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Hele-Shaw flows with an interface are known to give rise to complex pattern formation,
whereby the Saffman-Taylor instability triggers a viscous fingering process accompanied
by tip splitting and branching. The most popular of these experiments involves a radial
configuration with a less viscous fluid injected into a more viscous fluid. In an attempt
to characterize the resulting complexity in such an experiment, T. H. Beeson-Jones et al.
[Sci. Rep. 9, 7780 (2019)] have proposed a type of simple empirical model that aims to
predict the saturation profile of the invading fingers as a function of a radial coordinate.
We revisit the proposed saturation model and test its validity over a broad parameter range
using fully nonlinear numerical simulations computed with a level-set method. We find that
the saturation model is very effective at predicting some near-universal properties of the
viscous fingering patterns for one-phase flows, where the invading fluid is neglected, with a
sufficiently small surface tension parameter. For larger values of this parameter and for two-
phase flows, there are discrepancies between the model and our observations. We explain
these differences by studying the morphology of the advancing fingers, including pinching
at the base and the rate of tip splitting. Overall, our study shows that the Beeson-Jones–
Woods saturation model serves as a valid description of diffusion-limited aggregation–like
patterns but is not universal over two-phase flows, where surface tension and viscosity ratio
substantially alter finger morphology and the resulting saturation profile.

DOI: 10.1103/gd5k-txp3

I. INTRODUCTION

Interfacial-flow scenarios in Hele-Shaw cells with two immiscible fluids are extremely well
studied, in part because of the visually appealing fingering instabilities, the tip-splitting phenomena,
and the striking pattern formation [1–5]. Other key motivations come from the close links with
porous media flow and subsequent applications such as oil recovery [6,7]. In the early years, these
interfacial patterns were analyzed mostly by experimentalists and, indeed, there is a plethora of such
examples [8–11]. More recently, there are excellent numerical simulations of these phenomena
[12,13]. To support these experimental and computational results, a challenge for researchers
studying these instabilities is to develop simple and reliable measures to characterize the complexity
of the fingering patterns. This task is a theme of the present paper.

An example of a Hele-Shaw fingering pattern is provided in Fig. 1(a). This figure was produced
using the numerical scheme described in the Appendix. In this simulation, a less viscous fluid is
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FIG. 1. (a) Numerical simulation of Eqs. (8)–(15) for a viscosity ratio V = 50 (relevant for air injected
into water, where air and water are colored white and blue, respectively) at a fixed dimensionless time t = 50.
The red circles indicate locations of three important radii: r = rb, which measures the radius of the innermost
fjord and therefore bounds a flooded region filled with the invading fluid only; r = r f , which bounds what
Beeson-Jones and Woods [14] call the frozen finger zone (rb<r<r f ); and rt , which measures the radius of the
outermost tip of the invading fingers and defines what Beeson-Jones and Woods call the active outer finger
zone (r f <r<rt ). (b) A schematic of the saturation profile drawn at t = 50, indicating the flooded, frozen, and
active zones.

injected into a Hele-Shaw cell that already contains another fluid that is V = 50 times more viscous
(roughly that for water and air), where V is the viscosity ratio between the displaced and displacing
fluids [Eq. (14)]. As is well known, under these circumstances, a circular interface is generally
unstable to small perturbations [15], giving rise to the type of fingering pattern that is observed
in this image. In general terms, such a Hele-Shaw fingering pattern will be very sensitive to small
variations in a number of parameters, most notably the injection rate of the less viscous fluid, the
ratio of fluid viscosities, the initial shape of the bubble, and the surface tension at the interface itself.
These effects have been explored at length experimentally and, to a lesser extent, numerically for
the standard Hele-Shaw setup that involves injection into a Newtonian fluid between two parallel
plates [12,13] and also for a range of alternative geometries and fluid types [16–22].

In this paper, we revisit a simplified model of the viscous fingering pattern in a radial Hele-
Shaw cell proposed by Beeson-Jones and Woods [14], referred to as a saturation profile, which
characterizes the proportion of a given radius occupied by the invading fluid. For a radial Hele-Shaw
experiment of the type illustrated in Fig. 1(a), this saturation profile is shown in Ref. [14] to be well
approximated by three regions: an inner region (fully flooded zone) whose radius is constant in time,
which is completely occupied by the invading fluid; a second region (frozen finger zone) where the
proportion of invading fluid decreases via a fixed power law in radius that is also independent of
time; and an outer region (active finger zone) where the proportion decreases linearly to zero. At
a given time, the outer boundary of this outer region is the radius at which the tip of the longest
finger is located. A schematic of such a saturation profile is shown in Fig. 1(b). A key point is that
the saturation profile proposed by Beeson-Jones and Woods provides a relatively straightforward
description of complicated viscous fingering patterns. Further, the main conclusion that those
authors draw is that there is an apparent universality in this saturation profile, suggesting that
despite the significant variability of the interfacial patterns that can arise in a Hele-Shaw experiment,
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depending on the physical parameters such as injection rate, surface tension, and the viscosity ratio,
the fundamental measure of radial saturation can be successfully predicted using a very simple
formula.

While Beeson-Jones and Woods have applied their model to radial viscous fingering experiments
and diffusion-limited aggregation (DLA) simulations, in this work we assess the universality and
validity of the proposed model using fully nonlinear numerical simulations. An advantage of
generating numerical solutions is that we are able to cover a much wider parameter space than
what is possible in experiments and thereby explore a variety of effects that were not considered by
Beeson-Jones and Woods. As the original Beeson-Jones and Woods work establishes the validity of
their results for highly unstable regimes with viscosity ratios ranging from V = 300 to 10000, our
study seeks to define the limits of this model by applying it to broader two-phase flow scenarios,
including less unstable displacements and systems with comparable fluid viscosities, which were
not tested in their original experimental study. Our goals are twofold: (i) to delineate the region
of the parameter space in which the empirical saturation model is consistent with our numerical
simulations and (ii) to identify the mechanisms responsible for deviations when they occur. The
numerical scheme we use is based on the level-set method presented in Morrow et al. [18,19] that
was itself based on early work [23]. We have extended this one-phase approach to include the
effects of both the less and more viscous fluid. Note that most of the other numerical methods for
simulating fully nonlinear one- and two-phase Hele-Shaw flows involve either a boundary-integral
formulation [12,13,20,24,25] or a finite-element method [26,27], which differs from our presented
level-set scheme.

In Sec. II, we present the governing equations for two-phase Hele-Shaw flow and show that
the setup is characterized by two dimensionless parameters, namely the effective surface tension
σ and the viscosity ratio V . Our paper continues in Sec. III, where we solve the governing
equations numerically to assess the validity of the Beeson-Jones–Woods model across a broad
parameter range, for both one- and two-phase flows. The details of the numerical scheme are
presented in the Appendix. Finally, we end in Sec. IV with a brief discussion summarizing our
findings.

II. GOVERNING EQUATIONS

We consider a Hele-Shaw cell of gap spacing, b, containing two immiscible, Newtonian, and
incompressible fluids. In this radial configuration, a viscous fluid (fluid 2) is displaced by another
of lesser viscosity (fluid 1), which is injected through a small circular region at a constant flow rate
Q. The viscosities are given by μk , where k = 1, 2, and μ2 > μ1. The two fluids are separated by
a sharp interface with surface tension γ . A schematic representation of the model is presented in
Fig. 2.

Under these conditions, the flow is governed by Darcy’s law [1,6,9]

vk = − b2

12μk
∇p(k), x ∈ �k (t ), (1)

where vk , p(k), and �k (t ) denote the gap-averaged velocity, the pressure fields, and the connected
domain of fluid k = 1, 2. Note that �2 = R2 \ �1. The interface between the two fluids is denoted
by ∂�(t ). Taking the divergence of Darcy’s law and enforcing the incompressibility condition
(∇ · vk = 0), we see that the pressure field obeys Poisson’s equation

∇2 p(k) = 12μk

b3
�, x ∈ �k (t ), (2)
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FIG. 2. Schematic representation of the two-phase radial Hele-Shaw flow. A central droplet (fluid 1) with
viscosity μ1 occupies the inner region �1(t ) and displaces a more viscous outer fluid (fluid 2, μ2 > μ1) in
region �2(t ). The fluids are separated by a sharp interface ∂�(t ). Fluid 1 is injected at a constant flow rate Q
from a central source � with a smoothing radius r̄0.

where

� =

⎧⎪⎨
⎪⎩

Q
br̄2

0

(
1 + cos

(
πr
r̄0

))
, if r � r̄0,

0, if r > r̄0.

(3)

acts as a source term around the origin. Equation (3) was proposed by Hou et al. [23], and arises from
a smoothed Dirac delta function, where r̄0 represents a smoothing radius. Furthermore, a far-field
boundary condition

b3

12μ2

∂ p(2)

∂r
∼ − Q

2πr
, r → ∞, (4)

where r = |x|, acts as a sink at infinity [18,19].
To fully specify our problem, two boundary conditions on the interface are required. The first

is the kinematic boundary condition, which states that the normal component of the velocity is
continuous across the interface [1,6,9],

v1 · n = v2 · n, x ∈ ∂�(t ), (5)

where n is the unit normal vector to the interface. This condition can be rewritten as

vk · n = − b2

12μk

∂ pk

∂n
, x ∈ ∂�(t ), (6)

relating the normal velocity at the interface with the normal pressure gradient. Furthermore, due
to surface tension effects, the pressure field is discontinuous across the interface, giving rise to a
dynamical boundary condition described by the Young-Laplace’s equation [1,6,9],

p(2) − p(1) = −γ κ, x ∈ ∂�(t ), (7)

where κ is the in-plane curvature of the interface and γ the surface tension.
We nondimensionalize Eqs. (2)–(7) by scaling lengths by the average initial radius of the

interface r0 and time by T = r2
0b/Q, which yields

∇2 p(1) = �

V
, x ∈ �1(t ), (8)

∇2 p(2) = 0, x ∈ �2(t ), (9)
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p(2) − p(1) = −σκ, x ∈ ∂�(t ), (10)

v1 · n = v2 · n, x ∈ ∂�(t ), (11)

∂ p(2)

∂r
∼ − 1

2πr
, r → ∞, (12)

where

σ = b3γ

12μ2Qr2
0

(13)

is an effective surface tension,

V = μ2

μ1
(14)

is the viscosity ratio, and

� =

⎧⎪⎨
⎪⎩

1
r̄2

0

(
1 + cos

(
πr
r̄0

))
, if r � r̄0,

0, if r > r̄0.

(15)

For the entirety of this work, we choose r̄0 = 0.05, which ensures that � is always zero in �2(t ).
To solve Eqs. (8)–(15), we employ a two-phase, sharp interface, level-set scheme, described in the
Appendix. We consider that initially (t = 0), the fluid-fluid interface is situated at [18,19,28–30]

R(θ, 0) = 1 + 10−2 ×
20∑

n=2

cos[n(θ − ϕn)], (16)

where ϕn is a random phase ranging between 0 and 2π that mimics the presence of a constant low
level of random noise in the system, which may arise due to inhomogeneities of the Hele-Shaw
plates or thermal and pressure fluctuations [28].

The set of dimensionless equations (8)–(15) fully describes our two-phase system, which is
characterized by two dimensionless parameters. The first parameter is the effective surface tension
σ , which quantifies the relative importance of surface tension compared with viscous effects.
Typically, larger values of σ [Eq. (13)] lead to a less unstable interface [1,6,9,15]. This parameter
can vary over several orders of magnitude, and can be easily tuned experimentally for a fixed pair
of fluids by adjusting the imposed flow rate Q, the initial droplet radius r0, or the gap thickness b.
The second parameter is the viscosity contrast V [Eq. (14)], which measures the relative viscosity of
the two fluids. In the one-phase limit, where an inviscid fluid displaces a viscous one, V → ∞. We
stress that the physical parameters used in this work are consistent with those commonly employed
in experimental radial Hele-Shaw cell investigations [1,6,9,15]. Although we attempt to match the
parameters considered by Beeson-Jones and Woods [14], their work does not report all dimensional
quantities required to compute the effective surface tension σ , most notably the initial drop radius
r0, whose square appears in the denominator of σ [see Eq. (13)].

III. ANALYSIS OF THE EMPIRICAL SATURATION MODEL

A. Summary of Beeson-Jones–Woods model

Aiming to succinctly illustrate the radial viscous fingering instabilities in a Hele-Shaw cell,
Beeson-Jones and Woods [14] present an empirical saturation profile model for Hele-Shaw flow,
describing the behavior of the azimuthally averaged fraction of the area occupied by the invading
fluid, S(r, t ). The saturation S(r, t ) is computed through the area covered by the displacing fluid in
an annular ring delimited by circles of radii r and r + δr, 2πrS(r, t )δr, with δr � r. As discussed
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in Sec. I, their model divides the saturation profile into three zones, illustrated in Fig. 1. For
r < rb, we have a central fully flooded region, where the injected fluid occupies the entire region,
leading to S = 1. The radius rb delimits this flooded region and, while dependent on the physical
parameters of the fluids and cell, is assumed by Beeson-Jones and Woods to be constant in time.
For rb � r < r f (t ), we have a frozen finger zone, where the saturation S(r, t ) is postulated to be
independent of time and decays in a power-law fashion, with exponent D − 2, where D is the fractal
dimension of the pattern. Finally, we have an active finger zone for r f (t ) � r < rt (t ), in which the
fingers advance in time, thicken, and bifurcate. In this zone, some data suggests that the saturation
decays linearly with r. The radius r = rt (t ) represents the maximum radius of the pattern, thus
S(r, t ) = 0 for r � rt (t ).

Mathematically, the Beeson-Jones–Woods model is expressed as [31]

S(r, t )model =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1, for 0 < r < rb, (flooded region)(
r
rb

)D−2
, for rb � r < r f (t ), (frozen region)( r f

rb

)D−2 �−r/r f (t )
�−1 , for r f (t ) � r < rt (t ), (active region)

0, otherwise,

(17)

where � ≡ rt (t )/r f (t ) and rb are fitting parameters. For the viscous fingering pattern to represent a
fractal with constant fractal dimension, it is expected that � and rb must be constants [14].

Employing this formulation, Beeson-Jones and Woods compare the model (17) to data from
injection-driven radial Hele-Shaw flow experiments and from DLA simulations. For the DLA
simulations, considering 106 off-lattice walkers, they report that the best fitting parameters are
� = 1.43 ± 0.04 and rb = 0.14 ± 0.01, when the fractal dimension is fixed at D = 1.7. For the
several experiments in radial Hele-Shaw flow, both new and from the literature, across viscosity
ratios ranging from V = 300 to 2 × 104, where V is defined in Eq. (14), they consistently found �

values in the range 1.43–1.46. Notably, they have not provided any measure of the fractal dimension
of the patterns resulting from the performed experiments but instead simply set D = 1.7 for every
case. While this value is commonly accepted as the fractal dimension of both viscous fingering and
DLA patterns, in the case of viscous fingering other values of D have also been reported, ranging
from 1.64 to 1.85 [32–36]. The optimal fit is obtained by minimizing the error

E =
∫

2πr|Smodel − S|dr∫
2πrSdr

, (18)

where S refers to the saturation obtained from the experimental or numerical data and Smodel to
Eq. (17).

In their work, Beeson-Jones and Woods present evidence for a universal saturation profile for
radial Hele-Shaw flows, which allows one to concisely describe the evolution of viscous fingering.
Here our goal is to apply our numerical scheme to evaluate the universality and validity of this
model. A key advantage of the numerical approach is that it allows the exploration of a much
broader parameter space than is accessible experimentally, including lower viscosity ratios.

B. One-phase flows

In this section, we explore one-phase flows, presented in Fig. 3, where a viscous fluid is displaced
by an inviscid one (V = ∞). This configuration is appropriate to begin our investigation of the
Beeson-Jones–Woods model, as the experiments analyzed in Ref. [14] were conducted at high
viscosity ratios, with V = 300 or higher. The first row of Fig. 3 [Figs. 3(a)–3(d)] presents interfacial
patterns generated from our numerical scheme for four values of the effective surface tension:
(a) σ = 2 × 10−6, (b) σ = 2 × 10−5, (c) σ = 2 × 10−4, and (d) σ = 2 × 10−3. Figures 3(a)–3(d)
show the full temporal evolution of the interface 0 � t � t f , where t f = 80. The patterns are
presented in equal time spacings δt = 10. The second row of Fig. 3 [Figs. 3(e)–3(h)] reports the
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FIG. 3. [(a)–(d)] Time evolution of the interfacial patterns obtained numerically with the level-set scheme,
for one-phase flow (V = ∞). The patterns are presented for 0 � t � 80. [(e)–(h)] Corresponding saturation
profiles of the patterns presented. For (e) and (f), a fit with the Beeson-Jones–Woods model is graphed in
black. The simulations are performed for (a) and (e): σ = 2 × 10−6; (b) and (f): σ = 2 × 10−5; (c) and (g):
σ = 2 × 10−4; and (d) and (h): σ = 2 × 10−3. The measured fractal dimension D of each pattern is (a) D =
1.65, (b) D = 1.68, (c) D = 1.79, and (d) D = 1.99.

corresponding saturation profiles, S(r, t ), plotted as functions of r at t = 20, 40, 60, and 80. In
Figs. 3(e) and 3(f), the solid black line represents the fit to the model given in Eq. (17). For the
level-set formulation, the quantity S(r, t ) is calculated as

S(r, t ) = 1

2πrδr

∫
ψ (r)

H[φ(x)]dx, (19)

where ψ (r) is the annular region delimited by circles of radii r and r + δr, and H[φ(x)] is a
smeared-out Heaviside function [37]

H (φ) =

⎧⎪⎨
⎪⎩

0, φ < − ε,

1
2 + φ

2ε
+ 1

2π
sin

(
πφ

ε

)
, −ε � φ � ε,

1, ε < φ,

(20)

where ε = 1.5�r, where �r is the grid spacing in the r direction. When calculating S(r, t ) from our
numerical data, we have detected no significant change in our results for different values of δr, and
set it to δr = 5�r for the remainder of this work (Ref. [14] makes no mention of their choice of δr
for their experimental measures).

Figure 3(a) shows the time evolution of the growing interface, computed using the level-set
scheme, for the lowest effective surface tension considered, σ = 2 × 10−6. At this low value of
surface tension, the initially growing fingers rapidly develop stationary fjords (also called finger
bases), delineating a fully flooded region of fixed radius rb. The fingers continue to advance and
undergo repeated sidebranching, where small fingers branch out to the side of a main finger. An
interfacial pattern is produced with the characteristic features of the Saffman-Taylor instability,
including several tip-splitting events and strong variability in finger length. These effects lead to a
highly branched pattern. Following May and Maher [32], we compute the fractal dimension D by
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comparing the logarithm of the radius of gyration Rg with the logarithm of the pattern area, using
the expected scaling Rg ∼ A1/D. This procedure yields D = 1.65 for the pattern shown in Fig. 3(a).

The saturation profile of this fingering pattern is presented in Fig. 3(e). Solid circles denote the
numerical data and the black line represents the corresponding model fit. For this small value of
surface tension, the saturation profile closely follows the Beeson-Jones–Woods model. At small
radii, a fully saturated flooded region is observed, where S(r, t ) = 1. Note that this region is
delimited by a radius rb constant in time, corresponding to the finger bases being stationary. The
saturation then transitions into a frozen region, where the saturation is time independent and decays
with r, according to Eq. (17). While some oscillations appear on the curve, the overall behavior is
monotonically decreasing. Finally, an active zone appears, characterized by a linear dependence of
the saturation on the radius [Eq. (17)].

To fit the saturation profile data to the model, we incorporate the measured fractal dimension
D rather than fix it at D = 1.7 as was done in Ref. [14]. We obtain the best fit by minimizing the
error quantity defined in Eq. (18) at t = t f . For the pattern presented in Fig. 3(a), at σ = 2 × 10−6

with D = 1.65, the fit yields � = 1.47 and rb = 1, with an error of approximately 4% [E = 0.040].
This value of � is close to the range 1.43–1.46 reported by Beeson-Jones and Woods, indicating an
agreement between our numerical simulations and the Beeson-Jones–Woods model, for this set of
parameters.

Increasing the effective surface tension to σ = 2 × 10−5, as shown in Figs. 3(b) and 3(f), yields
results qualitatively similar to those in Figs. 3(a) and 3(e). The interfacial pattern exhibits multiple
finger tip bifurcations and remains highly branched, still presenting a few sidebranching events.
The measured fractal dimension was D = 1.68. The corresponding saturation profile again shows
well-defined flooded, frozen, and active zones. Fitting this profile to the model gives � = 1.50,
rb = 1.1, and E = 0.056, values that remain reasonably close to those reported in Ref. [14].

In contrast, further increasing the effective surface tension to σ = 2 × 10−4 [Figs. 3(c) and
3(g)] produces a visually distinct fingering pattern, where sidebranching events are suppressed.
Even though many finger tip-splitting events still occur, the fractal dimension rises substantially
to D = 1.79; a closer inspection also reveals that the tips of the fjords do not remain completely
stationary but instead advance slowly over time, which is in stark contrast with the Beeson-Jones–
Woods model, violating their assumption that rb is constant. While the saturation profile continues to
display features resembling flooded, frozen, and active zones, its overall behavior no longer follows
the empirical model. In particular, immediately after the flooded region, the saturation exhibits an
abrupt drop followed by a rise, creating a local minimum that was not present at lower values of
σ in Figs. 3(e) and 3(f). Given the markedly different curve shape of S(r, t ), no satisfying fit was
found for this fingering pattern.

Finally, for the highest effective surface tension considered, σ = 2 × 10−3 [Figs. 3(d) and 3(h)],
the system develops a distinct interfacial pattern characterized by short, broad viscous fingers.
Finger branching is almost entirely absent, with only a few tip-splitting events appearing, yielding
a fractal dimension of D = 1.99, and the saturation profile deviating from the empirical model.
At early times, the saturation abruptly goes from fully saturated to zero, whereas at later times a
short plateau emerges in which the saturation remains nearly constant with radius. Under this set of
parameters, there is no indication of a frozen zone forming.

The numerical simulations in Fig. 3 indicate that, for one-phase flows, the model proposed by
Beeson-Jones and Woods is only valid for patterns formed at low surface tension values. To begin
to understand this restriction, it is worth reflecting on the original motivation for the saturation
model, which appears to come from comparisons with DLA (see Beeson-Jones’ Ph.D. thesis [31]).
In DLA, particles undergoing random motion stick to a growing structure upon contact, forming a
cluster whose boundary is the set of outermost sites exposed to the surrounding medium, accessible
to incoming particles. The probability distribution of a random walker attaching to this boundary
is determined by solutions of Laplace’s equation. This corresponds to the likelihood that diffusion
reaches each exposed location and matches the flux distribution associated with Hele-Shaw flow.
Thus, DLA can serve as a model that reproduces key features of Hele-Shaw flow. However,
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FIG. 4. [(a) and (d)] Polar representation of a snapshots of the interfaces portrayed in Figs. 3(c) and 3(a)
at t = 80, respectively. A close-up of a selected viscous finger, highlighted in red, is presented in (b) and (e).
Panels(c) and (d) presents the normalized saturation profile of the highlighted fingers. Small black arrows on
(b) indicate a “clamping” effect on the viscous finger.

this correspondence holds only when our surface tension parameter is small, with values below
σ = 10−5 [32–36]. At higher surface tension parameter values, the resulting viscous fingering
patterns depart from DLA-like behavior, and the saturation profiles accordingly deviate from the
empirical model. A few works have tried to mimic surface tension in DLA simulations by changing
the attaching probability of the walkers [38,39], but this case is not considered either by Ref. [14]
or in this work.

C. Effects of finger morphology

In this section, we investigate why the Beeson-Jones–Woods model is unable to describe the
observed saturation profiles as σ increases. In Figs. 4(a) and 4(d), we plot the interface radius as a
function of the polar angle θ for the final interfacial patterns presented in Fig. 3(c) (σ = 2 × 10−4)
and Fig. 3(a) (σ = 2 × 10−6), respectively, at t = t f = 80. Figures 4(b) and 4(e) represent a close-
up of a single finger of Figs. 4(a) and 4(d), indicated by the red contour. Finally, Figs. 4(c) and
4(f) represent the normalized saturation profile for the single finger presented in Figs. 4(b) and 4(e).
Throughout Fig. 4, three thin, black lines (solid, dashed, and dotted) guide the eye to relevant events.

We begin our discussion with the first row of Fig. 4, corresponding to σ = 2 × 10−4 [Figs. 4(a)–
4(c)]. While inspection of the full pattern in Fig. 4(a) shows several tip-splitting events, most of those
occur on the radial interval 3 � r � 5. Finger lengths exhibit little variability, with most terminating
near r ≈ 6. The impact of the finger morphology on the saturation profile can be understood by
examining the close-up of the finger highlighted in red in Fig. 4(a), shown in Fig. 4(b), together
with its corresponding saturation profile in Fig. 4(c). Initially, the finger displays a flooded zone
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from r = 0 to approximately r ≈ 1.4, as indicated by the solid line. Beyond this point, between
the solid and dashed lines, S(r, t ) drops sharply before undergoing a significant rise in its value. As
seen in Fig. 4(b), this behavior reflects a pronounced “clamping” of the finger base, where the finger
quickly narrows and widens, indicated by small black arrows. A second abrupt drop in saturation
occurs around r ≈ 3.4, coinciding with a tip-splitting event (dashed line). Afterward, the saturation
forms a short plateau and then transitions into a steady decline (dotted line) as r reaches the
finger tip.

In the second row of Fig. 4, for σ = 2 × 10−6 [Figs. 4(d)–4(f)], we see from Fig. 4(d) that
branching occurs along the entire extent of the fingers, unlike the higher-surface tension case. The
fingers also present more length variability. The close-up of the finger marked in red, shown in
Fig. 4(e), reveals that the “clamping” effect is much more subtle. In Fig. 4(f), the decrease in
saturation in the post flooded zone, indicated by the solid line, is present but far less pronounced
than in Fig. 4(c). Likewise, the sharp rise observed at lower surface tension becomes far more subtle
at higher surface tension. Due to multiple sidebranching events occurring along the same finger,
the resulting saturation curve exhibits significant oscillations, preventing the appearance of clear
plateaus or abrupt transitions.

From Fig. 4, we can begin to understand the morphological reasons why the Beeson-Jones–
Woods model appears to fail at higher surface tension parameters. At low surface tension, finger
bases are relatively smooth, whereas at higher surface tension they exhibit a pronounced “clamping”
near the base, which produces the local minimum seen in Fig. 3(g). Figures 4(b) and 4(c) shows
that tip-splitting events generate abrupt changes in the saturation profile. For low surface tension,
however, sidebranching is frequent and distributed along the entire extent of the fingers and,
supplemented by tip-splitting events, causes these abrupt variations to be effectively averaged out.
In contrast, at higher surface tension, sidebranching is not present, and bifurcations cluster within
a limited radial interval. As a result, for higher surface tensions the saturation profile may show
sharper transitions and a plateau, such as the one in Fig. 3(h).

D. Two-phase flows

Having established the main features of the saturation profile for one-phase flow, we turn our
attention to two-phase flow. In Fig. 5, we consider four values of the viscosity ratio: V = 300 for
Figs. 5(a) and 5(e), V = 50 for Figs. 5(b) and 5(f), V = 25 for Figs. 5(c) and 5(g), and V = 2
for Figs. 5(d) and 5(h). The simulations are performed for the representative value of the effective
surface tension σ = 2 × 10−6, which was chosen since the corresponding result for one-phase flow
better matches the Beeson-Jones–Woods model. Snapshots of the interfacial patterns at t = t f = 60
are presented in the first row of Fig. 5, while the second row contains the corresponding saturation
curves.

The first viscous fingering pattern in Fig. 5(a), corresponding to V = 300, closely resembles the
pattern in Fig. 3(a), which shows the one-phase simulation at the same value of surface tension.
This similarity is expected, as such a high viscosity ratio effectively mimics one-phase flow. As
in Fig. 3(a), the pattern is highly branched and exhibits substantial finger-length variability. We
also verify that the finger bases remain stationary after the initial growth. The saturation profile in
Fig. 5(e) also looks similar to its one-phase counterpart [Fig. 3(e)], with a clear distinction between
the flooded, frozen and active zones. We measure a fractal dimension of the pattern to be D =
1.67, while the best fit of the model yields � = 1.5, with rb = 1 and E = 0.051. Note that this
viscosity ratio corresponds to the lowest value of V examined by Beeson-Jones and Woods in their
experimental study.

The pattern for V = 50 in Fig. 5(b) retains many of the features observed in the one-phase
flow [Fig. 3(a)] and V = 300 [Fig. 5(a)] cases but begins to exhibit noticeable deviations. Most
prominently, a finger in the northeastern region shows signs of rupturing and finger self-intersection.
Similar effects have been detected in other numerical studies of two-phase flows [40]. This ef-
fect appears due to the low value of surface tension considered in the two-phase flow, namely
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FIG. 5. [(a)–(d)] Snapshots of the two-phase interfacial patterns obtained numerically with the level-set
scheme, for σ = 2 × 10−6, at t = 60. [(e)–(h)] Corresponding saturation profiles of the patterns presented. The
simulations are performed for the following viscosity contrasts: [(a) and (e)] [V = 300, [(b) and (f)] V = 50,
[(c) and (g)] V = 25, and [(d) and (h)] V = 2.

σ = 2 × 10−6. The overall degree of branching is reduced, and the finger fjords migrate slowly,
causing the flooded zone to expand gradually over time. The measured fractal dimension is D = 1.7.
Interestingly, although the fractal dimension lies within the range reported in the literature, no
satisfactory fit, defined as an error E < 0.1, was obtained for the saturation curves proposed by
the Besson-Jones–Woods model.

Reducing the viscosity ratio to V = 25 leads to substantial finger rupturing and self-intersection,
including a case where one finger detaches completely from the main interface. The sidebranching
seen in Figs. 5(a) and 5(b) is absent, and we verified that the finger fjords undergo significant
motion during the evolution, rendering the flooded region radius rb time dependent. Because
the Beeson-Jones–Woods model requires a temporally fixed fully flooded region, it cannot be
applied in this regime. The saturation curves confirm that the flooded zone grows in size as time
progresses, preventing the formation of a frozen zone. Nevertheless, the saturation still displays an
approximately linear dependence on radius at sufficiently large r.

For the lowest viscosity ratio considered, V = 2, the near-circular interface becomes much less
deformed, as expected for such a small ratio. Only shallow indentations appear along the interface,
producing very short and broad fingers. The finger bases advance continuously with the interface,
as seen in Fig. 5(h). As a result, no frozen zone forms, and the model cannot be fitted in this regime.

IV. CONCLUSION

In this work, we employed a level-set numerical scheme to assess the validity of the saturation
model proposed by Beeson-Jones and Woods [14,31], which aims to describe a universal saturation
profile for viscous fingering patterns. Our numerical results show that the Beeson-Jones–Wood
model accurately reproduces the saturation profile for one-phase flows when the effective surface
tension is sufficiently small and the viscosity ratio sufficiently large. In this regime, the numerically
generated patterns exhibit well defined flooded, frozen, and active zones, yielding fitting parameters
that are consistent with the experimental data reported in the original study [14]. This agreement
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confirms that the model captures the essential dynamics of patterns that closely resemble DLA,
when the dimensionless surface tension parameter is small, which corresponds to situations of low
surface tension, small plate gaps, large injection rates, or a large initial bubble radius.

Alas, the applicability of the model degrades significantly as the effective surface tension in-
creases. We observed that higher surface tension suppresses the frequent branching events and finger
length variability necessary to achieve the saturation profile proposed by the Beeson-Jones–Woods
model. The less unstable scenario of higher effective surface tensions leads to morphological
changes in the resulting patterns, such as “pinching” at the finger bases, which may introduce abrupt
transitions, local minima, and plateaus in the saturation curves that the Beeson-Jones–Woods model
cannot accommodate. The assumption of a time-independent frozen zone breaks for higher surface
tensions, as the finger fjords do not remain stationary. From Beeson-Jones’ Ph.D. thesis [31], there
is a suggestion that the saturation model was first developed empirically for DLA simulations and
then applied to radial viscous fingering experiments, supporting our conclusion that the model only
describes DLA-like scenarios.

Furthermore, our extension of the analysis to two-phase flows demonstrates that the saturation
model’s validity is restricted to high viscosity ratios, where the system effectively approximates
one-phase flow. As the viscosity ratio decreases, the assumption of a stationary flooded region
breaks down, as the finger fjords advance radially, and the flooded radius becomes time dependent.
At lower viscosity ratios, phenomena such as finger breakup, coalescence, and the suppression of
sidebranching prevent the formation of a frozen zone entirely. Ultimately, while the Beeson-Jones–
Woods model is certainly a valuable tool for characterizing DLA-like interfacial instabilities, it lacks
the universality required to describe the full spectrum of nonlinear Hele-Shaw flows, particularly
those influenced by significant surface tension or low viscosity contrasts.
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APPENDIX: NUMERICAL SCHEME

For our numerical investigation, we develop an extension to the level-set formalism for Hele-
Shaw cells proposed by Morrow et al., which was limited to one-phase flow [18,19,21,42,43]. In
the present work, this framework is extended to two-phase flow with a sharp interface.

To numerically solve Eqs. (8)–(15), we construct a level-set function φ(x, y, t ) such that the fluid-
fluid interface ∂�(t ) is the zero level set of φ [37,44]. In the Hele-Shaw model, as the interfacial
evolution is dictated by the velocity in its normal direction, φ is governed by a level-set equation of
the form

∂φ

∂t
+ F |∇φ| = 0, (A1)

where F is a speed function, continuous and smooth in the entire computational domain, such that
F = vn at x ∈ ∂�(t ), where vn = vk · n. Due to Eq. (11), either fluid may be considered when
computing vn at the interface. Except where noted, we consider a uniform square computational
grid, of domain 0 � r � 7.5 and 0 � θ < 2π .
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The level-set function φ is initialized via the method of crossing times, as a distance signed
function [37,44]

φ =
⎧⎨
⎩

d, if x ∈ �2(t ),
0, if x ∈ ∂�(t ),
−d, if x ∈ �1(t ),

(A2)

where d is the shortest distance between x and the interface. This implies that |∇φ| = 1. We
consider that initially (t = 0), the fluid-fluid interface is described by Eq. (16). Then, φ is evolved
through a second-order total variation diminishing Runge-Kutta scheme, performed by taking two
forward Euler steps and then an averaging step, with spatial derivatives being approximated through
a second-order essentially nonoscillatory scheme [37,44]. To maintain numerical stability and
accuracy, we choose �t = �x/(4 max |F |) [19].

Given the natural numerical error that arises each time step, we periodically perform a reini-
tialization procedure to ensure φ is an approximately a distance signed function. Reinitialization is
performed every five time steps by solving

∂φ

∂τ
+ sgn(φ)(|∇φ| − 1) = 0, (A3)

where

sgn(φ) = φ√
φ2 + �x2

, (A4)

to steady state [37,44]. Here τ is a pseudo time variable where �τ = �x/5.
To evolve Eq. (A1), we must compute F . The kinematic boundary condition can be written as

F = −∇p(2) · n, x ∈ �2(t ), (A5)

where n = ∇φ/|∇φ| and F = vn at the interface, which provides a continuous expression for F in
�2(t ). The derivatives in Eq. (A5) are evaluated using central differencing. Following Moroney et
al. [45], we extend F into �1 by solving a biharmonic equation

∇4F = 0, x ∈ �1(t ), (A6)

ensuring that F is continuous and differentiable in the entire computational domain, while preserv-
ing that F = vn at x ∈ ∂�(t ).

To evaluate Eq. (A5), we begin by computing the pressure field. We consider Eqs. (8)–(15) in
polar coordinates, with p(k) = p(k)(r, θ, t ), with the location of the interface given by r = s(θ, t ).
Thus, Laplace’s equation becomes [18,19,37,44]

1

r

∂

∂r

(
r
∂ p(k)

∂r

)
+ 1

r2

∂2 p(k)

∂θ2
= �. (A7)

For nodes that are not adjacent to the interface, a simple five-point stencil can be applied, such that

1

r

∂

∂r

(
r
∂ p(k)

∂r

)
→ 1

ri, j�r

(
ri, j+1/2

p(k)
i, j+1 − p(k)

i, j

�r
− ri, j−1/2

p(k)
i, j − p(k)

i, j−1

�r

)
, (A8)

where ri, j±1/2 = (ri, j±1 + ri, j )/2. The derivatives in the θ direction are discretized in a similar
fashion.

When solving for nodes adjacent to the interface, due to the discontinuity in the pressure, we
are unable to apply the stencil of Eq. (A8). Suppose that the interface is located at r = rI , where
ri, j < rI < ri, j+1, where ri, j ∈ �1 and ri, j+1 ∈ �2. We define a ghost node [46–48] at rI , where the
pressure of fluid 1 and 2 are given by p(1)

I and p(2)
I , respectively. We can relate these two pressures
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by rewriting the kinematic boundary condition (11) as

∇p(2) · n = 1

V
∇p(1) · n, x ∈ ∂�(t ), (A9)

where n = (nr, nθ ). From Eq. (A9), we assume that

∂ p(2)

∂r
= 1

V

∂ p(1)

∂r
, x ∈ ∂�(t ). (A10)

∂ p(2)

∂θ
= 1

V

∂ p(1)

∂θ
, x ∈ ∂�(t ). (A11)

This procedure was proposed by Osher and Sethian [37,44], and while these equations are not
generally true, adding nr multiplied by the first equation to nθ multiplied by the second one leads to
the correct boundary jump condition, and numerically converges to the correct solution.

Consider that the interface is located between nodes (i, j) ∈ �1 and (i, j + 1) ∈ �2. Discretizing
Eq. (A10) yields (

p(2)
i, j+1 − p(2)

I

�r − hn

)
= 1

V

(
p(1)

I − p(1)
i, j

hn

)
, (A12)

where

hn = �r

∣∣∣∣ φi, j

φi, j − φi, j+1

∣∣∣∣. (A13)

is the distance between ri, j and rI . On the other hand, the Young-Laplace’s condition (10) imposes

p(2)
I = p(1)

I − σκ. (A14)

Combining Eqs. (A12) and (A14), and solving for p(1)
I yields

p(1)
I = V (�r − hn)p(1)

i, j + hn
(
p(2)

i, j+1 + σκ
)

V (�r − hn) + hn
. (A15)

Then, as per Chen et al. [48] and Morrow et al. [18,19], our finite difference stencil at the node (i, j)
becomes

1

r

∂

∂r

(
r
∂ p(1)

∂r

)
→ 2

ri, j (�r + hn)

(
r̂n

p(1)
I − p(1)

i, j

hn
− ri, j−1/2

p(1)
i, j − p(1)

i, j−1

�r

)
, (A16)

where r̂n = (ri, j + rI )/2, and p(1)
I is given by Eq. (A15). Similarly, for the node (i, j + 1),

1

r

∂

∂r

(
r
∂ p(2)

∂r

)
→ 2

ri, j+1(�r + hs)

(
ri, j+3/2

p(2)
i, j+2 − p(2)

i, j+1

�r
− r̂s

p(2)
i, j+1 − p(2)

I

hs

)
, (A17)

where r̂s = (ri, j+1 + rI )/2, hs = �r|φi, j+1/(φi, j+1 − φi, j )|, and

p(2)
I = V hs

(
p(1)

i, j − σκ
) + (�r − hs)p(2)

i, j+1

V hs + (�r − hs)
. (A18)

Note that if we take either one-phase limit, V = 0 or V = ∞, then the discretization stencil derived
by Morrow et al. [19] is recovered.

If the node and interface are sufficiently close (hn < �r2), then we impose p(k)
i, j = p(k)

I . An
analogous procedure has to be performed if the interface lies between nodes (i, j − 1) and (i, j)
and for the derivatives in the azimuthal direction. We stress that, given the coupling between
the pressure fields in both regions, both p(1) and p(2) must be solved in the entire computational
domain at the same time. The generalized curvature is computed as κ = ∇ · n over the entire
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FIG. 6. Snapshots of numerical simulations obtained from the level-set method for σ = 1/2000 at t = 80
for N = 500, 750, 1000, 1250, and 1500 considering (a) One-phase (V = ∞) and (c) two-phase (V = 10) flow.
The corresponding saturation profiles are presented in (b) for V = ∞ and (d) for V = 10.

computational domain, through second-order accurate finite differences. The implementation of the
far-field boundary conditions follows the same steps as Morrow et al. [18,19]. For further details on
the implementation of the method, we refer the reader to Refs. [18,19,37,44,46–48].

Below we present a convergence test for our scheme. Following a standard convergence test
present in several numerical works [40], in Fig. 6 we present snapshots of numerical simulations
for a sixfold symmetric pattern for several grid resolutions, namely N = 500, 750, 1000, 1250, and
1500, with an effective surface tension σ = 1/2000 at t = 80. Along with the interfacial patterns
in Figs. 6(a) for one-phase flow (V = ∞) and (c) for two-phase flow (V = 10), the corresponding
saturation profiles S(r, t ) are presented in Figs. 6(b) and 6(d).

Inspecting Fig. 6, we see that the point in which the fingers bifurcate is affected by the grid
resolution N . For smaller r the saturation profile is mostly unaffected by the grid resolution N ,
presenting the formation of a local minima at around r ≈ 1.5 (r ≈ 2.5) for V = ∞ (V = 10).
Considering the interfacial patterns, the shape of the saturation curves and the high computational
cost of a more refined grid, we chose to consider N = 1000 for the entirety of this work. Some
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simulations were performed for N = 1250 and N = 1500 and they present the same qualitative
behavior as discussed in Figs. 3–5.
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