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Lagrangian acceleration has been investigated both experimentally and numerically in
the past, and it has been shown to exhibit extreme fluctuations, which have been rational-
ized as events in which tracer particles get trapped into vortical structures such as vortex
tubes or filaments. Here, we consider the statistics of acceleration within the multifractal
framework, as in Biferale et al., Phys. Rev. Lett. 93, 064502 (2004), and investigate
the statistics of Lagrangian acceleration using shell models of turbulence, as in Boffetta
et al., Phys. Rev. E 66, 066307 (2002), that—by construction—do not contain vortical
structures. Our analysis reveals that, despite not accounting for specific coherent vortex
structures, the multifractal model accurately captures the extreme intermittent fluctuations
observed in the acceleration, with predictions that remain robust across a wide range of
Reynolds numbers.

DOI: 10.1103/lltk-vsrb

Introduction. In the last few decades, many properties of fully developed three-dimensional
turbulence have been disentangled. Limiting ourselves to the case of homogeneous and isotropic
turbulence (HIT), the original picture proposed by the celebrated Kolmogorov theory (K41) [1] has
been thoroughly revised to properly account for intermittency [2]. Indeed, while K41 theory predicts
that turbulence should exhibit scale-invariant properties, laboratory experiments and high-resolution
direct numerical simulations (DNS) of the Navier-Stokes equations show substantial violations of
scale invariance in the statistical properties of the velocity field [3] and the local rate of energy
dissipation [4] referred to as intermittency. For passive scalar advected by turbulent velocity
field—and, in particular, for random velocity fields as for the so-called Kraichnan model [5]—it
has been shown that scale invariance does not hold, and anomalous scaling of correlation functions
has been predicted [6–8] and successfully compared with simulations [9]. Notably, in passive
scalar turbulence, anomalous scaling exponents have been theoretically traced back to inertial range
dynamics, and they are universal, i.e., independent of large-scale forcing and small-scale dissipation
mechanisms (see the reviews [10,11]). The same results are believed to hold for Navier-Stokes
turbulence, namely that the dynamics of the inertial range dictate the intermittent fluctuations, which
are universal in the manner defined above.

The multifractal theory of turbulence, originally proposed by Parisi and Frisch [12], consti-
tutes a very successful framework for rationalizing intermittency and anomalous scaling in the
inertial range of turbulence. The multifractal theory exploits the invariance of the Navier-Stokes
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equations under the scaling transformation r → λr, v → λhv, t → λ1−ht supplemented by the
probability ∼r3−D(h) for the exponent h (see below for details). The function D(h) is related to the
intermittent fluctuations of energy transfer in the inertial range. Notably, the same picture applies to
both Eulerian and Lagrangian quantities [13], and one can successfully predict anomalous exponents
in the Lagrangian dynamics starting from the knowledge of anomalous scaling in the Eulerian frame
[14,15].

In the Lagrangian dynamics, strong intermittency is observed in the statistical properties of the
acceleration aL experienced by tracer particles [16–19]. Numerical simulations and laboratory ex-
periments have shown that extreme intermittent events of aL occur whenever the particle experiences
the effect of vortex filaments or vortex tubes [16,17,20]. Actually, the dynamical time scale τL of the
Lagrangian acceleration is close to the Kolmogorov time scale τK , which characterizes the dynamics
of the dissipative scales. Thus, in principle, Lagrangian acceleration is not an inertial range quantity.
However, within the multifractal theory, the Kolmogorov scale ηK and time τK (and thus τL) are
fluctuating quantities whose statistical properties are controlled by D(h) [21–23], and thus inherited
from the inertial range physics. It turns out that the multifractal theory provides a prediction for the
probability distribution P(aL ), which depends on the Reynolds number Re and the function D(h)
without any reference to the peculiar coherent structures of the turbulent flows [18].

Then, a simple yet nontrivial question is whether or not extreme intermittent fluctuations of
Lagrangian acceleration aL can be observed without the effect of vortex filaments or any other
geometrical structure in the flow, provided the presence of anomalous scaling of the structure
functions in the inertial range. This Letter aims to answer such a question. Clearly, this cannot be
addressed using the Navier-Stokes equations since vortex filaments are always present in HIT. Thus,
here, we consider shell model of turbulence for modeling also single-particle Lagrangian dynamics
[14], where by construction no well-defined structures such as vortex filaments do occur.

Shell model for Lagrangian dynamics. Shell models [24,25] are dynamical systems constructed
to mimic the basic phenomenology of the turbulent-energy cascade on a discrete set of scales (or
Fourier modes), �n = k−1

n = 2−n (n = 0, . . . , N), such that for each scale �n the velocity fluctuation
is represented by a single complex variable un. The geometrical progression of scales and the limited
number of variables allow shell models to reach high Reynolds numbers currently unattainable
in DNS. In particular, we consider the Sabra model [26], where the complex velocities evolve
according to the dynamics

u̇n = ikn
(
un+2u∗

n+1 − 1
4 un+1u∗

n−1 + 1
8 un−1un−2

) − νk2
nun + fn, (1)

where the ∗ denotes complex conjugation. Equation (1) resembles the Navier-Stokes equation in
Fourier space with the nonlinear term restricted to locally interacting shells. The forcing term fn,
acting at large scales, injects energy at a rate ε = 〈∑n �{ fnu∗

n}〉, while the viscous term (−νk2
nun)

removes it at small scales. In this Letter, we considered two different kinds of forcings: a random
Gaussian acting on the first shell, obtained by evolving a Langevin equation so as to have a finite
correlation time, and a forcing with constant power input, acting on the first two shells. Numerically,
we found the same quantitative results for both Eulerian and Lagrangian intermittency.

Shell models were originally introduced to mimic the Eulerian properties of turbulent flows.
Following Ref. [14], we employ them to model the Lagrangian velocity and acceleration along a
fluid particle as the sum of the real part of velocity and acceleration fluctuations, respectively, at all
shells, i.e.,

v(t ) ≡
N∑

n=1

�{un}, a(t ) ≡ v̇(t ) ≡
N∑

n=1

�{u̇n}, (2)

the inset of Figs. 1(a) and 2(b) show an example of the time evolution of v and a, respec-
tively, obtained with above summation. Indeed, the Lagrangian velocity can be represented as
the superposition of velocity fluctuations generated by turbulent eddies, which also move with the
advected tracers. As originally shown in Ref. [14], one may obtain more general representations by
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multiplying the shell-model variables by suitably chosen wavelet functions. However, in the shell
model, this superposition is most simply realized by the summation in Eq. (2). At any rate, v(t ) as
defined by Eq. (2) exhibits multifractal scaling in time, as first shown in Ref. [14]. Remarkably, both
the Eulerian and Lagrangian velocity statistics of shell models are well captured by the multifractal
model [14], whose basic ideas are summarized in the following.

Multifractal model for Eulerian velocity statistics. A straightforward way to detect intermittency
in HIT is to consider the statistical properties of the longitudinal velocity difference δrv = [	v(	x +
	r) − 	v(	x)] · 	r/|	r|. The moments of δrv define the structure functions Sp(r) ≡ 〈δrv

p〉. There is strong
numerical and experimental evidence [3] (see also the review [27]) that in HIT, at large Re, Sp(r)
exhibit anomalous scaling, i.e.,

Sp(r) ∼ rζ (p) (3)

with ζ (p) deviating from K41 prediction p/3, and being a nonlinear convex function of p with the
constraint ζ (3) = 1 as imposed by one of the few exact results in HIT, namely the Kolmogorov 4/5
law [2]. The scaling (3) is observed within the inertial range ηK 
 r 
 L0, comprised between the
Kolmogorov scale ηK ≡ (ν3/ε)1/4, (ν being the viscosity and ε the mean rate of energy dissipation)
and the large scale L0 of the flow, in HIT coinciding with the forcing scale. The basic idea of the
multifractal theory is to assume that, in the inertial range [2,12],

δrv = U0

(
r

L0

)h

, (4)

(U0 denoting the typical velocity at the scale of energy injection L0) which is consistent with
the invariance of the Euler equation under the transformation r → λr, v → λhv, and t → λ1−ht .
The K41 theory is a particular instance of Eq. (4) with h = 1/3, consistent with ζ (3) = 1. In the
multifractal theory, positive values of h � 1 are allowed with probability

Pr (h) ∼
(

r

L0

)3−D(h)

. (5)

Then, using Eqs. (4) and (5) and the definition of structure function Sp(r) = 〈δrv
p〉, the anomalous

scaling exponents can be obtained as the Legendre transform of the function D(h), i.e.,

ζ (p) = inf
h

{ph + 3 − D(h)}. (6)

One can think of D(h) as the fractal dimension of the set of h or as the large-deviation functional
describing the statistical properties of δrv. The same approach can be followed for the shell

model, where the velocity structure functions are defined as 〈|un|p〉 ∼ k
−ζ̂p
n and display anomalous

exponents ζ̂p remarkably close to those observed in HIT [26]. In particular, in this Letter, we assume
for D(h) a log-Poisson functional form [28]

D(h) = 3(h − h0)

log(β )

[
log

(
3(h − h0)

d0 log(β )

)
− 1

]
+ 3 − d0. (7)

For the Navier-Stokes equations, a good fit to the anomalous exponents ζ (p) is given by h0 =
1/9, d0 = 2, and β fixed by the constraint ζ (3) = 1. Notice that the strongest singularity in the
flow h0 is characterized by the dimension D(h0) = 1, which can be interpreted as the presence of
vortex filaments. However, slight variations on these parameters leave practically unaffected the fit,
at least for moments that are not too high. For the Sabra shell model discussed here, a very good
fit is obtained with h0 = 1/9 and β = 0.6 (corresponding to 3 − d0 = 4/3), as long as we consider
values of ζ (p) for p not too large, see, e.g., Ref. [29] for a discussion on this point.

Multifractal model for Lagrangian velocity statistics. Similarly to the Eulerian case, we can
define the Lagrangian velocity difference over a time interval τ , δτvL = [vL(t + τ ) − vL(t )], where
vL is the Lagrangian velocity—namely, the velocity along a tracer-particle trajectory—and we
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FIG. 1. (a) Kurtosis K of the Lagrangian velocity increments as a function of the time lag τ obtained in
the shell model for four values of the viscosity ν: 10−5 (blue circles), 10−6 (orange triangles), 10−7 (green
diamonds), and 10−8 (red squares). Inset: example of a typical time evolution of the Lagrangian velocity
obtained from our numerical simulations with ν = 10−8. (b) Local slopes as a function of the time lag τ for the
same values of viscosity shown in (a). The horizontal dashed line represents the scaling behavior predicted by
the multifractal theory. The dotted vertical lines denote the value of τK = √

ν/ε.

can define the Lagrangian structure functions SL
p (τ ) ≡ 〈|δτvL|p〉. K41 scaling would suggest that

SL
p (τ ) ∼ τ ξ (p) with ξ (p) = p/2 while experiments and simulations [13,30] display deviations from

the dimensional scaling. Such deviations can be described, similarly to the Eulerian case, with the
multifractal model. The first step is to link time and spatial scales, which can be done via the relation

τ = r

δrv
∼ L0

U0

(
r

L0

)1−h

= T0

(
r

L0

)1−h

, (8)

where T0 denotes the large-scale characteristic time. Then, following the same steps used for
Eulerian increments, we can write

δτvL ∼ U0

(
τ

T0

) h
1−h

with Pτ (h) ∼
(

τ

T0

) 3−D(h)
1−h

, (9)

and compute the anomalous scaling exponents ξ (p) in the Lagrangian frame as

ξ (p) = inf
h

[
ph + 3 − D(h)

1 − h

]
. (10)

Equations (6) and (10) show that the same function D(h) can explain the two sets of anomalous
scaling exponents ζ (p) and ξ (p) consistent with the available laboratory and numerical data in
HIT [13,15,27,31]. Similarly, in the shell model the Lagrangian structure functions defined using
the velocity in Eq. (2) have been shown to display anomalous scaling 〈|δτv|p〉 ∼ τ ξ̂ (p), with the
exponents well captured by the multifractal model [14].

In Fig. 1(a), we show the kurtosis 〈|δτv|4〉/〈|δτv|2〉2 as a function of the time lag τ for different
values of the Reynolds number (viz. of the viscosity), demonstrating the strong deviations from
Gaussianity due to intermittency and how they increase at decreasing the viscosity. In Fig. 1(b),
using ideas from extended self-similarity [32], we show the local slopes d ln(〈|δτv|4〉)/d ln(〈|δτv|2〉)
vs τ . Similarly to DNS and experimental data [15], around the Kolmogorov time, we observe a dip,
which is usually interpreted as the effect of vortices (see, e.g., Ref. [33]). However, in this case, a
well-defined dip is observed even if vortices are absent in the shell model. Moreover, the scaling
behavior predicted by the multifractal model (horizontal line) is slowly recovered. The presence of
the dip around τK was captured in Ref. [15] by using the multifractal model with a supplemental
model for the crossover between dissipative and inertial time scale [34]. This crossover is model
dependent (i.e., it depends on whether we are working with the Navier-Stokes equations or the shell
model), and we did not attempt to reproduce it for the shell model. However, the above observations
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FIG. 2. (a) Moment of the acceleration, 〈|a|p〉 defined in Eq. (2) vs ν−1 for different p, the dashed line
represent the best fits. Notice that when varying ν, we keep unchanged the large scales so that Re ∼ ν−1 up to a
multiplicative constant. (b) Symbols show the fitted exponents α̂p (triangles) ruling the behavior of acceleration
moments 〈|a|p〉 ∼ Reα̂p , obtained in the shell model together with the multifractal prediction obtained using
Eq. (15) with the log-Poisson model (7) (solid curve). Inset: example of the typical time evolution of the
Lagrangian acceleration normalized by its standard deviation obtained from our numerical simulations with
ν = 10−8. In both panels, error bars are within the symbols if not visible.

are consistent with the fact that the dip originates in the multifractal character of the fluctuations.
This observation was indeed first made in Ref. [14], where it was shown that the long crossover
disappears when considering a nonintermittent version of the shell model (see Fig. 2 and Fig. 5 and
the corresponding discussion in Ref. [14]). It is also worthwhile to remark that machine learning
trained on Lagrangian velocity as defined in Eq. (2) has been successfully applied in predicting and
classifying Lagrangian turbulence obtained by DNS data [35].

Multifractal model for the acceleration. We now turn to the main focus of this Letter, namely the
Lagrangian acceleration aL ≡ dvL/dt . This quantity displays strong intermittent fluctuations with
a long tail in its probability distribution function (PDF) P(aL ). In fact, upon defining σ 2

a = 〈a2
L〉,

extreme events up to several tens of σa are usually observed in the time behavior of aL [16,18].
These extreme events in aL are typically associated with Lagrangian particles which, along their
trajectories, experience the effect of vortex filaments or vortex tubes [16,17]. Using the multifractal
theory, one can obtain a prediction for the dependence on the Reynolds number Re for both the
acceleration moments 〈ap

L〉 and the acceleration PDF P(aL ). Indeed, we can estimate the Lagrangian
acceleration aL as

aL ∼ δτK vL

τK
∼ (δηK v)2

ηK
∼ U 2

0 η2h−1
K , (11)

where the second relation is obtained using Eq. (8) that links Lagrangian and Eulerian quantities
within the multifractal model, and the third using Eq. (4). Then, we observe that, as first sug-
gested by Frisch and Vergassola [21], within the multifractal framework, the Kolmogorov scale ηK

fluctuates as

ηK (h) ∼
(

νLh

U0

) 1
(1+h)

(12)

as obtained from Eq. (4) and defining ηK with the requirement (δv(ηK (h))ηK (h))/ν ∼ 1. Then,
using Eq. (4) with r = ηK in Eqs. (11) and (12), recalling that Re = U0L0/ν, we end up with

aL ∼ U 2
0

L0
Re

1−2h
1+h (13)
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FIG. 3. Log-linear plot of the acceleration PDFs normalized with the standard deviation σa of the accelera-
tion for four different values of the viscosity ν = {10−5, 10−6, 10−7, 10−8}, as indicated by the legend. Symbols
represent the probability distributions obtained from our numerical simulations, while the corresponding
dashed lines of matching color indicate the multifractal prediction.

with probability given by Eq. (5) for r = ηK (h), i.e.,

P(h) ∼
[
ηK (h)

L

]3−D(h)

∼ Re
D(h)−3

1+h , (14)

where the last relation is obtained using Eq. (12). Now, from Eqs. (13) and (14) we get

〈|aL|p〉 ∼
(

U 2
0

L0

)p

Reαp, αp = sup
h

{
(1 − 2h)p − 3 + D(h)

1 + h

}
, (15)

which, using the log-Poisson model (7), yields a prediction for αp in excellent agreement with the
numerically computed moments within the shell model, as shown in Fig. 2.

We now move to the multifractal prediction for the probability density function of the accelera-
tion, P(aL ). We first notice that Eq. (11) can be used to express ηK in terms of aL. Then combining
the expressions [Eqs. (11), (13), and (14)] yields [18]

P(aL ) = Z
∫

dh a
h−5+D(h)

3
L ν

7−2h−2D(h)
3 exp

⎡
⎣−a

2(1+h)
3

L ν
2(1−2h)

3 L2h

2σ 2

⎤
⎦. (16)

The above equation is derived upon assuming U0 in Eq. (4) to be a Gaussian variable with zero mean
and standard deviation σ , an extremely good approximation for HIT. While this assumption is not
necessary to predict the scaling of the moments, it is essential for modeling the functional form of
the PDF.

Following Ref. [18], to compare the prediction with numerical data, we can further simplify
Eq. (16) by introducing the normalized acceleration ã = a/σa and rewrite it directly for ã as

P(ã) = Z
∫

dh ã
h−5+D(h)

3 Reα2
5−h−D(h)

6 + 2h+2D(h)−7
3 exp

[
− ã

2(1+h)
3 Re

2(1−2h)
3 + 2α2 (1+h)

3

2

]
, (17)

where α2 is the exponent of the second moment of the acceleration as defined in Eq. (15). In the
above expression, we used that σ ∼ U0, i.e., the root-mean-square velocity is an estimate of the
large-scale velocity. The above formula is pleasant as it depends only on one parameter Re. Then,
using Eq (7) for the D(h), one can numerically compute the above integral and compare the obtained
P(ã) against the numerical findings. It turns out that Eq. (17) provides an excellent qualitative and
quantitative prediction of the observed probability distribution of the Lagrangian acceleration, as
shown in Fig. 3. The curves shown have been obtained by fitting Re for the simulation done with
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ν = 10−7 and extrapolating the prediction for the others by simply rescaling Re according to the
value of ν. Following Ref. [18], the integral in Eq. (16) has been computed by setting hmin = 0.16
to avoid unphysical divergences, and hmax = 0.99, with the results shown being robust to slight
variations of these boundary values. We should note that the normalization of the curves is a free
parameter to consider in the fitting procedure, and it may need some fine tuning. However, this
prefactor rescales the curves without changing their shape, and since our focus is on predicting the
scaling of the PDF tails, it does not alter our conclusions. Remarkably, the results shown in Fig. 3
are qualitatively and quantitatively close to the one observed for the Navier-Stokes equations [18],
even if no vortex filaments characterize the intermittent fluctuations of the Sabra model.

Conclusions. We have shown that shell models of turbulence, despite lacking coherent vortical
structures, reproduce the extreme intermittent fluctuations of Lagrangian acceleration typically ob-
served in real turbulent flows. Using a multifractal framework, we demonstrated that the statistics of
acceleration—including its moments and full probability distribution—can be accurately predicted
across a wide range of Reynolds numbers using only the D(h) extracted from the anomalous scaling
exponents ξ (p) without other fitting parameters. Building on Refs. [36,37], our findings may be
attributed to the existence of statistical coherent structures, manifest in the shell model as a particular
phase organization among the velocity modes un. Crucially, because interactions in shell models are
strictly local in scale, any such phase-organized structures must form through the inertial-range
energy cascade itself, and thus their development is essentially independent of the details of the
dissipation mechanism. Our findings support the universality of multifractal statistics in turbulence
and highlight the power of shell models as minimal yet effective tools for capturing key features
also of Lagrangian turbulence.
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