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Mach reflection in axisymmetric internal supersonic flow
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Mach reflection (MR) of axisymmetric internal shocks in a steady supersonic flow is
studied analytically and numerically in this paper. An analytical model, developed from a
recent planar model and based on the curved shock theory and the method of curved shock
characteristics, is utilized in the investigation. The presence of a center body as the unique
geometry component in axisymmetric internal flow has been included. The comparison
with numerical simulations shows that the primary flow configurations of axisymmetric
internal shock MRs can be accurately predicted. By utilizing the analytical model, the
shape of the slip line and the size of the Mach disk are studied. An in-depth analysis was
conducted on the phenomenon where, at a specific wedge angle and with a sufficiently
small outlet radius, the interference between the trailing-edge expansion fan and the slip
line occurs downstream of the sonic throat, resulting in the size of the Mach disk being
independent of the outlet radius. It is indicated that the formation of the sonic throat
without relying on the trailing edge expansion fan is attributed to the negative pressure
gradient that arises behind the reflection shock. Such pressure gradients are related to slip
line deflection, with flatter slip lines implying greater negative pressure gradients being
generated. Thus, the independent formation of the sonic throat is more feasible when the
wedge angle is small enough, where the triple point is close to the von Neumann criterion
and the deflection of the slip line is slight.

DOI: 10.1103/rbtm-hhcc

I. INTRODUCTION

Shock reflection is a fundamental phenomenon which exists widely in supersonic and hypersonic
flows. Since Mach [1] experimentally observed two types of reflection configurations, known as
regular reflection (RR) and Mach reflection (MR), the phenomenon has been extensively studied in
terms of flow mechanisms and transition criteria [2]. The two configurations in steady supersonic
flows are illustrated schematically in Fig. 1. The supersonic incoming flow M, is compressed by a
wedge (w) with a deflection angle of §,,, producing an incident shock wave (i) that exhibits a shock
angle 6;. For the RR configuration [Fig. 1(a)], the incident shock intersects the reflecting surface at
point G, creating a reflected shock wave (7). In MR [Fig. 1(b)], the Mach stem (), which is a strong
shock, stands between the incident shock and the reflecting surface, with the foot perpendicular to
the reflecting surface. The reflected shock is emitted from the intersection of the incident shock and
the Mach stem and therefore, this point is commonly referred to as the triple point 7. Since the
flow velocity behind the reflected shock deviates from that downstream of the Mach stem, a slip
line appears downstream of the triple point. At the trailing edge of the wedge, an expansion fan (e)
forms in both configurations and interferes with the reflected shock.
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FIG. 1. Schematic illustration of (a) RR and (b) MR.

The transition criteria between RR and MR configurations have been discussed for several
decades until von Neumann [3,4] proposed the mechanical equilibrium criterion (also referred to
as the von Neumann criterion) and the detachment criterion. The von Neumann criterion establishes
the minimum angle 6y for the incident shock to theoretically result in MR, while the detachment
criterion determines the maximum shock angle 6, for RR to exist. Since 6y is smaller than 6y for
the same M, a dual solution domain emerges between the two criteria. In the dual solution domain,
both reflection configurations are possible, and their occurrence depends on the establishing history
of the flow field [5-7]. Moreover, although RR and MR can remain stable within the dual solution
domain, they can transition from one state to the other when a disturbance of a certain threshold
level is applied [8-10].

As the most distinctive feature of the MR configuration, the size of the Mach stem has always
been a major research subject. Over the years, several analytical models have been developed to
predict the Mach stem height in steady flows with increasing accuracy. Early works [11,12] modeled
the flow behind the Mach stem as an isentropic quasi-one-dimensional converging nozzle, which is
still widely used to this day. Furthermore,they assumed sonic flow occurs at the throat, positioned
where the leading expansion wave intersects a linear slip line, with subsonic flow accelerating to
sonic speed there. To address the limitations of this assumption, Li and Ben-Dor [13] made some
improvements in subsequent research by considering the interactions of the reflected shock and the
slip line with the expansion fan. Their analytic model accounts for slight curvature in the reflected
shock, the slip line, and the Mach stem, and allows the sonic throat to occur downstream of the
leading expansion wave. Since then, further research has been conducted to refine the modeling
[14-16] and extend it to more complex flows [17-20].

Despite some efforts to extend the use of analytical models to relatively complex flow scenarios,
the studies mentioned above are still restricted to planar flows. In recent times, there has been
a growing interest in axisymmetric internal flows [21,22], particularly with the advancement of
three-dimensional inward-turning inlets [23,24]. Early work showed that axisymmetric internal
shocks intensify toward the symmetry axis due to intrinsic effects of flow convergence [25-27].
The shock angles have been proven to inevitably exceed the detachment criterion, leading to an MR
structure [28,29]. This shock intensification and convergence cause nonuniform flow behind the
incident shock. Moreover, it has been observed that in axisymmetric shock MRs, the sonic throat
can occur upstream of the expansion fan when the wedge angle is small [30]. These relatively
complex flow regimes present a challenge for flow field modeling and analysis of associated
flow features. Ferri [31] used the method of characteristics (MOC) to predict supersonic flow
downstream of axisymmetric shocks, estimating the subsonic region size by extrapolating the
shock geometry. Isakova et al. [32] developed a nonlinear theory to investigate weak incident
shock amplification and estimate the Mach-disk radius based on free stream Mach number and
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FIG. 2. Schematic diagram of a supersonic axisymmetric internal flow.

wedge angle. However, this estimation approach may have limitations as it does not account for the
influence of downstream flow. Shoesmith and Timofeev [33] investigated via numerical simulations
the hysteresis phenomenon in shock reflection structures with varying center body. Subsequently,
they [34] created an axisymmetric MR model using MOC and a quasi-one-dimensional flow
assumption, studying the expansion fan’s effect on MR configurations. Nevertheless, their model
did not account for the presence of a center body, nor explore the fundamental mechanism governing
the formation of a sonic throat independently of the expansion fan. In their most recent work [35],
they further extended this model to include a center body and, using this model together with
numerical simulations, explored the hysteresis behavior of RR and MR as the center-body height
varies.

Building on previous work, this paper extends the analytical model for planar shock MRs of
Zhang et al. [19] to axisymmetric internal flows. The model also incorporates a center body to
investigate the detailed flow structures, with a primary focus on revealing the formation mechanism
of a sonic throat that can occur independently of the trailing-edge expansion fan, along with
other flow features such as the slip line shape and Mach disk size. The analytical model and
numerical methods of computational fluid dynamics (CFD) are introduced in Sec. II. In Sec. III,
model predictions are compared with numerical simulations and then applied to analyze these flow
features. Finally, conclusions are summarized in Sec. I'V.

II. ANALYTICAL MODEL AND NUMERICAL METHODS FOR AXISYMMETRIC
INTERNAL SHOCK MRS

This section begins by examining the distinct features of supersonic axisymmetric internal flows
and their associated shock reflection phenomena (Sec. I A). In response to these new features, we
present an analytical model suitable for axisymmetric internal shock MRs in Sec. II B. The proposed
model is extended from the model of Zhang et al. [19] for planar curved shock MRs. Then the
numerical methods utilized in this study are introduced in Sec. I1 C, along with a grid convergence
analysis. Throughout this paper, p, p, V, M, §, 8, and y denote the pressure, density, velocity, Mach
number, flow deflection angle, shock angle, and specific heat ratio of the gas, respectively.

A. Overall features of axisymmetric internal flow

Figure 2 schematically displays the geometry of a supersonic axisymmetric internal flow induced
by a ring wedge, which is shaded in gray. The three-dimensional view is intended to illustrate the
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flow patterns of axisymmetric flow, with only the incident shock (the red surface) depicted to pro-
mote clarity. The shock configurations related to reflection will be presented in a two-dimensional
view in Sec. IIB. In the figure, the x, y, and ¢ axes denote the directions of axial, radial and
circumferential, respectively. dg represents a circumferential differential element, and the blue lines
within the element depict the streamlines. As observed, in axisymmetric flows, circumferential
compression arises from geometric continuity requirements. As a fluid element approaches the
symmetry axis along radially converging streamlines (Fig. 2), its fan-shaped appearance results
from the azimuthal narrowing of the flow channel—where the same angular width (d¢) spans a
smaller arc length (ds = rdg) as radius r decreases. This compresses the element kinematically,
as mandated by mass conservation [36,37]. Conversely, radial divergence causes circumferential
expansion.

In axisymmetric internal flows, the incident shock will deflect the free stream toward the axis
of symmetry. Consequently, a circumferential compression occurs along the streamline behind the
incident shock, leading to a pressure increase and the generation of the so-called convergence effect.
This convergence effect results in some distinct features of axisymmetric shock MRs compared to
planar ones. First, the incident shocks in axisymmetric flows continuously intensify as they develop
downstream, with the post-incident shock flows displaying significant nonuniformity even when
the wedge is straight in the flow plane. This complexity of the flow fields is greater than that of
planar flows, wherein a straight wedge produces a linear incident shock followed by a uniform
flow field. The nonuniformity of axisymmetric flows may be the fundamental reason that the sonic
throat can form without relying on the presence of the trailing-edge expansion fan. Second, due to
the convergence effect, MR inevitably occurs over the axis of symmetry for axisymmetric internal
shocks [28,29]. Therefore, in the design of axisymmetric internal flows, a cylindrical center body
aligned along the axis is often used to prevent shocks from converging on the axis. A typical example
is the basic flow field of an inward-turning inlet [24]. Without this design feature, the resulting
Mach stem can cause considerable total-pressure loss and extensive subsonic flow, which reduces
the compression efficiency of the flow field and may even lead to flow instability. Considering that
the convergence effect is influenced by the distance to the symmetry axis, the radius of the center
body must be regarded as an independent variable. This fact also contributes to the differences
between axisymmetric and planar flows, as in planar flows, the lifting of the reflecting surface
can be equivalent to a reduction in the area of the outlet (or an increase in the length of the
wedge).

Despite the presence of circumferential compression, the axisymmetric flow remains two-
dimensional within each flow plane (i.e., the x-y plane). Therefore, for the rest of this paper, all
of the analysis and calculations will be conducted in the x-y plane, based on the two-dimensional
Euler equations.

B. Modeling for axisymmetric internal shock MRs

This subsection will detail the analytical modeling approach for axisymmetric internal shock
MRs. Figure 3(a) presents a schematic illustration of the shock configurations on the x-y plane. In
the diagram, the axis of symmetry is denoted by the dash-dotted line, and the shaded area above it
represents the center body. The compression surface of the ring wedge (w), in this paper, is straight
within the flow plane and features a compression angle of §,,. The inlet radius Ry is defined as the
distance from the leading edge of the wedge to the symmetry axis, and the outlet radius R, as the
distance from the trailing edge to the axis. The radius of the center body is R..

As illustrated, the axisymmetric internal MR flowfield contains components analogous to planar
cases: incident shock (i), reflected shock (r), Mach disk (m), slipline (s), and expansion fan (e).
The shocks and slipline that intersect at the triple point (7)) divide the flow field into four regions
[regions (0)—(3)]. While regions (1) and (2) remain supersonic, region (3) downstream of the Mach
disk acts as a de Laval nozzle, accelerating flow from subsonic to supersonic through the converging-
diverging slipline. The horizontal point of the slipline defines the sonic throat (¢), with its radius R,
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FIG. 3. (a) Schematic illustration of axisymmetric internal shock MRs on the x-y plane; (b) and (c) solution
approaches for different regions in the flow field based on the MOCC.

being the minimum distance to the reflecting surface. The distance from the triple point T to the
reflecting surface is denoted as the Mach-disk radius R,,,.

Axisymmetric internal conical shocks typically exhibit complex bi-directional curvature, result-
ing in highly nonuniform postshock flows. To address these challenges in solving the supersonic
flow field, the curved shock theory (CST) described by Molder [38] and the method of curved
shock characteristics (MOCC) of Shi et al. [39] were employed, as established in our prior work
[19]. CST establishes the relationship between shock curvatures and the flow gradients across
the shock. MOCC utilizes post-shock flow gradients to solve the downstream supersonic flow
field along streamlines and characteristics. Notably, the solution in region (2) is coupled with
the quasi-one-dimensional isentropic flow equations in region (3), as both share the slip line as
a common boundary. The remainder of this subsection will detail the solution methodology for each
region.

First, Fig. 3(b) presents a schematic of the MOCC applied to the incident shock and the flow
region (1) behind it. The thick line represents the incident shock wave (i), and the thin line represents
the streamlines (s) and the right-running characteristics (/-). The expansion wave at the trailing edge
point aligns with the right-running characteristics emitted from that point. In the calculation, the flow
parameters upstream and downstream of the incident shock satisfy the classical shock relations.
Based on this, Molder [38] derived the relationship between the flow gradients upstream (subscript
0) and downstream (subscript 1) of the shock by differentiating these shock relations, known as the
curved shock equations,

Ao,iPy + Bo,iDo + Eo; o = Ay;P1 + By,;D1 + CiSa,i + GiSpi,
0.iPo + By ;Do + Eg ;Lo = A} ;P1 + B} Dy + CjSai + GSp.,
AgPo+ B Do+ Ey,To =AY ;P + B ;D + E{ ,T'1 + C/'Sai + G/Sp. (D
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where P, D, and I represent the normalized pressure gradient, streamline curvature, and normalized
vorticity,

P Bp/as’
pV?

S, and S, are shock curvatures in the flow plane and flow-normal planes, respectively. Specif-
ically, S, is defined as the derivative of the shock inclination angle along the shock, 96;/dc. In
axisymmetric flows, S, is given by — cos 6/y, a quantity that increases as the shock approaches the
axis. In planar flows, S, is identically zero. The coefficients A, B, E, C, and G are dependent on
the flow parameters provided by shock relations and can be found in [38]. The curved shock equa-
tions allow for the calculation of the post-shock flow gradients Py, D, and I'; once the free stream
conditions and shock geometry are determined. These gradients reveal the convergence/divergence
of flow, but only tenable within close proximity to the shock. The propagation of disturbances along
the characteristics enables the analysis of the flow field further downstream. At every point in a
supersonic flow, three characteristic directions exist: the characteristics /. and [_, along with the
streamline s. To obtain the flow parameters away from the shock, Shi et al. [39] derived the following
MOCC equations along characteristics and streamlines,

D =208/0s, T'=w/V. 2)

d 45 Dsinu =P .
—p—pVZ(PcosM:FDsinu)zo, ds§  DsinpF Pcosp ijsm sine _

dly dl tan y

d dé v d d d

P_vip=0, L _p=0, pwL4L_py L_YPEL_, 3)
ds ds ds ds ds p ds

In the equations, u refers to the Mach angle arcsin(1/M), which represents the angle between
the streamline and characteristics. The variable j takes on the value of O in planar flow and 1
in axisymmetric flow. Compared to the general method of characteristics, MOCC simplifies the
iteration procedure by utilizing just one characteristic line and one streamline to solve the equations.
For the internal flow, the equations are solved in the streamline and right-running characteristic (s,
[_) coordinates, as shown in Fig. 3(b).

Following the same approach, the flow parameters and gradients downstream of the reflected
shock and the Mach stem can be determined using the curved-shock equations. This then allows
the flow fields in regions (2) and (3) to be resolved. As illustrated in Fig. 3(c), regions (2) and
(3) are separated by a slip line, which is essentially a streamline passing through the triple point.
Therefore, region (3) is basically an annular stream tube enclosed by the surface of the center body
and the slip line, and can effectively be considered a quasi-one-dimensional isentropic flow. Once
the cross-sectional area of the stream tube is determined, the flow Mach number and pressure at the
corresponding cross-section can be obtained according to the following one-dimensional isentropic
flow equation,

A _Mn { 1+ [(y — 1)/21M> }”*”/Z(V” 1+ [(y — 1)/21M> }W“ W
Aw M L 1+1(y — D/2IM;, " P {1+[(y —1)/21M2,

Here, M,, and p,, are the average Mach number and pressure immediately downstream of the
Mach stem and can be calculated by performing a weighted integration based on the local mass
flow rate. The shape of the Mach stem is modelled as a fourth-order polynomial using Taylor series
expansion, which is based on its inclination angle and curvature at the triple point 7, as well as
features perpendicular to the reflecting surface at the foot G [40]. A,, represents the projection area
of the Mach disk in the direction of the incoming flow, while A represents the cross-sectional area
of the stream tube. These two areas can be calculated using the following formulas, respectively,

Am = n[(Rm + Rc)2 - Rz]’ A= T[(yf - Rz)’ (5)

where y; represents the y coordinate of a point on the slip line. According to Egs. (4) and (5), once
the coordinates of a point on the slip line are known, the corresponding pressure can be determined.
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Hence, the slip line can be regarded as a “soft boundary” with a given pressure distribution. With
the known pressure distribution and flow parameters of region (1), the MOCC can be applied to
solve for the reflected shock wave and the corresponding post-shock flow field (region 2), which is
an external flow with a nonuniform incoming flow. Therefore, the MOCC equations (3) are solved
in the streamline and left-running characteristic (s, /) coordinates, as shown in Fig. 3(c).

The above process describe the solution approach for the entire MR flow field on the premise that
the triple point position (or the Mach-disk radius) is clear. Nevertheless, in practice, the location of
the triple point T is initially unknown and may occur at any position on the incident shock, as long
as the local shock angle 6; is greater than the von Neumann criterion 6. For planar concave incident
shock, the triple point can even appear where the shock angle is less than 6y, as inverse MRs are
possible [19]. Therefore, the upcoming objective is to determine the Mach-disk radius, using the
sonic throat criterion as the basis for computation. To perform the calculation, the first step is to
assume an initial radius R}, for the Mach disk, from which an initial position for the triple point
is obtained. Following from this, the flow parameters for the complete flow field, as well as the
shape of the slip line, can be derived using the CST and MOCC. Meanwhile, the projected area
A’ of the Mach disk can be determined by Eq. (2) with the estimated Mach-disk radius R},. Then,
the corresponding sonic throat area A} can be calculated by utilizing the following one-dimensional
isentropic flow equation,

—M
+2 m

A_;kn_ 1 (1 y_1_2>(1/+1)/2(y1)
AF M, '

(6)

where M,, represents the average Mach number immediately behind the Mach disk. Typically, the
sonic throat appears at the narrowest section of the flow passage, which is located at the lowest point
of the slip line. Therefore, the next step involves verifying whether the minimum area between the
slip line and the center body is equal to A}. If it is not, then the value of R}, should be adjusted, and
the entire set of steps detailed above must be reiterated until a converged R, value is achieved.

The process described above is applicable not only to internal axisymmetric shock MRs induced
by wedges with straight generatrixes but also to the cases with curved generatrixes. However, since
this paper primary examines the impact of circumferential compression on the flow configurations,
the following analyses are conducted with straight wedges as examples to increase concision.

C. Numerical methods and grid convergence analysis

The numerical simulations carried out in this paper are conducted using the open-source program
AMROC (Adaptive Mesh Refinement in Object-Oriented C + + [41]) [42,43], which improves
the calculation efficiency with a high grid resolution. The axisymmetric two-dimensional Euler
equations for an ideal gas are solved using the finite-volume approach. The air is assumed to
be a calorically perfect gas with a constant specific heat ratio y of 1.4. A hybrid Roe-HLL
Riemann solver and dimensional splitting are utilized to calculate the convective fluxes. To prevent
the carbuncle phenomenon intrinsic to Roe schemes, a multi-dimensional entropy correction is
employed [44]. A second-order-accurate Runge-Kutta scheme is used to integrate the additional
terms arising from axial symmetry as right-hand side sources in a Strang splitting approach. The
MUSCL-Hancock approach with Minmod-limiter in conservative variables is applied to obtain a
method of overall second order accuracy [42].

Figure 4 illustrates the computational domain and the boundary conditions used in the simula-
tions. The dash-dotted line represents the centerline of rotation of the axisymmetric flow field. The
upper surface of the center body, which functions as the reflecting surface, is the lower boundary of
the computational domain. The key geometric parameters of the model, including the wedge angle
S, inlet radius Ry, outlet radius R,, and center body radius R., are indicated in the figure for clarity.
In the calculations, a supersonic inflow condition is applied to the left boundary, where a free stream
Mach number M, is specified. The slip boundary condition is used on the upper boundary and the
lower boundary. The outflow boundary is extrapolated from the interior under the assumption that
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FIG. 4. Computational domain and boundary conditions, as well as the adaptive mesh refinement for the
calculation of axisymmetric internal shock MR using AMROC.

the derivatives of all flow parameters are zero. For a precise simulation outcome, this paper utilizes
a refined mesh, to which three levels of adaptive mesh refinement by a factor of 2 are applied.
The adaptive mesh refinement for the calculation of axisymmetric internal shock reflection using
AMROC is also illustrated in Fig. 4. The mesh near the triple point is enlarged for clarity. The grid
adaptation is triggered by a discontinuity detector, similar to the Minmod-limiter function, that is
applied in pressure only.

To verify the grid resolution, a representative case (My = 4, §,, = 15°, R./Ry = 0.7, R. /Ry =
0) was simulated with two different grid scales (750 x 300 and 1500 x 600), as shown in Fig. 5.
In the simulations, the Courant-Friedrichs-Lewy (CFL) number was set to 0.7. The computation
was conducted for a total nondimensional time of t = 14.95Ry/ay to ensure the convergence, with
results at t = 8.97Ry/ay are included to demonstrate the sufficiency of this computational time. It
is observed that although localized flow oscillations (e.g., those near the slip line) can not fully
converge in this unsteady simulation, the main shock structures have reached a steady state. This is
further supported by Fig. 6, which shows the convergence of the normalized Mach-disk radius over
time. It can be observed that as the computation proceeds, the Mach-disk radius gradually stabilizes,

750x300 1500x600
®) 1

0.8 t=8.97Ry/ay 08k t=8.97Ry/ay
< 0.6F 0.6+
=04 04+t
0.2 02}
0L 0L
0 05 i I3 2 2.5 0 05 i [ 2 2.5

d

t=14.95Ry/a, 08F

t=14.95R/a,

o 06 0.6F
=04 0.4F
02 02f
0% 03 i T3 2 25 0% 03 i T3 2 2.5
X/R, X/R,

FIG. 5. Mach number contours obtained with two grid resolutions and different computational times for
the case of My = 4,65, =15°,R,/Ry = 0.7, R./Ry = 0.
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FIG. 6. Convergence of the normalized Mach-disk radius in the simulation for the case of My, = 4,4, =
15°,R./Ry = 0.7, R./Ry = O.

confirming that a steady state has been reached. Furthermore, the primary flow structures are similar
and well-captured by both grids, albeit with slight differences in flow details. The Mach-disk radii
computed with the two grids are 0.2184 and 0.2186, with a relative difference of less than 0.5%.
These results demonstrate that the mesh density of 750 x 300 is accurate enough for simulations
and is consequently utilized throughout this paper.

III. RESULTS AND DISCUSSION

This section initially compares the flow configurations obtained from the analytical model
presented in Sec. II to the CFD results. After that, analytical calculations and numerical simulations
are combined to investigate the flow features. The formation mechanism of the sonic throat and the
influence of the center body on flow structures are emphasized.

A. Flow configurations

We begin by examining the overall flow structures of axisymmetric MRs. Fig. 7 compares
the analytical and numerical Mach number contours of the flow field for three cases (A-C),
whose parameter configurations are listed in Table I. The black solid lines represent the numerical
simulation results, while the red dashed lines correspond to the analytical calculation results. The
analytically calculated sonic throat is indicated by a blue line, while the sonic line from numerical
simulation is represented by green. In case A [Fig. 7(a)], the incident shock is reflected on the
symmetry axis since the center body radius is 0. The considerable compression angle of the wedge

TABLE 1. Parameter configurations for the three cases in Fig. 7.

Case no. M, 8y(deg.) R./Ry R./Ry
A 5 21 0 0.6
B 6 18 0.1 0.7
C 6 10.7 0 0.5
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FIG. 7. Comparison of the analytical and numerical results: (a)—(c) correspond to cases A—C in Table I,
respectively. The blue line denotes the analytical sonic throat, and the green lines represent the numerical sonic
lines.

results in a relatively larger Mach disk with a radius nearly half that of the inlet radius. As a result
of the upstream location of the triple point, the reflected shock is close to the trailing edge. If the
Mach disk continues to increase, the reflected shock will impinge upon the wedge surface, making
the flow field challenging to stabilize [13]. In case B [Fig. 7(b)], the center body radius R./Ry
has been increased to 0.1. The incident shock reflects over the surface of the center body and the
triple point is close to the leading expansion wave from the trailing edge. In both of the above
cases, the sonic throat occurs within the region influenced by the expansion fan, as expansion waves
can promote the formation of the throat. However, in case C [Fig. 7(c)], the sonic throat occurs
ahead of the expansion fan. This shows that in axisymmetric flow, the formation of a sonic throat
can occur independently of the expansion fan under certain conditions. Moreover, as observed in
Figs. 7(a)-7(c), the discrepancy between the sonic throat location predicted by the analytical model
and that obtained from numerical simulations increases as the Mach disk size decreases. This occurs
mainly because when the Mach disk is small, the variation in slip-line angle along the flow path is
also minor, making the sonic throat position more sensitive to small changes. Consequently, even a
slight deviation in the Mach stem height can lead to a noticeable shift in the sonic throat location.
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FIG. 8. Slope and curvature of the analytical slip line: (a) case A; (b) case C. Here, T denotes the triple
point, B is the intersection point of the first trailing-edge expansion wave with the slip line, and Q marks the
point where the slip line turns horizontal, indicating the location of the sonic throat.

To clarify the unique spatial relationship between the trailing-edge expansion fan and the sonic
throat in case C, Fig. 8 presents the analytical geometry of the slip line, where y, denotes the
vertical coordinate, 8, the inclination angle, and D, the curvature. The intersection between the
slip line and the first transmitted expansion wave is denoted as point B, while where the slip line
becomes horizontal (i.e., the sonic throat) is identified as point Q. The initial curvature of the slip
line at the triple point is negative. For case A, the curvature of the slip line remains negative until
it interferes with the expansion fan at point B, where the curvature undergoes a sudden increase
to a positive value, with the inclination angle beginning to rise rapidly. Under the influence of
the expansion fan, the slip line gradually deflects horizontally at point Q, where the inclination
angle becomes zero. At this particular location, the flow area between the slip line and the center
body (or the axis) is minimal, leading to a throat where the flow velocity is sonic. In both cases
A and B, point P is located downstream from point B. However, it is noteworthy that, in case C
[Fig. 8(b)], the sonic throat is formed before the expansion fan interferes with the slip line, leading
to point P being upstream of point B. In this scenario, the curvature increases rapidly to a positive
value well before the slip line intersects the transmitted expansion fan. This may be attributed
to expansion occurring downstream of the reflected shock in axisymmetric internal flows (see
Sec. III C for detailed analysis). Behind point Q, the slip line remains stable until it encounters
the first expansion wave at point B, after which it experiences a rapid upward deflection. The
flow between points Q and B is supersonic, which means that the expansion fan cannot affect
the formation of the sonic throat under this condition. Furthermore, it is worth noting that the
slip line undergoes slight fluctuations between points P and B, initially rising before decreasing.
It is conceivable that should the expansion waves continue to move downstream, the slip line
may continue to descend, giving rise to the formation of a second subsonic pocket and potentially
additional sonic throats, as observed by Ji et al. [30].

B. Mach-disk radius

Given that the size of the Mach disk is one of the most critical parameters in MRs, it requires
special attention. Table II provides a quantitative comparison between the analytical and numerical
normalized Mach-disk radii R,,/Ry under various freestream and geometric conditions. It can be
observed that the Mach-disk radius predicted by analytical calculations is slightly larger than that
measured from numerical results. Given that the incident shock and the post-shock flow field
calculated by the analytical model are nearly identical to those obtained from CFD simulations
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TABLE II. Mach-disk radii for various conditions.

Conditions R,./Ro
Case no. M, 8y (deg.) R./Ry R./Ry CFD Analytical
1 3 15 0 0.7 0.306 0.310
2 4 15 0 0.7 0.219 0.223
3 5 21 0 0.7 0.370 0.376
4 5 21 0 0.6 0.467 0.476
5 6 18 0.1 0.7 0.160 0.167
6 6 18 0.3 0.7 0.065 0.073
7 6 10.7 0 0.6 0.061 0.066
8 6 10.7 0 0.5 0.061 0.066

(as shown in Fig. 7), the discrepancy in Mach-disk size may be attributed to the one-dimensional
flow assumption and the fluctuations of the slip line. Nevertheless, the adequacy of the analytical
calculation is overall acceptable and can reveal the influence of the freestream and geometric
parameters on the size of the Mach disk. Notably, in cases 7 and 8, the Mach-disk radius remains
unchanged, despite the variation in outlet radius R, /R, (changing from 0.6 to 0.5). This phenomenon
is a direct result of the sonic throat forming upstream of the trailing-edge expansion fan, as noted
by Ji et al. [30], meaning that the area affected by the expansion fan is separated from the throat
by a supersonic flow region. Consequently, the formation of the Mach disk and sonic throat are
not influenced by the position of the trailing edge under these circumstances. In contrast, cases 3
and 4 demonstrate a significant influence of the outlet radius on the Mach-disk size. This occurs
because the first expansion wave that originates from the trailing edge hits the slip line before the
sonic throat, and therefore the expansion fan can impact the size of the Mach disk by facilitating the
formation of the throat.

Figure 9 further compares the Mach disk heights predicted by our analytical model with those
from the earlier work of Shoesmith and Timofeev [34], including both their analytical and numerical
results. The abscissa 6, in the figure is the initial incident shock angle, while the other parameters

03
Analytical (current)
t= = = Analytical (Shoesmith & Timofeev)
v CFD (Shoesmith & Timofeev)
02
SO
=
&
0.1 -
00 1 L 1 L 1 L 1 L 1
24 26 28 30 32
6, (deg)

FIG. 9. Comparison of Mach disk sizes predicted by our analytical model and the Shoesmith and Timofeev
model [34] with their numerical simulation results, for My = 3, [,,/Ry = 1, R./Ry = 0. The abscissa 6,, denotes
the initial incident shock angle.
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FIG. 10. Comparisons of the analytical Mach-disk radius with the numerical results for (a) varying wedge
angle 6,, at My =6, R./Ry =0, R,/Ry = 0.7; and (b) varying free stream Mach number M, at §,, = 12°,
R./Ry =0,and R,/Ry = 0.7.

are fixed at My =3, I,,/Ry = 1, and R./Ry = 0, where [,, denotes the length of the ring wedge.
It can be seen that the predictions of our analytical model are highly consistent with those of
Shoesmith and Timofeev, showing only minor discrepancies, and both are slightly higher than the
numerical simulation results. For larger Mach disk sizes, our predictions are slightly lower than
those of Shoesmith and Timofeev and closer to the numerical results. For smaller Mach disk sizes,
however, our predictions are slightly higher than theirs, resulting in a larger deviation from the
numerical simulations. These results further validate the accuracy of the present analytical model
across a wide range of incident shock angles.

Figures 10 and 11 provide a comparative analysis of the analytical Mach-disk radii and the CFD
results for axisymmetric shock MRs under a broader range of conditions. Figure 10 compares the
analytical Mach-disk radius with the numerical results for varying wedge angle §,, and free stream
Mach number My. The y coordinates of the points determined by the von Neumann criterion on
the incident shock are also plotted in the figure as dashed lines. Figure 10(a) exhibits results with
fixed conditions of My = 6, R./Ry = 0, and R, /Ry = 0.7, while Fig. 10(b) displays outcomes with
8y = 12°,R./Ry = 0, and R, /Ry = 0.7. The predictive results appear to be in good agreement with
the numerical simulation. Both the predictive and numerical results are lower than the position
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FIG. 11. Comparisons of the analytical Mach-disk radii with the numerical results for (a) §,, = 11° and 16°
at My = 6,R./Ry = 0; (b) §,, = 11°, 16° and 20° at My = 6, R,/Ry = 0.6.
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determined by the von Neumann criterion and exhibit an increasing departure as the wedge angle
increases and the freestream Mach number decreases. Figure 10(a) reveals that the Mach disk radius
experiences an almost linear growth as the wedge angle increases. This linear trend may not hold
as the wedge angle decreases further as the Mach disk disappears only when the incident shock
becomes a Mach wave, where §,, = 0° [29]. Unfortunately, when the wedge angle is small enough
(6 < 10° for My = 6), the size of the Mach disk is too small, posing difficulties in applying the
analytical model due to the high flow gradients near the axis. Despite this, we observe that as the
wedge angle decreases, the position of the Mach disk rapidly approaches the location corresponding
to the von Neumann criterion. Hence, in such scenarios, it may be appropriate to estimate the Mach
disk size by using the von Neumann criterion, even though it could be slightly higher than the actual
value. Figure 10(b) illustrates that the Mach disk decreases with increased free stream Mach number.
The size of the Mach disk undergoes a rapid variation when the Mach number is low, whereas, for
higher Mach numbers, the radius displays a more gradual change.

Figure 11 displays a comparison between the analytical Mach disk radius and the numerical
simulations concerning different values of outlet radius R,/Ry and center body radius R./Rp. In
Fig. 11(a), the wedge angles §,, are fixed at 11° and 16°, respectively, while the free stream Mach
number is fixed at 6, and the center body radius remains zero. It can be noticed that the Mach disk
size displays distinctive trends concerning the outlet radius under the two different wedge angles.
When the wedge angle is fixed at 11°, the Mach-disk radius undergoes negligible variations for small
outlet radii since the interaction between the trailing edge expansion fan and the slip line occurs
downstream the sonic throat. With an increase in outlet radius to a certain extent (about 0.7 to 0.75),
the expansion fan moves upstream, and the intersection point between the first expansion wave and
the slip line appears in front of the throat. In this situation, the presence of the expansion fan can
facilitate the formation of the throat, resulting in a decrease in the Mach-disk size. In contrast, a
fixed wedge angle of 16° leads to a Mach-disk size that consistently varies with the changes in
outlet radius. Even with a further reduction in the outlet radius, the size of the Mach disk would
not remain constant. Instead, such a reduction would result in an unstable MR configuration due to
the impingement of the reflection shock on the wedge surface. This suggests that the sonic throat
cannot be formed without the trailing edge expansion fan under the condition. Furthermore, for
Sy = 16°, the maximum outlet radius is more restricted to prevent the trailing edge expansion fan
from impacting the incident shock wave, compared to §,, = 11°.

Figure 11(b) presents results for wedge angles §,, = 11°, 16°, and 20° at Mach 6, with fixed
outlet radius 0.6R,. As the central body size increases, the Mach disk radius progressively decreases
despite upstream movement of the triple point. At §,, = 11° and 16°, the Mach disk vanishes when
the central body radius reaches approximately 0.09R, and 0.35R,, respectively, indicating transition
to RR. The phenomenon arises due to the gradual reduction in the intensity of the incident shock
at the reflection point with an increase in the distance from the symmetry axis. When the strength
of the incident shock falls below the von Neumann criterion, the MR configuration can no longer
occur. For §,, = 20°, however, the MR structure persists longer because the position satisfying the
von Neumann criterion is located farther from the axis. Before the center body can expand to reach
that point, the flow will be choked due to the high contraction ratio.

According to Li and Ben-Dor [13], choking initiates when the reflected shock impinges on the
wedge surface. Based on this criterion, we derived the minimum outlet radius R, min required for
flow establishment under My = 3 and M, = 6 conditions (Fig. 12). The solid curve corresponds to
zero center body radius (R, = 0), where R, niy first decreases then increases with wedge angle for
both Mach numbers. Dashed and dash-dotted curves represent center body heights of 0.2 and 0.3,
respectively. These curves exhibit left truncation boundaries because Mach reflection fails to form
at small wedge angles. Significantly, increasing center body height raises R, ymi,—attributed to the
elevated y coordinate of the triple point. This forward-shifted reflection position causes earlier shock
impingement on the wedge, inducing choking at larger outlet radii. Therefore, the R, ni, boundary
establishes a critical design criterion for supersonic inlets by defining the minimum allowable throat
area to prevent unstart.
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FIG. 12. Normalized lower limiting values of R,/R, for the reflected shock not to impinge the wedge
surface at My = 3 and M, = 6.

C. Formation mechanism of the sonic throat

This section delves into the formation mechanism of the sonic throat below the slip line, with
particular emphasis on the conditions and factors that allow the throat to occur independently
of the trailing edge expansion fan in axisymmetric internal flows. In MRs, the shape of the slip
line is governed primarily by its interaction with the characteristics [13,15], which are physically
the expansion and compression waves in the flow field. Defining the strength of a characteristic
as the pressure gradient taken along the direction of the other characteristic thus yields, for the
characteristics /. and /_, the following expressions:

1 dp cosudp sinpdp 1 dp cospdp sinpdp

= oVZAl_ — pV2 as  pV2 on’ x== oV2al.  pV2 ds = pV2 an’

Here, x is taken as positive for a compressive characteristic and negative for an expansive one.
Using the Euler equation for the cross-stream (7-) momentum,

X+ )

a6 dp
Vi— 4+ = =0, 8
P N + on ©
it follows that the characteristic strengths are given in terms of the local pressure gradient and
streamline curvature by

X+ = Ai/l[\/mPvLD], X- = %[WP—DL ®)

where P is the nondimensional pressure gradient in the flow direction and D is the streamline
curvature, as defined in Eq. (2). Equation (9) indicates that the strength of the characteristics depends
on both of the two quantities. Based on this foundation, we perform an in-depth analysis of the flow
near the throat to investigate the underlying conditions for its formation, as illustrated in Fig. 13.
Typically, as a result of the converging-diverging flow accelerating from subsonic to supersonic
beneath the slip line, the pressure gradient P along it remains negative.

Meanwhile, the streamline curvature D is positive at the sonic throat Q, as this point marks
the minimum of the slip line. It then follows from Eq. (9) that the strength yx of the left-running
characteristic I can be either positive or negative, meaning it can be either a compression or an
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One-dimensional flow

FIG. 13. Schematic illustration of the characteristics at the sonic throat Q on the slip line.

expansion wave. In contrast, the strength x_ of the right-running characteristic /_ must be negative,
indicating it is necessarily an expansion wave.

In fact, for the slip line to deflect toward a horizontal alignment, it must maintain a positive
curvature over a finite distance upstream of the throat. This condition implies that the formation
of a sonic throat necessitates the presence of a sustained expansion wave field. Therefore, sonic
throats tend to emerge under the influence of the expansion fan at the trailing edge, which generates
an exceedingly powerful negative pressure gradient that can rapidly deflect the slip line upward.
Therefore, the formation of a throat in axisymmetric flow, independent of the expansion fan, must be
related to the pressure gradient above the slip line. To eliminate the influence of the isentropic waves
generated by the deflection of the slip line, an RR case is numerically simulated under conditions
of My =6, §,, =10.7°, R./Ry = 0.1, R,/Ry = 0.5. As illustrated in Fig. 14, the incident shock is
reflected regularly over the center body, thereby creating a reflected shock. Since the surface of
the center body is linear and does not generate any perturbations, the pressure variation behind
the reflected shock is determined primarily by the upstream flow field. In the reflection of an
oblique shock in planar flows, the pressure downstream of the reflected shock will remain uniform
before the flow encounters the trailing edge expansion fan. However, Fig. 14 shows a decreasing
pressure behind the reflected shock, implying the spontaneous generation of expansion waves.
While the precise origin and conditions for these waves remain unclear due to the complexity of
axisymmetric flows, this observation offers theoretical support for the existence of a sonic throat
formation mechanism that does not rely on the trailing-edge expansion fan.

Nevertheless, in actual MR configurations, the slip line is inclined toward the axis of symmetry,
resulting in circumferential compression, i.e., a reduction of the streamtube cross-sectional area
because the circumference decreases as the flow moves inward. To evaluate the effect of this
effect, pressure downstream of the reflected shock was calculated using the MOCC for a cone-tail
model shown in Fig. 15. In this cone-tail model, the slip line is assumed to be a straight line in
the meridional plane, coinciding with the cone generatrix. This deliberate simplification avoids

[T
\ pp, O 8 16 24 32 40

FIG. 14. Numerical pressure contours for an RR flow field over the surface of the center body under
condition of My = 6, 8,, = 10.7°, R./Ry = 0.1, and R, /Ry, = 0.5.
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FIG. 15. Schematic illustration of the analytical model used to calculate the pressure distributions behind
the reflected shock.

wave-generating deflection (unlike a curved slip line), thereby isolating the effect of slip-line
inclination on the pressure distribution without the complication of curvature-induced waves. Given
that the intensity of circumferential compression is contingent upon the direction of the flow, the
center body is designed to deflect at the reflection point G, inclined toward the axis with an angle §,.
Figure 16 provides the analytical pressure distributions along the surface of the center body before
it reaches the expansion fan or the axis of symmetry for different inclination angles §.. It is evident
that the inclination angle has a significant impact on the pressure distribution. When the inclination
angle is 0°, the surface of the central body is straight, which corresponds to the scenario shown in
Fig. 14. The pressure on the center body shows an overall declining trend, with only slight increases
at both ends. As §, decreases, the reflected shock weakens, resulting in a continuous decrease in the
initial pressure behind it. As a result of the circumferential compression effect, there is a change in
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2.4 2.6 2.8 3.0 3.2 3.4
X/R,

FIG. 16. Pressure distributions behind the reflected shock along the surface of the center body for different
inclination angles §. under the condition My = 6, 6,, = 10.7°, R,/Ry = 0.5, and R./Ry, = 0.1.
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the trend of pressure variation along the flow direction. As the inclination angle decreases to —2°
and —4°, the rate of pressure decrease slows down, making it more challenging to form a throat.
If the inclination angle continues to decrease to —6° and —8°, the circumferential compression
(which intensifies as streamlines converge more sharply toward the axis, accelerating the flow-tube
contraction) will continue to intensify and exceed the expansion effect from the upstream flow field.
As a result, the pressure behind the reflected shock will no longer decrease but start to increase.
Under these circumstances, the sonic throat is impossible to form without the expansion fan. This
explains why a sonic throat independent of the trailing edge expansion fan has been observed only
when the wedge angle is sufficiently small. At such angles, the triple point is very close to the von
Neumann criterion, which can be seen in Fig. 10(a). This results in a small-sized Mach disk and a
slight inclination angle of the slip line, leading to relatively weak circumferential compression.

The numerical simulations depicted in Fig. 17 further support the analysis presented above. The
variations in the position of the supersonic throat with an increase in the center body radius are
shown under conditions of My = 6, §,, = 12°, and R,/Ry = 0.5. The flow field is displayed using
density gradient contours, to provide a clear visualization of the area affected by the expansion
fan generated from the trailing edge. The red curve represents the sonic line, while the blue curve
illustrates the direction of the right-running characteristic line (/-) at the sonic throat. In Fig. 17(a),
the supersonic throat is observed to be situated within the influence range of the expansion fan when
the center body radius is set to 0. The right-running characteristic line at the throat points toward the
trailing edge, indicating that the formation of the sonic throat depends on the effect of the trailing
edge expansion fan. With an increase in center body radius, a noticeable reduction in the size of the
Mach disk and a smoother slip line is evident, indicating a diminishing effect of circumferential
compression. Correspondingly, the formation of the sonic throat becomes more accessible and
its location shifts upstream. When the center body radius reaches 0.06R, [Fig. 17(b)], the sonic
throat is outside the influence region of the expansion fan. At this point, the emitted characteristic
line from the throat intersects with the wedge surface. Downstream of the sonic throat, another
subsonic pocket is formed within the expansion fan’s influence area due to the slip line’s fluctuation.
However, at this point, the sonic throat is isolated from the subsonic pocket by a supersonic region.
Therefore, the expansion fan no longer impacts the formation of the sonic throat. In Fig. 17(c),
a more prominent upstream movement of the sonic throat is observed with a further increase in
the center body radius to 0.08R,. Downstream of the sonic throat, more subsonic pockets appear,
alternating with supersonic regions.

IV. CONCLUSION

This paper establishes an analytical model to study the flow characteristics for axisymmetric
internal shock MRs in steady supersonic flows. The proposed model is modified from the planar
model for curved shock MRs by Zhang et al. [19] to account for the new features of axisymmetric
internal flow. As the unique geometry component in axisymmetric internal flow, the presence of
a center body has been included in the model. The use of the CST and MOCC in this model
enables efficient prediction of flow structures, while simultaneously providing gradient information
for the flow field, such as shock curvatures. When considering the overall configurations of the flow
field, the analytical model demonstrates good agreement with numerical simulations, including the
incident and reflected shocks, the Mach disk, and the slip line.

The flow characteristics of axisymmetric internal MRs are investigated using a combination of
analytical and numerical studies. A parameter analysis of the Mach-disk size via various free stream
and geometric conditions is conducted. It is suggested that, for small wedge angles, the triple point
is close to the point corresponding to the von Neumann criterion, indicating the feasibility of using
the criterion to estimate the size of the Mach disk in such cases.

The investigation into the shape of the slip line demonstrates that the sonic throat can be formed
without the influence of the expansion fan generated by the wedge’s trailing edge. In such cases, the
radius of the Mach disk is unaffected by the outlet radius. Analysis indicates that the independent
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FIG. 17. Variations of the sonic throat position with the increase of the center body radius R. under
conditions My = 6, §, = 12°, and R, /Ry = 0.5: (a) R./Ry = 0; (b) R./Ry = 0.05; and (c) R./Ry = 0.08.
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formation of the sonic throat is attributed to the negative pressure gradient that arises behind the
reflection shock in axisymmetric internal flows. The pressure gradient is related to the slope of
the slip line. A slip line that deflects from a downward inclination toward a flatter orientation is
associated with a weaker circumferential compression effect, which allows the negative pressure
gradient generated by upstream expansion waves following the reflected shock to become more
dominant. This explains why the sonic throat independent of the expansion fan is feasible only
in cases with sufficiently small wedge angles because the deflection of the slip line is slight under
such conditions. The simulation results support this conclusion, showing that the sonic throat moves
upstream and leaves the influence region of the expansion fan as the center body increases in size.
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