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Fluid dynamics of a liquid mirror space telescope
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Large aperture telescopes are pivotal for exploring the universe, yet even with state-
of-the-art manufacturing and launch technology, their size is limited to several meters.
As we aim to build larger telescopes—extending tens of meters—designs in which the
main mirror is based on liquid deployment in space are emerging as promising candidates.
However, alongside their enormous potential advantages, liquid-based surfaces present
new challenges in material science, mechanics, and fluid dynamics. One of the fundamental
questions is whether it is possible for such surfaces to maintain their precise optical
shape over long durations, and in particular under the forces induced by the telescope’s
accelerations. In this paper, we present a model and a closed-form analytical solution
for the non-self-adjoint problem of the dynamics of a thin liquid film pinned within a
finite circular domain. We use the 50-m Fluidic Telescope concept as the case study and
examine the liquid dynamics of the telescope under both slewing actuation and relaxation
regimes, elucidating the role of geometrical parameters and liquid properties. The solutions
reveal a maneuvering “budget” wherein the degradation of the mirror surface is directly
linked to the choice of maneuvers and their sequence. By simulating 10 years of typical
operation, we show that, while the maximal deformation might reach several microns,
the spatial distribution and propagation rate of the deformation allow the telescope to
maintain its optical functionality for years, with at least a substantial portion of the aperture
remaining suitable for astronomical observations. The model provides valuable insights
and guidelines into the performance of liquid-film space telescopes, marking a crucial step
toward realizing the potential of this innovative concept.

DOI: 10.1103/dpk3-4256

I. INTRODUCTION

Are we alone in the universe? This question captivates astrophysicists and space researchers
worldwide [1,2]. Space telescopes with apertures of tens of meters in diameter (and thus capable of
sufficiently detailed observations of extrasolar planets) could be a key tool in solving this mystery
[3–5]. However, despite significant advances in space telescope technologies, constructing such
large apertures remains extremely challenging [6,7].

The largest operational space telescope, the James Webb Space Telescope (JWST), launched in
2021, has a primary mirror of 6.5 m in diameter and yields an order of magnitude improvement
in light collection compared to the previous flagship telescope, the Hubble Space Telescope [8,9].
JWST is one of the most expensive single-piece engineering projects in the world. For this mission,
NASA used a launch vehicle with one of the largest payload bays available (Ariane 5) [10,11],
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in combination with the segmented main mirror, which was launched folded and then deployed in
space. However, the segmentation approach cannot be realistically scaled to tens of meters [6,12].

In recent years, there has been growing interest in liquid-based optical components [13–15] for
both ground and space telescopes, due to the nature of liquid interfaces which provides smooth and
continuous surfaces. The concept of liquid-based ground telescope dates back to Newton [16,17]
who suggested that a rotating liquid metal tank with a base perpendicular to the gravitational
field would shape the liquid interface into a paraboloid surface [18,19]. Technological challenges
prevented Newton from implementing such a telescope, and it became a reality only in the late
19th century [17,20]. Although the optical quality of such telescopes can be good, they suffer from
several major limitations. First and foremost, such a telescope can point only in the zenith direction
(normal to the surface of the Earth) and cannot be slewed without losing its parabolic shape and
thus its optical functionality. A second limitation is on size, as accurately controlling the rotation of
larger mirrors becomes a significant technological challenge. While operation by rotation requires
gravity and thus is more suitable for ground telescopes (either on Earth or, e.g., on the Moon),
implement a rotating space telescope where the role of gravity is achieved by acceleration along the
rotation axis.

The Zenith project [13,21,22], led by the Defense Advanced Research Projects Agency, aims
to create slewable Earth-based liquid mirror telescopes. The general approach taken by all the
participating teams so far is control of the mirror surface through electromagnetic fields. Recently
Rowlands et al. [22] presented their steady-state model for the topography of a liquid telescope
under magnetic actuation which induces normal stresses at the liquid-fluid interface. By assuming
that the liquid film reaches a static hydromagnetic state they solve for the liquid topography under
the influence of gravity, surface tension, and the Maxwell stress resulting from the magnetic fields.

The Fluidic Telescope (FLUTE) project [23–25], which the authors of this paper are associated
with, takes a different approach to creating a liquid-mirror telescope. The project—a joint effort
between NASA and Technion—has a goal of creating space telescopes with mirrors measuring in
tens of meters in diameter. In the FLUTE approach, the reflecting surface is created with a thin liquid
film which, in microgravity, will naturally acquire a spherical shape corresponding to its minimum
energy state. Frumkin et al. [26] and Elgarisi et al. [27] have provided analytical solutions for
the steady-state shape of such a film, as a function of its liquid volume and boundary conditions.
Based on this theoretical framework, one can consider surface corrections for the minimum energy
surface through active liquid actuation. However, even in the absence of such actuation, the FLUTE
approach must account for liquid dynamics as the telescope slews to different astronomical targets
and performs orbit maintenance maneuvers, thus subjecting the liquid to perturbations.

Regardless of the specific approach, from a fluid mechanics perspective, the problem of a
liquid-based space telescope can be considered as a finite volume of liquid maintained within a
circular domain. While steady-state computations are an important first step in understanding the
potential of such systems, film dynamics cannot be neglected when considering the actual operation
of actuation devices. We provide, for the first time, a theoretical model and an analytical solution
for film dynamics in a finite circular domain. We use the FLUTE approach as the case study of
space-based liquid mirror dynamics and study the telescope’s response to one of the most significant
sources of perturbations for a space telescope—its own slewing maneuvers required for changing
its line of sight in space. Moreover, the same finite-domain thin-film framework is also relevant
for terrestrial liquid-based adaptive optics, where a confined and pinned liquid interface is actively
shaped to correct wavefront errors in imaging systems, including optofluidic adaptive optics and
microscope implementations [28–30].

In this work, we use the model to gain insight into the liquid dynamics resulting from slewing
maneuvers and offer simplified expressions to predict film deformations based on geometrical
parameters, liquid properties, and maneuver characteristics, using a nondimensional analysis of
the actuation and relaxation stages. Furthermore, we simulate 10 years of operation of such a
hypothetical telescope and show that, while the maximum deformation can reach thousands of
nanometers (for a telescope 50 m in diameter with a 1-mm film thickness), the rate of propagation
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FIG. 1. Schematic representation of the FLUTE concept and the theoretical model. Left: Artistic impres-
sion of the FLUTE telescope in space during a slewing maneuver. The primary mirror, composed of a thin
liquid film, undergoes deformation as a result of the angular velocity. Right: Illustration of the theoretical
framework: a thin liquid film of thickness h̃(r̃, θ, t̃ ) is pinned within a flat circular frame of diameter D̃ and
initial thickness h̃0. The film is subjected to an angular velocity ω̃(t̃ ) around the ỹ axis, simulating the slewing
maneuver. The coordinate system is centered at the base of the chamber. Note that the film thickness and
subsequent deformations are not drawn to scale. In practice, the film thickness is four orders of magnitude
smaller than the chamber diameter, and deformations are four to six orders of magnitude smaller than the film
thickness.

of these disturbances toward the center of the telescope remains slow enough to allow for years of
operation with a substantial portion of its aperture remaining suitable for high-quality astronomical
observations.

II. THE FLUIDIC TELESCOPE MODEL

Figure 1 illustrates the FLUTE concept and the theoretical model used in this work. The primary
mirror is made of a thin liquid film confined within a circular frame. In the actual telescope
design the film would be supported on a spherical substrate with aperture diameter D̃ and radius
of curvature R̃c. Howell [31] introduced a dimensionless parameter that quantifies the surface
slope, ε = D̃/(2R̃c) and explored the thin film equation under different limits of this parameter.
For ε � 1, the leading-order dynamics reduce to the planar lubrication model used here, where
appears. Consequently, we model the telescope as a flat circular chamber of diameter D̃ and height
h̃0, filled with a liquid of mass density ρ̃, dynamic viscosity μ̃, and surface tension σ̃ , as shown in
the right panel of Fig. 1. The coordinate origin is at the center of the chamber floor, with z̃ normal
to the floor and (x̃, ỹ) spanning the chamber plane. We consider slewing maneuvers in which the
chamber rotates with angular velocity ω̃ about an in plane axis passing through the chamber center.
Under the shallow geometry assumption, h̃0 � D̃, and negligible inertia, Rer � 1, the momentum
equations reduce to the lubrication equations [32],

∇̃s p̃ = μ̃
∂2ũs

∂ z̃2
− ρ̃ãs, (1a)

∂ p̃

∂ z̃
= −ρ̃(g̃ + ãz ), (1b)

while the continuity equation (mass conservation) can be written as

∇̃s · ũs + ∂ ũz

∂ z̃
= 0. (2)

Here the subscripts s and z denote components parallel and normal to the chamber floor,
respectively, and ã is the acceleration of the noninertial reference frame. Within the scope of this
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work, we limit the acceleration, ã, to include only body forces due to the slewing maneuver itself.
The term g in the z equation can be used to further account for the Earth’s gravity in simulations of
terrestrial liquid dynamics but is otherwise set to zero in all space applications. Finally, for simplicity
and without loss of generality, we consider rotation about the ỹ axis, ω̃ = ω̃(t̃ )ŷ, as shown in Fig. 1.
The system acceleration is then

ã = g̃ẑ − 2ω̃ũẑ + 2ω̃w̃x̂ − ω̃2x̃x̂ − ω̃2z̃ẑ − ˙̃ωx̃ẑ + ˙̃ωz̃x̂. (3)

Substituting the system acceleration into the momentum equations yields

∇̃s p̃ = μ̃
∂2ũs

∂ z̃2
+ ρ̃(−2ω̃w̃ − ˙̃ωz̃ + ω̃2x̃)x̂, (4a)

∂ p̃

∂ z̃
= ρ̃(ω̃2z̃ + 2ω̃ũ + ˙̃ωx̃ − g̃). (4b)

The negligible inertia limit requires ω̃0 � ν̃/h̃2
0. This bound also implies that the Coriolis

terms are negligible, as can be seen by comparing their magnitude to that of the centrifugal term
in Eq. (4a). Similarly, requiring ˙̃ω � ω̃2

0/ε ensures that the Euler terms are negligible. A full
nondimensionalization and evaluation of these bounds using the FLUTE parameters is given in
Appendix A. With these bounds, the momentum equations simplify to

∇̃s p̃ = μ̃
∂2ũs

∂ z̃2
+ ρ̃ω̃2x̃x̂, (5a)

∂ p̃

∂ z̃
= −ρ̃g̃. (5b)

To derive the evolution equation representing the film height dynamics, we integrate the in plane
momentum equation [Eq. (5a)] with respect to z̃ twice and apply the no slip and no tangential stress
boundary conditions at the lower and upper interfaces, respectively,

ũs = 1

2μ̃
(∇̃s p̃ − ρ̃ω̃2x̃x̂)(z̃2 − 2z̃h̃). (6)

Solving the perpendicular momentum equation [Eq. (5b)] and using the normal stress balance at
the free surface, we obtain the pressure distribution in the liquid film,

p̃ − p̃0 = −σ̃ ∇̃2h̃ + ρ̃g̃h̃ − ρ̃g̃z̃, (7)

where p̃ and p̃0 are the pressure of the liquid and the environment, respectively. Using the kinematic

condition, h̃t̃ + ∇̃s · ∫ h̃
0 ũsdz̃ = 0, and substituting the velocity profile and liquid pressure we obtain

the well-known thin-film evolution equation [33,34],

h̃t̃ = 1

3μ̃
∇̃s · [h̃3(∇̃s(−σ̃ ∇̃2h̃ + ρ̃g̃h̃) − ρ̃ω̃2x̃x̂)]. (8)

By further assuming small deformations (compared to the liquid mirror thickness), d̃ � h̃0,
and defining the following nondimensional variables, t̃ = τ̃ t , r̃ = rD̃/2, d̃ = dh̃0, we obtain the
linearized deformation equation,

dt + ∇4
s d − Bo∇2

s d = −Aω2(t ), (9)

where we define τ̃ = 3μ̃D̃4

16h̃3
0 σ̃

, Bo = ρ̃g̃D̃2

4σ̃
, and A = ρ̃ω̃2

0D̃4

16σ̃ h̃0
. The second term of the left-hand side of

the nondimensional evolution equation (the capillary forces term) is negligible compared to the
source term, yet we must account for it, as it is the highest-order term, and thus is needed to satisfy
the boundary conditions. Consequently, near the edges, there is a narrow boundary-layer region in
which the capillary forces are important.
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As shown in Fig. 1, we examine a closed chamber with rigid walls at its boundaries. Due to
the chamber geometry, the film must be pinned at the edges, meaning h̃ = h̃0 at the boundary.
Additionally, due to the rigid walls at the chamber perimeter, the in-plane velocity, ũs = 0, must
vanish at the boundary. Thus, integrating the velocity profile, Eq. (6), with respect to z̃, evaluating
the expression at the boundary, and taking only the radial component gives:

p̃r̃ = ρ̃ω̃2r̃2 cos2 θ. (10)

Substituting this pressure condition into Eq. (7), the liquid’s pressure, yields the no penetration
boundary condition in terms of the film height, and thus the system boundary conditions, at r̃ =
D̃/2, θ, and t̃ � 0 are as follows:

h̃ = h̃0,

h̃r̃r̃r̃ − 1

r̃2
h̃r̃ + 1

r̃
h̃r̃r̃ − 2

r̃3
h̃θθ + 1

r̃2
h̃r̃θθ + ρ̃g̃h̃r = − ρ̃ω̃2

0 r̃

σ̃
ω2(t̃ ) cos2 θ, (11)

which in terms of the surface deformation for nondimensional variables form the boundary condi-
tions,

d = 0,

drrr + (Bo − 1)dr + drr − 2dθθ + drθθ = −A(ω(t ) cos θ )2 (12)

at r = 1, θ, and t � 0.

A. Analytical solution

The evolution of the film deformation is governed by a linear fourth-order partial differential
equation [Eq. (9)] and is subject to boundary conditions imposed at the chamber edge, (12), and
an arbitrary initial deformation profile. Gabay et al. showed that a one-dimensional (1D) pinned
thin film problem in a closed chamber forms a non-self-adjoint problem [35]. The 2D case we
study here has similar mathematical characteristics. This adds complexity to the solution procedure,
particularly in constructing a complete basis for projection of arbitrary inputs. To address this, we
employ a generalized separation of variables method adapted for non-self-adjoint systems [36].

The first step is to homogenize the boundary conditions. The centrifugal forcing that appears
in the no penetration condition at the chamber, (12), introduces an azimuthal dependence, which
precludes direct application of the separation of variables method. To overcome this, we define a
new variable, δ(r, θ, t ), such that

d (r, θ, t ) = δ(r, θ, t ) + f (r, θ )g(t ), (13)

where d (r, θ, t ) is the film deformation,

f (r, θ ) =
N∑

n=0

CnrnA
cos(2θ ) + 1

2
, (14)

is the spatial auxiliary function, and g(t ) = ω2(t ) is the time-dependent part. These functions are
chosen such that the boundary conditions for δ are homogeneous and such that substituting this
variable into the governing equation yields a right-hand side that is free of singularities in both the
radial and azimuthal directions. The set of coefficients used to enforce these requirements are (a full
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derivation is provided in Appendix B),

C0 = 0, C1 = 0, C2 = − 339 + Bo

22(192 + Bo)
, C3 = 0,

C4 = 21(287 + Bo)

44(192 + Bo)
, C5 = 0, C6 = −35(243 + Bo)

11(192 + Bo)
,

C7 = 63(224 + Bo)

11(192 + Bo)
, C8 = −175(207 + Bo)

44(192 + Bo)
, C9 = 1.

(15)

Substituting this decomposition into the PDE system, Eqs. (9) and (12), transforms the system
into a homogeneous PDE for δ(r, θ, t ),

δt + ∇4
s δ − Bo∇2

s δ = −gt f (r, θ ) − g
(
A + ∇4

s f − Bo∇2
s f

)
, (16)

with boundary conditions for t � 0 at r = 1, θ,

δ = 0,

δrrr + (Bo − 1)δr + δrr − 2δθθ + δrθθ = 0 (17)

and an initial condition

δ(r, θ, 0) = d (r, θ, 0) − f (r, θ )g(0). (18)

We then assume a separable solution of the form δ(r, θ, t ) = R(r)�(θ )T (t ). We guess the
azimuthal component solution for a periodic domain, with eigenfunctions �n = an cos(nθ ) +
bn sin(nθ ). These form a complete orthogonal basis in the azimuthal direction. Substituting these
into the linear PDE and dividing by δ yields two ordinary differential equations, one in r and one in
t , each equated to a constant separation parameter,

−T ′

T
= λ4 = r4R(4) + 2r3R(3) − r2R′′ + rR′

Rr4
+ −n2(4R − 2rR′ + r2R′′ − Bor2R)

Rr4

+ −Bo(r4R′′ + r3R′) + n4R

Rr4
. (19)

The radial component results in a fourth-order differential equation with coefficients that depend on
r, involving combinations of Bessel and modified Bessel operators and can be presented in a more
compact form:

L2[L1[R]] = 0, (20)

where L1 = ∂rr + ∂r
r − ( n2

r2 + λ2) and L2 = ∂rr + ∂r
r − (Bo + n2

r2 − λ2). The eigenfunctions R satisfy
boundary conditions corresponding to zero deformation and zero net flow at the domain edge, along
with regularity at the center,

R(1) = 0, (21a)

R(3)(1) + R′′(1) − (1 + Bo + n2)R′(1) = 0, (21b)

|R(0)| < ∞. (21c)

Solving Eq. (19) and applying these conditions yields the transcendental equation for the radial
eigenvalues,

αβ2Jn−1(α) = [α2 + β2]n + βα2 In−1(β )

In(β )
Jn(α), (22)
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and the eigenfunctions of the system,

Rnm(r) =

⎧⎪⎨
⎪⎩

Jn(αnmr) − Jn(αnm )
In(βnm ) In(βnmr) n � 0, m > 0

0 n > 0, m = 0
I0(

√
Bor)

1−I0(
√

Bo)
n = 0, m = 0,

(23)

where αnm =
√

−Bo +
√

Bo2 + 4λ4
nm and βnm =

√
Bo +

√
Bo2 + 4λ4

nm .
Among the radial eigenfunctions, the eigenfunction of n = m = 0 corresponds to the steady-

state solution. In the limit of zero Bond number (i.e., in the absence of gravity), the n = m = 0
eigenfunction is no longer valid and the actual steady-state solution takes the form of a parabolic
profile. This is consistent with the spherical shape expected for a free interface in microgravity and
follows naturally from the linearization procedure used to derive the governing equation.

To project arbitrary initial conditions or source terms onto the system eigenfunction in the case
of a non-self-adjoint problem, we must construct the adjoint problem. While the azimuthal operator
and boundary conditions (periodicity) are self-adjoint and the azimuthal eigenfunctions form an
orthogonal set, the full system is not. In particular, the radial eigenfunctions are not orthogonal
under the standard inner product of a cylindrical coordinate system, 〈U,V 〉r = ∫ 1

0 UV rdr, where U
and V are two distinct radial eigenfunctions.

Thus, following the procedure presented in Ref. [35], we should define the complementary
boundary conditions, which are the boundary conditions of the adjoint problem. To do so, we use the
biorthogonality relation [36], 〈L[R],Y 〉r = 〈R, L∗[Y ]〉r , where Y is an adjoint eigenfunction, and L∗
is the adjoint operator, which in this case is the same as the original operator as Bessel and modified
Bessel operators are self-adjoint. Now, by integrating the biorthogonality relation by parts over the
domain, we find the boundary conditions of the adjoint system:

Y ′(1) = 0, (24a)

Y ′′′(1) − n2Y ′(1) = 0, (24b)

|Y (0)| < ∞, (24c)

which the first two resulted from the biorthogonality relation and the third is the regularity condition
at the chamber’s center. Solving the same differential operator [Eq. (19)] but with the adjoint
boundary conditions yields the adjoint eigenfunctions

Ynm =
⎧⎨
⎩

0 n > 0, m = 0
Jn(αnm) + �(n, m)In(βnm) n � 0, m > 0
const n = 0, m = 0

, (25)

where �(n, m) = αnm
βnm

Jn−1(αnm )−Jn+1(αnm )
In−1(βnm )+In+1(βnm ) .

To construct the film deformation solution, we substitute the separation of variables expression,

δ(r, θ, t ) =
∞∑

n=0

∞∑
m=0

Rnm(r)�n(θ )Tnm(t ), (26)

into Eq. (16) and obtain the first-order differential equation for the temporal eigenfunctions,

∞∑
n=0

∞∑
m=0

Rnm�nT ′
nm +

∞∑
n=0

∞∑
m=0

∇4
z (Rnm�n)Tnm − Bo

∞∑
n=0

∞∑
m=0

∇2
z (Rnm�n)Tnm

=
∞∑

n=0

∞∑
m=0

Rnm�nanm(t ) +
∞∑

n=0

∞∑
m=0

Rnm�nb′
nm(t ), (27)
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where the right-hand side of Eq. (16) and its initial condition are expressed in terms of a double
series of the system eigenfunctions:

∞∑
n=0

∞∑
m=0

Rnm�nanm = −g
(
A + ∇4

s f − Bo∇2
s f

)
,

∞∑
n=0

∞∑
m=0

Rnm�nbnm = −gt f (r, θ ),

∞∑
n=0

∞∑
m=0

Rnm�nInm = δ(r, θ, 0).

(28)

The main issue one should be aware of while solving a non-self-adjoint problem using this
method, is expressing each one of the terms in (27) as a series of the system eigenfunctions. In
contrast to the self-adjoint case, to express an arbitrary function, φ(r, θ ), in terms of the system
spatial eigenfunctions, here we use the adjoint eigenfunctions:

φ(r, θ ) =
∞∑

n=0

∞∑
m=0

cnmRnm(r)�n(θ ), cnm =
∫ 2π

0

∫ 1
0 Ynm�nφ(r, θ )rdrdθ∫ 2π

0

∫ 1
0 YnmRnm(r)�2

n(θ )rdrdθ
. (29)

Thus, the solution for each time-dependent function is obtained in the same manner,

Tnm =
∫ t

s=0
eλ4

nm (s−t )(anm(s) − bnm(s))ds + Inme−λ4
nmt , (30)

where

anm(t ) = −
∫ 2π

0

∫ 1
0 Ynm�ng(t )(A + ∇4

z f − Bo∇2
z f )rdrdθ∫ 2π

0

∫ 1
0 YnmRnm(r)�2

n(θ )rdrdθ
,

bnm(t ) = −
∫ 2π

0

∫ 1
0 Ynm�ngt (t ) f (r, θ )rdrdθ∫ 2π

0

∫ 1
0 YnmRnm(r)�2

n(θ )rdrdθ
, (31)

Inm = −
∫ 2π

0

∫ 1
0 Ynm�nδ(r, θ, 0)rdrdθ∫ 2π

0

∫ 1
0 YnmRnm(r)�2

n(θ )rdrdθ
.

III. EXPERIMENTAL VALIDATION

Validating the mathematical model with a demonstration of a slewing telescope in conditions of
microgravity was not practical. Therefore, we performed an alternative experiment under normal
laboratory conditions (i.e., in the presence of gravity), taking advantage of the fact that the mathe-
matical model accounts for gravitational acceleration as a parameter. This allows direct comparison
between the experimental results and theoretical predictions at the relaxation regime, even though
the manuscript focuses on a space telescope intended for microgravity environments.

To validate the model in the laboratory setting, we sought a contact-free approach to impose an
arbitrary initial deformation on the surface (one which is complex, and thus accounts for multiple
modes) and observe its relaxation dynamics over time. To achieve this, we selected dielectrophoresis
(DEP), which can induce a contactless force via electrodes located at the bottom of the film. The
experimental setup consisted of a microfabricated circular chamber, with a diameter of 3.8 mm and
a height of 50 µm, which was filled with 0.57 µl silicone oil with a density of 970 kg/ m3 and a
surface tension of 20 mN m−1. DEP forces were applied through surface electrodes prepatterned at
the base of the chamber [37].
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FIG. 2. Experimental validation of the theoretical model for three different initial conditions. We deform
the surface using DEP forces and use the resulting deformation as an initial condition to our model, which
predicts the relaxation dynamics of the liquid-air interface. We compare the predictions to those measured in
the experiment after the DEP forcing is released. The left column shows the initial deformation of each case. In
the middle column, theoretical solution (upper row) and experimental measurements (lower row) are depicted
for t = 0.1, 1, 3, and 9 s. The black contour in each map indicates the zero-deformation contour line. The
right column presents a two-dimensional cross-section view along the radial direction at θ = π/2, showing
good agreement between the theoretical (dashed lines) and experimental (solid lines) deformation profiles at
multiple times (t = 0, 0.1, 1, 3, 9, 50 s). Grayscale color coding differentiates the timing of measurements,
with the initial deformation depicted in black and later measurements in progressively lighter shades.

Each experiment began by applying an electric field, allowing the liquid to stabilize in its new
electrohydrostatic state. When the voltage is turned off, the liquid undergoes relaxation, and we
record the spatial deformation as a function of time using a digital holographic microscope (DHM
Lyncee Tec R1000, 1.25× microscope objective).

Figure 2 illustrates the surface deformation from three distinct experiments, depicting three
different initial shapes in the left column. In all cases, we allow the interface to reach a steady
state, and all deformation data presented here is obtained by subtracting the steady-state topography
from the topography data of any other time point. In the middle column, interfacial deformation is
plotted at four time points for each case, for both the experiments and the theoretical predictions. A
contour line at d = 0 is marked to guide the eye in comparison of the results. The right column offers
quantitative comparisons by displaying cross sections of the deformation maps at θ = π/2, for both
the theoretical (dashed line) and experimental (solid line) results. Throughout, the theoretical model
shows good agreement with the experimental results.

IV. LIQUID MIRROR DEFORMATION

In the analytical model section, we provided a nondimensional analytical solution of the film
deformation. The nondimensional representation is the most generic one, as it allows us to obtain
insights onto the various timescales of the observed phenomenon, and its parametric representation
allows computation for any desired configuration. However, it is also instructive to consider several

064003-9



GABAY, LURIA, BALABAN, GAT, AND BERCOVICI

(d)(c)

t r 10
-15

10
-5

10
-10

10
0

t 10
-15

10
-5

10
-10

10
0

0.5 1

1

d m
ax d pd/

d m
ax

10
-10

10
-5

10
0

10
-15

10
-10

10
-5

10
0

4
3

810t

(e)

(a)
y

x

z

t 810t 4.510t 1.510t310t

(b1) (b2) (b3) (b4)

1

1

1

1

FIG. 3. Nondimensional analysis of the liquid film’s deformation dynamics due to a continuous slewing
maneuver. (a) Illustration of the telescope setup undergoing rotation around the y axis. [(b1)–(b4)] The
deformation map at four different times, which span 6.5 orders of magnitude, showing the progression of
the deformation from the telescope edges [barely visible in (b1)] toward its center. (c) The deformation along
the radial direction coinciding with the x axis at the same time points depicted in (b). [(d) and (e)] Maximal
and piston deformations as a function of time on a logarithmic scale, identifying a scaling relation for the early
time dynamics of dmax ∼ t3/4, and dp ∼ t respectively. These relations hold for most of the actuation stage until
late times. The “x” marks represent time steps corresponding to the plotted deformation maps in (b) and (c):
t = 10−8 dark blue, t = 4.5 × 10−4 light blue, t = 10−3 green, and t = 1.5 × 10−1 yellow.

specific cases, to demonstrate how the model could be used to predict the behavior of a hypothetical
liquid telescope undergoing multiple maneuvers during its operation. Thus, in this section we
provide both the non-dimensional investigation and several dimensional case studies.

A. Nondimensional investigation

Figure 3 presents the deformation of the liquid mirror for the case of A = 1, resulting from a
continuous slewing maneuver, �ω(t ) = ω0ŷ. As expected, the liquid is pushed towards the chamber
edges along the x axis under this type of actuation. As shown in Figs. 3(b) and 3(c), at early
times, the deformation builds up primarily within a narrow strip near the telescope’s perimeter.
The liquid is supplied from the center of the telescope, with the interface slowly receding while
overall maintaining its spherical shape. We define this translation motion as “piston” (commonly
used in optics to describe a uniform phase bias) deformation, dp = 1

π (0.8)2

∫ 2π

0

∫ 0.8
0 d (r, θ ) r dr dθ .

Although such a movement of the surface will introduce optical aberrations, those can usually be
corrected by translating components along the optical axis. For this reason, surface piston is treated
here as a deformation which does not restrict the telescope’s performance. Figure 3(d) illustrates the
maximum deformation as a function of time on a log-log scale, revealing a relation of dmax ∼ t3/4

throughout most of the actuation period, until a steady-state deformation, illustrated in Fig. 3(b4),
is achieved. Figure 3(e) shows the translation of the spherical surface maintained in an area within
80% of the total radius, i.e., the piston deformation.

Figure 4 shows the maximal deformation and the piston deformation, rescaled by dmax(t = 0.03)
and dp(t = 0.03), respectively, as a function of time during the relaxation stage, following a slewing
actuation with a duration of ta = 10−11 (blue line), ta = 10−9 (green line), and ta = 10−5 (yellow
line). As illustrated in the figure, the relaxation stage of the liquid converges onto a single curve for
both maximal and piston deformation, regardless of the duration of the actuation.

Figure 4(a) reveals three distinct regimes: immediately after the termination of the actuation, at
very early times, we observe rapid decay corresponding to the highest wave numbers on the order
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FIG. 4. The nondimensional maximal and piston deformations of the liquid mirror as a function of time
after the telescope stops slewing, i.e., the relaxation stage. Panels (a) and (b) illustrate the maximal and piston
deformations, respectively, as a function of time (normalized by the deformation at the last time point, t = 0.03)
on a log-log scale. The different curves correspond to relaxations following actuations that began at t = 0 and
ended at different times: ta = 10−11 (blue), ta = 10−9 (green), and ta = 10−5 (yellow). (a) At the earliest times
(inset) we observe rapid decay corresponding to the dynamics of the fastest modes (shortest wavelengths). At
intermediate times all curves coincide, and the decay follows a t−1/4 dependence. At late times, the decay rate
settles into that of the smallest wave number—the slowest mode (n = 2, m = 0). (b) The piston deformation
is constant at both early and intermediate times and drops only when the higher modes decay and the shortest
mode remains.

of 20% (as presented in the inset). At intermediate times (following the very early time and up
to approximately 10−5), the curves converge, and the decay of the maximum deformation follows
a relation of dmax ∼ t−1/4, in agreement with the dynamics previously suggested by Zhang et al.
[38] for early-time behavior of healing capillary films. At later times, the decay of the maximum
deformation corresponds to the dynamics of the longest wavelength (or the smallest eigenvalue)
contributing to the deformation, which for the slewing maneuver type is the cos(2θ ) term that
dominates the source term in Eq. (17). This mode is depicted as the dashed line in Fig. 4(a).

Under the FLUTE mission design concept, a telescope with a 50-m primary mirror and a liquid
film of several millimeters in thickness, with a reference viscosity of 100 cSt and surface tension of
50 mN/m, has a characteristic system timescale on the order of 1014. Thus, the entire operational
timescale of a telescope, on the order of years, can be considered to be well within early- and
intermediate-time regimes.

Using simulation results for both actuation and relaxation stages and the nondimensional system
parameters, we can provide predictions for the maximal deformation and piston deformation as
functions of the telescope’s physical parameters. For the actuation regime, the maximal liquid
deformation can be expressed as

d̃max = dmaxh̃0 = ACat3/4h̃0, (32)

where Ca = 0.5192 is a constant calculated from Fig. 4(d). By substituting the actuation time as a
function of the angular velocity ω̃0, the requested slewing angle β, and the system timescale τ̃ , we
obtain:

d̃max,a = Caρ̃D̃ω̃
5/4
0 h̃9/4

0

2σ̃ 1/4

(
β

3μ̃

)3/4

. (33)

Similarly, the piston deformation can be expressed as d̃p = dph̃0 = −Ath̃0 and by substituting
the actuation time as a function of ω̃0, β, and τ̃ , we obtain:

d̃p,a = −βh̃3
0ρ̃ω̃0

3μ̃
. (34)
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FIG. 5. Dimensional time-dependent deformation dynamics of a 50-m diameter liquid mirror during
the relaxation phase, following a 45◦ slewing maneuver on a log-log scale. The table details the different
experimental cases, specifying film thickness, angular velocity, and the resulting maximal deformation. Each
row in the table corresponds to a curve in panels (a) and (b), with matching colors to facilitate easy comparison.
(a) The maximal deformation over time for a full aperture. The circles correspond to deformations predicted
by Eq. (33), aligning with the analytical solution. The horizontal dashed line at 20 nm serves as a reference,
corresponding to λ̃/20 (where λ̃ = 400 nm), an acceptable standard for high-quality space optics. The results
show that regardless of the initial conditions, the deformation decays at the same rate at intermediate times.
(b) The maximal deformation within a 90% aperture (i.e., the inner 45-m diameter aperture). While for the full
aperture, the majority of cases exceed the 20-nm threshold, for the 90% aperture many cases remain below
this mark for extended durations, since the deformations, while large, are confined to the outer regions of the
telescope.

For the relaxation stage, neglecting the short decay at early times, the decay of the maximal
deformation can be estimated using the relation dmax ∼ t−1/4, i.e.,

d̃max(t ) = d̃max,a

(
ta
t

)1/4

, t � ta, (35)

where ta is the slewing time and d̃max,a is the maximal deformation obtained at the end of the
actuation stage. The piston deformation remains constant at early and intermediate times. This is
simply because, at these timescales, the deformation that began at the edges did not yet penetrate
into the center of the telescope.

B. Dimensional investigation—Specific study cases

Here we present different case studies considering variation in film height, angular velocity,
and maneuvering procedures, e.g., several maneuvers, different maneuvering angles, and variations
in the axis of rotation. Yet, in all the cases considered here, we fix the properties of the liquid
(ρ̃ = 1000 kg/m3, ν̃ = 100 cSt, σ̃ = 50 mN/m) and the telescope diameter, D̃ = 50 m.

Figure 5 presents the maximal deformation of the liquid mirror as a function of time after
performing a 45◦ slewing maneuver. We investigate the influence of the film’s thickness (ranging
from 1 to 5 mm) and angular velocity (ranging from 10 to 100 µrad/s) on the deformation dynamics.
Figure 5(a) shows the maximal deformation over the entire mirror, whereas Fig. 5(b) provides this
value over the inner 90% of the telescope radius.

Since the slewing angle is identical across all configurations while the angular velocity varies,
the actuation time differs between cases, causing the relaxation stage to begin at different times.
The circles on each curve correspond to the deformation predicted by Eq. (33), which match well
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with the simulation results of the full analytical solution (30). The results also illustrate the ω̃
5/4
0

and h̃9/4
0 dependence of the maximal deformation predicted by Eq. (33). The horizontal dashed line

represents a strict imperfection limit in astronomy at a value of 20 nm, corresponding to λ̃/20, where
λ̃ = 400 nm is the lower edge of the visible wavelength—a common figure for high-quality space
optics. All curves decay at approximately the same rate, consistent with the observation in Fig. 4.
In cases 7–9, where the film thickness is larger, the system’s timescale is shorter (τ̃ ≈ 2 × 1013 s),
making it possible to observe the transition into the sharper decay of the late-time regime at around
t̃ = 100 years. For the other cases, this transition occurs only at later times.

Interestingly, while all maneuvers exceed 20 nm at full aperture, when limiting the observation
to a 90% aperture, the majority of cases remain below the 20-nm threshold. This occurs because
the deformation originates at the telescope edges and propagates toward the center over time.
The overall radial behavior of the deformation resembles an oscillating wave with diminishing
amplitude toward the center. When observing with the full aperture, the maximal deformation
decays monotonically, as it corresponds to the decay of the largest peak. However, the maximal
deformation within the 90% aperture corresponds to the peak value included within that region at
any given time. Since the wave propagates inward, we observe patterns of alternating peak decay
with sudden increases corresponding to the arrival of new peaks.

We now turn to examine the effects of multiple sequential maneuvers on the deformation
dynamics. For clarity and simplicity, hereafter we also fix the film’s thickness to be h̃0 = 1 mm
and the angular velocity to be ω̃0 = 50 µrad/s (the conditions of configuration #2 in Fig. 5), and
construct maneuver sequences from variations in the axis and magnitude of rotation. Within the
timescales of interest, the deformation is limited to a narrow region close to the frame edges and
cannot be discerned when plotting the deformation map of the entire telescope surface, as shown in
Fig. 6(a). We thus adopt a transformed graphical representation of the surface that focuses on the
outer 5% of the telescope’s radius, as depicted in Fig. 6(b). The area contained within the inner 95%
of the telescope’s radius is purposely omitted and appears in white. In Fig. 6(c) we compare the
dynamics of the maximal deformation for two maneuver sequences: The first (in orange) is a single
slewing maneuver of 45◦ around the y axis. The second (in dashed black) is the same single slewing
maneuver of 45◦ around the y axis, followed immediately by a 22.5◦ maneuver around the x axis
and another −22.5◦ rotation back around the same axis—i.e., in both sequences the final position
of the telescope is rotated by 45◦ around its original y axis. The actuation period is shown on a blue
background, whereas the relaxation phase has a green background.

The first sequence behaves as one would expect from the results of Figs. 3 and 4—we see rapid
buildup of the deformation to a level of 41 nm within approximately 4.5 h, followed by a slow decay
wherein the deformation reduces to 14 nm within a week and to 5 nm within a year. However, as
shown in Fig. 5 and depicted in the deformation map of Figs. 6(d) and 6(f), the deformation remains
confined to the outer ring and does not yet penetrate the central aperture of the telescope.

The results of the second sequence, which consists of maneuvers around multiple axes, show
that simple superposition cannot be applied in such cases. When the first maneuver, shared by the
two sequences, is complete (the orange line begins to decay), the second maneuver (around the
perpendicular axis) is initiated. Surprisingly, despite the active actuation, the deformation does not
continue growing and instead exhibits a decay that follows closely that of the first sequence for ap-
proximately 2 hours. This is because the rotation around this perpendicular axis drives deformations
in regions that were previously unperturbed. Two processes now occur simultaneously—the decay
of the initial deformation and the buildup of the new (perpendicular) deformation. Initially, we see
a decay of the maximal deformation since the new deformation has not yet increased sufficiently to
change the global maxima on the surface. However, with time, the growing new deformation will
surpass the decaying first deformation and will dictate the global maximum, again resulting in an
increase of the maximal deformation. After one week of decay, the maximal deformation of the two
cases is nearly identical, yet, as shown in Fig. 6(e), the surface of the second sequence is nearly
axisymmetric, and this shape is maintained even at long times as shown in Fig. 6(g). From this

064003-13



GABAY, LURIA, BALABAN, GAT, AND BERCOVICI

r=

0.9
5

r=
1

r=
1

r=0.95

m
ax

[n
m

]
d

1

20

100

day
w

eek
m

onth
year
10

years
100

years

One slew

Three slews

20

10

3

day
w

eek
year

(a) (c)

(d) (e)

(f) (g)(b)

r=

0.95

r=

0.95

r=

0.95

r=

0.95

Transformed 
representation
Transformed 
representation

One slew Three slews

FIG. 6. Comparison of the liquid mirror deformation for two different sets of maneuvers of a 50-m diameter
telescope with a 1 mm liquid layer. The first set involved a single 45◦ slewing maneuver around the y axis. The
second set incorporates the same 45◦ maneuver around the y axis (as in the first set), followed by a subsequent
22.5◦ rotation around the x axis and a −22.5◦ rotation back around the same axis. (a) The deformations of
the liquid at a representative intermediate time, plotted over the full aperture. Since the deformation remains
confined to a narrow region along the frame’s edges it is not clearly visible in this representation. (b) Hereafter,
we use a transformed graphical representation focusing only on the outer 5% of the telescope radius, with the
inner 95% deliberately omitted. (c) The maximal deformation dynamics for the two cases, on a logarithmic
timescale. The actuation period is represented with a blue background, and the relaxation phase with a green
background. The inset focuses on the first few years to better illustrate the difference between the two sets of
maneuvers investigated. Interestingly, since the additional maneuver occurs in a perpendicular direction, it does
not increase the maximal deformation beyond its value in the first maneuver. [(d)–(g)] The surface deformation
of the outer 5% of the telescope radius after one week [(d) and (e)] and one year [(f) and (g)]. While the
maximal deformation in both is similar, the three-slews maneuver results in a more axisymmetric deformation.

point onward, the two cases continue decaying at approximately the same pace, with a very slight
advantage to the second sequence that decays marginally faster. Hence, from an optical perspective,
these results suggest that it may sometimes be more beneficial to add maneuvers in order to shape
the surface into a geometry that is easier to correct optically.

The JWST performs approximately nine slewing maneuvers of several degrees each day [39].
Using this as reference, Fig. 7 shows the deformation of the liquid telescope within a 24-h period,
as it undergoes a set of nine maneuvers, each of 5◦, around a random rotation axis defined by the
angle α in its x-y plane, as depicted in Fig. 7(a). Each maneuver lasts approximately 30 min and is
then followed by approximately 2 h of observation time at which the telescope is at rest. Figure 7(c)
presents the deformation during the first 24 h of actuation, showing the sequence of deformation
buildup and relaxation between maneuvers. Depending on the direction of rotation, that is randomly
assigned, we see that some actuations do not contribute significantly to the maximal deformation, as
elucidated in Fig. 6. For comparison, we again present case #2 of Fig. 5—a single 45◦ maneuver over
a 4.5-h period. Interestingly, the maximal deformation of the two cases after one day is comparable.
Figure 7(d) presents the decay of the two cases over longer periods of time. After one day, the single
maneuver case has already completed its rapid early decay phase and is entering the intermediate
decay phase of dmax ∼ t−1/4. The multiple maneuvers case, on the other hand, is just entering its
early decay phase and thus decays more rapidly at that point. As a result, when both cases are well
within their intermediate decay regime, the difference in maximal deformation between the two
cases becomes more pronounced compared to the difference observed after one day.
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FIG. 7. Deformation dynamics of the 50-m diameter liquid mirror telescope over 24 h as a result of nine
slewing maneuvers of 5◦ each around a randomly selected axis of rotation. (a) The axis of rotation (red arrow)
is in the x-y plane and is defined by the angle relative to the y axis. (b) The deformation map after each of the
nine slewing maneuvers, showing the deformation propagating toward the center. The axis of rotation of each
maneuver is presented as a red arrow for each step. (c) The black curve corresponds to the deformation due
to the nine maneuvers, showing the buildup and relaxation of deformation with each maneuver. As expected
from Fig. 6, some rotations contribute minimally to the overall deformation. The orange curve presents, for
comparison, the deformation due to a single 45◦ actuation and shows that multiple small maneuvers (in different
directions) result in a smaller overall deformation. (d) The decay of the maximal deformation over longer time
periods for the two cases. The decay rate is similar for both, with the initial difference in deformation persisting
over time. (e) The piston deformation for both cases, noting that the incremental addition from each maneuver
adds up to equal the total deformation seen in the single maneuver case.

Figure 7(e) presents piston deformations for the same cases and time periods. The piston defor-
mation builds up with each maneuver and remains constant thereafter. The additional deformation in
each maneuver is independent of the axis of rotation, and the total piston deformation can be simply
summed up for the nine-maneuver case and is equal to that obtained from the single maneuver
case. Figure 7(b) presents the deformation map of the mirror (within the 95% outer radius region),
after each of the slewing maneuvers, and the axis of rotation for each step (red arrow). We see the
deformation propagating toward the center, and, with time, becoming less sensitive to variations
in the axis of rotation. Yet, since this is a small number of maneuvers which are not precisely in
orthogonal directions, the surface deformations are never purely axisymmetric.

To gain a better understanding of mirror surface deformations during operation of a notional
fluidic telescope, we studied a basic maneuver construct (Fig. 6) as well as a typical day’s worth
of maneuvers (Fig. 7). However, a realistic telescope would maneuver constantly throughout its
lifetime—ideally tens of years. The results thus far clearly indicate that all maneuvers contribute to
the deformation of the surface, and that relaxation driven by the surface tension force alone is too
slow to recover the original spherical shape within a reasonable time. At the same time, we also
see that the deformations propagate very slowly toward the center of the telescope. We next seek to
examine the nature of deformations accumulated over a long period of continuous maneuvers and
draw guidelines based on the understanding we gain from nondimensional analysis.

Figure 8 presents the deformation of a fluidic mirror over an actuation period of 10 years. While
a realistic case consists of many small maneuvers each day, previous analysis (Fig. 7) shows that a
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FIG. 8. Long-term deformation illustration of a fluidic mirror during a 10-year period, featuring a daily
45◦ slewing maneuver around a random in-plane rotation axis. (a) The mirror deformation at various times
(A1, 1 week, A2, 1 month, A3, 1 year, A4, 10 years, A5, 20 years), showing the deformation becoming
increasingly axisymmetric due to the variety of maneuver directions. (b) The maximum deformation across
the telescope surface, accumulating to 6400 nm over 10 years (solid black line) and the analytical prediction
Eq. (36) (gray dashed line). (c) The same deformation data on a logarithmic scale, together with the maximal
deformations over smaller apertures, and during a hypothetical relaxation period. The deformation exceeds
the selected critical threshold of 20 nm at the 95% radius (yellow line) after approximately six months,
while for the 80% aperture (dark blue line), the maximal deformation remains below 20 nm for more than
20 years. The gray “x“ marks correspond to the time points at which deformation maps are depicted.

simulation of a single large maneuver per day can serve as the worst-case scenario. Thus, to reduce
the computational load, in our long-duration simulations we substitute a set of short maneuvers
with a single large maneuver of 45◦ per day, around a different random in-plane rotation axis.
Figure 8(a) presents the shape of the mirror surface as it evolves over time. Since the interface
deformation is constructed of many rotations in different directions, in this case (consisting of 3650
maneuvers of 45◦ each) the deformation approaches an axisymmetric shape. Figure 8(b) shows the
maximal deformation over the entire telescope surface, which builds up to 6400 nm during the
10-year operation period. Figure 8(c) presents the same data on a logarithmic scale and includes
the maximal deformation for smaller apertures, as well as the behavior in a hypothetical relaxation
period. Most importantly [as can also be observed in the colormaps of Fig. 8(a)], the deformation
passes the threshold of 20 nm at the 95% and the 80% radius curves only after 6 months and
20 years, respectively—this deformation is the result of the earliest maneuvers that have just now
reached this radius.

Interestingly, although the deformation pattern varies in both time and space, the maximal
deformation follows the same trend discovered in the nondimensional analysis for a single maneuver
d̃max = ACseqt3/4h̃0. While in this long-term operation the deformation does not grow monotonically,
as predicted theoretically for a single maneuver, the theoretical trend still provides an excellent
approximation, as seen in Figs. 8(b) and 8(c) (gray dashed line). To quantify this behavior, we
introduce the constant Cseq, which represents a scaling factor linking the deformation from a single
maneuver (obtained from the nondimensional analysis) to the cumulative deformation from many
sequential maneuvers. This constant is defined by considering the fraction of time the telescope
spends maneuvering, relative to the total period (actuation plus rest), and by averaging the effect of
rotations around various axes.
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For a large number of maneuvers, we assume that the resulting deformation is axisymmetric,
similar to the outcome of rotating alternately about two perpendicular axes. Thus, for sequential
operation, we propose the expression Cseq = Cat̃a/2t̃p, where Ca is the constant found in the
nondimensional analysis for a single actuation, t̃a is the actuation time, and t̃p is the full cycle period
(actuation + rest). The factor of 2 accounts for the effective averaging over two perpendicular axes
of rotation, assuming sufficient statistical coverage of orientation over time. Substituting into our
model yields the theoretical prediction for the maximal deformation as a function of the fluidic
mirror properties, as well as the slewing dynamics:

d̃max,seq = Ca
t̃a
2t̃p

ρ̃D̃ω̃5/4h̃9/4
0

2σ̃ 1/4

(
β

3μ̃

)3/4

. (36)

This expression captures the fact that deformation accumulates only during active slewing and
benefits from the axisymmetric deformation profile resulting from randomly oriented maneuvers
over a long period of time.

V. CONCLUDING REMARKS

In this paper we introduced a theoretical model and an analytical solution that describe liq-
uid mirror dynamics for a fluidic space telescope under one of the most significant sources of
perturbations—its slewing maneuvers required to change the observation point in space. Based
on the model, we identified different regimes for both actuation and relaxation stages, providing
valuable insights into the resulting deformation. For example, we observed that the maximal
deformation at the actuation and relaxation stages scales as t3/4 and t−1/4, respectively. Furthermore,
we derived simple expressions for the maximal deformation and piston deformation, highlighting
their dependence on the liquid mirror properties and the maneuver characteristics. Equation (33)
reveals that the maximal deformation of the film at actuation scales with the film thickness as h̃9/4

0

and with the angular velocity as ω̃
5/4
0 . These results can serve as design guidelines for the telescope

and its slewing plan.
Additionally, from an optical perspective, not only the maximal deformations matter, but also

their spatial distribution. Our simulations predict that for a hypothetical telescope with a 50-m
diameter, 1-mm-thick liquid mirror, the maximal deformation could reach several micrometers after
10 years of operation. However, within the inner 40 m (i.e., 80% of the aperture), the deformation
remains under 20 nm even after 20 years. This difference highlights the importance of a dynamic
model, as the viscoelastic timescales can be very long and may strongly affect the functionality of
the overall system. These considerations may need to be incorporated in the design process of the
telescope, where an obvious degree of freedom is to control the aperture used through an adjustable
aperture stop (e.g., a mechanical iris), as is commonly done in many optical systems.

Another potential way of minimizing long-lasting mirror surface disturbances of a fluidic space
telescope is through its concept of operations. In creating a sequence of astronomical observations,
the expected surface deformation could be combined with other factors (e.g., timing, scientific value,
and control effort required) in a multiobjective optimization in order to take maximum advantage of
the remaining useful life of the telescope.

Ultimately, after sufficient use, the optical quality of the mirror surface will degrade. A “reset”
procedure that restores the entire surface of a fluidic mirror to its original, precise geometry would be
highly desirable. One possible option for such a procedure could be to combine linear acceleration
and angular velocity around the z axis, as is done with ground-based liquid-mirror telescopes,
shaping the liquid surface into a paraboloid. Other physical mechanisms include electromagnetic
actuation similar to those employed in the Zenith program, or leveraging the thermocapillary effect
to reshape the liquid and restore its optical properties [40].

The aforementioned actuation mechanisms can be incorporated into our finite-domain, thin-film
model of fluidic mirrors as different source terms for Eq. (9). However, an additional step is needed
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when actuating via electromagnetic fields or temperature distributions across the mirror surface.
In these cases the mirror surface evolution equation would need to be coupled with Maxwell’s
equations or an energy balance equation, respectively. In recent work [35], we used surface
electrodes at the chamber bottom to apply DEP (electrical) interfacial forces to shape the liquid,
while introducing the 1D non-self-adjoint thin-film model. We solved the electric field distribution
numerically and, assuming small deformations, decoupled the two governing physical phenomena
(electrostatics and fluid mechanics). We then used the numerical results as the source term for the
thin-film equation. Importantly, we note that DEP stress and magnetic stress on a ferromagnetic fluid
are very similar in nature. Both stresses originate from the differences in electric permittivity and
magnetic susceptibility between the liquid and the air above it, respectively, and both apply force
distributions at the interface in the normal direction. Thus, with the theoretical model suggested for
magnetic stress at the interface [22], one should be able to readily incorporate this mechanism into
our thin-film model.
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APPENDIX A: PHYSICAL PARAMETERS OF THE FLUTE MISSION,
NONDIMENSIONALIZATION, AND VALIDITY OF MODEL ASSUMPTIONS

This Appendix lists the baseline FLUTE parameters and nondimensionalizes the momentum
equations in order to quantify the terms retained in the main text. The nondimensionalization iden-
tifies the Coriolis and Euler numbers and provides conditions under which they can be neglected.

1. FLUTE mission physical parameters

We here summarize the geometrical, material, and maneuver parameters used throughout the
manuscript. The telescope frame has a diameter D̃ = 50 m and radius of curvature R̃c = 300 m.
The thin liquid layer has nominal thickness h̃0 in the range 10−3 to 10−2 m. We target an ionic
liquid [14] with mass density ρ̃ � 1.25 × 103 kg m−3, kinematic viscosity ν̃ � 10−4 m2 s−1, and
surface tension σ̃ � 70 mN m−1. The characteristic slewing angular velocity is taken in the range
ω̃0 = 10 to 100 µrad s−1.

2. Nondimensionalization of the momentum equations

We repeat here the lubrication form of the momentum equations [Eqs. (5a) and (5b)] obtained in
the main text

∇̃s p̃ = μ̃
∂2ũs

∂ z̃2
+ ρ̃(−2ω̃w̃ − ˙̃ωz̃ + ω̃2x̃)x̂, (A1)

∂ p̃

∂ z̃
= ρ̃(ω̃2z̃ + 2ω̃ũ + ˙̃ωx̃ − g̃). (A2)
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TABLE I. Summary of key nondimensional parameters of the FLUTE baseline design.

Quantity Definition FLUTE value or range

Small slope ε = D̃/(2R̃c ) 8.3 × 10−2

Aspect ratio ε = 2h̃0/D̃ 4 × 10−5 to 4 × 10−4

Reduced Reynolds Rer = (
ω̃0 h̃2

0
ν̃

)2 10−14 to 10−8

Coriolis number �Co = εω̃0h̃2
0/ν̃ = ε

√
Rer 10−12 to 10−8

Euler number �Eu = α̃cε/ω̃
2
0 �1 by design

We introduce the following scales and nondimensional variables:

x̃ = (D̃/2)x, z̃ = h̃0z, ε = 2h̃0/D̃, ũ = Ũsu, ṽ = Ũsv,

w̃ = εŨsw, ω̃ = ω̃0ω, ˙̃ω = α̃cω̇, p̃ = P̃c p.

Substituting these parameters into Eq. (A1) and dividing by the prefactor multiplying the viscous
terms, μ̃Ũs/h̃2

0, yields

P̃ch̃2
0

μ̃Ũs(D̃/2)
∇s p = ∂2us

∂z2
−

(
2 ε

ω̃0h̃2
0

ν̃
ωw − α̃ch̃3

0

ν̃Ũs
ω̇z + ω̃2

0(D̃/2)h̃2
0

ν̃Ũs
ω2x

)
x̂. (A3)

We choose the velocity and pressure scales as Ũs = ω̃2
0 (D̃/2)h̃2

0
ν̃

and P̃c = ρ̃ω̃2
0(D̃/2)2, such that the

centrifugal and pressure gradient terms are of order one. The nondimensional in plane momentum
equation thus simplified to

∇s p = ∂2us

∂z2
− (2 �Co ωw − �Eu ω̇z + ω2x)x̂, (A4)

where we define the Coriolis and Euler nondimensional numbers as

�Co = ε
ω̃0h̃2

0

ν̃
, �Eu = α̃c ε

ω̃2
0

. (A5)

Substituting the same scales into Eq. (A2) yields

∂ p

∂z
= ε2ω2z + 2�Co ωu + ε�Eu ω̇x − g̃ h̃0

ω̃2
0 (D̃/2)2

. (A6)

As mentioned in the main text, we keep gravity in the model derivation for two main reasons:
first, for validation of the film dynamics predicted by the theoretical model with experiments that
we perform on Earth and, second, because this theoretical framework applies to any pinned thin film
in a circular-chamber configuration.

Table I lists the nondimensional numbers and their values for the FLUTE baseline design. We
evaluate the assumptions using the upper bounds in Table I. The lubrication approximation requires
ε � 1 and Rer � 1. The Coriolis number can be expressed as �Co = ε

√
Rer and is therefore also

small. Last, neglecting the Euler terms requires �Eu � 1, which provides the requirement on the
angular acceleration of the telescope α̃c � ω̃2

0/ε.

APPENDIX B: AUXILIARY FUNCTION DERIVATION

This Appendix details the steps needed to derive the auxiliary function f (r, θ ) used in Eq. (14)
and the polynomial coefficients Cn in Eq. (15). The goal is to eliminate the azimuthally dependent
boundary forcing. We introduce the transformed deformation variable δ = d − f (r, θ ) g(t ) and then
choose f and g so that δ satisfies homogeneous boundary conditions. For simplicity of the resulting
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algebraic expressions, we present here the case of Bo = 0, but the same procedure can be applied
to obtain f and g for nonzero values of Bo. We start with the governing equation [Eq. (9)] for the
case of Bo = 0,

dt + ∇4
s d = −A ω2(t ), (B1)

and the boundary conditions at r = 1, for all θ and t � 0, are

d = 0,

drrr − dr + drr − 2dθθ + drθθ = −A ω2(t ) cos2 θ. (B2)

To homogenize the no-penetration boundary condition in Eq. (B2) we define the transformed
deformation variable,

δ(r, θ, t ) = d (r, θ, t ) − f (r, θ ) g(t ), (B3)

where f (r, θ ) is a prescribed spatial auxiliary function and g(t ) is a prescribed auxiliary temporal
function. Substituting Eq. (B3) into Eq. (B1) gives the evolution equation for δ,

δt + ∇4
s δ = −gt f (r, θ ) − g(t )

(
A + ∇4

s f
)
, (B4)

and substituting Eq. (B3) into the boundary conditions in Eq. (B2) gives the boundary conditions
for δ at r = 1, for all θ and t � 0,

δ(1, θ, t ) = − f (1, θ ) g(t ),

δrrr − δr + δrr − 2δθθ + δrθθ = −ω2(t )A cos2 θ − g(t )( frrr − fr + frr − 2 fθθ + frθθ ). (B5)

We set g(t ) = ω2(t ) and find f (r, θ ) such that the boundary conditions in Eq. (B5) are homogeneous.
This requires

f (1, θ ) = 0, frrr − fr + frr − 2 fθθ + frθθ = −A cos2 θ at r = 1, (B6)

which reduces Eq. (B5) to

δ(1, θ, t ) = 0, δrrr − δr + δrr − 2δθθ + δrθθ = 0. (B7)

We assume a separable form for f ,

f (r, θ ) = F (θ )G(r), G(r) =
N∑

n=0

Cnrn. (B8)

Substituting Eq. (B8) into the second condition in Eq. (B6) yields an ordinary differential equa-
tion for F ,

B1F + B2Fθθ = −A

2
(1 + cos 2θ ), (B9)

where B1 = G ′′′(1) + G ′′(1) − G ′(1) and B2 = G ′(1) − 2G(1) depend only on G and its derivatives
at r = 1. Imposing 2π -periodicity of F and Fθ gives

F (θ ) = −A

2

(
1

B1
+ cos(2θ )

B1 − 4B2

)
. (B10)

We determine the polynomial order N and the coefficients Cn by satisfying the boundary
conditions, enforcing regularity at r = 0, and enforcing mass conservation. For Bo = 0, the lowest
order satisfying these requirements is N = 4.

The right-hand side of Eq. (B4) contains f (r, θ ) and A + ∇4
s f . We require that both be regular at

r = 0, that is, contain no negative powers of r.
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For Bo = 0, substituting Eq. (B8) into A + ∇4
s f yields

A(C1 − 9C3)

C1 − 9C3 − 32C4
+ A

( C1
C1−9C3−32C4

− 9C1 cos(2θ )
8C0+3C1+5C3+24C4

)
2r3

+ A
( 9C3

C1−9C3−32C4
+ 15C3 cos(2θ )

8C0+3C1+5C3+24C4

)
2r

.

(B11)

Eliminating the negative powers of r in Eq. (B11) requires C1 = C3 = 0, which in this case leads to
A + ∇4

s f ≡ 0.
The first condition in Eq. (B6) gives

C0 + C1 + C2 + C3 + C4 = 0. (B12)

We also impose the mass conservation constraint on f , ensuring that the forcing terms satisfy the
zero integral constraint required by the eigenfunction basis,∫ 2π

0

∫ 1

0
f (r, θ ) r dr dθ = 0, �⇒ 30C0 + 20C1 + 15C2 + 12C3 + 10C4 = 0. (B13)

Solving for Cn yields

C0 = 1
3 , C1 = 0, C2 = − 4

3 , C3 = 0, C4 = 1. (B14)

With G(r) fixed, we evaluate B1 and B2 and obtain f (r, θ ).

f (r, θ ) = − A

960
(1 − 4r2 + 3r4) (5 + 6 cos(2θ )). (B15)

Summary and general recipe for nonzero Bond numbers

The auxiliary function is introduced to remove the azimuthally dependent forcing from the
boundary conditions by transforming the deformation as δ = d − f (r, θ ) g(t ), with g(t ) = ω2(t ).
The function f (r, θ ) is then chosen so that δ satisfies homogeneous boundary conditions, while
the forcing terms generated in the evolution equation for δ, Eq. (B4), satisfy the same constraints
required by the eigenfunction expansion.

In practice, f is constructed by enforcing the following conditions:
(1) Homogeneous boundary conditions for δ: Choose f such that Eq. (B6) holds. Together with

g(t ) = ω2(t ), this reduces the boundary conditions in Eq. (B5) to the homogeneous form in Eq. (B7).
(2) Regularity at the origin: Require that f and A + ∇4

s f − Bo∇2
s f contain no negative powers

of r.
(3) Zero integral constraint: We impose the mass conservation constraint on both f and the

expression A + ∇4
s f − Bo∇2

s f . In the special case where Bo = 0, the constraint is required only for
f , as A + ∇4

s f vanishes completely once the regularity condition is applied.
To construct f (r, θ ), we take the separable form f (r, θ ) = F (θ )G(r) with G being a polynomial

as in Eq. (B8). The coefficients Cn are then determined from the boundary conditions in Eq. (B6),
the regularity requirement at r = 0, and the zero integral constraint. The resulting coefficients for
the general case are reported in Eq. (15).
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