massless
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particles gl 2 with opposite kinetic-energy terms. The ('s
are the Kogut-Susskind dipole. It is easy to verify that
there are no unphysical massless poles in Green's func-
tions involving only gauge-invariant operators, such
as yy" y=e""tl,(gl+gq —g), or mF„,=e„,'r) (g —g2).
However, there are unphysical singularities in matrix
elements of the gauge-variant operator K„=28„y/m.
Thus the forward matrix element of EC„ for the theory
(15) considered before is

2gmq" e'~q,
&x(p')I&" Iz(p)&- —.. .' (p') yp (p) .q'(q' —m')
The forward matrix element is

(23)

p aP

&~(p) IJ~.'I~(p)& = »m, ', (24)
PPl q 0 q

which is singular as q 0, and different from the result
for the gauge choice n A =0. The matrix element of a
gauge-invariant operator such as F„,in Lorentz gauge is
the same as for n A =0 gauge.

The calculations in this paper have been performed for
an exactly soluble model in 1+1 dimensions. The ma-
trix elements of IC" are gauge dependent because E" has
a nonvanishing coupling to unphysical massless states.
The existence of these states is guaranteed in (3+1)-

dimensional QCD, because there is a conserved (but
gauge-variant) current which is spontaneously broken,
but there is no U(1)-singlet massless particle in the phys-
ical spectrum. These massless unphysical states exist
even in "physical" gauges, such as axial gauge, as has
been shown explicitly in the Schwinger model. Thus the
matrix elements of it.„will be gauge dependent in QCD,
even at zero momentum transfer.
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