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Mechanism of stochastic resonance in viscoelastic channel flow
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Stochastic resonance (SR), the phenomenon discovered more than 40 years ago in
bistable nonlinear dynamical systems in the presence of weak periodic forcing and external
noise, results in strong amplification of the periodic signal, though at shifted frequency.
Recently we reported the SR discovery in inertialess viscoelastic channel flow just above
pure elastic instability onset in a limited lower subrange of the transition chaotic flow
regime, where a sharp high-energy peak in the streamwise velocity chaotic power spec-
trum, E,, is observed unexpectedly. The spanwise velocity power spectrum, E,,, remains
flat, indicating white noise, and is accompanied by weak intensity elastic waves. These
three necessary conditions for the SR emergence are consistent with those found in
autonomous deterministic dynamical systems exhibiting deterministic stochastic resonance
(DSR). Notably, DSR disappears in the upper subrange of the transition regime, where E,,
becomes chaotic followed by strongly increased elastic wave intensity. Here we clarify
the mechanism of DSR emergence by experimentally verifying three key ingredients of
the DSR mechanism: chaotic E,, flat white noise E,,, and weak elastic waves at multiple
channel locations. Finally, we present a DSR existence range as a function of Wi and
s, the root mean square of streamwise velocity fluctuations along the channel length, as
another control parameter.

DOI: 10.1103/yv5x-261v

In recent publications we have reported a direct transition from laminar to sustained chaotic flow
at Wi > Wi, and Re <« 1 in inertialess viscoelastic channel flow [1-4], which occurs despite the
proven linear stability at the limit of low inertia of three-dimensional (3D) viscoelastic parallel
streamline shear flows utilizing Oldroyd-B and Maxwell models [5-8]. Here, the Weissenberg
number Wi = UA/d is the main control parameter in inertia-free viscoelastic fluid flow, denoting
the ratio of the elastic stress to its relaxation dissipation, and Re = pUd /7 is the Reynolds number,
where U is the mean flow velocity defined by the fluid discharge rate, A is the longest polymer
relaxation time, d is the characteristic vessel size, p is the fluid density, and 7 is the fluid viscosity.
Wi, = 150 £ 10 is the instability onset for the discussed channel [4]. The continuous elastic
instability occurs via unstable nonorthogonal quasieigenmodes of the non-Hermitian linearized
equation of polymeric constitutive equations at Wi, [1-4] due to external noise, unys, at the inlet
(I/h = 0), where u,y; is the root mean square (rms) of the streamwise velocity fluctuations u/, [ is
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the location along the channel, and % is the channel height. The observed continuous instability is
distinct from the classical subcritical scenario in the Newtonian channel and pipe flows, where both
laminar flow and turbulence can coexist above the nonmodal instability onset Re. [9], contrary to our
recent experimental observations [1-4,10]. Indeed, once Wi exceeds Wi,, the channel flow becomes
chaotic along the channel downstream until the outlet, and no saddle point or hysteresis is found
in measurements of flow properties. However, in a sharp contradiction to the experimental results
[1-4], recent analysis and numerical simulations, conducted by two groups in two-dimensional (2D)
viscoelastic channel flow with 2D perturbations at Re < 1 and Wi > 1, reveal a linear normal mode
instability. Moreover, one group has got the linear instability for unrealistic extremely dilute polymer
solutions [11], whereas another group has added a diffusion term with an orders of magnitude larger
diffusion coefficient than obtained in the experiments, to stabilize numerical calculations [12-14].
However, recently 3D numerical simulations employing the simplified Phan-Thien-Tanner model
disclose a completely different scenario: a direct transition to chaotic flow, of which instability
can occur only via nonorthogonal modes [15]. This finding aligns with our experimental results
discussed above.

In viscoelastic channel flows, the key challenge is to uncover the mechanism promoting chaotic
flow above Wi,. In polymer solution flows with curvilinear streamlines, elastic instability and the
subsequent growth of elastic stress with increasing Wi value are consequences of hoop stress,
causing a radial bulk force responsible for a linear instability [16—18]. Nevertheless, this mechanism
becomes ineffective in viscoelastic parallel shear flows [17]. Recently, we have proposed and exper-
imentally verified the amplification mechanism of wall-normal fluctuating vortices by elastic waves,
which resonantly pump energy taken out from the mean shear flow at Wi > Wi, [4]. However, in
the close vicinity to Wi., where the elastic waves just appear, their intensity is insufficient to amplify
vorticity fluctuations [2—4,18-20].

To elucidate experimentally the mechanism of a transition to chaotic flow in the close vicinity to
Wi,, we notably increase statistics of flow property measurements resulting in considerably higher
resolution [21]. First, this Letter reveals two subranges at Wi > Wi, in the transition flow regime:
lower at 150 < Wi < 300 and upper at 400 < Wi < 1000. In the lower subrange, the laminar flow
becomes chaotic only for the streamwise velocity power spectrum E,, while the spanwise velocity
power spectrum E,, remains flat, indicating white noise, with low peak intensity of elastic waves.
Thus, a cooperative interaction of chaotic spectrum E,, white noise spectrum E,,, and weak elastic
waves results in a coherently enhanced response realized here as stochastic resonance (SR) [21].
The evidence of SR shows up in the time series of u(¢) and pressure p(t), where large and nearly
periodic negative spikes are observed. These spikes are represented by high-intensity sharp peaks at
low frequencies in E,, and pressure power spectra, E,, in the lower subrange, which resemble SR, as
suggested in Ref. [21], whereas, in the upper subrange, high-energy elastic waves take over the key
role from SR to promote chaotic flow, since the former are able to amplify the wall-normal vorticity
fluctuations and self-organize the streaks into cycles synchronized at the elastic wave frequency, f
[4]. Thus, SR is the key element in the stochastic path to the persistent chaotic flow just above Wi,
in the lower subrange, although this finding is based only on the study of inertialess viscoelastic
channel flow at the fixed spatial location [ /h = 380 [21]. It represents an experimental observation
of SR in chaotic systems within fluid dynamics. Furthermore, in the upper subrange at 400 < Wi <
1000, SR disappears along with the emergence of both E, and E,, as chaotic power spectra and high
intensity elastic waves.

The discovery of SR in the lower subrange above Wi, is reminiscent of the emergence of
deterministic SR (DSR) that appears in an autonomous deterministic dynamical chaotic system
interacting with external white noise in the presence of a weak periodic modulation [22,23]. The
DSR differs essentially from classical SR, which occurs in bistable nonlinear systems with two
stable and one unstable equilibrium points, where external white noise randomly switches between
two stable states in a double-well potential with a mean frequency depending on the height of the
potential barrier and noise intensity. Then, adding to white noise a weak periodic signal results
in SR. The classical SR is attracted outstanding interest due to the amplification of weak external
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oscillations by noise, contrary to the established opinion about suppression of weak oscillations by
noise [24,25]. The deterministic dynamical chaotic system is characterized by structurally unstable
chaotic quasiattractors very sensitive to external perturbations, which may result in SR due to
weak periodic modulation. Above and near the vicinity of the chaotic quasiattractor merging crisis,
random fluctuations cause intermittent hopping between two regions separated by the potential
barrier due to interaction with external white noise, which is synchronized by weak periodic forcing
of a limit cycle, generating DSR above the merging crisis [22,23].

Here we present experimental results obtained in the same inertialess viscoelastic channel flow
and with the same approach as in Ref. [21], but instead at the single location //h = 380, we collect
data at multiple spatial locations, //h, along the channel length. The main goal of the experiment is
to verify the mechanism of DSR emergence and to validate the additional control parameter besides
Wi, defining the DSR existence range as a function of Wi > Wi, and the channel location /A, the
second control parameter. Moreover, we intend to reveal the relation between elastic wave and DSR
frequencies, an important feature to verify the proposed mechanism of the DSR emergence.

We performed the experiment in a long channel of dimensions 500 (L, x: streamwise) x 0.5 (h,
y: wall-normal) x 3.5 (W, z: spanwise) mm?, shown in Fig. S1 in the Supplemental Material [26].
The channel has two sources of finite-size perturbations, namely nonsmooth inlet and two 0.5-mm
diameter holes in the top plate near the inlet and outlet used for pressure measurements. A dilute
aqueous solution of 64% sucrose concentration and 80-ppm high molecular weight polyacrylamide
is the same as used in Ref. [21]. The longest polymer relaxation time X is 13 s. The average velocity
U, used in both Wi and Re, is obtained via the flow discharge rate, Q, as U = Q/pW h. The details
of the experimental setup and the working fluid rheological properties can be referred to in Ref.
[26] and Refs. [27,28] therein. In the Methods section of Ref. [26], we present the details of the
experimental setup, the preparation and characterization of the polymer solution, and the particle
image velocimetry technique to measure the 2D velocity field in the x-z horizontal plane.

In Fig. 1, the left column shows three plots of the temporal evolution of ul,(¢), partially averaged
over consecutive 1-s (100 samples) streamwise velocity fluctuations, at three positions, //A: (a) 90
at Wi = 160, (c) 180 at Wi = 228, and (e) 960 at Wi = 172. The right column shows u(t) power
spectra, E,, in lin-log presentation at the corresponding //h and various Wi values in the lower
subrange of the transition flow regime: (b) 90 at Wi = 160, (d) 180 at Wi = 164 and 228, and
(f) 960 at Wi = 155, 172, and 250. In Figs. 1(a), 1(c), and 1(e), the ul,s(¢) time evolution shows
almost periodic spikes of the partially smoothed data, represented in E, in Figs. 1(b), 1(d), and 1(f)
by sharp, high-energy peaks associated with SR.

In Fig. S2 in Ref. [26] we show probability density functions (PDFs) of P(u'/uyys) at [/h =
150 and 720 and several Wi values in the lower subrange of the transition flow regime. As in Ref.
[21], strong deviations from the Gaussian PDF appear for negative values of u’/uyy,s for all Wi.
It is noteworthy that further down, the deviations of the left tail from the Gaussian PDF become
closer to exponential than other shifted Gaussian PDFs, as observed at //h = 380 in Fig. 5 in Ref.
[21]. The characterization of the PDF shape deviation from Gaussian is quantified by its third and
fourth moments, called skewness, S, and flatness (kurtosis), F, respectively, shown in Fig. 2(c)
as a function of Wi values in the lower subregion over a wide range of [/h. At [/h = 380, 720,
and 960, sufficiently far from the inlet, both S and F' exhibit a nonmonotonic dependence on Wi
with a smoothed maximum in the middle of the lower subrange, which decreases with increasing
I/h. Meanwhile, at //h = 150, F grows abruptly above Wi, and then drops significantly towards
Wi = 200. The skewness (S) and the flatness (F') of the PDF (u//ut;y,) further confirm the boundary
between two ranges at different / /4. The nonmonotonic dependency of S and F' on Wi indicates at
first growth and then decay of negative peaks in the PDF that witness the SR appearance.

As mentioned in the introduction and also in Ref. [21], at //h = 380 DSR is observed only in the
lower subrange. Indeed, as presented in Fig. 7(b) in Ref. [21], E,, in lin-log coordinates remains flat,
indicating white noise, as a function of the normalized frequency, X f, with high intensity resolution
and clear visible elastic wave peaks at six values of Wi > Wi, in the lower subrange, whereas E,, in
log-log coordinates, at orders of magnitude lower resolution, reveals flat dependence on A f below
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FIG. 1. Temporal evolution, partially averaged over consecutive 1-s (100 samples) streamwise velocity
fluctuations, of u”?_ (¢), and u energy spectra, E,, at various //h and Wi values. At [/h = 90, (a) u?_(t) at
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Wi = 160 and (b) E, at Wi = 160; at I/h = 180, (c) u”, () at Wi = 228 and (d) E, at Wi = 164 and 228; at
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[/h =960, (e) ul (t) at Wi =172 and (f) E,, at Wi = 155, 172, and 250.
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and above Wi, in the lower subrange with unresolved elastic peaks, and changes to chaotic E,, in the
upper subrange in Fig. 8 in Ref. [21]. According to the proposed similarity of the DSR appearance
in the autonomous deterministic dynamical chaotic system [22,23], the interaction of the chaotic
attractor with external white noise in the presence of weak oscillations is the necessary condition
for the DSR emergence.

Furthermore, we present the DSR peak intensity, /,,, and its normalized frequency, A f,, noticed
exclusively in the lower subrange of the transition flow regime at ten locations, //h = 62, 90, 150,
180, 270, 380, 635, 720, 840, and 960, and various Wi values, which are shown in Figs. 2(a) and 2(b)
and also presented in Table S1 in Ref. [26]. Here, the DSR peak intensity, I,,, is obtained similarly
to I by taking the peak height above the flat low frequency part of E, [21]. The DSR normalized
frequency, A f,, grows with Wi at all locations, and the power-law fit of the data A f, ~ (Wi — Wi.)”
discloses a scaling exponent y = 0.45 4= 0.05, the same as found at / /i = 380 in Ref. [21]. The I,
shows mostly growth with Wi for all / /A values, and then a slight decrease towards Wi &~ 300, close
to the upper limit of the lower subrange.

Similarly to the dependencies of I, and Af, as a function of Wi in the lower subrange at ten
locations along the channel, discussed above, we plot I and A f;) as a function of Wi, at 11 locations
I/h =22, 62, 90, 150, 180, 270, 380, 635, 720, 840, and 960 in both subranges of the transition
flow regime, shown in Figs. S5(a) and S5(b) in Ref. [26]. In the lower subrange, E,, remains flat at
intensity values from 1073 to 1077 mm?/s? [see Fig. 3; see also Figs. S4(b)-S4(e) and Table S1 in
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FIG. 2. Properties of spikes near threshold instability in two subranges. (a) Normalized SR frequency, A f,,
vs Wi at different //h. The black dashed line is the power-law fit A f, ~ (Wi — Wi.)” with y = 0.45 £ 0.05.
(b) SR peak energy I, in E, vs Wi at the same //A. (c) Skewness, S, and flatness (kurtosis), F', of P(ut//ttyms) VS
Wi at four //h values. The colored dashed lines show trends. The vertical black dashed lines in (a)—(c) mark
Wi, = 150 and Wi = 300, as the borders of the lower subrange.

Ref. [26]]. I intensity slowly increases but still remains below the resolution limit, marked by the
red dotted line for all positions at 8 x 1073 mm?/s%. Here I intensity is two orders of magnitude
lower than I, [see Fig. 2; see also Fig. S5(b) and Table S1 in Ref. [26]]. It is remarkable that in
the lower subrange at Wi, < Wi < 300 for all channel locations the I values are observed only
below the red dashed line, and DSRs are revealed [see Figs. 2(a), 2(b), and 4; see also Fig. S5(b)
in Ref. [26]]. However, at [/h = 22, I values are noticed above the red dotted line, and DSR
disappears, whereas for [ /h = 62 and 90, I, values for both locations are found slightly below the

L081901-5



YUKE LI AND VICTOR STEINBERG

10°F
[ I/h=635 Wi
[ — 748
r— 612
L — 413
— 233
10°F — 168
v I ﬁ
o~
c L
\E/ L
2
W 10_7:—
10_8'_ L1l L1l L1l L1
107" 10° 10 102 10°
Af

FIG. 3. Spanwise velocity energy spectra in log-log scale measured at the channel center far from the inlet:
E, atl/h = 635 and Wi = 168, 233, 413, 612, and 748. The arrows in the corresponding color are a guide for
the weak and significant elastic waves in this log-log scale.

resolution limit at Wi = 162 and 160, and above it at Wi = 237 and 236, respectively, and DSRs
are revealed only for the lower Wi values in Fig. S5(b) and Table S1 in Ref. [26].

In Fig. S5(a) in Ref. [26], we present the dependence of Af, on Wi at 11 positions along the
channel. Despite a large scatter of Af values due to low elastic wave intensity, I, in the lower
subrange of the transition flow regime, particularly at [/h = 22,62, and 90, the power-law fit
Afer ~ (Wi — 150)# gives B = 0.4 £ 0.1 [see Fig. S4(a) in Ref. [26]]. It is close to the exponent
value y = 0.45 1 0.5 obtained for Af, in Fig. 2(a). In the upper subrange, E,, becomes chaotic
with the power-law decay at high frequencies [see Fig. 3; see also Figs. S4(a), S4(b), and S4(c) in
Ref. [26]], and the DSRs disappear. The latter is accompanied by the steep growth of [, reaching
the I, values perceived in the lower subrange. The disappearance of the DSR peaks in E, correlates
with the growth of the elastic wave peak intensity I, marking the breakdown of DSR. Thus, we
show that the exponents 8 and y in the scaling relations of A f; and A f,, versus Wi — Wi, have close
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FIG. 4. Stochastic resonance peaks found in the lower subrange are shown in / /4 and Wi coordinates.
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exponent values 0.45 £ 0.5 and 0.4 &+ 0.1, respectively, within the error bars, proving their direct
relation. However, the range of A f), is significantly shifted down up to five times compared to the
range of A f [see Fig. 2(a) versus Fig. S4(a) in Ref. [26]].

To verify the dependence of E,, on Af at several channel locations, //h, and various Wi in the
whole transition flow regime, they are presented in log-log coordinates at //h = 635 and Wi =
168, 233,413, 612, and 748 in Fig. 3, and at several locations [/h = 22,62, 90, 180, and 840 in
Fig. S4 and Table S1 in Ref. [26] at [/h from 62 to 960 and various Wi. The results confirm the
observation reported in Ref. [21], where DSR is observed only at chaotic E,, interacting with a flat,
white noise E,, accompanied by weak elastic waves.

Here we intend to clarify the difference between flat, white noise and chaotic power spectra.
The main feature of a white noise power spectrum is the frequency independence of an average
spectrum intensity, where the noise fluctuation amplitude value is defined by the average spectrum
intensity. The larger the average intensity, the larger the noise fluctuation amplitudes around average
spectrum intensity. Moreover, the peak intensity of elastic waves appearing in the spanwise velocity
spectrum, E,,, strongly depends on Wi — Wi, and increases from zero at Wi, to higher values. Thus,
the elastic wave wide peak with intensity growing from zero occurs on the top of flat E,,, clearly
seen at [ /h = 675 and Wi = 168 and 233 in the lower subrange, where flat E,, slightly bends up by
low-intensity elastic wave peaks for both Wi values (see Fig. 3). At higher Wi values in the upper
subrange of the transition flow regime, the elastic wave peaks become more pronounced but still
remain wide and their slopes at high frequencies decay more sharplywith increasing Wi. It is the
main distinctive feature of a chaotic flow power spectrum.

Further on, we notice that an appearance of flat E,, depends, besides Wi, also on [ /A: the closer
to the channel inlet, the larger the streamwise velocity fluctuations, umys, and the more pronounced
the E,, power-law decay, as seen in Figs. S3(a) and S4(a)-S4(c) in Ref. [26]. For example, at [ /h =
22, E,, looks similar to chaotic E, for all Wi values throughout the transition regime, and DSR is
absent, as shown in Fig. S4(a) in Ref. [26], whereas, at [ /h = 62 and 90, E,, becomes chaotic at all
Wi > Wi, except at Wi = 162 and 160, respectively, where E,, is nearly flat. The deviation of E,,
from a flatness occurs, since its intensity is below the resolution bound, presented in Fig. S5 in Ref.
[26]. Thus, the DSR emerges only in the lower subrange, where the flat, white noise E,, is observed,
as shown in the phase diagram in Wi and //h coordinates in Fig. 4. This is the major finding, first
reported at [ /h = 380 in Ref. [21].

The reason for the //h dependence of the Wi value of the upper bound of the lower subrange,
where DSR appears, is the normalized rms of streamwise velocity fluctuations, u,s/U, decaying
along the channel, / /A, at all Wi in the transition flow regime: sharp decrease from the inlet / /A = 0
up to //h < 90 and further on just a weak depletion until the outlet [see Fig. S3(a) in Ref. [26]].

Similarly to ums/U, L1/ wfms decreases along the channel, where I is the peak intensity of the
elastic wave above the E,, flat power spectrum, as presented for this channel at //h = 380 [21]. The
first observation of I;/w?  is reported in a channel with nonsmooth inlet and six small holes in
a top plate, shown in Fig. 6 of Ref. [3], and in Fig. S3 in Ref. [26] for the current channel. Thus,
in contrast to Newtonian open flows, the viscoelastic channel flow properties depend on //h above
Wi, in Fig. S3 in Ref. [26]. Moreover, the u;,s/U dependence on [/h is the same for the lower
and upper subranges, as seen in Fig. S3(a) in Ref. [26], while the dependence of I/w?2  on I/h
is different in the lower and upper subranges, shown in Fig. S3(b) in Ref. [26]. Furthermore, both
Urms/U and I /w2, . show two distinct regions with similar / /i dependencies: a steep decrease near
the inlet and a gentle depletion further away. Near the inlet, the steep decrease of u;,s/U occurs
from //h = 0 at about 14% down to ~4% at [/h ~ 90 and then gentle depletion to ~3% at the
outlet, whereas for I/w?, the transition location from steep to gentle slope takes place for the
lower subrange at [ /h &~ 140 and for the upper subrange at [ /h =~ 90; as a result, the steepness for
I /wrzrIrlS differs for the lower and upper subranges far from the inlet Fig. S3(b) in Ref. [26]. Thus,
the observed dependence of the DSR existence range and the elastic wave intensity on / /A is due
to the dependence of u;y,s/U on I/h, hence u.ns/U is the second control parameter besides Wi. It
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means that different u,,s/U values at the inlet, [/h = 0, should also affect the existence range of
flat, white noise E,,, and so the DSR appearance.

To summarize, the DSR discovery reported recently is found at a single channel location, [ /h =
380, in the lower subrange just above Wi,, and its existence is defined only by Wi [21]. Here we
show a strong dependence of Wi value of the lower subrange upper bound on [ /h downstream of the
inlet. Atl/h = 22 and Wi = 162 and 235, u;,s/U 1is larger by a factor of about 4, compared with at
[/h = 62 and Wi = 235, while u,,s/U is only about twice larger. Such large u;,s/U values result in
chaotic E,, and much larger I values for all Wi > Wi, at [/h = 22. However, at [/h = 62 and 90
and Wi = 162, E,, remains flat with I values below the resolution limit, marked by the red dotted
line in Fig. S6(b) in Ref. [26], and the existence of the DSR and flat, white noise E,, depends on the
Ums/U values. Thus, the coherent interaction of chaotic spectrum E,, flat white-noise spectrum E,,
and weak elastic waves results in the enhanced response realized as DSR.

In conclusion, at a given intensity of external white noise at the inlet, DSR appears exclusively in
the lower subrange of the transition flow regime with the Wi value of the upper bound depending on
[ /h downstream along the channel. We identify three key factors required for the appearance of DSR
as a function of Wi and u,,s /U : (i) chaotic E,, (ii) flat white-noise E,,, and (iii) low-intensity elastic
waves, as reported first at //h = 380 in Ref. [21]. As shown in Fig. S3(a) in Ref. [26], the /U
value depends on [/h and plays the role of the second control parameter besides Wi. When E,,
becomes chaotic, DSR ceases to exist, because the required three conditions of the mechanism for
the DSR generation are no longer satisfied. The next important result is the same scaling exponents
within the error bars of the power-law fits of DSR and elastic wave frequencies, Af, and A1, as a
function of Wi — Wi,, which proves the direct relation between DSR and elastic waves, although
A fp, is shifted down by a factor of 4-5 relative to A f;;. Thus, these two basic findings are the critical
ingredients indicating similar conditions of the DSR observation in the autonomous deterministic
dynamical chaotic system, where the chaotic attractor interacts with external §-correlated white
noise in the presence of limit cycles (oscillations). It is worth recalling that at / /7 = 380 the direct
connection between the observations of DSR in the 3D channel flow and deterministic chaotic
system is the presentation of the 3D flow dynamics in (Uhss)? versus (whye)? presentation in the
transition flow regime in Ref. [21]. We should also emphasize that our experimental observations
are obtained in a flow with infinite degrees of freedom, in contrast to the autonomous deterministic
dynamical chaotic model [22,23].
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