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Vertical excitation of partially filled horizontal cylindrical tanks can induce large-
amplitude sloshing, particularly when the forcing frequency approaches twice the
fundamental sloshing frequency, leading to parametric resonance. Under these conditions,
parametric resonance can trigger exponential growth of free-surface perturbations, leading
to large-amplitude waves, interface breakup, and enhanced mixing. In this work, we
experimentally investigate the sloshing regimes associated with this primary parametric
instability. Experiments are conducted in a transparent horizontal cylindrical tank (D =
134.5mm, L = 336.3 mm) over a range of fill ratios and excitation conditions. A data-
driven, image-based methodology is developed to identify and classify sloshing regimes
directly from high-speed visualizations. The approach combines multiscale proper orthog-
onal decomposition for feature extraction with prototype-based clustering and support
vector machine classification. The results are summarized in a dimensionless regime map
across three fill ratios (H; /D € [0.40; 0.67]), distinguishing stable free-surface conditions,
dominant longitudinal modes, and mixed or mode-interaction regimes. The map provides
a structured characterization of the flow responses in the vicinity of the primary parametric
resonance.

DOI: 10.1103/t48x-53br

I. INTRODUCTION

Sloshing is a major concern in engineering systems that store large fluid volumes, including
chemical and power plants, aircraft and rocket propellant tanks, and marine vessels [1,2]. Induced by
seismic forcing or vehicle accelerations, sloshing generates dynamic loads that can affect stability,
maneuverability, and structural integrity [3,4]. Predicting and mitigating these effects requires an
accurate characterization of the flow dynamics, which depend primarily on tank geometry, excitation
direction, and fill level [5-8].

Most studies have focused on upright cylindrical tanks subjected to lateral excitation, a configura-
tion of particular importance in early space programs, where sloshing played a key role during ascent
[9-12]. This body of work led to the development of dimensionless forcing diagrams characterizing
the flow regimes near the fundamental sloshing mode [13], where swirling and chaotic motions may
arise depending on the ratio between forcing and natural frequencies [14,15].
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Sloshing induced by vertical acceleration in horizontal cylindrical tanks has received
comparatively limited attention, although this configuration is gaining renewed relevance in
hydrogen-powered aviation, where cryogenic fuel storage may be distributed within the airframe
and subjected to low-frequency, quasi-harmonic vertical excitations induced by turbulence, gusts,
or control inputs. This renewed interest is reflected in recent efforts such as the SLOWD [16-20] and
HASTA [21] projects. In this setting, parametric resonance may arise when the forcing frequency
wy approaches twice the natural frequency of a sloshing mode, w,, », leading to subharmonic free-
surface instabilities [22—-24]. Here, m and n denote the longitudinal (number of half-wavelengths
along the tank axis) and transverse (number of nodal diameters in the cross-section) mode indices,
respectively.

In vertically forced sloshing, excitation modulates the effective gravity, the restoring force
for free-surface oscillations in laterally excited systems. Although this requires larger forcing
amplitudes than lateral excitation [25,26] to initiate sloshing, the resulting parametric resonance
can produce much stronger amplification of free-surface disturbances [27,28].

The onset of parametric waves is classically described by the Mathieu equation, whose instability
regions are represented in Ince-Strutt diagrams around subharmonic and harmonic frequencies
[29,30]. In practice, the most critical responses are associated with the lowest-frequency modes,
for which viscous damping is relatively weak [31]. Within the instability regions, free-surface
perturbations can undergo exponential growth and evolve toward finite-amplitude wave states, with
mode competition arising from overlapping instability bands [25,32]. Outside these regions, the free
surface remains stable, aside from a weak response at the forcing frequency [33-35].

Most experimental studies of sloshing near parametric resonance have focused on high-aspect-
ratio rectangular tanks (L/D >> 1), where longitudinal modes dominate and transverse motion is
suppressed [36-38]. In this configuration, attention has primarily been given to the second (m =
2, n = 0) and third (m = 3, n = 0) longitudinal modes, including phenomena such as jet formation
at wave crests, and to classifications of Faraday waves as regular, irregular, or breaking [8,39]. In
most cases, however, these classifications rely on visual inspection at each operating condition.

Beyond rectangular tanks, studies in cylindrical and square geometries have reported a wider
range of dynamics, including single-mode responses, mode competition with periodic or chaotic
transitions, and rotational states arising from degenerate or interacting modes [40—44].

For horizontal cylindrical tanks, prior work has primarily focused on lateral and pitching ex-
citations [2,45-47] or on the numerical estimation of natural frequencies [48,49]. More recently,
quasi-two-dimensional configurations (L < D) have been investigated to isolate transverse dynam-
ics, restricting the response to modes with m = 0 [50-52].

Sloshing under vertical excitation in horizontal cylindrical tanks, particularly near parametric
resonance, remains insufficiently characterized from an applied perspective. Although the onset of
instability can be described theoretically, the resulting nonlinear dynamics and regime transitions are
not organized into predictive frameworks, and no experimentally grounded regime map is currently
available for this configuration. The present study provides an experimental characterization of
sloshing in a horizontal cylindrical tank subjected to vertical excitation near the primary parametric
resonance wy ~ 2w . The analysis focuses on the (m,n) = (1,0) mode, corresponding to the
first longitudinal mode with a nodal line at mid-length and no transverse variation. High-speed
backlight visualizations are used to capture the free-surface dynamics, which are analyzed through
multiscale modal decomposition. The resulting data are then used to construct a regime map by
grouping responses with similar dynamical signatures using a data-driven clustering approach.
While modal and wavelet-based analyses have previously been applied to sloshing [53,54], and
prototype-based methods are well established in image analysis [55-57], their combination here
provides a systematic framework to identify and organize the dominant sloshing regimes in relation
to the underlying parametric-instability structure.

The article is organized as follows. Section II presents the problem and quantities of inter-
est. Section III introduces the Mathieu equation and defines the onset conditions of instability
regions relevant to parametrically excited sloshing. Section IV describes the experimental setup.
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Section V details the methodology, including image processing, a clustering algorithm, and an
automatic classification tool for identifying the sloshing regime. Section VI presents the experi-
mental results, including natural frequency estimation, viscous damping factor computation, and
neutral-stability boundary maps for multiple fill levels. Section VII concludes with final remarks and
perspectives.

II. INVESTIGATED CONDITIONS

The configuration of interest is a horizontal cylindrical tank of radius R and length L, closed by
spherical domes of radius R,;. The centers of the domes lie a distance /,; from the flat cylinder-dome
interface. The tank is filled to height H; (from the bottom) with a liquid of density p and dynamic
viscosity u. The remaining ullage contains air, whose properties are neglected in the sloshing
analysis. The gas-liquid surface tension is o.

The tank undergoes vertical harmonic motion z(¢) = Ay sin(wyt ), with forcing amplitude Ay and
angular frequency w;. The effective vertical acceleration is a,(f) = —g— A fa)% sin(wyt), where

g = 9.81 ms~2 is gravitational acceleration.

Denoting the interface dynamics by n(x,?), where x = (x,y) € R? represents the in-plane
(horizontal) coordinate vector, the problem depends on three geometrical parameters, one kine-
matic parameter, one operational parameter (the liquid fill level), and three dimensionless numbers
governing the force balance:

1 L R; l; Ar H,
n(); )=f<—,—d,—d,—f,—l,Re,Fr,We>, (L

where Re = p[U]R/u is the Reynolds number, We = p[U 1’R/o is the Weber number and Fr =
[U1/+/gR is the Froude number. Here, the reference velocity is taken as [U] = (A wy). Within the
range of investigated conditions, surface tension and wetting effects can be considered negligible,
since We ranges from O(10") to O(10%) and the ratio Bo = We/Frz, known as Bond number [58], is
of ~O(10?). The Reynolds number lies between O(10%) and O(10*), and thus moderate turbulence
is to be expected, while the Froude number remains below unity in all experiments; hence the
investigated conditions are clearly in gravity-dominated conditions [1,4].

Sloshing regimes are usually analyzed in terms of the system’s natural frequency. For vertical
excitation, one considers the ratio wy/(2w; o), which scales the forcing frequency by the first
longitudinal mode because the first parametric resonance occurs near wy ~ 2 w;o. Analytical
expressions for these natural frequencies exist only for flat-end cylindrical tanks [48], not for the
dome-ended geometries studied here. Thus, w; o was obtained experimentally from free-decay tests
(Sec. V A). The resulting frequencies (Sec. VI A) are much lower than those predicted by the flat-end
cylinder model of Hasheminejad and Soleimani [48], listed in the Appendix.

The experimental campaign was conducted at three fill ratios, H;/D = 0.40, 0.50, and 0.67.
Table I summarizes the range of conditions (Afwj%/g, A¢/R, wr/(2wi0)) and the number of
tests, Ny, for each fill level. Within these ranges, sampling followed a two-stage approach. First,
amplitude sweeps at a constant forcing frequency near the primary resonance, wy/(2wi0) ~ 1,
were performed to determine the critical amplitude at the transition between stable and unstable
dynamics. Second, we carried out a randomized, space-filling exploration of the remaining domain
to achieve extensive coverage.

III. PARAMETRIC RESONANCE AND INSTABILITY REGIONS

Vertical acceleration induces a time-periodic modulation of the effective gravity acting on the
liquid. Within the classical linear potential-flow framework, with linearized free-surface boundary
conditions [1], the interface elevation can be decomposed into modes, each of which satisfies a
parametrically forced oscillator equation of Mathieu type (see, e.g., Refs. [6,24,25,29]). Accord-
ingly, each mode (m, n) is characterized by its natural frequency w,, , and damping ratio &, ,, and
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TABLE I. Experimental matrix summarizing the investigated conditions. Reported parameters include the
liquid fill ratio H;/D, the number of test points N, and the estimated natural frequency @; ¢ and damping
ratio Z; o of the (1, 0) mode (sample means with 95% confidence intervals). Excitation conditions are given
in terms of the dimensionless vertical acceleration A fw% /&, displacement amplitude A/R, and normalized
forcing frequency wy/(2 wy ).

10 [rads™] Zio [—]
H/D Ny (95%CLN=4) (95%CLN=4) Asw;/gl-] Af/R[-] wr/(2w10) [—]
0.67 66 7.12 4+ 0.03 0.015 4 0.002 0.02-094  0.02-0.58 0.90 — 1.20
0.50 73 6.08 +0.16 0.004 + 0.001 0.02-0.77 0.02—-0.62 0.90 — 1.20
0.40 61 5.3240.02 0.006 + 0.002 0.02-0.48 0.02—0.52 0.87 — 1.16

its modal amplitude 7,, ,(¢) satisfies

AP 11 ANt Af oF
Tt D) 12 oy D) w2<1 - fg ! COS(wfl)> n(1) = 0. @)

Although the tank motion is applied as a sinusoidal displacement z() = Ay sin(wyt) (see Sec. II),
the cosine form is adopted here for consistency with the canonical Mathieu equation [59,60], noting
that a phase shift of 77 /2 does not affect the predicted stability boundaries.

The instability regions of (2), discussed in Sec. VIE, are computed using Floquet stability
theory, following the formulation summarized by Ibrahim [6]. The equation is recast as a first-order
system with periodic coefficients and integrated over one forcing period T = 27 /w/ to construct the
monodromy matrix mapping the system state from ¢ to t 4+ 7. The Floquet multipliers, defined as the
eigenvalues of this matrix, determine stability: the boundary of each instability region corresponds
to parameter combinations (A;/R, wy/(2w,, ,)) for which at least one multiplier lies on the unit
circle, marking the transition from bounded to exponentially growing solutions.

The resulting neutral-stability boundaries define the so-called Mathieu tongues, which arise near
subharmonic orders of the natural frequency, ws ~ 2 w,, ,/r withr = 1,2, 3, . ... The principal in-
stability region (r = 1) corresponds to the classical Faraday subharmonic resonance [22]. Additional
details on the structure of these instability regions in horizontal cylindrical tanks are discussed by
Ahizi [61].

It is worth noting that (2) includes viscous dissipation through the linear damping term
2 & Wm,n> Which is absent in the inviscid formulation of Benjamin and Ursell [29]. This extension,
introduced by Brand and Nyborg [26], accounts for the experimentally observed shift in instability
thresholds: while the inviscid model predicts instability at arbitrarily small forcing amplitudes, the
inclusion of damping leads to a finite critical threshold (A;/R > O at w; /(2 w1 ) = 1).

In this work, we focus on the principal parametric-instability region associated with the (m, n) =
(1, 0) mode. As this mode has the lowest natural frequency, it defines the first and widest accessible
instability domain. Equation (2) is used as a reduced-order framework to guide the interpretation
of the experimentally observed sloshing regimes and to support the data-driven classification
introduced in Sec. V D.

IV. EXPERIMENTAL SETUP

The experimental setup, shown in Fig. 1, consists of a transparent polymethyl methacrylate
(PMMA) reservoir with circular cross-section with diameter D = 134.5 mm, length L = 336.3 mm,
and aspect ratio L/R = 5.0. Each end of the tank is closed by a spherical dome of radius R; =
100.0 mm and depth 25.0 mm, whose center of curvature lies /; = 75.0 mm inside the cylindrical
section of the tank.
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FIG. 1. Experimental setup integrated in the three-axis SHAKESPEARE sloshing table facility. The
sloshing cell consists of a horizontal cylindrical PMMA test section with radius R and length L (aspect ratio
L/R = 5.0), closed by aluminum domed end caps. A high-speed camera records the free-surface displacement
n(t) at the fill level H; under imposed vertical excitation characterized by amplitude A, = A; and angular
frequency w, = wy, producing an effective vertical acceleration a.(t) = —g— A fa)_zf sin(wyt). The dynamic
conditions are monitored using an optical displacement sensor (ODS) and a triaxial accelerometer.

The cell was partially filled with demineralized water, and air at ambient pressure occupied the
ullage space. Tests were performed under near-isothermal conditions, with ambient temperature in
the range Tymp = [290, 298] K. Within the range of temperatures in the experiments, the average
liquid properties, as computed from REFPROP [62], are p = 998kgm ™3, . = 981 uPas, and 0 =
72.6mNm~!.

Optical measurements using backlighting were performed with a JAI SP-12000MCXP4 high-
speed camera at 70 Hz equipped with a f = 75 mm objective lens. The focal ratio was fixed
at f/4.0. The camera was mounted on the sloshing table at a distance of [y = 375 mm, sup-
ported by a rigid, adjustable mount that enabled fine vertical positioning. Yaw and pitch were
minimized to maintain normal alignment with the test cell. Fill-level measurements were tracked
using two reference methods: an external scale visible in the camera’s field of view and an
immersed probe used before each test. The fill level measurement uncertainty is estimated to be
6H; = £5.0 mm.

The sloshing cell was mounted on aluminum feet via flanges attached to its end domes and
securely bolted to a base plate (see bottom of Fig. 1). This base plate was connected to two
three-axis load cells (ME K3D120, #1000 N) for force measurements. The load cells were, in
turn, coupled to a stainless steel fastening plate (excluded from Fig. 1), which was mounted on
the SHAKESPEARE sloshing table. This three-axis table enables controlled harmonic excitations
along each axis, prescribed by amplitudes A,, A,, and A;, and angular frequencies w,, w,, and w.,
with A; = A; and w, = wy for the vertical direction, with amplitudes up to Ay = 345 mm, forcing
frequencies in the range wy € [0, 63]rad s~!or fr €10, 10]Hz, and accelerations reaching up to
A fa);. /g € [0, 1]. Dynamic conditions are tracked through a triaxial accelerometer (Endevco Model
7298-2) with the uncertainty identified to be da/g = £0.01, and an optical displacement sensor
(ODS) (Optoepsilon optoNCDT ILD1302-100) with 6A = 0.5 mm.
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FIG. 2. Flowchart of the proposed algorithm. Step 1: acquired image sequences are pre-processed to correct
for unwanted vibrations. Step 2: the mPOD is used to analyze the acquired snapshots between ¢ € [0, 60]
seconds. Data is then truncated to the first ng = 30 mPOD modes. Step 3: an initial reference prototype
library (@) is defined from representative free-surface behaviors, and each truncated test case D) is projected
onto it to obtain projected temporal signatures and feature vectors (Ay; — z;). Finally, unsupervised k-means

clustering is used to label the data, and a nonlinear multiclass SVM determines continuous decision boundaries
between sloshing regimes (Step 4).

V. DATA-DRIVEN IDENTIFICATION AND CLASSIFICATION OF SLOSHING REGIMES

This section presents the data-driven, image-based methodology developed to identify and
classify sloshing regimes. An overview of the complete workflow is shown in Fig. 2, which is
organized into four main steps.

Step 1: Image preprocessing. Raw high-speed image sequences are stabilized and corrected
to remove camera vibrations, small frame rotations, and nonuniform illumination. Keypoints are
tracked between consecutive frames using the oriented-fast and rotated-brief (ORB) detector, and
affine transformations are applied to align the sequence with a fixed reference frame. Residual tilt
is corrected through Hough-line detection, while global intensity variations are compensated by
histogram equalization and local mean subtraction. These operations, implemented with standard
OpenCV routines [63], ensure that only the fluid motion contributes to the subsequent analysis.
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Step 2: Multiscale modal decomposition. The stabilized image sequences are analyzed with
multiscale proper orthogonal decomposition (mPOD), applied directly to the video frames. This
yields a compact representation by separating the signal into a few modes, each tied to a specific
frequency band. Dominant sloshing motions—such as subharmonic oscillations near parametric
resonance—are thus isolated from higher-frequency content and noise. The resulting modal coeffi-
cients describe the temporal evolution and relative strength of the main flow components.

Step 3: Prototype-based data clustering. For each fill level, representative reference cases are first
selected by inspecting the experimental responses and their modal content, to initialize a prototype
library spanning the main sloshing behaviors. Each test case is then projected onto this basis to
obtain energy-based feature vectors that quantify the activation of each prototype mode, i.e., its
similarity to the reference free-surface responses. These vectors are then clustered using the k-means
algorithm, so that regime labels emerge from grouping cases with similar energy signatures. The
prototypes are iteratively updated using the cluster medoids until convergence, reducing sensitivity
to the initial selection. In this way, the prototypes provide a physics-guided representation of the
dominant sloshing behaviors, while the regime labels are determined by the clustering.

Step 4: Classification and regime mapping. A nonlinear support vector machine (SVM) with a
polynomial kernel (Sec. V D) is trained on the clustered data to delineate regime boundaries in the
nondimensional parameter space (As/R, wy/(2wi)). The classifier is informed by the Mathieu-
equation stability analysis (Sec. III), linking experimental observations to the theoretical instability
regions.

A. Experimental protocol and identification of natural frequency and damping ratio

In the absence of forcing, Eq. (2) reduces the time evolution of each mode to that of a second-
order damped oscillator [1,6]. Accordingly, the natural frequency of the antisymmetric longitudinal
mode (m, n) = (1, 0), w; o, and its associated damping ratio, ¢; o, were identified from free-decay
tests. Alternative approaches are discussed by Casiano [64].

The experimental protocol was designed to ensure that the sloshing response reached a fully
developed state prior to analysis. In particular, the procedure consisted of first forcing the system
near the expected (1,0) parametric-resonance to trigger a response dominated by the first antisym-
metric longitudinal mode. For this initial phase, the forcing frequency was set to the theoretical
value predicted by potential-flow analysis for a flat-ended cylindrical tank [48]. This estimate was
used only to position the excitation near the target mode. The resonance condition was then refined
experimentally until a fully developed periodic response was obtained; the excitation was then
stopped, and the ensuing free decay was recorded. The forcing duration was fixed to 60 s, which was
sufficient for the experimentally observed response to reach its developed regime across all inves-
tigated test cases. Throughout all experiments, the identification procedure relied on synchronized
high-speed imaging and load-cell measurements providing the vertical forces F, (¢) and F, (t) at the
tank supports, together with the platform acceleration signal a,(¢). These measurements were used
to monitor the time evolution of the free-surface and to assess the consistency of the hydrodynamic
response.

Conventional image-based tracking of the free surface (e.g., Refs. [7,12,65]) was not appli-
cable across the present dataset, due to interface breakup, droplet ejection, and fragmentation,
which prevent robust and consistent interface reconstruction. The high-speed image sequences
were therefore analyzed using the mPOD approach. Balancing energy optimality and frequency
selectivity, the temporal structure of the leading mPOD mode ¥, [see Eq. (8)] accurately captures
the dominant sloshing dynamics, while its associated spatial mode ¢, confirms that the identified
response corresponds to the expected (m, n) = (1, 0) antisymmetric mode.

The time series of all measured quantities— (¢), F;, (), F7, (¢), and a.(t)—were analyzed using
a continuous wavelet transform (CWT) to resolve the time-dependent evolution of their spectral
content. A complex Morlet wavelet was selected because the analyzed signals are predominantly
oscillatory and narrowband, with transient variations in amplitude and frequency, particularly
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during the transition from forced oscillations to free decay. Under these conditions, the Morlet

wavelet provides a suitable compromise between temporal and spectral resolution, and has likewise

been adopted in related studies addressing similar identification tasks [53,61,66]. The wavelet was

implemented with a bandwidth parameter of 6.0, a center frequency of 2.0, and 64 voices per octave.
The instantaneous dominant frequency is extracted as

fr(t) = argmax P(t, f), 3)
feB

where P(z, ) denotes the wavelet power, defined as the squared magnitude of the complex CWT
coefficients. The frequency domain B is determined by the sampling frequency and the chosen
wavelet parameters, and in this analysis, it was restricted to the band encompassing the fundamental
sloshing mode. This approach provides a smooth estimate of the temporal evolution of the resonance
frequency during the transition from the forced to the free-decay regime.

Once the external excitation is stopped, the dominant frequency f;(¢) transitions from the forcing
frequency toward the damped natural frequency of the (1,0) mode (see Sec. VI A). This behavior
is clearly observed in the CWT ridge of the image-derived signal v (¢) and in the load-cell forces
F,(t) and F,(t), whereas the accelerometer signal a,(¢) primarily reflects the imposed platform
motion and therefore captures only the pre-ring-down stage.

The ring-down interval ¢ € [t;, ;] is defined as a portion of the signal following the cessation of
forcing. The initial time #, is selected when the subharmonic ridge power, P.(t) = |W (¢, f.(1))|?,
first exceeds the residual power associated with the forcing component in F;, and F,,. Within this
window, the liquid oscillates freely at the damped natural frequency,

1,0
wa, = w101 =88 fro= g 4)
which is estimated directly from the ridge as
fa,, = median f,(1), ®a,, =27 fa . &)
el n]

where the median acts as a robust estimator against local fluctuations. The damping ratio is obtained
from the temporal decay of the ridge power within the same interval. Because the CWT ridge
behaves as a time-localized band-pass filter centered on the mode of interest, the ridge power decays
approximately exponentially as P,(t) oc e=2%m»@nn! for a correctly isolated second-order response
[67,68]. Taking the logarithm gives

IHP,«(I) = _2§m,n Wyt +1HP(), (6)

so that the slope of a first-order least-squares fit of In P,(¢) versus ¢ over [71, f;] yields the mean
damping ratio ¢, ,. The resulting values of w; ¢ and ¢ ¢ serve as inputs for the Floquet analysis and
are subsequently used to normalize the excitation parameters in the sloshing-regime maps of Sec.
VIE.

B. Regime prototype definition via mPOD

The mPOD [69-71] is a data-driven modal decomposition that constrains the energy optimality
of the proper orthogonal decomposition (POD) with a filter bank that allows for the spectral
separation of its modes. This combination isolates nearly harmonic dynamics undergoing transient
evolution and it is thus well suited to the narrow-band yet nonstationary nature of sloshing responses.
The mPOD of the video sequence provides a reduced-order space to encode the sloshing response
from the high-speed videos (Step 2; see Fig. 2).

As in all data-driven decompositions, the grayscale image sequence acquired during the exper-
iments is arranged into the snapshot matrix D € R™*™ whose columns correspond to vectorized

084804-8



REGIME MAPS FOR SLOSHING IN HORIZONTAL ...

frames:
g1, 1] o g1, 1] 7]
X 1 e n Lxs 1
p=| &1l Sl 110 i, 7
gl[lvz] g}’l,[lvz]
_gl[nJC7nZ] cee gn,[”x»nz]_

where each image g;[i, j] € [0, 255] has spatial dimensions n; = n, X n, and n, denotes the total
number of frames. As in classical POD, the mPOD represents the data as

D= 0,¢ ¥ =0TV (8)

r=1

where ¢, and ¥, are the spatial and temporal modes, and o, is the associated amplitude.

In contrast with the classical POD, whose temporal modes are the eigenvectors of the correlation
matrix K = DD and may exhibit broad spectral content, the mPOD introduces a multiresolution
analysis of K. The correlation matrix is decomposed into band-limited components associated with
ny nonoverlapping frequency bands,

anl

K~ Y K™, )
m=0

each obtained by filtering K in the frequency domain as
K" = Wr[(ViK¥r) O (H,, H) ¥}, (10)

where Wy € C™*" jis the discrete Fourier transform matrix, #,, € C™ collects the discrete
transfer function of the m-th band-pass filter, and ® denotes the Hadamard product. The product
H! H,, ensures that K™ remains Hermitian and thus has real, orthogonal eigenvectors. Ensuring
that the filter bank satisfies a partition of unity,

ny—1

Y Hy=1, HuOHyw =0 (m+n), (1n
m=0

the spectral bands are nonoverlapping and complete, guaranteeing that the temporal modes obtained
from the eigenproblem

K(m) w(m) — )“(m) w(m) (12)

are mutually orthogonal across scales. Aggregating the eigenvectors of all bands yields the full
mPOD temporal basis ¥, which remains orthogonal while offering controlled spectral separation
among its modes.

Once the temporal structures are computed, the spatial structures and modal amplitudes are
recovered through temporal projection, following the classical snapshot-based POD framework
[72]:

®=DV 2717 oy = ”D '/,)‘HZ' (13)

A consequence of the spectral separation achieved by mPOD is that the resulting spatial struc-
tures are no longer strictly orthogonal, in contrast to those obtained via standard POD. Nevertheless,
the method yields modes that are energetically optimal within each spectral band and temporally

well localized, enabling a clear association between individual modes and specific sloshing fre-
quencies. In this study, the leading temporal coefficient ¥, captures the time-resolved evolution of
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the dominant sloshing mode, while the reduced modal space spanned by the leading mPOD modes
provides a compact and physically interpretable representation in which distinct sloshing regimes
can be clearly separated despite the transient dynamics.

C. Data labeling and clustering

The proposed data-labeling and clustering strategy follows a prototype-based, semi-supervised
approach to group experimental realizations (videos) that exhibit similar flow dynamics or regime
behavior, as encoded in their reduced feature representations (energy signatures derived from mPOD
projections; see Step 3 in Fig. 2). The method begins with a set of representative prototypes p;, with
je{l,2,...,np}, each corresponding to a distinct free-surface behavior. This selection was first
carried out manually and then refined iteratively. For every prototype, the leading spatial modes
obtained from its mPOD decomposition are retained to encode its dominant flow features in a
reduced form. The collection of these mode sets defines a global reference basis onto which all
other cases are projected for subsequent clustering and classification.

Denoting by m; the number of mPOD modes retained for prototype p;, the global reference basis
matrix is constructed as

<1>ref=[¢<{") T U N ¢,(,ff:)] (14)

with @, € R™*™ and nj, = Z;’P: . m; the total number of basis vectors across all prototypes.

Given this reference basis, the snapshot matrix D € R™*™ of any experimental realization -
whether part of the training set or unseen—can be projected onto the reduced subspace through a
standard linear projection:

PrOJ - ((I)refq)l'ef) <I>ref € R, (15)

The resulting coefficient matrix A,; provides a compact, physically interpretable representation of
each realization in terms of its similarity to the prototype modes.

This operation linearly maps the videos D € R™>™ into a set of n;, time series, stored in A,j €
R™>™ with n, < ny, that quantify the temporal activation of each reference mode in Eq. (14). This
is thus a compression n; — n;, of each image in the video.

The following step consists of compressing the temporal dimension to n, — 1, which transforms
each video into a compact feature vector z; € R™. This is carried out by first filtering the time
series in A, using the same multi-resolution filter bank employed in the mPOD analysis, and then
computing the £,-norm (||'||,) of each filtered time series.

Let h,, = [ 1[0, Bll], ..., hulno — 1117 € R™ denote the impulse response of the FIR filter
associated with scale m, where T =0, 1, no — 1 is the discrete time index and no is the filter
order. The i-th time series a (p e RM, extracted from Apj, is then filtered using a zero-phase
FIR operation. The filtered 51gnal is evaluated at the discrete time index k € {0, 1, . — 1} and
given by

np—1 np—1
afilk] E:MM<§:MUM%M+n—ﬂ> (16)

n=0 =0

([7/) ([7/

,and a?)[k] is its

Here a;"" is obtained through the projection on the prototype basis element ¢, L filt

ﬁltered counterpart. The feature vector is then computed as

z; =[ ol

The entries of this vector collect the similarity scores associated with all mPOD modes across all
prototypes. To quantify the contribution of a specific prototype p; to a given test case, the scores
corresponding to its modes are grouped. Denoting by Z, the set of indices in z; associated with

(p1)

(Pnp
my,filt ”

l filt

] e R (17)

My,

’
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prototype p;, the prototype score is defined as
) ) s
P _ (s <P _ i
3 =Ml 57 = g (18)
j=175i
Feature vectors defined in Eq. (17), along with the prototype presence metrics in Eq. (18), are
computed forall i =1, ..., Ny videos. Then, to identify the underlying sloshing regimes, an unsu-
pervised clustering is performed in this reduced-order space using standard k-means clustering [73].
This algorithm partitions the set of feature vectors {zi}i\i‘; into K disjoint clusters {C, ..., Cx_1} by
minimizing the within-cluster variance, i.e., the distance between each point and its assigned cluster
centroid:
K-1

p 2
min Zi — , 19
emin DDl kel (19)

""" T =0 z;eC,

where p,. denotes the centroid of cluster C.. At each iteration, the centroid is updated by averaging
the feature vectors belonging to the cluster:

1
ICe|

>z (20)

z;€Ce

o =

and the feature vector z; is then reassigned to the cluster whose centroid is closest in the Euclidean
sense:

zi€C if llzi— s <lzi—pl3, Vj=0,....K—1 1)

To ensure that the final clustering is independent of the initial prototype selection, the entire
procedure—from the prototype basis construction (14) to the clustering and score assignment
(21)—is repeated iteratively. At each iteration, the new prototypes are defined as the medoids of the
clusters, i.e., the realizations minimizing the intracluster Euclidean distance in the reduced feature
space. The iterative process continues until convergence, defined as either (i) an adjusted Rand index
(ARI) between consecutive clusterings exceeding a prescribed threshold (here ARI > 0.98) [74],
or (ii) no change in the medoid set relative to the previous iteration (prototype overlap). The final
cluster labels obtained upon convergence are then used in the classification stage.

D. Regime classification via physics-informed SVM

The proposed regime-classification strategy employs a physics-informed SVM to delineate the
boundaries between the sloshing regimes identified through clustering, as shown in Step 4 of Fig. 2.
The SVM [75] provides a supervised mapping from the labeled experimental realizations onto the

nondimensional parameter space:

A¢/R

| YR g (22)
wr/(2wip)

enabling prediction of the expected regime for new operating conditions. Physical consistency is
introduced through a weighting scheme that incorporates analytical stability information from the
Mathieu-equation Floquet analysis, yielding a hybrid framework that blends data-driven classifica-
tion with the governing physics of parametric resonance (see Sec. VIE).

The experimental campaign yields a dataset of Nys samples: xy, ..., xy, . For each sample,
the prototype-based clustering method of Sec. V C assigns a label Cp, ..., Ckx_1 corresponding
to a distinct sloshing regime. The objective of the classification step is to construct a contin-
uous decision function f(x):x — {Co,...,Cx_1} that generalizes to unseen data and provides
smooth decision boundaries between regimes. Following the one-vs-one (OvO) strategy [76,77]
adopted here, K(K—1)/2 binary SVM classifiers are trained, each separating a unique pair of
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classes. During inference, their pairwise decision functions are aggregated into per-class scores
F;=1fo, fi1,.--, fix—1], where each fj; encodes the combined vote and margin confidence for
class k.

Each binary classifier is defined by a kernel-based decision function

Ny
f@) =Y aiyi Kxi, x) + b, (23)
i=1
where N; denotes the number of support vectors [i.e., the training samples with ; > 0 after solving
the dual problem in Eqs. (27) and (28)], «; and b are learned coefficients, y; € {—1, +1} are binary
class labels, x; are the corresponding support vectors, and (x, x’) is a kernel function measuring
similarity in the input space. A third-order polynomial kernel is used:

K@, x)=@x"x +c¢), (24)

with y controlling the influence of individual training points and c the bias term. The hyperparam-
eters are setto y = 1/(2 var(x)), c = 5, and penalty parameter C = 3.

The classification uncertainty is then quantified through a top-margin-based criterion that com-
pares the two highest decision scores in F;. Sorting the scores as fiy = fie) = -+ = fix) the
confidence gap is defined as

g = fimy — fiey» & 20, (25)

which quantifies the separation between the most probable class and its nearest competitor. Across
the parametric space, the gap is normalized to [0, 1] and inverted to yield the uncertainty measure

_8i ” 8min_

u; = 1— )
8max — &min

(26)
with gmin and gmax denoting the minimum and maximum gap values. Thus, large u; values mark
regions of low classifier confidence, typically near decision boundaries. A quantile threshold of
2.5% is applied, retaining only the uppermost uncertain points to delineate these regions.

The Support Vector Machine used here follows the weighted formulation implemented in
scikit-learn. For a given OvO classifier, let N denote the number of training samples belonging
to the two classes being separated. The dual optimization problem solves for the multipliers
o« = [o1, ..., ay]" and the bias b via

min %ocTro —1Ta, 27
o
N
st. 0< e <Cwi Y yiey=0, (28)
i=1
where Q;; = yiy; K(x;,x;) fori, j =1,...,N, C > 0 is the penalty parameter, and w; are sample-

specific weights. After optimization, the subset of training samples with «; > O constitute the
support vectors in Eq. (23). The bias b is recovered from the Karush-Kuhn-Tucker conditions.

To encode prior physical knowledge, the weights w; are derived from the analytical neutral-
stability boundaries of the inviscid Mathieu equation (Sec. III). Near these boundaries, the dynamics
transition between stable and unstable behavior, increasing classification uncertainty.

For each sample, the Euclidean distance d; to the theoretical boundary is computed by orthogonal
projection onto the boundary curve, and a normalized measure

di — 8;
t; =cli , 0,1 29
aip (554, 0.1) 9
is used to define individual weights:
Wi = Win + (1 — Wiin) 1. (30
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Here, §; and 8, specify the inner and outer limits of a guard band, and wy,;, sets the minimum con-
fidence assigned to near-boundary samples. The operator clip(x, a, b) = min(max(x, a), b) denotes
elementwise bounding to the interval [a, b].

Weights are then normalized and clipped to avoid extreme scaling:

w; < clip (%» Cmin, Cmax>7 €2))

where w is the mean weight over the training set. With §; = 0.01, 8, = 0.10, wpy, = 0.01, and
(Cmin» ¢max) = (0.1, 5.0), this penalization scheme downweights samples close to the theoretical
boundaries, guiding - but not constraining - the classifier toward physically consistent decision
regions.

VI. RESULTS

The results are organized into four subsections, each analyzing a distinct stage of the proposed
methodology (see Fig. 2), leading to the final sloshing regime map. For clarity, Secs. VIA-VID
illustrate the complete workflow using the intermediate fill level H;/D = 0.50 &= 0.04, while Sec.
VIE presents the final regime maps for all tested fill ratios H;/D € [0.40;0.67].

For the case H;/D = 0.50, a total of 73 test points were investigated through 146 runs to ensure
repeatability (see Table I). The forcing amplitude spanned A;/R € [0.02, 0.62] and Afa)}/g €
[0.02, 0.77], while the forcing frequency ratio covered wy/(2 w;,0) € [0.90, 1.20]. The natural fre-
quency of the first longitudinal sloshing mode was identified as w; o &~ 6.08 rad s~! from free-decay
tests, as detailed in Sec. VI A.

A. Natural frequency and damping ratio

The natural frequency w; ¢ and damping ratio ¢; o of the antisymmetric longitudinal mode (m =
1, n = 0) were obtained from the free-decay tests following the methodology in Sec. V A. Once the
external excitation was removed, the tank—fluid system exhibited undriven oscillations dominated
by a single mode, confirming that the extracted parameters correspond to a dominant (1,0) response
rather than a multimodal superposition.

Figure 3 shows the three leading mPOD modes for H;/D = 0.50 at Ay = 39.7mm and f; =
1.85Hz, including their spatial structures ¢,, temporal coefficients ¥, with Hilbert envelopes H,,
and frequency spectra |12/,|. The leading spatial mode ¢, is antisymmetric, with a nodal line at
x/L = 0 and antinodes at x/L = =£0.5, matching the expected sloshing eigenmode (m, n) = (1, 0)
shape [49].

After the onset of motion at # = 0.0s, the temporal coefficient ¥, grows exponentially and
reaches a limit-cycle oscillation at # ~ 7.5s. The spectrum shows a dominant frequency at
f ~ 0.93 Hz, corresponding to the 1/2-subharmonic of the driving frequency and confirming a
Faraday-type instability with liquid oscillation at half the forcing frequency. Between t = 60.0 s and
t = 65.0s, the imposed motion was exponentially attenuated to prevent excitation of higher-order
modes, with the fully free decay starting at ¢ ~ 65.0s.

Figure 4 displays the time-frequency representation of the three temporal coefficients (¢,
¥,, and ¥3) in Fig. 3, the two load-cell vertical signals (F;,, F;,), and the vertical acceleration
(a,) over the interval ¢ € [—5.0, 90.0] seconds. The vertical frequency axis is normalized by the
forcing frequency f, emphasizing the drive and its (sub)harmonics. Power is shown in decibels as
Piog(t, f) = 101og,,(IW (t, /I?/IW (¢, f)|2.x), where Wz, f) denotes the CWT coefficient.

In the force spectra (fr, /fr and fg, / f¢), a dominant ridge appears at the driving frequency while
the excitation is active, due to the combined inertia of the liquid and tank. Once parametric sloshing
develops, a weaker ridge emerges at t ~ 7.5s near fr/2, indicating the onset of the expected
Faraday-type subharmonic response associated with the (1,0) mode. A 3 f;/2 sideband also appears,
arising from nonlinear coupling between the drive and the subharmonic oscillation.
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FIG. 3. mPOD analysis for H;/D =0.50 at Ay =39.7mm and f; = 1.85Hz performed over ¢ €
[—5.0, 100.0]s. The spatial modes ¢, capture the dominant coherent free-surface deformations, and ¥, are
their temporal coefficients. The frequency spectra |¢,| are normalized by their peak amplitude. The three
leading modes (¢,, ¢,, ¢;) use individual zero-centered symmetric diverging color scales, with limits set
by each mode’s maximum absolute amplitude. Excitation starts at # = 0.0s. The dominant mode ¢, shows
an antisymmetric longitudinal structure with a mid-length nodal line and end antinodes, characteristic of
(m, n) = (1, 0), with a subharmonic response at fy/2.

The accelerometer spectra (f,_/fr) display only the primary forcing frequency, as expected for
the rigid-body motion, while the subharmonic ridge persists in F,, F;,, and ¥, confirming the link
between image-derived and measured quantities. Nonlinear coupling in ¥, is also evidenced by mild
spectral broadening and weak sidebands. At r ~ 65.0s, a slight upward shift of the subharmonic
ridge marks the transition to the free-decay phase. This ridge remains active at nearly constant
frequency, while its power decays as viscous effects damp the motion. Since the damping is weak
(&mn < 1), the undamped and damped natural frequencies are nearly identical, w,, , ~ wg,, [6].
For this test case, the subharmonic ridge is consistent across ¥, F;,, and F;,, giving a mean damped
frequency fy,, ~ 0.525f; or f;,, ~ 0.97 Hz.

To achieve robust results the damped natural frequency extraction is repeated across three addi-
tional independent tests (following the methodology above), where ¢, highlights the targeted mode
(m =1, n = 0); within each test, the three measurement methods (mPOD mode and the two load
cells) are considered correlated and are therefore first averaged to provide a single per-test estimate.
At H;/D = 0.50, these additional test cases were performed at Ay = {28.4, 32.2, 36.7} mm and
fr=1{1.84, 2.04, 1.94} Hz, respectively, and are also used in the sloshing maps proposed in Sec.
VIE. Statistical uncertainty on the mean was quantified with a two-sided 95% Student’s z-interval
based on the standard error s/ \/]V , where s is the unbiased standard deviation. This yields a conser-
vative pooled estimate of f; , = 0.97 = 0.03Hz (95% CI; N = 4), such that &,,, ~ 6.08rads™'.
Analysis of the load-cell spectra during the free-decay period (t > 67.5s) reveals a clear single
ridge, while the temporal coefficient ¥; shows slight amplitude modulation instead of a smooth
exponential decay [see Figs. 3 and 4(a)]. This modulation produces a weak beating pattern, making
the raw ¥, signal unsuitable for direct damping estimation using classical approaches such as
the logarithmic decrement [4,78] or Hilbert-envelope methods [19,20] without prior band-pass
filtering.

Figure 5 summarizes the damping identification procedure applied to ¥, F;,, and F,,. The top
row shows the dominant wavelet ridge frequency, with a vertical marker indicating the instant when
the subharmonic ridge power surpasses the forced response, marking the onset of free decay. For this

29
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FIG. 4. Wavelet scalograms (time—frequency representation) obtained from the complex Morlet transform

(bandwidth 6.0, center frequency 2.0) of the temporal coefficients of the three most energetic POD modes (¥,
¥, and ;) in Fig. 3, the two load-cell force signals (F;, and F.,), and the accelerometer (a.) over the interval
t € [=5.0,90.0] seconds. The sloshing signal is initiated at t = 0.0s. The frequency axis is normalized by
the forcing frequency fy = 1.85Hz. In each panel, the Wavelet-coefficient power is represented on a relative

logarithmic scale as 10log,,(|W|?/|W |?
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FIG. 5. Wavelet ridge diagnostics for H;/D = 0.50 at Ay = 39.7mm and f; = 1.85Hz. Columns corre-

spond to the three signals (¥, F,, F.,). Top row: ridge frequency f,(t)/f; identified as argmaxsez P(t, f);
the dashed vertical lines indicate ridge jumps. Bottom row: logarithmic ridge power In P, (r) with least-squares
fit In P,(t) = my,p, t + Py over the ring-down window [67.5, 90.0] (reported my, p, = —2¢; ow; 0 and R* shown
in each panel).
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FIG. 6. Damped natural frequency wy, ,, damping ratio ¢, and undamped natural frequency w; o of the
antisymmetric sloshing mode (m = 1, n = 0), estimated from the leading mPOD coefficient ¥, and the vertical
forces F; and F,,. Results correspond to four free-decay tests with Ay = {39.7, 28.4, 32.2, 36.7} mm and
fr =1{1.85, 1.84, 2.04, 1.94} Hz. Mean values for each test are shown as bar groups.

case (Ay = 39.7mm, f; = 1.85Hz), the transition occurs att ~ 66, consistent with Fig. 4, and the
fitting window was set to #; = 67.5s and t, = 90.0s. The bottom row presents the logarithmic ridge
power In P,.(¢) and the corresponding linear least-squares fit. The high coefficients of determination
(R* > 0.99) confirm that a single exponentially decaying mode was successfully isolated, with ¢,
validating the expected (m, n) = (1, 0) structure.

Figure 6 compiles the estimates of the damped and undamped natural frequencies and the
damping ratios obtained across the four independent tests (N = 4). The mean damping ratio
is Z1,0 = 0.004 £ 0.001, determined using the same CWT-based ridge analysis employed for
the damped frequency. The undamped natural frequency for each test was then computed as
1,0, = Way , /N1 — fﬁoi, withi =1, ..., 4, and the average taken with a two-sided 95% Student’s
t-interval, yielding @; o = 6.08 £0.16rads~! (see Table II). Consistent with previous studies
[4,78,79], this low-order sloshing mode exhibits a small damping ratio, validating the approximation
1,0 & @y, , for the present horizontal geometry.

B. Prototype library

The image sequences over ¢ € [0, 60]s were analyzed at a down-sampled rate of 17.5Hz
(n, = 1050), after spatial cropping to center the tank (n, = 1900, n, = 1185). Six representative
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TABLE II. Statistical summary of the free-decay estimates of the fundamental antisymmetric sloshing
mode (m =1, n = 0) at H;/D = 0.50. Reported are the forcing amplitude A, forcing frequency f;, per test
mean damped frequency fdm, damped angular frequency @y, ,, damping ratio Z10, and the averaged natural
frequency @, o with a 95% confidence interval based on N = 4 tests.

@, [rads™!]

A, [mm] £/ [Hz] Firy [Hz @y, [rads™'] Ero[—] (95% CI N = 4)
39.7 1.85 0.96 6.05 0.005

28.4 1.84 0.95 5.96 0.004

322 2.04 0.99 6.19 0.004 6.08 £0.16
36.7 1.94 0.98 6.14 0.005

prototypes (np = 6), each described by its three leading mPOD modes (m; = 3), were selected to
compactly represent the main recurrent free-surface response families near 2 w; o: stable, dominant
longitudinal, higher-order, and mixed-mode states. These prototypes define the reference basis @y,
used to compare all test realizations by their modal resemblance to the dominant sloshing responses
and to compute the energy-based quantities for subsequent clustering. o
P

Figures 7 and 8 present the selected prototypes, each displayed with its spatial mode shapes ¢,

temporal coefficients ,(,f[ )(t) and their Hilbert-transform envelopes, as well as the corresponding

frequency spectra |17/,(,Zf )| and the transfer functions #,, of the filters that identify each mode. The
forcing amplitude and frequency for every test are indicated in the subplot labels.

All prototypes in Fig. 7 correspond to the resonance condition w; = 2 w1 . Across the three
cases, the dominant temporal coefficient exhibits a subharmonic peak at w/(2w; ) =~ 0.5, corre-
sponding to w ~ w0 ~ wy/2 near the principal parametric resonance. Prototype p;, shown in
Fig. 7(a) at Ay/R = 0.02, represents a stable free-surface response. The spatial structure ¢§” v
shows limited projection onto the longitudinal mode, with oscillations localized near the back
and front contact lines, which remain visible due to the camera position slightly above the free
surface (see Fig. 2). The corresponding temporal coefficient decays monotonically, consistent
with the Hilbert-transform envelope, indicating that the system remains below the instability
threshold.

Prototype p», with Ay/R = 0.13, exhibits a longitudinal response that grows from an initial

transient and saturates into a periodic state. The spatial structure ¢(l”2) shows a single nodal line
at the tank mid-plane, located at approximately x/L = 0.0, identified by the zero crossing in the
color map separating regions of opposite phase, together with two antinodes near the tank ends
(x/L = £0.5). This pattern corresponds to the first antisymmetric longitudinal mode [49]. The
corresponding temporal coefficient, w(l” 2 reaches a limit cycle, indicating a subharmonic sloshing
response associated with the onset of the (m = 1, n = 0) parametric resonance.

Prototype p3, at Ay /R = 0.33, exhibits a longitudinal pattern similar to that of p,, with increased
modal amplitude as indicated by the contrast in the color map. The oscillation converges to a limit
cycle, reaching saturation at approximately ¢ & 10, as shown by the leading temporal coefficient
wip 3 The corresponding spatial structure ¢(1p %) retains a single nodal line at mid-span, confirming
the persistence of the (m = 1, n = 0) mode. The interface profile exhibits increased curvature,
consistent with nonlinear effects at higher forcing amplitude.

Figure 8 introduces prototypes p4 through pg, which correspond to sloshing responses involving
higher-order and mixed-mode dynamics. Prototype p4, measured atA;/R = 0.40 and w;/(2 w1,0) =
1.17, is shown in Fig. 8(a). The leading spatial structure, ¢§p +)_ exhibits a symmetric higher-order
longitudinal pattern with nodal locations near x/L ~ —0.5,x/L =~ 0.0, and x/L =~ 0.5, together with
antinodes around x/L =~ 40.25. This structure is consistent with a dominant (m = 3, n = 0)-type
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FIG. 7. mPOD spatial structures ¢,, , normalized frequency spectra |12fm,c | with overlaid FIR filters H,,, and
temporal structures ¥, for three prototype references p; to ps, each characterized by longitudinal sloshing
dynamics (m = 1, n = 0). The spatial modes are shown using individual zero-centered symmetric diverging
color bars, with limits set by the maximum absolute modal amplitude of each mode. (a) Prototype p: A;/R =
0.02, ws/(2w; o) = 1.00. (b) Prototype p,: Ay/R = 0.13, ws/(2w; o) = 1.00. (c) Prototype p3: As/R = 0.33,

a)f/(2a)1,0) = 1.00.
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FIG. 8. Same as Fig. 7 but considering the prototypes p4 to pe, characterized by high-order longitudinal

dynamics (m =2,n=0) and (m = 3,n =0), with mixed-mode conditions in ps and ps. (a) Prototype
pa: Ap/R =040, ws/(2w; o) = 1.17. (b) Prototype ps: As/R = 0.41, w;/(2w; ) = 0.91. (c) Prototype ps:

A/R =025, 07 /Qwy ) = 1.17.

response. The corresponding temporal coefficient, 1//5” 4, undergoes transient growth for¢ < 10s and

then reaches a sustained amplitude, indicating the establishment of a higher-order standing wave.

Prototype ps, obtained at Af/R=0.41 and ws/(2w;o)=0.91, is shown in Fig. 8(b).
Its spatial modes remain predominantly longitudinal, but (b(l” ) departs from the single-node
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(m = 1, n = 0) structure. Two nodal locations are observed at approximately x/L =~ £0.3, indicat-
ing the
contribution of a higher-order longitudinal component compatible with an (m = 2, n = 0)-type
structure. The temporal coefficients exhibit amplitude modulation, indicating the onset of
mixed-mode behavior, where the response is not dominated by a single longitudinal mode.

Finally, prototype pg, obtained at Ay/R = 0.25 and ws/(2w; ) = 1.17, shown in Fig. 8(c),
exhibits a mixed-mode response with an additional transverse contribution. While the dominant
spatial structure retains a higher-order longitudinal organization, it closely resembles q)(]p ) and
is therefore consistent with a longitudinal (m = 3, n = 0)-type response. The secondary mode
¢>§” 5) suggests transverse free-surface motion, indicating that the dynamics are no longer governed
by a purely longitudinal standing-wave pattern. The corresponding temporal coefficients exhibit
persistent amplitude modulation, but their spectra retain well-defined narrow-band peaks, consistent
with a coherent mixed longitudinal-transverse oscillatory regime.

Overall, the six prototypes span the main observed free-surface responses, from a stable below-
threshold state (p;), to subharmonic longitudinal oscillations (p,—p3), and to higher-order or mixed-
mode responses away from the primary resonance region (ps—ps). This reference basis is then used
to project each test realization [using Eq. (15)] and compute the activation energies employed for
regime clustering [see Eq. (17)]. The modal structures extracted by the mPOD remain well separated
into longitudinal and transverse components and retain the dominant features required to classify
the observed sloshing into physically meaningful regimes.

C. Similarity maps

Figure 9 displays similarity maps across the dimensionless forcing space for the six prototypes
introduced in the previous subsection. These prototypes define reference families of free-surface
responses spanning the reduced basis ®,;. Each test realization is projected onto this basis to
quantify the contribution of each prototype, so that the maps indicate which response dominates
under each forcing condition. These reduced-order signatures are then used in the clustering step to
group cases with similar modal content.

The similarity score at each point is computed in step 3 of the proposed workflow (see Fig. 2)
from the normalized energy signature. The projection in Eq. (15) is performed on a low-order
reconstruction of each video, retaining the first ng = 30 mPOD modes. In this way, the mPOD basis
acts both as a decomposition and as a frequency-selective filter. The resulting maps reveal distinct
regions associated with the activation of each prototype, organizing the free-surface responses across
the forcing space.

In the lower part of the map E;p D, prototype p; dominates, indicating that low forcing amplitudes
correspond to nearly quiescent or weakly perturbed free-surface states. As the forcing amplitude
increases (Ay/R > 0.1), the dominant similarity shifts toward prototype p, (see Efp 2)), marking the
onset of the fundamental longitudinal response slightly below the primary parametric resonance.
A further increase in forcing leads to a transition toward prototype ps (see 51('[) ), representative of
large-amplitude longitudinal dynamics.

Prototype ps, associated with mixed low-amplitude longitudinal dynamics [see Fig. 8(b)], ex-
hibits partial overlap with prototypes p; and p,, as indicated by the map Ef.” 5). This overlap reflects
a continuous transition from stable conditions to weak longitudinal oscillations, with a narrow
transitional region near Ay/R ~ 0.1. This behavior highlights the ability of the prototype-based
representation to capture gradual changes in modal content across the forcing space.

In contrast, prototypes ps, ps, and pg remain clearly separated, each defining a distinct region of
influence. The similarity distributions Sf‘” *) and Eﬁp %) both associated with higher-order longitudinal
dynamics (m = 3), indicate a secondary instability region characterized by mode interaction and
mixed-mode responses (see [32,40,61]). Interestingly, this region develops along a slope identical
to that of 55‘” 2) and §f‘" 2 suggesting the presence of an instability tongue.
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FIG. 9. Similarity maps of the prototypes shown in Figs. 7 and 8 for H,;/D = 0.5 in the dimensionless
forcing space defined by the frequency ratio wy/(2 i 9) and amplitude ratio A;/R. Each marker represents a
test condition; its color indicates the normalized similarity score EEP D= sf"j )/ e 5" defined in Eq. (18),

j=15i
and its size is proportional to that score.

D. Clustering and regime classification

This subsection discusses the clusters identified as recurrent classes of free-surface dynamics
within the dimensionless forcing plane (A;/R; ws/(2 w1 )). The final labels, {Co, . .., Cs}, shown in
Fig. 10, are obtained using the unsupervised k-means algorithm applied to feature vectors extracted
over the analyzed time interval (¢ € [0, 60] s). These clusters emerge from grouping test cases with
similar free-surface signatures. The bar plots for the cluster medoids provide supporting evidence
for the physical interpretation of each regime.

Figure 11 displays representative raw images (Step 1; see Fig. 2) at + &~ 40s for each clus-
ter medoid, providing a direct visualization of the associated free-surface dynamics. Several
regimes exhibit highly complex interface behavior, including wave breaking, droplet ejection, and
splashing, resulting in fragmented and irregular free-surface structures. In such conditions, a
consistent reconstruction and tracking of the gas-liquid interface is extremely challenging. These
images are shown for illustration only, as the cluster labels are determined from feature vectors
extracted over the full interval ¢ € [0, 60] s and therefore represent the sustained sloshing behavior
rather than an instantaneous pattern. The present approach, based on modal decomposition of the
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FIG. 10. Classification results for H;/D = 0.5, with the data subdivided into six distinct clusters:
{Co, . .., Cs}, equaling the number of reference prototypes p; = pg (see Sec. VI B). The experimental space was
explored in As/R € [0.02, 0.62], with varying acceleration A fw% /g €10.02, 0.77], while the dimensionless
forcing frequency was investigated over the range of w;/(2w o) € [0.90, 1.20]. The normalized energy
signature of each cluster medoid, Z;; [see Eq. (17)], is shown in the bar plots. The bar amplitudes measure
the similarity of the medoid to the different prototype-mode components (¢, ¢,, and ¢;), indicating which
reference free-surface response dominates the cluster.

image sequences, circumvents the need for explicit interface reconstruction and allows the dominant
dynamical features to be identified directly from the videos.

Cluster Cy, centered at As/R = 0.28, w/(2w;,0) = 0.94, captures points at moderately high
forcing amplitudes 0.15 < Ay/R < 0.55, yet mostly constrained to sub-resonant frequencies with
wr/(2wp) < 1.00. The medoid energy signature shows that approximately 50% of the projected
activation is associated with prototype ps [Fig. 8(b)]. This suggests that C; is representative of a
transitional regime, in which weak longitudinal dynamics emerge between nearly quiescent condi-
tions and fully developed resonant motion, as also illustrated by the representative raw snapshot in
Fig. 11.
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Co:  Af/R=0.11, w/(2w o) = 1.06 Cr: Af/R =028, w/(2uwi ) = 0.94

0.0
z/L

0.0
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FIG. 11. Representative raw free-surface snapshots extracted from the six cluster medoids associated with
the regime classification C; shown in Fig. 10 for H;/D = 0.5. The images provide a direct experimental
visualization of the characteristic free-surface response associated with each cluster. All frames were selected
during the developed stage of the motion, within the interval + = 40 & 1's, and were chosen to emphasize
dominant observable free-surface dynamics of each medoid within that window.

Cluster C3, with medoid at (A¢ /R = 0.55, w¢ /(2 w1,0) = 1.06), identifies high-amplitude forcing
(Ar/R > 0.45) near resonance. Its energy signature is concentrated around prototype p3, which
is associated with wave-breaking of the fundamental longitudinal m = 1 mode [Fig. 7(c)], but
also exhibits a nonnegligible contribution from ps. This suggests that, for ws/(2 wi,0) 2 1.05, the
large-amplitude response is no longer purely described by the breaking m = 1 mode and possibly
involves higher-order longitudinal content with the emergence of m = 3-type dynamics. In contrast,
cluster C; remains more clearly dominated by the wave-breaking longitudinal response associated
with ps. Thus, both C, and C3 correspond to strongly nonlinear states near the principal instability
region, but C, may be interpreted as a predominantly pure wave-breaking m = 1 regime, whereas
C; marks the onset of a more complex high-amplitude state with possible higher-order longitudinal
contributions.

Cluster Cy occupies the lower part of the forcing diagram and is primarily associated with weakly
perturbed free-surface conditions below the onset of significant sloshing. Notably, ¢; from ps
contributes over 15%, while ¢, and ¢; from ps contribute over 30% of the total projected energy.
These modes from prototype ps indicate a nearly quiescent free surface, which is also reflected in
the representative raw snapshot shown in Fig. 11. Clearly, with over 30 samples identified, one can
distinguish a strong boundary between stable free-surface dynamics [see Fig. 7(a)] and sloshing
conditions (i.e., Cy vs. C—) located in the lower part of the diagram.

The histogram reveals that cluster C; emerges from the interplay between prototypes p4 and pe.
While p4 represents pure longitudinal motion with m = 3, pg exhibits a mixed response involving
both longitudinal (m = 3) and transverse (n = 1) modes. This suggests a distinct instability region
atwr/(2wi,0) 2 1.20. A detailed characterization of this regime, however, lies beyond the scope of
this study.

Finally, for cluster Cs, limited sampling in this high-amplitude and high-frequency region,
together with the mechanical constraints of the sloshing table, resulted in only two data points.
One of these corresponds to prototype ps at Ay /R = 0.40 and w; /(2 w;,0) = 1.17, situated near the
lower bound of this cluster.

Notably, within the isofrequency range 1.15 < wy/(2w; ) < 1.20, higher-order longitudinal
motion becomes dominant, indicating a secondary instability region associated with the m =3
mode. This behavior is consistent with nonlinear coupling between longitudinal, transverse, and

084804-23



FRANCISCO MONTEIRO et al.

oblique components, which can promote mixed-mode responses in horizontally oriented cylindri-
cal tanks, where near-degenerate natural frequencies favor mode competition (see Fig. 17). The
secondary harmonic branch associated with these modes develops near the primary subharmonic
instability band of the longitudinal m = 1 mode, resulting in overlapping resonance tongues. As a
result, the excitation frequency governs energy exchange between interacting modes, determining
whether mixed or pure longitudinal responses prevail. This coupled-resonance behavior is consistent
with the nonlinear Mathieu framework of El-Dib [34], which predicts the simultaneous occurrence
of parametric instabilities and nested resonance regions. It also aligns with experimental observa-
tions of mode competition and mixed states in parametrically forced surface waves reported by
Simonelli and Gollub [42] and more recently by Colville [50].

E. Parametric sloshing maps and fill level dependence

This subsection presents the final sloshing-regime maps for the tested fill ratios (see Table I).
These maps are obtained through the iterative labeling strategy described in Sec. V C, in which the
reference basis [see Eq. (14)] is progressively updated using cluster medoids until the convergence
criteria of Sec. V C are met. This process improves cluster separation and reduces sensitivity to the
initial hand-picked prototype set.

The sloshing intensity at each operating point is represented through the marker size
computed as

ng 1/2
I = (Zof> . ng = 30. (32)
r=1

Marker sizes follow the same linear mapping as in Sec. VIC. This quantity directly measures the
fluctuation energy in the dominant sloshing structures, highlighting regions of strong activity.

Figure 12 shows the refined regime map for H;/D = 0.50, building upon the initial clusters in
Fig. 10(a). Uncertain near-boundary regions are indicated using the hatched rendering described in
Sec. VD. Convergence was achieved after three iterations, with an ARI history {0.97, 0.99} [74].
The final medoids remained consistent with those from the first iteration, although convergence was
triggered by the ARI threshold rather than the prototype-overlap condition. The low intra-cluster
variance confirms the robustness of the final clusters and the distinct nature of the six regimes
emerging from the prototype-guided clustering procedure (Figs. 7 and 8). The dominant spatial
structure ¢, of each medoid is shown in the surrounding panels, since it captures the leading large-
scale free-surface motion and thus provides a concise representation of the main macro-dynamic
features of each regime.

Cluster C, occupies the central region of the map and corresponds to the pure longitudinal
m =1 mode. Its butterfly-like curvature, with slight doming near x/L = %0.5, highlights the
potential for interface breakup and liquid ejection near the tank heads. A similar pattern appears
in clusters C3 and Cy, reflecting a systematic increase in modal amplitude with forcing. At small
forcing amplitudes, the system displays finite subharmonic responses characteristic of the weakly
damped linear regime. As the forcing increases, the oscillations saturate due to nonlinear effects,
and at the highest amplitudes (A;/R 2 0.45), the motion becomes constrained by the tank ge-
ometry as the interface impinges on the bulkheads and cylindrical walls. In this high-forcing
regime, vigorous mixing is induced through wave run-up, liquid ejection, and repeated wave
breaking.

Clusters C4 and Cs, appearing for ws/(2 w1 0) = 1.12, exhibit higher-order longitudinal responses
with m = 3, consistent with the prototype dynamics shown in Figs. 8(a) and 8(c). These regimes
involve geometry-limited wave amplitudes and mixed-mode interactions, as discussed in Sec. VID.

The maps in Fig. 12 also include the neutral stability boundaries predicted by the inviscid
(¢1.,0 = 0) and viscous ({10 = 0.004) Mathieu-equation solutions of Sec. III. These boundaries
are centered at the experimental value 2 w; o, partitioning stable and unstable (sloshing) regions.
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FIG. 12. Phase diagram of the dimensionless forcing amplitude, A/R, versus the frequency ratio,
s/ (2w o), showing the stability boundaries in the vicinity of twice the fundamental sloshing eigenfrequency
w1 for a fill ratio of H;/D = 0.50. Marker size highlights the sloshing-induced mixing intensity, J;, quantified
through the overall modal energy of the first thirty mPOD modes. Uncertain regions are indicated using
the hatched rendering. For each cluster, the medoid’s highest-energy spatial structure, ¢,, is displayed: Cy,
stable free-surface; C;, low-amplitude longitudinal motion; C,, longitudinal mode m = 1; C;, wave-breaking
longitudinal mode m = 1; C4, mixed high-order dynamics; and Cs, longitudinal mode m = 3. The spatial modes
are shown using individual zero-centered symmetric diverging color scales, with limits set by the maximum
absolute amplitude of each mode. Parametric-resonance predictions based on the Mathieu equation, in both the
undamped (£, o = 0) and damped (¢, o = 0.004) cases, are represented by the neutral-stability boundaries.

Classical results [26,29] show that viscous dissipation sets a critical excitation amplitude below
which the free surface remains stable, in agreement with the present dataset. A marked increase in
wave amplitude, captured here by cluster C;, occurs only for As/R 2 0.1 (Af 2 6.7 mm). Overall,
the predicted instability envelope aligns closely with the experimental classification, with most
Co (stable) points lying outside the Mathieu unstable region. The physics-informed framework
therefore reinforces the consistency of the regime map, even though the Mathieu model—with only
linear damping—slightly underpredicts the excitation amplitude required for instability.

Figure 13 presents the iteratively refined regime map for the fill ratio H;/D = 0.67 & 0.04.
Convergence was reached after six iterations, with an ARIT history {0.64, 0.77, 0.93, 0.88, 1.00}.
The experimental set contained Ny, = 66 points spanning A¢/R € [0.02, 0.58]. Only five distinct
regimes were identified, leading to a reduced prototype set (np = 5). The resulting clusters primarily
capture stable free-surface dynamics (Cy) and the fundamental longitudinal mode (m = 1,n = 0)
excited near twice its natural frequency (w; o ~ 7.12rads™!).

The damping ratio for this fill level was estimated as ;o &~ 0.015 4 0.002, representing an
increase of 275% relative to H;/D = 0.50. This confirms that damping increases for H;/D > 0.5,
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FIG. 13. Same as Fig. 12, but for a fill ratio of H,;/D = 0.67. Five sloshing regimes are identified: Cy,
stable free-surface response; C;, longitudinal (m = 1) sloshing; C,, breaking (m = 1) sloshing; C3, higher-
order (m = 4) sloshing; and C,, mixed higher-order dynamics. The neutral-stability boundaries are overlaid to
indicate the parametric-resonance region.

influenced by the dome cavities and curved sidewalls (Table I). This trend aligns with previous
observations for spheroidal tanks, where damping exhibits a nonmonotonic dependence on fill level
and reaches a minimum near the point of maximum interface area [64,78,80]. In contrast, canonical
upright geometries (cylindrical or rectangular) typically show a leveling-off of the damping ratio
beyond a critical fill height, allowing for fixed, dimensionless correlations based on the Galileo
number [78,79]. The present findings therefore deviate from these classical trends, potentially
indicating additional dissipation mechanisms induced by the complex wall curvature of horizontal
tanks.

Clusters C; and C, capture two amplitude levels of the fundamental longitudinal mode. Points
near the critical forcing fall in C;, displaying finite-amplitude oscillations with moderate wave
heights. At high fill levels, the reduced ullage volume confines the free-surface motion and enhances
interfacial exchange, leading to a rapid rise in mixing between 0.1 < Ay/R < 0.2, after which
saturation occurs, as indicated by the mixing metric /; (marker size). Cluster C, corresponds to
strong wave-breaking at the domes with jet launches. Although these two regimes could be merged,
they are kept distinct to capture the onset of breaking, which the mixing metric /; alone does not
fully reveal. This separation is important in nonisothermal applications where breaking drastically
affects thermodynamic behavior, causing rapid pressure fluctuations or ullage collapse [12,81], and
can enhance local evaporation when liquid impacts superheated walls [82].

A noteworthy transitional point appears at Ay/R = 0.09 and w;/(2w; ) = 1.00, where the
enlarged marker indicates elevated activity relative to surrounding Cy points. Its location near the
cluster boundary reflects its borderline character. Conversely, the smallest-amplitude case in C;
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FIG. 14. mPOD modes ¢, ,, temporal coefficients ¥, ,, and spectra |17/1,2| for C4 at H;/D = 0.67 (see
Fig. 13).

occurs at Ay /R ~ 0.13, slightly above the threshold for H;/D = 0.50, suggesting that finer sampling
would help resolve the transition.

Higher-order responses appear in clusters C3 and Cy4 (right panel of Fig. 13). Cluster C; features
a triple pulsating jet with five antinodes at x/L = 0.5, £0.25, and 0, corresponding to an m = 4-
type pattern. This occurs at the map extremity under the same forcing conditions that activated the
m = 3 mode at H;/D = 0.50 (Fig. 12). The emergence of this m = 4 regime is consistent with the
leveling of the corresponding natural frequency at high fill ratios (Sec. A, Fig. 17). Sparse sampling
athighAy/R for wy /(2 wy,9) > 1.15, owing to acceleration limits of the shaking table, prevented us
from fully capturing the transition between the m = 4 response in C; and the longitudinal (m = 1)
responses in C;, where time-modulated dynamics are expected.

Within 1.03 < ws/(2wi ) < 1.13, cluster C4 represents a transitional band between stable
dynamics and the pure (m = 1) response. This region, delineated by dashed uncertainty contours,
shows transverse motion with residual (m = 3) longitudinal content in the dominant spatial mode
¢,. To clarify the dynamics, Fig. 14 presents the temporal coefficients and spectra of the first
two spatial modes (the third mode being dominated by noise). The medoid exhibits similarities
to prototype pe [Fig. 8(c)], but without temporal modulation; instead, the system settles into a
limit-cycle oscillation.

Finally, the weighting strategy in the physics-informed classifier (Sec. V D) proves effective: the
resulting boundaries align closely with the inviscid Mathieu prediction, as points in clusters Cj, C,,
and C, fall near the analytical instability envelope. This agreement is remarkable given the geometric
complexity of the tank, although the Mathieu model with linear damping still slightly underpredicts
the excitation level required for instability.
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FIG. 15. Same as Fig. 12, but for H;/D = 0.40 £ 0.04, with the data subdivided into three clusters: Cy,
stable free-surface dynamics; C,, longitudinal mode m = 1; and C,, moderate-amplitude longitudinal motion.
Parametric resonance, computed from the inviscid and viscous Mathieu equations, is shown through the
corresponding neutral-stability boundaries.

Figure 15 shows the final regime map for H;/D = 0.40 £ 0.04, initialized using three pro-
totypes (np = 3, p; = p3). Convergence was reached after five iterations, with an ARI history
{0.67, 0.65, 0.96, 1.00}. Compared to the higher-fill cases, the range of observed dynamics is
markedly reduced, with stable free-surface behavior (Cy) dominating most of the parameter space.
The narrowing of the instability region is evident, particularly when contrasted with the map at
H;/D = 0.67. This contraction results from the overall reduction in natural frequencies, experimen-
tally determined as @; o ~ 5.32rads~!. The associated instability regions for higher modes also
shrink and separate more distinctly in the forcing space, leading to weaker modal interactions. Con-
sequently, higher-order responses—previously observed for ws/(2w ) > 1.15 at H;/D = 0.50
and for wy/(2w1,0) > 1.10 at H;/D = 0.67—do not arise within the explored range for this lower
fill level.

The critical excitation amplitude appears near Ay/R > 0.14 (Ay > 9.4 mm), indicating that
reduced liquid depth increases bottom-wall viscous dissipation and damping, thereby delaying the
onset of parametric instability. This observation reinforces the need for a focused investigation into
viscous dissipation mechanisms in horizontal geometries, as current literature offers limited insight
into their influence in these conditions.

Cluster C; captures the longitudinal response and occupies the Mathieu-unstable region. At
this fill ratio, the camera provides a top-view observation of the interface, introducing nonnegli-
gible three-dimensional effects that were minimal at H;/D = 0.50 and H;/D = 0.67. Cluster C,,
appearing at larger forcing amplitudes (Ay/R > 0.38) and 1.00 < wy/(2w;,0) < 1.07, displays
pronounced sloshing absent from the other classes. Its dynamics resemble prototype ps [Fig. 8(b)],
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FIG. 16. mPOD modes ¢, ,, temporal coefficients ¥, ,, and spectra |?/1.2| for C, at H;/D = 0.40 (see
Fig. 15).

characterized by an m = 2 structure with a secondary m = 1 component, producing a mixed-mode
longitudinal response. The corresponding medoid spatial modes, temporal coefficients, and spectra
are shown in Fig. 16 for further clarification.

Overall, the regimes identified in Figs. 12—15 follow the classical behavior of parametrically
excited (Faraday) waves. As shown by Benjamin and Ursell [29] and Brand and Nyborg [26],
finite onset amplitudes arise from dissipation, while the ideal Mathieu model predicts infinitesimal
excitation [1]. Consistent with these studies, the present maps exhibit the characteristic rounding of
the instability tongues due to viscous and geometric effects [32,40].

However, across all three fill levels, the bottom portion of the region predicted unstable by
the viscous Mathieu solution remains experimentally stable. Several factors may contribute to this
discrepancy. One possibility is the presence of additional dissipation mechanisms under parametric
forcing—such as amplitude-dependent viscous losses or weak nonlinear damping (with modal
interaction) or contact-line hysteresis—not captured by the linear free-decay estimate. Yet, this
explanation appears unlikely here, since the waves in this region have small amplitudes and therefore
one might expect limited nonlinear content.

Another plausible explanation is that, within this band, the growth rate of the instability is
extremely small, such that wave amplification does not become observable within the duration
of the experiments. Nevertheless no appreciable growth trend was detected in the leading modal
coefficients, indicating that—if an instability exists—its amplification is either too slow to emerge
or effectively absent under the tested conditions. The discrepancy therefore likely reflects the
combined effect of very slow (or null) parametric amplification and the simplified nature of the
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viscous Mathieu model, which does not capture subtle geometric or weakly nonlinear effects that
may further stabilize the free surface near the stability threshold.

VII. CONCLUSIONS

This study experimentally investigated the dynamics of vertically driven sloshing in a horizontal
cylindrical tank under gravity-dominated conditions. The primary objective was to construct a
dimensionless sloshing regime map and identify the boundaries between distinct flow regimes near
twice the first longitudinal natural frequency, w; o - the principal zone of parametric instability. The
results were expressed in nondimensional form using the relevant scaling laws.

Experiments were conducted at the von Karmdan Institute’s SHAKESPEARE facility using a
horizontal cylindrical tank with spherical end caps and aspect ratio L/R = 5.0. Demineralized
water was used as the working fluid, and liquid fill ratios in the range H;/D € [0.40, 0.67]
were explored over A¢/R € [0.02, 0.62], Afwjzf/g €[0.02, 0.94], and ws/(2w0) € [0.87, 1.20].
This parameter sweep revealed a rich spectrum of interfacial behaviors near the primary
resonance.

A data-driven methodology was introduced to construct semi-supervised regime maps by inte-
grating unsupervised clustering and nonlinear classification within a reduced-order representation
of the interface dynamics. The approach relies on a multiscale Proper Orthogonal Decomposition
(mPOD) of stabilized high-speed image sequences to extract frequency-resolved modal features,
which are then grouped into representative prototypes and classified using a physics-informed SVM.
This framework provides a physically interpretable mapping of sloshing behavior linked directly to
the Mathieu stability analysis.

Across the tested conditions, the system exhibited transitions from stable waves to pure and
mixed longitudinal modes, with oscillation amplitudes ranging from weakly nonlinear to pro-
nounced wave breaking. Experiments confirmed that a finite excitation threshold is required to
reach these regimes, consistent with the viscous Mathieu formulation. However, the experimentally
observed thresholds were significantly higher than those predicted by the viscous model. This
underprediction likely arises from effects not captured by the linear damping inherent to the
Mathieu equation, such as extremely slow subharmonic growth rates, weak nonlinear dissipa-
tion, and modal interactions. These mechanisms effectively raise the practical stability threshold,
delaying—or suppressing—the onset of parametric amplification within the experimental time
window.

At higher fill levels (H;/D = 0.50 and 0.67), the dynamics became increasingly intricate due
to competition between longitudinal modes. Mixed-mode responses emerged from the interac-
tion between subharmonic and harmonic instability tongues associated with different sloshing
modes, producing transitional regimes with amplitude modulation and intermittent switching.
These behaviors are consistent with nonlinear coupling, in which energy is exchanged among
near-resonant modes. The results indicate that, beyond the principal subharmonic resonance,
higher-order mode interaction is a key factor governing sloshing behavior at elevated fill ratios.
Within the explored parameter space, the resulting regime map captures the dominant and recur-
rent sloshing behaviors and provides a consistent organization of the observed flow responses.
Regions associated with higher-order interactions and transitional dynamics remain only partially
resolved in the present dataset, and future work could extend the analysis to additional natu-
ral frequencies and secondary resonance bands, further refining the boundaries of the identified
regimes.

Overall, this study demonstrates a methodology for mapping sloshing regimes directly from high-
speed image data through a combination of modal decomposition and data-driven classification.
The resulting maps identify regions of stable behavior, large-amplitude longitudinal motion, and
mixed-mode dynamics, providing a structured view of the flow response in the vicinity of the
primary parametric resonance. The occurrence of wave breaking and mode interactions highlights
conditions under which sloshing can significantly enhance mixing and alter the internal state of
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the fluid. The regime maps therefore provide a practical framework for anticipating the dominant
sloshing response under given excitation conditions and for informing the design of active and
passive sloshing-mitigation devices.
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APPENDIX: ANALYTICAL SOLUTIONS FOR FUNDAMENTAL SLOSHING MODES
IN HORIZONTAL CYLINDRICAL TANKS

A first-order approximation of the natural frequencies for sloshing modes (m, n) was obtained
using the methodology of Hasheminejad and Soleimani [48]. This approach models the tank as a
perfectly rigid, finite-length, horizontal cylinder with rigid end plates, partially filled to an arbitrary
depth. The analysis assumes the fluid is inviscid, incompressible, and irrotational, so the velocity
potential satisfies the Laplace equation. The dynamic and kinematic boundary conditions at the
free surface are linearized. Separation of variables and application of Graf’s translational addition
theorem reduce the problem to an eigenvalue system for determining the natural frequencies.

Figure 17 presents the lowest set of modal frequencies for our tank with R = 67.25 mm and
aspect ratio L/R = 5.0. These frequencies are determined by interpolating tabulated eigenval-
ues (£2) between L/R = 3.0 and L/R = 6.0 at fill level ratios H;/D = 0.25, H;/D = 0.50, and
H;/D = 0.75.

Near twice the fundamental frequency fi o, higher-order branches converge. This convergence
results in significant overlap across various fill ratios, increasing the likelihood of modal coupling.
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