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Dense non-Brownian suspensions undergo a viscous to inertial transition with increasing
shear rate (y ), from a regime of constant viscosity at low shear rates to a regime where the
viscosity varies linearly with the shear rate. The shear rate associated with this transition
has been shown to vary dramatically between different experimental systems. Using the
discrete element method, we show that in the regime where frictional contacts are absent,
the characteristic shear rate for the transition to an inertial state is sensitive to the volume
fraction (¢) of the suspension and exhibits a critical behavior at the jamming volume
fraction (¢,,) for the system. By uncovering the presence of a microstructural length scale
(L.) that controls the emergence of inertial effects in the suspension, it is shown that
the criticality emerges as a consequence of L. diverging at jamming. We further show
that in contrast to the conventional Stokes number St = p d*y /n;, the definition of a
modified Stokes number St.juster = po,)'/ /ny correctly quantifies the inertial effects within
the suspension and leads to a collapse of the rheological data.

DOI: 10.1103/dz98-r4dd

I. INTRODUCTION

With increasing shear rate the stress of a suspension of rigid solid non-Brownian particles
displays a transition from a viscous regime of Newtonian rheology (o y) to an inertial regime
characterized by Bagnoldian rheology (< 7?) [1]. The rheology of dense non-Brownian suspensions
is central to the physics of various natural phenomena (mudslides, landslides, avalanches, etc.) and
is of critical importance in the industrial processing of cement slurry, ceramic materials, etc. [2—4].
In this paper, we are interested in the viscous to inertial transition which occurs due to the increasing
role played by particle inertia in facilitating the transfer of momentum within the suspension. This
rheological transition can give rise to flow instabilities and change the shape of the wavefront of
mudslides. Importantly, it can magnify the impact force when the front of a mudslide collides
with a rigid structure [5,6]. The characteristic shear rate for this transition (y,—,;) is found to vary
sensitively between different suspension recipes in the literature and across different works without
any consensus on the physical mechanism that triggers the transition.

In the viscous regime of constant viscosity at low shear rates, particle inertia has minimal
influence on the dynamics of the system, with the particle contact forces being balanced by the
hydrodynamic lubrication forces within the suspension. As a result, the stress in this regime scales
linearly with the shear rate and is given by Xy ~ nv(¢)ny y, where n; is the viscosity of the sol-
vent phase and ny (¢) captures the dependence of the stress on the volume fraction of the suspension.
In the inertial regime wherein interparticle contact or collisions between particles control the transfer
of momentum, the stress scales as ¥; ~ n;(¢) p a*y*. Here, p and a represent the density and
average radius of a particle. Intuitively, one would expect the transition to occur when the viscous
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and inertial stresses are similar in magnitude. This results in the definition of a nondimensional
Stokes number given by St = 4pa’y /n ¢, which is a measure of the relative strength of inertial and
viscous stresses within the suspension at the particle scale. This leads one to predict the transition
to occur at a characteristic Stokes number, St,_,; & 1. However, experimental [7—11] and numerical
[12—-14] investigations into the viscous to inertial transition in dense suspensions have yielded varied
results on St,_,;.

Experiments presented in [7,8,10] are performed on a suspension of polystyrene spheres with
radii of roughly ~40— um immersed in an aqueous solution. Atomic force microscopy (AFM)
measurements on this sample [8,10] confirmed that electrostatic forces between the particles
are sufficiently strong to render the suspension effectively frictionless across the experimentally
measured stress range. In this system, the transition to inertial rheology occurs at shear rates
lower than those associated with the frictionless to frictional discontinuous shear thickening (DST)
transition [15], where stresses become large enough to overcome the repulsive barrier and activate
frictional contacts. More interestingly, these experiments [7,8] show that St,_,; varies as a function
of ¢ and goes to zero as the volume fraction approaches jamming. In contrast, the work of [9]
uses a suspension made up of PMMA particles that are roughly ~4.65 mm in size. This yields a
frictional suspension because the length scale associated with colloidal forces is much smaller than
the roughness of the particles so that particles come into physical contact during the suspension flow.
The rheology of this system was shown to yield S?,_,; =~ 10, independent of the volume fraction of
the suspension.

For the frictionless suspension, a theoretical approach using perturbation theory was made in [16]
to rationalize the results of [7] indicating a varying S?,_.;(¢). It was argued that the dissipation of
power injected into the system was dominant within isolated rivulets, where the relative velocity
v, between the particles was larger than the affine relative motion by a lever factor defined as
L = v,/2ay. The dissipation in the viscous and inertial regimes was shown to scale as ~£> and
~L*, respectively, resulting in a criticality y,_; ~ £72 ~ (¢, — ¢)>33. However, this scaling was
based on an assumption that the lever effect acts on all neighboring particles in the system rather than
representing the strong shearing motion occurring only in the isolated rivulets envisioned earlier in
the argument proposed by [16]. This leads to a prediction for the vanishing shear rate of transition
at jamming with an exponent ~2.83, that is significantly different from the observation (~1) in [7].

Attempts made using numerical simulations on the viscous to inertial transition in frictional
dense suspensions have shown the transition to be independent of ¢ but with widely different values,
Sty—i &~ 1.5 [12], St,—; = 1 [13], and St,_,; =~ 0.01 [14], obtained by different investigators that
are all different from the value inferred from experiments [9], St,—,; & 10. These stark differences
between different experiments and numerical simulations motivate the need to explore the differ-
ences within the microstructure formed in frictional and frictionless suspensions and understand the
mechanism underlying the transition among different types of non-Brownian suspensions.

In this work, we use a discrete element method (DEM) to examine the rheology of a dense
non-Brownian frictionless suspension over a wide range of shear rates and volume fractions. We
will show that the characteristic Stokes number for the viscous to inertial transition S#,_,; in a
frictionless suspension goes to zero as a nearly linear function of the distance to the jamming volume
fraction (¢,, — ¢). A scaling framework will be used to achieve a collapse of the rheological data
and to extract the exponents characterizing the critical behavior of the transition. The collapse of
the data will be used to hypothesize the existence of a growing length scale of the microstructure
that diverges at jamming. A study of the system size dependence of the simulated stress will be used
to verify the existence of the diverging length scale and its relation to the critical behavior of the
transition.

II. NUMERICAL METHOD

The DEM solves Newton’s equations of motion (1) for each particle within the suspension by
computing its interaction with all other particles in the system. In a frictionless non-Brownian
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suspension, two types of forces primarily dictate the dynamics: (i) a hydrodynamic lubrication force
7_—ij caused by the flow within the gap between two particles due to their relative motion, and (ii) a

repulsive force F’ f caused by an electrostatic interaction between two particles. Due to the absence
of a frictional contact force, the interaction torque between two particles comes purely from the
lubrication flow within the gap between two particles (Tl-Lj). The pairwise nature of these forces
and torques simplifies the DEM as they only act between a particle and its nearest neighbors. The
equations of motion are

d”’ i#+7—"* 1@ Z L, dx’:ui. (1)

Jj=1

where x;, u;, and ®; represent the position, velocity, and angular velocity of the ith particle within
the system. The net force and torque on the ith particle is calculated by summing its force and
torque contributions arising from interactions with all NV, ; neighbors. In the frictionless suspensions
used in experiments [7,8,10], there is an electrostatic repulsive force that works to prevent particles
from coming into contact resulting in a finite surface separation hp;,. Owing to the expensive
computational requirements associated with resolving the small Debye length scale (A &~ 2nm as
found in [10]) for the electrostatic repulsion in a simulation with a large domain, the repulsive force
between two particles is modeled as a Hookean spring, .’F'ﬁ- = K én. Here, K is the stiffness of the
spring, n is a unit vector along the line connecting the centers of two contacting particles, and §
measures the strength of the repulsive force based on the surface separation & = r;; — a; — aj,

5 = {0 h > hminv (2)

hoin — b h < B

Here, r;; is the distance between the centers of particles i and j, with a; and a; being their respective
radii. The Hookean spring activates when 7 < Ay, where hy;, models the separation at which
the electrostatic repulsion balances the shear-induced normal force. By maintaining a constant
value of hn;, we avoid the shear thinning associated with soft repulsive forces [15,17,18]. The
expressions for the lubrication forces .’F',’-“j and torques ’T[Lj that contain contributions from the
squeeze, shear, and pump modes can be found in Appendix A of the Supplemental Material [19].
These asymptotic expressions diverge when the surface separation between the particles (k) goes to
zero as ~1/h for the squeeze mode and ~ log(a/h) for the shear and pump modes. In the frictionless
suspension, however, the electrostatic repulsive barrier prevents particle surfaces from approaching
within distances smaller than An;,. The actual surface separation between the particles is thus A,
when & > hyi, and Ay, when i < hy,. As a result, the normal lubrication force is set to zero
and the tangential lubrication force is calculated assuming that the surface separation is sy, when
h < /’lmm.

The dynamics of the system governed by Eq. (1) is dictated by four parameters: the volume
fraction ¢, the Stokes number S¢, the nondimensional surface separation at which the electrostatic
repulsive forces constrain normal motion between the particles given by h%. = hmin/a and a
nondimensional number I' = KC / 6wnray [20] that characterizes the strength of the repulsive
forces, with respect to the hydrodynamic lubrication forces. For the frictionless suspension of
non-Brownian spheres, 40 um in diameter, as used in [7,8,10], the length scale of the electrostatic
repulsive force measured using AFM, [; ~ 10~*a [10]. In this work, we fix the value of hen = 1074,
It is essential to have I >> 1 to impose a strong resistance to normal motion between particles when
the surface separation falls below /y,;,. In the simulations, we choose values of I" to vary from
10°—107 [21] ensuring that we are firmly within the regime wherein increasing the stiffness of
the Hookean spring further has a negligible effect on the rheology of the suspension as shown
in Appendix A of the Supplemental Material [19]. This allows us to explore the rheology of the
suspension within the parameter space of (¢, St).
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FIG. 1. Results from the 2D simulations. (a) Plot of the relative shear viscosity as a function of St for
different volume fractions ¢. The dashed lines depict the fitting function 7,(St) = 4 A(¢) (1 + B(¢)St)
for each ¢. (b) Collapse of the rheological data onto the solid black line ~1 + St yger, Where Steuser =
BSt (¢, — ®) P = p,L2y /n; showcasing the accuracy of Eq. (3) fitted with parameters {A, B, «, 8, ¢n} =
{0.283, 0.015, 1.36, 0.774, 0.838}. In the inset, the circles correspond to St,_,;(¢) = B(¢)~'. The dashed
black line in the inset depicts the transition Stokes number obtained from Eq. (3), i.e., B~'(¢,, — ¢)?. The
dashed yellow line indicates linear scaling (8 = 1) for comparison.

Within the framework of the DEM described thus far, we solve the equations of motion (1) for
each particle within the system, with the simulation domain being subjected to Lees Edwards bound-
ary conditions to generate a simple shear flow within a periodic domain. The particle polydispersity,
defined as the ratio of the standard deviation to the mean of the particle size distribution, is fixed at
16% in the simulation to avoid the effects of crystallization. The simulations are performed in both
2D and 3D. In this work, the 2D simulations are run by initializing particles with the velocity along
the vorticity direction and angular velocities in the flow-gradient plane to be zero. In addition, the
force on the particles along the vorticity direction is set to zero when solving Eq. (1). This yields a
two-dimensional shear flow of the suspension.

III. RESULTS

The simulation results for the macroscopic rheology of the 2D system at different volume
fractions are displayed in Fig. 1(a). The curve for each value of ¢ demonstrates a regime of constant
viscosity at low St, followed by a transition to a regime where the viscosity varies linearly with
St. The dashed lines in the figure represent, n,(¢, St) = 4 A(¢) (1 + B(¢)St). The characteristic
Stokes of transition St,_,;(¢) = 1/ B(¢), is marked by the viscous and inertial stresses being equal
in magnitude and is plotted in the inset of Fig. 1(b). Interestingly, St,_.; appears to continuously
decrease with ¢ and go to zero at jamming. To characterize the rheology across different ¢ and Sz,
a scaling framework [Eq. (3)] is formulated. The divergence of the viscosity follows a power-law
scaling of the distance to jamming, (¢,, — ¢)~*. The jamming volume fraction for a suspension is
typically fixed by the particle size distribution and the interparticle friction coefficient associated
with particle contacts. In the framework [Eq. (3)], ¢,, is assumed to be the same in the viscous and
inertial regimes, but the divergence is expected to have a different exponent y (see Appendix B of
the Supplemental Material [19] for a detailed explanation). Equation (3) is thus written as the sum
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FIG. 2. Results from the 3D simulations. (a) Plot of the relative shear viscosity as a function of St for
different volume fractions ¢. The dashed lines depict the fitting function 7,(St) = 4 A(¢) (1 + B(¢)St)
for each ¢. (b) Collapse of the rheological data onto the solid black line ~1 + St.ygers Where, Stouser =
BSt (¢ — ) F = ppo))/nf- showcasing the accuracy of Eq. (3) fitted with parameters { A, B, «, B, ¢} =
{0.193, 0.004, 1.53, 0.845, 0.638}. In the inset, the circles correspond to St,_,;(¢) = B(¢)~'. The dashed
black line in the inset depicts the transition Stokes number obtained from Eq. (3), i.e., B~' (¢, — ¢)?. The
dashed yellow line indicates linear scaling (8 = 1) for comparison.

of two distinct power-law scalings of the distance to jamming,

N/ (@, St) = 4A(Gy — ¢)“(1 + BSt (pn — ) ). 3)

Consequently, the shear viscosity diverges as 1, ~ (¢, — ¢)~“ at low shear rates (St < 1) in the
viscous regime, and with a different power law 7, ~ (¢, — ¢)~@*#) in the inertial regime at large
shear rates (St > 1). The success of this framework in unifying the rheology across different ¢ and
St is showcased in Fig. 1(b), wherein a rescaling yields a collapse of the rheological data for the
viscous to inertial transition. A similar set of results is derived for the 3D simulations by applying
the framework given by Eq. (3) and achieving a collapse of the data, as shown in Figs. 2(a) and 2(b),
respectively. The scaling law also shows the critical behavior of the transition, wherein (y,—.;) goes
to zero as ~(¢,, — ¢)?, with exponents 8 = 0.77 and 0.84 in 2D and 3D, respectively. These results
indicate that a suspension at jamming displays an inertial scaling of the stress even at the smallest
shear rates.

More importantly, the decrease in St,_,; as a function of ¢ calls into question, the accuracy of
using a Stokes number defined based on the average particle size to quantify the role of inertia in
the suspension behavior. It also hints at the existence of a microstructural length scale L., larger
than the average particle size, with the criticality of S¢,_,; arising as a consequence of L. diverging
at jamming. This idea is further supported by the need for a modified Stokes number, Stcjuser =
BSt (¢ — )P = ,o,,Lf)'// 1y, in collapsing the data [Figs. 1(b) and 2(b)]. Hence, the length scale
of the microstructure can be expected to diverge as L. ~ (¢, — ¢)™#/2, with /2 ~ 0.4.

The idea of a diverging length scale of the microstructure at jamming has been proposed in
previous works using arguments built from velocity correlation functions [22], finite-size scaling
analysis [23], and scaling arguments derived by perturbing a jammed state [16,24,25]. In [24,25], the
decay of an applied perturbation (removing a single contact) to a jammed state was used to extract
a length scale ., which was shown to scale with the distance from isostaticity as I. ~ 1/+/8z. Here,
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FIG. 3. The results for the system size dependence in the 2D simulations at St = 0.018. (a) The points
depict the shear viscosity as a function of the box size. The solid lines depict the fit n,(¢, L?) = R(¢)
(1+ (L*/L2)*). (b) A collapse of the points from Fig. 3(a) is achieved by rescaling 5, and L?. The solid
black line represents the comprehensive fit [Eq. (4)] with £ = 1.54 and C = 32.66.

8z = z. — z, with z being the coordination number. A later work [16], argued that a perturbation
applied to such a jammed state creates a stress anisotropy 84, where u is the ratio of the shear stress
to the pressure, that scales as 8.4 ~ 8z%% and is related to the opening of the weakest contact. It was
then proposed that the opening of a contact triggers an avalanche that perturbs the overall volume
fraction resulting in . ~ §¢. These arguments were combined to predict the divergence of a length
scale associated with the microstructure, I, ~ (¢,, — ¢)~°*, close to jamming. This prediction of
the exponent associated with the divergence of /. put forth in [16,25] is quite close to the result
inferred from the rheological results discussed in Figs. 1 and 2.

To show the presence of the microstructural length scale within the suspension and its role in
triggering the transition, a series of tests are performed to probe the system size dependence of the
rheology at different values of ¢. The results of these tests for the 2D [Fig. 3(a)] and 3D [Fig. 4(a)]
simulations show that there is an increase in the viscosity with decreasing size of the periodic cell.
Here, L represents the length of the square and cubic simulation box in 2D and 3D, respectively.
As we decrease the box size L, at a critical size of the box L., the cluster spans the whole domain.
A further decrease of the box size L < L. results in an increased viscosity due to a collision of the
cluster with itself by reaching through the periodic boundary. It should be noted that the results in
Figs. 1 and 2 were obtained using a domain size L > L., ensuring that the reported rheology and
scaling laws are free from finite-size effects.

The results from the system size dependence are fit using the function, 7,(¢, L?) = R(¢)
(14 (L? /L?)%), to extract an approximate length scale for the cluster L.(¢). From the results on
the rheology given in Figs. 1 and 2, we expect the size of the cluster L. to scale as LZ ~ (G — P)P
with the appropriate value of 8 corresponding to the 2D and 3D simulations. Here, R(¢) depicts the
system size independent rheology (L > L.). The estimated value of L, differs between the 2D and
3D simulations [Figs. 3(a) and 4(a)]. We attribute this to the geometric constraint in 2D, where the
cluster is restricted to remain entirely within the flow-gradient plane. In 3D, by contrast, the cluster
can rotate partially into the vorticity direction, even though its formation is still biased toward the
flow-gradient plane. This additional degree of freedom may also explain the difference in St,-,;
observed between the 2D and 3D simulations [see Figs. 1(b) and 2(b)].

074302-6



CRITICALITY OF THE VISCOUS TO INERTIAL ...

(a)

800 3.0

—_— 2 =4127
— |2 =49.25
=— |2 =5251
L2 =57.85 2.5

700 :

600 —_—2=6472 | T
hS3
|
<500 - 2.0 -
S
= s
400 - <\t
o
<15
300 -
200 - 1.0 -
102 5 103 10° 10! 102
L l—z (¢m - d’)ﬁ

FIG. 4. The results for the system size dependence in the 3D simulations at St = 0.18. (a) The points depict
the shear viscosity as a function of the box size. The solid lines depict the fit , (¢, L?) = R($)(1 + (L? / L})%).
(b) A collapse of the points from Fig. 3(a) is achieved by rescaling 5, and L. The solid black line represents
the comprehensive fit [Eq. (4)] with & = 2.53 and C = 6.43.

For the results shown in Figs. 3(a) and 4(a) which correspond to the viscous regime, the fitting
simplifies as

(¢, L) = A(p — ) *[1 + C(L* (¢ — $)P)*1. )

Rescaling 7, and L2 using the values of A, ¢,,, o, and 8 known from previous results, it is possible
to collapse the data in Fig. 3(a) into a single curve as shown in Fig. 3(b) by fitting parameters C and
&. A similar exercise is repeated for the 3D results as shown in Fig. 4. The observed collapse of the
results for the system size dependence of the rheology, by applying the scaling for the cluster size
Le ~ (¢, — ¢) P2, determined from the results on the viscous to inertial transition (Figs. 1 and 2),
verifies the existence of an extended suspension microstructure that governs the transition.

IV. DISCUSSION

In summary, using DEM simulations we have shown that the transition from a viscous regime
to an inertial regime in a dense non-Brownian frictionless suspension displays a critical behavior
close to jamming, St,_.; ~ (¢, — ¢)?. The values for the exponent 8 = 0.77 and 0.85 obtained
from the 2D and 3D simulations are in close alignment with the experimentally observed results of
Styi ~ (P — ¢)1 [7]. This stands in marked contrast to the framework of [16], which attributes
the transition to a change in the balance of energy dissipation mechanisms and predicts y,_,; ~
(¢ — #)*%2. Such a steep divergence has not been observed in either simulations or experiments.
Instead, our results point to a different physical origin wherein the criticality of St,_,; emerges from a
growing microstructural length scale that diverges at jamming, L. ~ (¢,, — ¢)~#/?. This mechanism
not only rationalizes the observed scaling but also naturally explains why the use of modified Stokes
number St.user based on L. collapses the rheological data across both regimes.

Our findings reveal a fundamental relationship between the cluster size and the macroscopic
properties of the suspension, wherein the transfer of momentum over a length scale much larger
than the size of a single particle leads to the suspension becoming inertial at a lower shear rate. The
existence of a cluster within the suspension strongly highlights the nonlocal rheology of the system.
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This motivates the need for a nonlocal theory [26,27], as the stress within the cluster is affected
by the forces it experiences over its entire length, thus requiring a framework that captures how
stress is transmitted through the suspension during cluster formation, breakup, and interactions with
other particles. It is also pertinent to note that experimental investigations on a frictional suspension
of particles [9] have shown a constant S?,_,; with increasing ¢. This raises a question whether a
diverging microstructural length scale also occurs near jamming for frictional suspensions. It would
be surprising for there to be constant S?,_,; in the presence of a diverging microstructural length
scale. Future studies on the scaling for the cluster size close to jamming in frictional suspensions
and its role in triggering the transition are necessary to establish a unified theory across different
flowing regimes.
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