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In three-dimensional turbulence, vortex stretching is the central mechanism enabling
the transfer of kinetic energy toward smaller scales. If vortex stretching is absent in
three-dimensional turbulence, energy is no longer conserved and enstrophy cascades to
smaller scales. In this paper we propose a system that interpolates between these two cases
by reducing the strength of vortex stretching in the Navier-Stokes equations. The resulting
dynamics yield a cascade that is neither a pure energy cascade nor a pure enstrophy
cascade. We refer to this process as a mesostrophy cascade. We formulate a consistent
picture describing this cascade and the characteristic scales involved in the mesostrophy
balance. We illustrate this picture via numerical integrations of the eddy-damped quasinor-
mal Markovian model with reduced vortex stretching.

DOI: 10.1103/ghck-4dky

I. INTRODUCTION

A key feature of three-dimensional turbulence is its dissipative nature. Irrespective of the value
of the viscosity, energy is dissipated at a rate determined by the large-scale flow structure [1,2].
The underlying process is the cascade of energy toward small scales [3-5], associated with the
nonlinearity of the Navier-Stokes equations. Simultaneously, this nonlinear interaction produces and
transfers enstrophy [6,7]. The energy cascade adapts its length in order to balance energy input into
the system on one side, and dissipation, governed by the enstrophy, produced by vortex stretching
on the other. Indeed, the product of enstrophy and viscosity determines the viscous dissipation.
Decreasing the viscosity will lead to an extension of the energy cascade down to smaller scales,
allowing for more enstrophy to be produced by vortex stretching, in order to keep this product
constant.

The investigation of three-dimensional turbulence without vortex stretching was motivated by the
academic curiosity about how the absence of vortex stretching would alter the dynamics of isotropic
turbulence [8]. It was shown that, in the absence of vortex stretching, enstrophy W is conserved and
transferred toward small scales [8,9] very much like in the case of two-dimensional (2D) turbulence
[10-12]. It was, however, realized that energy is not conserved, but helicity is [13]. These ingredients
lead to an inverse cascade of helicity [9] and the formation of large-scale structures, predictable by
point-vortex statistical mechanics [14,15]. Interestingly, this scenario was proposed in Newtonian
turbulence [16] as a possibility, but not observed [17—19]. In the limit of conserved enstrophy,
this scenario becomes thus relevant. At this point it seemed that we had sufficiently explored this,
somewhat unphysical, system.

However, recently we investigated the behavior of the system, without suppressing all of the
vortex stretching, in channel flow. It was realized that this system shows remarkable similarities
with viscoelastic flows [20]. In particular, starting from the equation with partially suppressed
vortex stretching (1) below, one can analytically predict how the near-wall scaling is modified
by following von Karmdn’s arguments [21]. The resulting velocity profile and the friction factor
were shown to be close to those observed in experiments on pipe flow in the presence of polymer
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additives [22,23], and we anticipate that the ideas might be relevant for microbubble drag reduction
[24-26].

The considered equation reads

ow
E—i—u-Vw:(1—A)w~Vu—kVPw+vAw+Vxf, (D

where the vorticity @ is the curl of the velocity u, v the kinematic viscosity, and P,, a Lagrange
multiplier, ensuring V - @ = 0. We also add an external force term f to allow for the investigation
of statistically steady flow in the absence of mean gradients (this will be useful in the current study,
but was absent in [20]). The parameter A will be varied between 0 and 1 in the present investigation.

The unexpected application of turbulence with partial suppression of vortex stretching to drag
reduction by polymers motivates one to have a closer look at the dynamics of Eq. (1). For instance, a
key quantity in drag reduction turns out to be the modification of the enstrophy production. Since the
term @ - Vu is responsible for the production of enstrophy, it seems clear from Eq. (1) that enstrophy
production will be reduced when A is increased, but to what extent? How does the enstrophy depend
on A in the simplest case of mirror-symmetric (helicity-free) isotropic turbulence governed by
Eq. (1)? Since we were not able to answer this question from dimensional considerations alone,
we decided to undertake the present study of isotropic turbulence with reduced vortex stretching.

We will show in the following that the system of reduced vortex stretching can be understood
in the framework of the Kolmogorov-Richardson cascade once we realize that Eq. (1) conserves
a quadratic quantity for 0 < A < 1, intermediate between energy and enstrophy. As a variation on
the words enstrophy and palinstrophy, we will call this quantity mesostrophy, from the greek words
ueoo (middle) and o T pogn (turn), since its behavior is somewhere in the middle between energy
and enstrophy.

In the next section we will develop the theory allowing us to describe the mesostrophy cascade.
In Sec. III we present the eddy-damped quasinormal Markovian (EDQNM) equations for the present
system. In Sec. IV these equations are numerically integrated. Section V presents the conclusions.

II. ANALYTICAL CONSIDERATIONS

We will describe in this section analytically how the dynamics of Eq. (1) can be described on
the level of the kinetic energy spectrum. For that purpose, we first write down the modified Lin
equation. Subsequently, in Sec. II B, we prescribe the simplest possible closure for the nonlinear
transfer. This closure is associated with the mesostrophy cascade, which we discuss in Sec. II C. In
Sec. II D we show what the mesostrophy cascade implies for second- and third-order statistics.

A. Spectral dynamics

The starting point is the system (1). In particular, in the present investigation we will be interested
in the characterization of the energy spectrum E (k), defined as

1
E(k) = —/ (lutk)*)dS k), 2
2 Jiki=k

with u(k) the Fourier transform of u(x) where the integral is carried out over spherical shells of
radius k, such that

P ()
(kydk = == 3)

with k the wave vector and k its norm, the wave number.
For isotropic turbulence, one can write the Lin equation [27,28]

dE (k)

5 = PO +TW) - 20k°E (k). 4)
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In this equation P(k) is the energy injection spectrum and 7 (k) the nonlinear transfer term. The
enstrophy is obtained from the energy spectrum by

2
W= /sz(k)dkz (@l (5)
For the enstrophy spectrum we have, consequently, the equation
Ok’E (k
B—t() = k*P(k) + k*T (k) — 2vk*E (k). (6)

The nonlinear term of the Navier-Stokes equations conserves energy so that we can write the energy
transfer as the divergence of a flux.

0
Tlk) = == e k), (7

with ITg (k) the flux of energy. If this flux is zero at k = 0 and k = oo, the integral of the transfer is
Zero:

/ T (k)dk = 0. (®)
Similarly, if enstrophy is conserved, we can write for a flux of enstrophy ITy (k),
KT (k) = —;—knw(k), )
so that
/kZT(k)dk =0 (10)
holds.

For three-dimensional turbulence Eq. (8) holds, whereas for two-dimensional turbulence both re-
lations (8) and (10) are simultaneously satisfied. It was shown that for three-dimensional turbulence
without vortex stretching, energy conservation breaks down, but enstrophy is strictly conserved [13].
We then come back to the question: when a part of the vortex stretching is removed [0 < A < 1 in
Eq. (1)], can we still describe the system by a cascade picture, and what is the quantity that is
transferred?

To show how we can combine the expressions for an enstrophy flux and an energy flux, we start
by rewriting Eq. (1):

0w

S, =1 (u-Vo+two Vu)+i(—u Vo - VP)+vhe+V x f. (11)

I I

At this point the equation is identical to (1), but we have arranged the terms in such a form that
the terms denoted by I correspond to the Navier-Stokes equations and the terms denoted by II to
turbulence without vortex stretching.

In statistically homogeneous turbulence, the kinetic energy spectrum is readily obtained from the
vorticity, by the relation

2k?

where the integral is again carried out over spherical shells of radius k. Therefore, we can derive
the Lin equation starting from Eq. (11). Combining the ideas of a conserved energy flux for I and a
conserved enstrophy flux for II, this yields for the nonlinear interaction term,

1
E() = 25 /k _ (@RS (12)

] )
Tk)=(1-— A)ﬁHE(k) +Ak‘2ﬁnw(k). (13)
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Up to here we have not made any assumptions and Eq. (13) describes exactly the nonlinear
interactions associated with Eq. (1), once the correct expressions for I1g and Iy are prescribed. No
exact, closed expressions as a function of statistical quantities exist so that to advance analytically,
we need to introduce a model.

B. Generalization of simple flux models

If we assume a local cascade, and use dimensional analysis, the fluxes can be modeled by
Mg (k) ~ (KCPEK)? Ty (k) ~ (KCE k)Y, (14)

These are the simplest models [29,30], describing the limiting cases of isotropic turbulence with
and without vortex stretching. While these expressions are not proposed as a precise model, they
should yield correct qualitative behavior in a large inertial range, if energy transfer is dominantly
local. It is then insightful to model, qualitatively, the intermediate case (13) using these expressions.
This yields

32

T4 = (1 — A)%[c;1k5/3E(k)] + Ak*Z;—k[CV;IHE(k)]M. (15)

In Sec. IV we will verify whether the insights obtained analytically using this model are in
agreement with more sophisticated turbulence closure. For the moment we consider some properties
of this elementary representation of 7' (k). The first question that we address is whether we can
determine constant flux solutions of this model. To this end, we multiply 7 (k) by k%#, and attempt
to find a solution that can be written in the form of the divergence of a flux.

K*PT (k) = %nu(k). (16)

Dimensionally, the flux IT,, is

32

M, (k) = [C, ' kCPTEPE (k) (17)

Manipulation of these expressions shows that such a constant flux solution exists where C, (}) is
given by

C,(M)2 = (1 =) + 16,7, (18)
which yield C,, = C for A = 0 and C,, = Cy for A = 1. For the mesostrophy exponent we find
A

B= : (19)
G JCP A =) + A
For small amounts of suppression, A < 1, we have
Cx 32
~|— A 20
p () (0)

Note that in the case Cx = Cy, expressions (18) and (19) simplify considerably, to C,, = Cx and
B = A. Yielding the model

— 3/2
M, (k) = [Cg kO E ()], @1)

However, there is no reason to suppose that the constants measuring the enstrophy and energy
transfer are equal. Nevertheless, for an order of magnitude estimate, this simplification can be
convenient.
In the case of zero production and dissipation of mesostrophy, we write
K*PE (k) 0

) (22)
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Since Eq. (16) is written in the form of the divergence of a flux, this implies that the integral over k
of kK*PE (k) is conserved,

du
— =0, 23
5 (23)
where
o0
w= / K*PE (k)dk. (24)
0

Equation (23) shows that the mesostrophy p is an invariant of the system. This is the most important
observation of the present investigation. Indeed, this observation allows us to predict the scaling of
the kinetic energy spectrum for arbitrary values of A in the limit of large Reynolds numbers. It allows
us also to predict that, assuming ergodicity, equipartition of mesostrophy is a statistical equilibrium
solution of the truncated nondissipative system (see Sec. IV D).

C. Cascade of mesostrophy

We start by characterizing the cascade of mesostrophy in a forced-dissipative system. Let us
assume that the cascade is toward large k and that it is forced, at small wave numbers around
ko (large scales) only, by P(k) = €¢8(k — ko). Adding production and dissipation to Eq. (16), and
considering a steady state,

0=Kk*P(k)+ ;—knﬂ(k) — 2k*2E (k). (25)
Integrating Eq. (25) from k > ky to infinity, we have
(€ OKCHPBER) T = ¢, (26)
where
€, = / 20k*PT2E (k)dk. 27)

Therefore, the energy spectrum associated with the mesostrophy cascade in the inertial range should
be

E(k) = Cpe; Pk~ O3, (28)

which is consistent with our closure assumption (15). Expression (28) is the generalization of
Kolmogorov’s energy spectrum for the mesostrophy cascade. This expression will be instrumental
in obtaining expressions for the integral quantities as a function of § and the Reynolds number.

A further consequence of the existence of a mesostrophy cascade is that we can generalize the

viscous (Kolmogorov) scale to

173\ 3/(4+28)

o (2EBal 29)
" 3C v ’

which is a quantity that we will need in order to estimate the influence of A on the enstrophy and
skewness.

D. Energy, enstrophy, and velocity derivative skewness

Now that we have determined the self-similar scaling of the mesostrophy cascade, we can also
quantify how integral quantities vary as a function of A or 8 and the Reynolds number. We will
compute three key quantities, associated with second- and third-order moments of the velocity and
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its gradients. These quantities are the kinetic energy, enstrophy, and velocity derivative skewness.
These are defined as

1 ) ©
E = —(jul )=/ E(k)dk, (30)
2 0
W= l<|w|2> = / K*E (k)dk, 31)
2 0
((3)’) Jo KT (k)dk

-5 =

Vg , (32)
()" (7 RE®ak)™

where a = 15%/2/(2!/235) ~ 0.918. In the present investigation, the control parameter is A. How-
ever, when considering a physical system, such as polymer turbulence, the parameter A is unknown
and the parameter that can be measured from the data is 8 (which should be of the same order of
magnitude as A). For the sake of later convenience, we will express in this section all quantities as a
function of 8.

We evaluate, assuming a steady state, the energy input to determine the dissipation rate. Indeed,
we should have

/ (k*P P(k) — 20k T2E (k))dk = 0, (33)

and since in our case P(k) = €y6(k — ko), we have
€ = kéﬂeo. (34)

Since €, and € are fixed and proportional, for a fixed forcing, we will use the input rate and scale to
define a Reynolds number

61/3L4/3
Re = 2 , (35)
%

where we define L = 1/k.
To determine scaling as a function of integral quantities, we replace the integration bounds in
Eq. (30) by ko and k,,, respectively. Integrating the theoretical spectra, we find

()5 _ Gu(B)/Ck

(lul*)5=o 1+28
This shows that changing g from 0 to 1 might change the kinetic energy, but not dramatically.
Indeed, this expression shows that the kinetic energy is independent of the Reynolds number, if the

Reynolds number is large enough.
This is different for the enstrophy. We find, by integrating k*E (k),

(o) _3 {[((BRe)']'F — 1)
(lol)iz0  2C,  (1—PB)Re
where y =2/(2+ B)and B = (2 + B)/3C,. The enstrophy is thus a function of both the Reynolds

number and S. This somewhat complicated expression will be shown to correctly describe the data
obtained in Sec. IV. At large Reynolds numbers, it simplifies, for 0 < 8 < 1, to

~ Re. (36)

, 37

2
_(|“’2| Do Re-3#/@HH). (38)
(l@]*):=0

The skewness of the longitudinal velocity gradients is a key quantity in the analysis of turbulence,

since it links the shape of the probability density function to the kinetic energy spectrum and the
nonlinear transfer [31,32]. In an isotropic turbulent flow, this quantity is related to the energy transfer
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by relation (32). Using expressions (15) and (29) one can then estimate for the skewness,

S@) 12
— = (1= =B~ 39
50 ( =Bl (39
As an order of magnitude estimate we can use A & §, allowing for the approximation,
S(B) 3
L~ (1-p)y 40
S0) 1-5) (40)

To illustrate these expressions, we will compute the energy, enstrophy, and skewness using the
EDQNM closure. This closure is discussed in the following section.

III. SPECTRAL MODELS FOR THE MESOSTROPHY CASCADE

A. Diffusion approximation for the mesostrophy cascade

The model (15) is the simplest possible model compatible with the requirements that fluxes of
energy and enstrophy are conserved in the limits A = 0, 1. It is not compatible with the equipartition
property [Sec. IV D, Eq. (56)]. A more complicated expression can be formulated, by generalizing
Leith’s diffusion model [33], compatible with both equipartition and flux solutions,

B 0 [ Ek)
- 1/27.(11—-420)/2
I, ~Ek) "k _8k<k2(1*>>' 41)

This model represents the idea of local transfer, compatible with the foregoing assumptions.
Additional constraints can be added, leading to even more sophisticated expressions (e.g., [34]).
Nonlocal interactions can be added by using closures first proposed by Heisenberg [30,35,36]. These
types of models are useful to analyze certain key features of turbulent flows, once they are fairly well
understood. Indeed, the link with the governing equations is tenuous and since we have modified
the governing equations, we will use a more sophisticated approach, which can be systematically
derived from the governing equations.

B. EDQNM approximation for the mesostrophy cascade

In the present investigation we will go beyond the classical flux closures and use analytical
closure theory to further investigate the spectral behavior of Eq. (1). Analytical closures such as
the Direct Interaction Approximation [37,38] or EDQNM [28,39,40] are useful tools to efficiently
explore the spectral dynamics of turbulent systems. Furthermore, they allow one to also investi-
gate modified Navier-Stokes turbulence, such as turbulence in noninteger dimensional space [41],
turbulence with a modified Lagrangian time correlation [42], helically decimated turbulence [43],
time-reversible turbulence, or turbulence in higher dimensions [44,45]. Even though most of these
systems can be addressed by direct numerical simulations (DNS) [46—48], closure often allows for
additional insights due to its ability to address high Reynolds numbers, since it directly models
statistical moments. This allows one to carry out parameter sweeps unrealizable, or very expensive,
if carried out using DNS.

Nevertheless, the EDQNM approach does have a certain number of limitations. First of all, to
keep the closure approach at an acceptable level of complexity, only statistically homogeneous flows
can be considered. Secondly, closures can at present not take into account the imprint on the statistics
of long-living coherent structures. Furthermore, by directly modeling the ensemble average of a
turbulent flow, all information on instantaneous realizations is lost. The use of closure is therefore
ideally accompanied by direct numerical simulations at moderate resolution. For the present case,
we stress the fact that information on the two limiting cases, > = 0, 1 is available in literature. For
A = 0, this is conventional Navier-Stokes turbulence and for A = 1, it is turbulence without vortex
stretching, investigated in a recent study [9]. The role of closure in the present context is therefore
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the interpolation between the two known limiting cases. We leave a numerical assessment by direct
numerical simulation for further research.

In Ref. [8] we derived the EDQNM closure for turbulence without vortex stretching. The more
general expression of reduced vortex stretching, considered in the present investigation, was also
derived but not analyzed. There the only cases investigated were A = 0 and A = 1. We recall here
the expression for variable A, and for the derivation we refer to [8]. A word of caution is that the
definition of A is opposite in [8] so that the cases A = 0 and A = 1 are inverted. Using our current
definition of A the expression for the transfer is

dpdq

Tk =5 |~ OerallfiXo + X lREME@ — [faXe + faXwlPERE@)

—[f5,X6) + fio X | T E(PEK)}, (42)

where the A denotes the integration domain in the p-g plane, where k, p, g can form the sides of a
triangle. The X terms are

Xy =0 =21 +y), Xo=—xyz—)y2, (43)

Xay =xy(1 =), Xu =2z2(—y" —xy2), (44)

Xs) =y(=x* —xy2), X = @+ 201+ (45)

and the f* terms read

fiy= (Lt a-n), (46)

fh = (‘sz+(1—x))< y,\+(1—x)) (47)
A q q

fh = (pxwr(l —A))(kyk+(l —k)), (48)

k

= (;zx\+(1 —A))(kyu(l - )), (49)
A k q

fi = (C—]y)wl—(l —A))(kyk+(1 —A)) (51)

The triad interaction time is defined as
expl—(6k + 6, + 6,)1]

1_
Ok, p,q) = 52
(k, p, q) 6 + 6, + 0, (52)

k
O = o/ f s2E (s)ds + vk?, (53)
0

and o = 0.5. Changing the value of @ changes the Kolmogorov constant and its enstrophy equiva-
lent, but is not expected to change the dynamics qualitatively.

with

IV. NUMERICAL INVESTIGATION OF THE MESOSTROPHY CASCADE

In this section we numerically integrate the eddy-damped quasinormal Markovian model to
assess the following ideas:
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FIG. 1. (a) Energy spectra for k larger than the forcing range, for values of 0 < A < 1. Also shown are the
expected scaling behaviors for . = 0, 1. (b) Spectral slopes as a function of A.

(1) We can define a quadratic quantity (mesostrophy), which is conserved by the nonlinearity of
turbulence with partially suppressed vortex stretching.

(2) In the presence of forcing and dissipation, an inertial range will establish itself with a scaling
E(k) = Cueﬁ/3k‘(5+4'3)/3.

(3) Integrating moments of this spectrum allows one to estimate the value of the energy and the
enstrophy and derivative skewness characterizing the modified system.

(4) The conservation of mesostrophy admits an equilibrium solution for the undamped, un-
forced system, corresponding to an equipartition of w, associated with an equilibrium spectrum
E (k) ~ k*1-P),

We numerically integrate the closure equations presented in the previous section, typically using
a grid of 200 logarithmically equidistant wave numbers. The viscosity is varied in between 10~2 and
1073, The injected energy € is set to unity and the forcing wave number is ky = 1. The Reynolds
number is then directly v='. All results are reported in a steady state.

A. Energy spectra

In Fig. 1(a) we show energy spectra. We focus on the range k > kq and viscosity v = 1073,
Results illustrate a smooth transition from a —5/3 spectrum toward a —3 spectrum (with logarithmic
correction [9,49]). Figure 1(b) compares the slopes of the spectra, obtained as the logarithmic deriva-
tive at k = 100. Compensating the spectra at this same wave number yields for the dimensionless
constants Cxy = 1.70 and Cyy = 3.8.

It is observed that the relation np = (5 4 41)/3 describes the data qualitatively, but deviations
from the prediction are significant using the assumption 8 = A. There is thus no linear relation
between B and A. In particular, the slope deviates significantly from ng = (5 +41)/3 for A = 1.
There are several possible reasons for this behavior.

First, as also observed in 2D turbulence, around this limit the cascade becomes dominated by
nonlocal interactions, yielding logarithmic corrections to the slope of the spectrum [49]. Nonlocal
interactions converge more slowly than local ones in the numerical scheme used [40]. A second
reason is that, as observed in simulations of 2D turbulence [50], the —3 power-law scaling is
approached only very slowly when the Reynolds number is increased. Finally, as observed in
turbulence with noninteger dimension, a reversal of the energy transfer takes place near the 2D
limit [41].

This limit, A — 1, is therefore an interesting case to investigate using direct numerical simu-
lations. However, we anticipate that for the application of the current system to understand drag
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FIG. 2. (a) The relation between B and A for (b) The slope of the kinetic energy spectrum as a function of
the mesostrophy exponent .

reduction, it is rather the other limit, associated with small X, that is most relevant. That limit seems
better behaved in the present closure results.

B. Determination of the mesostrophy exponent

Determining scaling exponents is not straightforward. Very high values of the Reynolds number
are needed to determine the exponent of E (k) and thereby S [51-53], in particular in the case of an
enstrophy cascade [50]. In future studies if experiments or DNS are considered, this can lead to a
substantial problem, since very high Reynolds numbers are rarely available.

There is, however, an alternative way to determine § even at low values of the Reynolds number.
In the present investigation, S is defined as the exponent for which the transfer of mesostrophy
is conservative. This constraint is in principle satisfied for arbitrary Reynolds numbers. Since
mesostrophy is conserved by the nonlinearity, we should have

/ KT (k)dk = 0, (54)

which allows one to determine 8 from the transfer spectrum. An alternative way to determine 8 is
by assessing the balance

[ 2kATPE (k)dk = / kK2 P(k)dk, (55)

which should yield the same value for 8 in a steady state as (54).

We therefore assess in our numerical integration Eq. (4) with T (k) closed by Eq. (42) and deter-
mine for each value of A the corresponding value of § leading to conservation of the mesostrophy.
In Fig. 2(a) we show for each value of A the corresponding value of §.

The deviation from the linear relation is significant. Indeed, if for the sake of simplicity,
dimensional arguments can start from the assumption A = f, corresponding to Cx = Cy = C,, and
to Eq. (21), this can yield significant errors if more than an order of magnitude estimate is required.
Now we will verify the relation between B and the scaling exponent. In Fig. 2(b) we show that the
relation ng = (5 4+ 48)/3 describes the data more precisely than for A = 8. For § = A = 1, again
the logarithmic corrections to the spectrum start influencing the slope significantly and the spectrum
is steeper than k3.
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(@) (b)

FIG. 3. (a) Energy as a function of g for different values of v. (b) Enstrophy as a function 0 < A < 1, com-
pared to its Newtonian value. Also shown is the expected scaling behavior assuming a conserved mesostrophy
flux.

C. Integral quantities

The Results for more than 200 simulations of our system are compared to the predictions in
Figs. 3(a) and 3(b). The kinetic energy is shown to be roughly constant, independent of both the
Reynolds number and the value of S. Indeed, as long as a forward cascade is present with steep
enough inertial range, the energy will be determined by the forcing scale and injection rate.

The enstrophy as a function of § and Re is shown in Fig. 3(b). The predicted dependence on
B, Re [See Eq. (37)] is well reproduced for a fixed value C,, = 3.5. This was the main question that
triggered this investigation. It is clear from the nontrivial form of (37) that it is not surprising that
we could not obtain this dependence from dimensional reasoning. An interesting observation is that
the dependence on S is amplified at higher Re and this should be kept in mind when one wants to
compare the present results to viscoelastic turbulence.

We compute the skewness for values of A between zero and unity and varying the viscosity from
0.01 to 10~ and we show the results in Fig. 4. We compare to the function S(0)(1 — 8)" with
S(0) = 0.45 1+ 0.003 and m = 1.41 £ 0.02, which reasonably describes the data. The value 1.41
can be compared to the rough estimate m = 1.5 obtained assuming A = B [See expression (40)].

D. Infrared energy distribution

Since we have found the invariant of the system (the mesostrophy), we can predict the equi-
librium of a truncated Fourier system following Kraichnan’s ideas. We consider a finite number
of Fourier modes in the range k € [kmin, kmax] and assume that the system contains an amount i
of mesostrophy. If the only constraint is conservation of u, the statistically most probable state,
assuming ergodicity, is that we have equipartition of x over all modes [54]. The energy spectrum,
associated with this equipartition is

E(k,t = 00) ~ k*1=P), (56)

This shows that if the system is forced at large scales by an input of u, this quantity is dominantly
dissipated at large k and, to restore equilibrium, a flux of mesostrophy toward large k is expected.
In the scales larger than the forcing scale (k < ky) we expect that the spectrum will be propor-
tional to k>0~#)associated with this mesostrophy equipartition. We illustrate this numerically for
a case with a restricted forward mesostrophy range (Fig. 5). Again, the scaling smoothly evolves
from energy equipartition [E (k) ~ k?] to enstrophy equipartition [k?E (k) ~ k2, or E (k) ~ k°].
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FIG. 4. Velocity gradient skewness for values of 0 < A < 1 and 1072 > v > 107>, Also plotted is the
expression fit to the data S(0)(1 — )" with §(0) = 0.45 + 0.003 and m = 1.41 + 0.02.

We do stress here that we have considered the mirror-symmetric case. In the case of helicity
injection, it is known that this quantity is conserved by the nonlinear interaction [55,56]. Whereas
helicity is transferred to small scales in three-dimensional Navier-Stokes turbulence [40], it cascades
to large scales in turbulence without vortex stretching [9]. For the present system it is not clear
how the cascade changes its direction in between the two extremes. The EDQNM closure becomes
substantially more involved for this case but is still analytically treatable [17,57]. This is left for
further research.

Furthermore, statistical equilibria can show strong deviations from the equipartition solutions
when coherent structures or condensates are present, leading to violation of ergodicity and of

107 , —_————
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FIG. 5. Energy spectra for k£ smaller than the forcing range (infrared range), for values of 0 < A < 1. Also
shown are the expected scaling behaviors for A = 0, 1.
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equipartition [58,59]. For these cases, a separate treatment of the coherent structures is needed to
describe the statistical equilibrium spectra.

V. CONCLUSION

The main motivation to undertake the current investigation was to prepare, theoretically, further
comparison between turbulence with reduced vortex stretching and turbulent flow in the presence
of polymer molecules, or microbubbles. Indeed, at least in the case of polymer drag reduction, the
principle modification of the turbulent dynamics turns out to be the modification of the enstrophy
production. This effect is related to the increase of the extensional viscosity [60]. For microbubbles,
we expect that it is the tendency of the bubbles to concentrate in vortex lines [61], which modifies
the enstrophy.

Possibly the most interesting implication from the comparison of these systems with the present
system, Eq. (1), is that a small modification of the vortex stretching can have large implications. An
insightful way to illustrate this is to simplify expression (37) for small 8, yielding

2
M@l Re=372 for < 1. (57)
(lo*)3=0
Indeed, since the enstrophy ratio is a decreasing function of the Reynolds number, with an exponent
dependent on the amount of vortex stretching through B, the suppression of enstrophy production
becomes more important for large values of the Reynolds number. For larger values of 8 we saw
a reduction of the enstrophy down to 6 orders of magnitude at the highest values of the Reynolds
number we considered.

In the near future the present theory will be compared to the behavior of viscoelastic turbulence.
For that we plan to assess the validity of the present system to describe the scaling of turbulent
statistics in the finite-extensible nonlinear elastic system with Peterlin approximation in isotropic
turbulence [62,63].
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