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Reynolds-averaged Navier-Stokes (RANS) turbulence models rely on several simplify-
ing assumptions that limit their accuracy, particularly in predicting separated flows. To
address these limitations, significant efforts have focused on augmenting RANS models
through field inversion and machine learning. In the present study, data assimilation and
symbolic regression are used to formulate an analytical correction to the Spalart-Allmaras
model, addressing local deficiencies in its production term. A key objective of this work is
to develop a correction applicable to a wide range of flow configurations, improving pre-
dictions for separated flows without degrading the performance of the baseline model for
wall-attached flows. To this end, symbolic regression is performed using assimilated data
from two-dimensional separated-flow cases (converging-diverging channel, bump H42,
and NASA wall-mounted hump) together with a reference case where the Spalart-Allmaras
model remains accurate (flat plate). This methodology enforces the desired correction in
separated flows while minimizing the impact on the model’s accuracy for wall-attached
flows. The symbolic correction accurately reproduces the assimilated quantities and its
performance on unseen flows demonstrates that the resulting expression remains applicable
across a broad range of flow configurations and Reynolds numbers (bump H38, square
cylinder, and periodic hill). The correction is also assessed on three-dimensional cases,
namely, the FAITH hill and the Ahmed body. While improvements are observed for some
configurations, these tests also reveal limitations that warrant further investigation.

DOI: 10.1103/dk9r-td14

I. INTRODUCTION

Turbulence modeling is an active topic of research given its complexity and importance for
fluid dynamics simulations. The prediction of turbulent flows represents one of the most persistent
challenges in physics and engineering. The Reynolds-averaged Navier-Stokes (RANS) framework
remains the most widely used approach for modeling turbulent flows. Although continuous advances
in computational power are making large eddy simulation (LES) and direct numerical simulation
(DNS) increasingly accessible, these methods are still impractical for most real-world applications.
As aresult, the RANS framework is expected to remain the prevailing paradigm for the foreseeable
future [1].

The main limitation of RANS simulations lies in the closure problem, which arises from the
averaging process in their derivation. To address this issue, closure models are introduced to
provide the missing information and enable the solution of the RANS equations. While decades of
development have led to widely used formulations such as the k-€ [2], k- [3], and Spalart-Allmaras
(SA) [4] models, their predictive capabilities often struggle to accurately capture separated regimes.
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Therefore, enhancing their performance in such conditions is essential to significantly broaden their
applicability across a wide range of engineering problems.

Some attempts have been made to improve turbulence models with analytical laws based
on physical insights. For instance, Rumsey et al. [5] introduced an ad hoc term defined as a
function of the local ratio of turbulent production to dissipation. This ad hoc term was used to
multiply the w-destruction term, increasing the eddy viscosity in separated regions. The authors
highlighted that the proposed “separation fix” yielded dramatic improvements in certain cases,
but also acknowledged that the correction was not universal. This shows that deriving broadly
applicable models or corrections based solely on physical insight and fundamental laws is extremely
challenging.

With an ever-increasing volume of high-fidelity datasets now available, data-driven turbulence
modeling is emerging as a powerful approach to overcome the predictive limitations of classical
RANS models. Duraisamy [6] discussed several approaches to leverage data from experiments
or high-fidelity numerical simulations. The most straightforward approach consists of training
machine-learning models on DNS data to reconstruct the missing information. Following this
strategy, Ling ef al. [7] trained a deep neural network to learn the Reynolds stress anisotropy tensor
from high-fidelity data before incorporating these predictions into a RANS framework. Similarly,
Wang et al. [8] tried to reconstruct the discrepancies of the RANS modeled Reynolds stresses by
using random forests. The discrepancy functions were trained directly on DNS databases and then
used to predict Reynolds stress discrepancies in different flows where data were not available. More
recently, Volpiani et al. [9,10] developed a machine-learning oriented turbulence model that directly
estimates the eddy viscosity correction from LES data of turbulent flows over parametric bumps.
Their methodology, using artificial neural networks (ANN) and random forests (RF), was proved to
be robust even in predicting flows with strong separation where the eddy-viscosity assumption lacks
accuracy.

Another approach consists in solving an inverse problem. It supposes the inference of a corrective
term added to the baseline model that minimizes the discrepancies between the enhanced model and
the reference data. Parish ef al. [11] introduced the field inversion and machine learning (FIML)
paradigm and applied it to the prediction of a turbulent channel flow. Their approach consisted of
modifying the source term in the turbulence transport equations. Solving this inverse problem yields
a spatially varying correction field. This allows model-form errors to be addressed rather than only
parametric ones. Once the correction is obtained, machine learning can be used to establish the
mapping between the input features and the expected corrective field.

Several studies have employed the FIML method to address inherent deficiencies in RANS
turbulence models. Singh et al. [12] used experimental lift coefficients to infer corrections for
the SA production term. These corrections were then used to train a neural network to correct
the prediction of turbulent flows over airfoils involving flow separation. This approach was also
adopted by Ferrero et al. [13] in the case of low-pressure gas turbine cascades. More recently,
Yan et al. [14] used this framework to improve the SA model on three cases, the S809 airfoil, the
periodic hill and the GLC305 airfoil with ice formation. While these efforts focused on recalibrating
the production term, other research has explored alternative corrective formulations. Cato et al.
[15] evaluated the performance of several corrective terms in the SA model using dense velocity
measurements, and showed that the choice of correction strongly affects the inverse optimization
process. They observed that introducing corrections directly in the momentum equations could lead
to a good reconstruction of the flow field. Looking for a perfect flow reconstruction, Volpiani et al.
[16] introduced a vectorial source term into the momentum equation to improve the SA predictions
over periodic hills. However, this type of correction might be difficult to generalize across different
types of flows. Applying a corrective factor to the production term of the SA transport equation is
particularly attractive from a FIML perspective, as it corresponds to a nondimensional scalar
quantity. This property facilitates the learning process and potentially improve the robustness of
the resulting model. Nevertheless, because the correction remains constrained by the Boussinesq
hypothesis, the achievable level of flow reconstruction is inherently limited.
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In the literature, many studies focused on improving turbulence models with machine learning for
specific flow configurations: separated flows over airfoils [12,17,18], periodic hills [16,19], square
duct [20], or bidimensional bumps [9,10]. While the literature almost unanimously acknowledges
the success of machine-learning-based corrections for specific types of flows, the generality of
such improved models remains an open question. Rumsey et al. [21] incorporated diverse flow
configurations into the training dataset, including a flat-plate flow, the NASA hump, and the NACA
0012 airfoil, in an effort to improve model generalization. However, the resulting improvements
remained limited, and robust generalization was not demonstrated. The authors concluded that a
consistent and broadly applicable data-driven turbulence model for separated flows has not yet been
achieved.

Another fundamental issue in turbulence modeling concerns model interpretability. Machine-
learning tools such as neural networks are often regarded as black boxes due to their layered
structure (characterized by the superposition of hidden layers and nonlinear activation functions),
which makes physical interpretation difficult. In this context, symbolic regression (SR) offers a
compelling alternative, as it aims to derive explicit analytical expressions directly from data. SR
is a type of regression analysis that tries to combine operators and functionals to find the model
that best fits a given dataset, both in terms of accuracy and simplicity. The recent development
of open-source libraries such as PySR [22] and PhySO [23], provided the flexibility needed to
discover symbolic expressions. To derive analytical models from data, these frameworks rely on
advanced search strategies, such as genetic algorithms (GA), as implemented in PySR, or deep
reinforcement learning (DRL), as employed in PhySO. Because the outputs take the form of explicit
mathematical expressions, they can be easily analyzed and understood by modelers. This explicit
structure also enables the formal enforcement of physical constraints. For example, PhySO was
specifically designed to generate expressions that are dimensionally consistent by construction [23].
However, this interpretability is maintained only when the complexity of the expression remains
relatively small. If an expression consists of multiple nested operators (a common occurrence
when regressing complex data), it quickly becomes impossible to interpret. Despite this challenge,
symbolic regression effectively solves the “portability” problem associated with models based on
neural networks for instance. While black-box models are often difficult to interface with different
flow solvers [24], analytical expressions can be easily shared and incorporated into new numerical
frameworks.

Several research groups are currently using symbolic regression to improve the predictive
accuracy of the SST turbulence model. Weatheritt er al. [25] symbolically regressed algebraic
forms of the Reynolds stress anisotropy tensor using data of rectangular ducts. When tested on an
asymmetric diffuser, their new models demonstrated significant improvements over the baseline
linear model. Schmelzer et al. [26] introduced sparse regression of turbulent stress anisotropy
(SpaRTA), a deterministic symbolic regression method. SpaRTA was used to infer algebraic stress
models for the closure of RANS equations directly from high-fidelity LES or DNS data. Following
this idea, Buchanan et al. [27] derived a new zonally augmented SST model by applying a Relative
Importance Term Analysis (RITA) methodology to keep the baseline performance in fully attached
flows. Although the model was regressed on two-dimensional configurations, it demonstrated
significant improvements in predicting three-dimensional separated flows, such as the Ahmed body
and a wall-mounted hill named FAITH (fundamental aeronautics investigates the hill). Focusing
on the transport equations themselves, Wu et al. [28] applied symbolic regression to derive a
corrective factor that adjusts the destruction term in the w equation. Although the regression was
performed only on a 2D curved backward-facing step, the resulting corrections proved effective for
two-dimensional bumps, periodic hills and on a three-dimensional Ahmed body. In a subsequent
study, Wu et al. [29] coupled symbolic regression with a conditioned field inversion and expanded
the training set to include a two-dimensional hump. The corrective field applied to the destruction
term in the w equation was multiplied by a shielding function f;, which is inactive within the
boundary layer and active elsewhere. This conditioned field inversion allowed to improve separated
flows predictions while maintaining the accuracy of the original model for wall-attached flows. An
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et al. [30] employed the field inversion and symbolic regression (FISR) methodology to incorporate
streamline curvature effects into the SST model. Their approach modifies the eddy viscosity by
introducing a correction that accounts for directional flow effects, thereby enhancing the baseline
SST formulation for this class of flows.

Studies focused on improving the SA turbulence model by combining data assimilation with
symbolic regression are more scarce. In fact, these studies have focused on deriving models for a
specific flow scenario [18,31]. He et al. [18] and Liao et al. [31] applied symbolic regression to
model incompressible flows over airfoils. The novelty of the present study lies in the application
of the FISR methodology to improve the predictions of the Spalart-Allmaras turbulence model for
a significantly broader scope of flow configurations. Unlike previous studies confined to specific
flows, this work improves the baseline model across a diverse set of separated flows spanning a
large range of Reynolds numbers. To achieve this, the regression is performed simultaneously on
separated flows, where a modification is required, and on a reference case representative of the
baseline SA model calibration. This dual-target approach yields a symbolic expression that locally
adjusts the production term in the SA equation. As a result, the derived correction provides the
necessary adjustments for nonequilibrium flows while minimally affecting the baseline behavior of
the SA model in attached-flow regimes. The outline of this study is as follows. First, the RANS
framework and the numerical discretization setup are detailed (Sec. IT). We then present the data
assimilation procedure and the corrective fields inferred by field inversion (Sec. III). In Sec. IV, we
explain the strategy employed to determine an analytical correction through symbolic regression.
The resulting SR expression and its performance across both regression and unseen cases are
provided in Secs. IV C-IV E. Finally, a discussion is provided in Sec. V.

II. REYNOLDS-AVERAGED NAVIER-STOKES EQUATIONS
AND NUMERICAL DISCRETIZATION

A. RANS equations and turbulence closure

Following the Reynolds decomposition, the flow variables are written as the sum of mean and
fluctuating components, here formalized as u(x, r) = u(x) + v/(x, t) for the velocity and p(x, ) =
P(x) + p'(x, t) for the pressure. The incompressible steady-state RANS equations for the mean flow
variables are given by

V-u=0, ()
@ Vi=-Vp+V-(2u8)—V.-Wau), )

where S = %(V u+ vVu’) is the symmetric component of the mean velocity gradient, v is the

kinematic viscosity, w’® u’ is the Reynolds stress tensor, and the operator @ refers to the dyadic
product. In the context of RANS modeling, the Reynolds stresses are commonly approximated
using the Boussinesq hypothesis:

—w@u ~2yS — 3, (3)

where v, is the turbulent viscosity and k = %(u’2 +v” 4+ w”) is the turbulent kinetic energy. The
turbulent viscosity v, is determined by solving the transport equation for ¥ in the Spalart-Allmaras
turbulence model described in Ref. [32]. The RANS-SA equations, describing the modeled mean
flow variables q := q(x) = [u, p, ¥]”, are thus defined as

V.u=0, 4)

(W-Vju=—-Vp +V-(2v8)+ V- [20(V)S], (&)
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U-Vi— V- [n(»)VD] = P, V) — D(B, Vi) + C(VD), (6)

5(5, VD, V)

while the turbulent viscosity v, (¥) and diffusion coefficient n(7) are modeled as

. Dfo, 920 i o (1l + x), x=0
Vf(l)): ~ 9 77(‘}): —1 1.2 )
0, b <,0 o v(1+)(+§)(), x <0

3 ~

__X Y

fvl_cgl_i_x:;a X_l).

The source term s(7, VD, V) is composed of a production, destruction and cross-diffusion term:

C ljg, >0 wyJw u ) X =0
P v = [0 K20 gy 2 el X2
b VS8n, X <0 —Cuy, (5) s x <0
cvi) = vy v,
o
where
Ses+ e g NxuraMiom, f=1-—X — 11000 %
K2d27 ) V2 1+valv gl‘L 1+X27
| . 0, r <0,
+c 6 D
fw:g|: w3i| , g=r+cm@®—r), r={r, 0<r <10, ¥=——7.
g+l . Sk2d?
10, ' > 10,

Here d is the distance to the nearest wall, c,, = 7.1, ¢, = 0.1355, ¢;, =0.622, 0 =2/3,
k = 0.41, ¢y, = cp, kP + 1+ ¢p,)/0, ¢y, = 0.3, and ¢,,, = 2. We also introduced the regularizing
constant M = 107> to avoid differentiability issues of S.

B. Finite-element formulation

The discretization of the problem is performed using the finite-element method (FEM). To this
extent, a finite-dimensional scalar component w of the full state q can be modeled as a finite linear
combination of degrees of freedoms {w;}" and associated Lagrange basis functions ¢,,, = @y, (X)
as

N
T= " wiy,. @
i=1

In the scope of the study, w can be either the velocity u, the pressure p, or the Spalart-Allmaras
variable 7.

To ensure a numerically stable solution, first-order Lagrange elements P' are used for the
pressure p and the Spalart-Allmaras variable ¥ while first-order Lagrange elements enriched with
bubble functions Pb' are employed for the velocity u.

The RANS-SA equations, Egs. (4)—(6), are solved numerically with Firedrake [33] which is
an open source library to solve partial differential equations using the FEM. Firedrake uses the
nonlinear parallel solvers of PETSc and relies on the unified form language (UFL) [34] from the
FEniCS Project. Firedrake is able to discretize automatically the weak formulation of the RANS-SA
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residual. Thus, the variational formulation corresponding to the nonlinear RANS-SA residual reads

Rrans-sa([W, p, 9], [¢g, ¢p, d5]) = — /

Q

PV - ¢yl d2 +/ 2[v 4+ v (D)]IS : Vgl dQ2
Q
+/[Vﬁ-ﬁ]-%d§2 —/[V-ﬁ]q&,;dQ
Q Q
+/ n(@)[VD - Vgy]dQ +/[ﬁ~Vf)]¢]~,dQ
Q Q

—fP¢ng +/D¢l—,d9 —/C(ﬁ,—,dQ,
Q Q Q

where ¢ denotes the basis functions chosen as test functions and the operator : refers to the Frobenius
inner product.

Due to the numerical instability of the FEM for flows at high Reynolds number, a stabilization
scheme is necessary. Simplified versions of the streamline-upwind Petrov-Galerkin (SUPG) [35]
and GRAD-DIV [36] stabilization schemes have been used. The variational formulation of the
stabilization scheme residual reads

Rstas([W, P, 71, [da, ¢p, ¢5]) = f SUFSIvu - 1] - [V¢y - Ul dQ
Q
+/ SUPCIVD . al[Véy - u] dQ
Q

+/ rORADDIV Iy {|[V - ¢g] A2,
Q

where 750 and 1ORAD-DIV are defined as follows:
h Re Re, <3 he|[al|
SUPG t . 3 ;
T = —&(Re,) with &(Rey) = , Re,= , (8)
2 SRD=11 Rey =3 KT
h I[@|°Res,  Rey, <3 Byl

GRAD-DIV 1 . 3 "

T = ——Y(Rey) with ¥ (Rey,) = , Re, = , 9
2|[ul| [[a|?, Re;, > 3 2v

with A, the local element size taken as the diameter of the cell (i.e., the maximum distance of two
points in the cell).

Finally, the variational formulation of the stabilized steady nonlinear residual R which is solved
by the FEM is given as follows:

R([ﬁv ﬁ? \~)]’ [%7 ¢[71 ¢f;]) = 7?'RANS—SA([ﬁt ﬁv ﬁ]? [¢ﬁ’ ¢ﬁv ¢f)]) + 7Q'STAB([ﬁ$ ﬁ’ ij]v [¢ﬁ’ %7 ¢f)])
(10

A Newton solver is used to solve the nonlinear problem. This implies the solution of a sequence
of linear systems, which are solved via the multifrontal massively parallel sparse direct solver
(MUMPS) [37,38]. The meshes for the flow configurations presented in the following have been
constructed with a wall refinement strategy ensuring y* < 1. A grid convergence study allowed to
validate the refinement of all meshes used further in this study.

Note that in the following, we solve the nondimensional form of the Navier-Stokes equations us-
ing a characteristic length scale L..s and a reference velocity scale U,.¢. Consequently, all geometries
are nondimensionalized based on their respective reference length.
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II1. FIELD INVERSION

The field inversion step supposes the inference of a corrective term added to the baseline
model that minimizes the discrepancies between the enhanced model and the reference data. This
section provides a discussion about the choice of the corrective term (Sec. III A) and gives details
of how the inverse problem is posed (Sec. III B). The adjoint solver and the optimization algorithm
used are presented in Sec. IIIC. Finally, the results for the data assimilation step are provided in
Sec. I D for all flow configurations considered.

A. Corrective term

The main goal of this study is to improve the predictive performance of turbulence models for
separated flows, where traditional models often show notable inaccuracies. This is accomplished by
using data-assimilation techniques to integrate high-fidelity information into the simulations.

Cato et al. [15] compared the performance of several correction terms to match a full mean-flow
velocity field, provided by averaged DNS simulations. They analyzed the pros and cons of each
of these correction terms when used in the FIML framework. In the present study, all corrective
terms in the momentum equations have been excluded because we intend to preserve the baseline
behavior of the SA model and the physical arguments on which it has been derived. Such corrections
have been proven very efficient to correct a specific type of flow [15] but might be detrimental for
generalization. Inside the turbulent SA equation, we focused only on nondimensional corrective
terms to make the symbolic regression step more robust. Deriving an analytical correction with
dimensional units using symbolic regression is not straightforward.

The corrective field 8 added in front of the production term in the SA transport equation, was
deemed relevant to improve separated flows. This corrective factor has the ability to act directly
on the production of ¥ and consequently allows the turbulent viscosity to attain higher or lower
values. This correction has been extensively used to improve the Spalart-Allmaras model with
field inversion and machine learning with overall positive results [11-14]. Outside the scope of
FIML, Shur er al. [39] attempted to account for rotation and curvature effects in the SA model by
multiplying the production term in the ¥ equation by a function f;,.

Therefore, a spatially varying correction, S, is introduced as a multiplier to the production term
P(p, Vu):

u-Vio = V. [n(®)Vd] =1+ P, Vu) — DD, Vu) + C(VD). an

The reason for the (1 + 8 ) form of the correction is only for practicality. In this way, when B is
equal to zero, the baseline production is recovered.

B. Inverse problem

Inferring the appropriate $ field to correct the baseline Spalart-Allmaras model leads to an inverse
problem, often solved by data assimilation techniques. The reference data taken in the present study
is the velocity vector field U, coming from LES or DNS. The choice regarding the reference data
is motivated by the level of correction intended. Fanizza et al. [40] noticed that when abundant
data were used in the data assimilation step, it was possible to get accurate correction of wall
variables such as the skin-friction coefficient Cy and pressure coefficient C, while ensuring a fairly
good correction of the flow field. However, when only wall measurements were considered, the
skin-friction coefficient could not be accurately corrected. They also raised the need for careful
regularization techniques in the case of strongly intrusive corrections based on sparse measurements.

By using a variational approach, it can be shown that the inverse problem leads to a
constrained optimization problem, which aims to minimize the cost functional J7(q, 8). Let
R(q, B) be the residual vector of the stabilized nonlinear RANS-SA equations, with q the vector
containing the mean state variables and B the corrective field. The cost functional J(q, B) is
function of both the mean state variables q and the corrective term . The mean state variables q
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depend implicitly on the corrective field 8 as follows: q = q(8). Thus, the constrained optimization
problem to be solved can be expressed as

min 7 (q(f), B)

st R@(E). f)=0. (12)
with
T@B), B) = ~IwalG(B) — el + Z1BI%,  with wy=———— and d* = =,
2 L &+ 0.01 T8
(13)

where d is the wall distance used in the SA model, §y is the height of the boundary layer taken
at the inlet of the domain, and w, is a geometrical weight to emphasize the importance of flow
characteristics near the wall, as suggested by Fanizza et al. [40]. When the constant 0.01 in the
expression for w, is replaced by a different value, the contribution of the near-wall region to the
cost functional is correspondingly increased or decreased. For example, without this weighting,
the skin-friction coefficient could be poorly captured due to the low velocity magnitude near the
walls. Adjusting the constant therefore allows better correction of wall quantities during the data-
assimilation step. In practice, values in the range 0.01-0.1 yield similar reconstructions.

The first term in the cost functional 7 refers to the error between the modeled mean velocity
field (provided by the RANS simulation) and the reference mean velocity field (coming from LES
or DNS). The second term represents the deviation of 8 from its baseline value of zero, also known
as the Tikhonov regularization. This term helps to constrain the magnitude of the correction applied
to the model, by promoting a magnitude of B as small as possible. Smoother corrective fields can
be obtained with such regularization techniques.

The choice of the regularization factor A results in a tradeoff between ensuring a satisfactory drop
in the cost functional J and reducing the deviation of 8 from its baseline value. Keeping 8 as small
as possible reduces the impact of the correction on the baseline model, which is often desirable
to preserve its original behavior and, consequently, the physical arguments on which it has been
derived. In the present study, the value of A was obtained by assessing this tradeoff for all cases
used in the data assimilation step. A = 10~* was deemed to provide a satisfactory tradeoff for the
intended corrections.

C. Adjoint solver and optimization algorithm

The constrained optimization problem equivalent to Eq. (12), can be formalized through the
Lagrangian £(q, 8, Z), which is constructed with the help of Lagrange multipliers or adjoint states
Z:

L@B), B,2Z) = T@Q(B), B) — Z" R@(B). B)- (14)
The stationary points of £(q(8), 8, Z) are given by
oL oL
— =0 and — =0. (15)
0Z aq
The first equality gives the constraint relative to the optimization problem:
R@(B), p) = 0. (16)
The second equality yields the adjoint system:
0 IR
—‘Z -7 — =0, a7
aq aq
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T T
(iz) Z- (£> . (18)
aq aq

Applying the chain rule to obtain the total derivative d£/dg yields

%_g yd_q_ZT % %d_ﬁ (19)
g a8 dqdB 3B aqdp]
de _ 3T _gr9R [g—zTﬂf] d—q, (20)
g 9p ap aq dq | dB
N—
=0
e _3J _,r0R o

g~ 9B B’
where Z is the solution of the adjoint system defined in Eq. (18).

Solving for the adjoint equations allows us to remove the dependence on dq/df which is
computationally expensive to obtain. This makes the adjoint approach a remarkably efficient method
in terms of computational effort [41].

The gradient d£/dg is provided by dolfin-adjoint which is the adjoint implementation used in
Firedrake. dolfin-adjoint [42] is a generic operator-overloading based algorithmic differentiation
framework for Python. It is employed for the automatic adjoint capabilities of Firedrake. Based on
the weak form of the prescribed PDEs, the gradient d£/dg is calculated automatically.

To solve the inverse problem, the limited-memory Broyden-Fletcher-Goldfarb-Shanno bounded
(L-BFGS-B) algorithm was used. This algorithm is suitable to solve nonlinear optimization in which
information on the Hessian matrix is difficult to obtain, or for large dense problems [43]. An open-
source implementation is available in the SciPy library. The L-BFGS-B algorithm only requires
the gradient, it does not require the knowledge of second derivatives and approximates the Hessian
matrix [44]. The gradient d£/dB computed by dolfin-adjoint is thus forwarded to the optimization
algorithm to solve the problem.

The gradients provided by dolfin-adjoint are defined with respect to the scalar-product
(fs @12 = fQ f(x)g(x)dS2, where Q2 refers to the volume of the computational domain. In the
FEM, the integral of the basis functions fQ ¢i(x)¢;(x)d 2 defines the components of the mass matrix

M. Therefore, the discrete L scalar-product is calculated as: (f, g)m = f' Mg. However, the
L-BFGS-B optimizer is restricted to the Euclidean scalar product (defined as ( f, g)2 = f'g) and
not the L2 used in FEM. Following Refs. [40,45], the optimization is thus performed with respect
to B< for which the degrees of freedom vector has been rescaled as ¢ = Q 8 to be consistent with
the L-BFGS-B implementation. The diagonal matrix Q is computed from a Cholesky factorization
of a lumped mass matrix Mpymp With Mpyymp = QQT. The mass lumping technique has been used
to handle instantly the Cholesky factorization of the mass matrix M.

D. Assimilation results

The data-assimilation methodology was performed on the flow configurations presented in
Table 1. These cases exhibit flow separation of varying intensity, from mild to strong, and are
selected to highlight the limitations of the baseline SA model in predicting separated flows. The
objective of this study is to improve the SA model through a correction applicable to such flows.
To this end, considering reference cases across a wide range of Reynolds numbers is essential.
Moreover, the diversity of separation types encountered in these cases may further support the
development of a broadly applicable correction.
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TABLE I. Flow configurations used for field inversion. The Reynolds numbers are based on the reference
lengths and reference velocities relative to each configuration.

Flow configurations Reynolds number High-fidelity data NN
Converging-diverging channel Re;n = 12600 DNS [46] 0.093
Bump H42 Re, = 205000 LES [47] 0.278
NASA wall-mounted hump Re. = 936000 LES [48] 0.345

The corrective fields obtained by data assimilation serve as reference data for the machine
learning step. In this way, they represent the best corrections that an expression obtained with
symbolic regression can reach.

The cost functional ratios 7 / J, obtained after field inversion are provided in Table I for all cases
considered.

1. Converging-diverging channel

Marquille et al. [46] performed a direct numerical simulation of a turbulent channel flow with
a lower curved wall. The flow slightly separates over the bottom wall. This behavior appears to be
due to the low Reynolds number investigated, which is based on the half-channel height and the
mean velocity at the inlet. They mentioned the absence of any flow separation in experimental data
measured at much higher Reynolds number. The authors also pointed out a strong production of
turbulent kinetic energy at the location where the pressure gradient takes its maximum value, on the
upper and lower walls.

The original SA model completely fails to identify the small recirculation exhibited by this
flow configuration as shown by the skin friction coefficient Cy in Fig. 1(a). The separation and
reattachment points are incorrectly predicted. However, the data assimilation provides a corrective
field g [Fig. 4(a)] allowing an accurate prediction of the recirculation. Wall quantities are overall
well corrected after field inversion [Figs. 1(a) and 1(b)].

However, the Cy further downstream still exhibits some discrepancies that are mostly due to the
architecture of the underlying model or the correction term considered. The results obtained for this
configuration are in agreement with those by Cato et al. [15].

x 1072

FIG. 1. Wall quantities corrected after field inversion (FI) on the converging-diverging channel, (a) skin-
friction coefficient C; and (b) pressure coefficient C,,.
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FIG. 2. Wall quantities corrected after field inversion (FI) on the bump H42. (a) Skin-friction coefficient
C; and (b) pressure coefficient C,,.

2. Bump H42

Matai et al. [47] investigated turbulent flows over a series of two-dimensional bumps of varying
heights using wall-resolved large-eddy simulations. The Reynolds number, based on the bump
length and freestream velocity, was kept constant across all configurations. The flow over the highest
bump (H42) presents a recirculation region on the bottom surface. In this configuration, the flow
experiences a favorable pressure gradient along the front half of the bump, followed by the formation
of a region of high turbulent kinetic energy in the lee of the bump that extends into the wake. The
flow appears to be significantly influenced by this region of high turbulent kinetic energy, which
originates before the flow separation.

Two aspects of the flow are missing in the baseline predictions. The skin friction coefficient over
the windward side of the bump is over-predicted and fails to replicate the oscillating pattern observed
in the reference data [Fig. 2(a)]. Moreover, the length of the recirculation region is once again
over-predicted by the baseline SA model. The data-assimilation produces a correction allowing to
predict more accurately the reattachment point. The skin-friction and pressure coefficients are better
estimated after field inversion [Figs. 2(a) and 2(b)].

As previously observed, the data assimilation is not able to provide a field for 8 [Fig. 5(a)]
allowing to fully correct the baseline model. This illustrates inadequacies both in the model structure
and corrective term. The pressure coefficient, however, is correctly predicted by the data-assimilated
(DA) approach [Fig. 2(b)].

3. NASA wall-mounted hump

Uzun et al. [48] conducted a wall-resolved large-eddy simulation to investigate the flow sepa-
ration over the NASA wall-mounted hump. Over the front part of the hump, the flow presents a
relaminarization observed due to a strong favorable pressure gradient. Then, an adverse pressure
gradient appears on the aft region of the hump and causes the flow to separate. Representative of
many industrial cases, the main challenge is to accurately predict the reattachment point. Similarly
to the bump, the Reynolds number for this flow is based on the length of the hump and on the
freestream velocity.

The assimilated correction [Fig. 6(a)] tries to account for the flow relaminarization as shown
in Fig. 3(a). The reattachment point, in particular, is predicted with higher accuracy once the field
inversion is applied [Fig. 3(a)]. However, the improvements on the pressure coefficient are less
significant [Fig. 3(b)].

074604-11



BATAILLIE, CASANOVA, AND VOLPIANI

x1073

—0.5 0.0 0.5 1.0 1.5 _190.5 0.0 0.5 1.0 1.5
x / me Y / chf
(a) (b)

FIG. 3. Wall quantities corrected after field inversion (FI) on the NASA wall-mounted hump. (a) Skin-
friction coefficient C and (b) pressure coefficient C,,.

IV. SYMBOLIC REGRESSION

The data assimilation step provided optimized correction fields Bpa for multiple flow configu-
rations. For these corrections to be implemented in the SA turbulence model, a mapping between
the local flow features 5 and the correction B needs to be established. To this purpose, symbolic
regression is used to determine an analytical expression for Ssg(n) based on the corrective fields
previously inferred by field inversion. Contrary to classical black-box corrections performed with
traditional machine learning techniques (artificial neural networks, random forests, etc.), an ana-
Iytical expression is expected. This section presents the overall setup used for symbolic regression
(Sec. IV A) and provides a discussion about the input features and their nondimensionalization
(Sec. IV B). The final SR expression is provided in Sec. IV C. Finally, results for both in-sample
and out-of-sample cases are discussed in Secs. IV D and IV E, respectively.

A. PySR

PySR is a Python library developed by Cranmer [22], which has been used in this study to obtain
analytical correction through symbolic regression. Its search strategy relies on a multi-population
evolutionary algorithm, which consists of a unique evolve-simplify-optimize loop [22]. Multiple
settings (operators, complexity, cost functional, etc.) can be used to constrain the search algorithm
of PySR and to promote expressions that are physically meaningful and numerically compatible
with RANS solvers.

1. Operators

Operators and elementary functions usually used in turbulence modeling have been selected.
They are presented in Table II. However, some constraints have been established to ensure numer-
ically stable solutions. Nests of a particular operator are prohibited (an exception has been made
for tanh(tanh(-))), meaning that ((-)?)* is forbidden, however, tanh(-)? is possible. All division

TABLE II. List of operators considered for the regression.

Operators type Operators
Unary tanh(-), v/, (-)?, (-)}, min(-), max(-)
Binary +, =, X
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operators (-)/(-) or 1/(-) have been removed after some regression attempts where they led to the
divergence of the solver depending on the input features involved in the expressions. An input
feature which is equal to zero at the wall for instance, cannot be in the denominator of a division.
Another custom division operator 1/(1 + -) which could prevent this situation has been considered
but with no major improvement on the results. Note that the selection of suitable operators is mainly
guided by trial-and-error even if some physical and mathematical insights might be favorable for
this exercise.

2. Cost functional

The cost functional prescribed in PySR is the weighted mean-square error (WMSE) which
consists of the sum of the squared difference between Bpa, the correction found during the data
assimilation step and Bsgr(1pp ), the corrective field predicted by the SR expression based on the
input features np,. An additional weight o has been introduced in the cost functional Jsg:

N

T =y >l now)— o @)
where N is the total number of sample and np,, the input features corresponding to the data
assimilation solution.

Since input features from the data assimilation solution, 5pa, are used in the cost functional
Jsr, the resulting regression expressions are expected to yield corrective fields consistent with the
assimilated state. However, when the expressions are plugged into the RANS simulation, nothing
ensures that the correction will effectively converge toward the same solution as obtained for the
data assimilation.

3. Regression parameters

For a given regression case, the PySR algorithm is run for n, = 200 populations, each containing
n, = 40 individuals (mathematical expressions). At each iteration, the most accurate expressions in
each population and for each complexity are saved. Then, the most accurate individuals among
all the populations are saved for each complexity. The individuals evolve inside each popula-
tion through mutation and crossover, happening at each iteration. Repeating this procedure for
n; = 250 iterations gives the set of most accurate expressions ranked by complexity. The overall
complexity of an expression is formed by summing the complexities associated with its constants
Yeonst> Variables yyar, and operators Yoper. The maximum equation complexity has been set to
C(E) < 30 while a unitary complexity has been applied for constants, variables and operators:

Yeonst = Vvar = Yoper = 1:
C(E) = VconslNconst + yvavaar + )/operNoper = const + Nvar + NOpeh (23)

where C(E) is the complexity of a given equation and N the occurrence of either a constant, a
variable or an operator. All parameters related to mutations, migrations, and tournament selection
were kept at their default values. More information can be found in Ref. [22].

4. Downsampling

In PySR, symbolic regression relies on genetic algorithms which is essentially a brute force
approach scaling exponentially with the number of input variables and operators [49]. The cor-
rection field Bpa inferred by field inversion contains as many points as the meshes used for the
RANS simulations, representing approximately around ~103 points. The efficiency of symbolic
regression depends on the size of the dataset used to obtain the equations. Cranmer [22] argues
that generally ~10* sample points is enough to find a functional form with symbolic regression,
more datapoints will drastically lower the search speed. Consequently, the dataset containing the
correction field fps and the input features np, should be downsampled. The samples constituting
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the inferred fpa field are split into two categories: trivial and nontrivial samples. A sample will be
considered as nontrivial if the following condition is verified: |Spa| > 0.1. The nontrivial samples
are likely to be the datapoints defining the regions of the flow where a correction is needed.
However, many samples still satisfy this condition |Spa| > 0.1, thus only a random subset Nyonrivial
of these datapoints will be effectively taken as nontrivial samples. The same reasoning approach
applies to trivial samples, only a random subset Niviz among all samples verifying the condition
|Bpal < 0.1 will be taken as such. The maximum number of sample per flow configuration is fixed
at Niax/flow = Nrivial + Noontrivial = 3 X 103, with the number of trivial samples being equal to the
number of nontrivial samples Nyiviat = Nnontrivial-

B. Input features
1. Guidelines

The selection of input features on which the analytical correction is based is a critical step in
turbulence modeling. There is a broad consensus in the literature on the general guidelines that
should be followed.

The intended correction is applied through a nondimensional term g multiplying the production
term in the ¥ transport equation. Consequently, the inputs selected to obtain such correction must
be nondimensional. Duraisamy et al. [6] argued that this nondimensionalization should be done
locally rather than globally because it offers more possibility to generalize across different flow
configurations.

In the field of turbulence modeling, invariance properties (i.e., Galilean, rotational, reflectional,
and frame invariance) must be enforced in the models [50]. This should apply to both the selected
input features 5 and quantities used for global or local nondimensionalization [51]. Spalart [50]
considers that if the velocity is included in the general formulation of a model, then it is “not to be
a model,” because Galilean invariance is violated.

2. Selection and nondimensionalization

The set of input features y which has been considered is shown in Table III. Only a subset of
the inputs presented in Table III have effectively been used by the symbolic regression. The three
damping functions f,,, f,,, and f,, have been taken as inputs for their role in identifying the different
regions of the boundary layers. These functions have been calibrated to ensure proper near-wall
behavior in the baseline SA model. The physical knowledge incorporated in these functions might
be favorable to obtain a correction for separated flows which does not harm the predictions for
wall-attached flows. The shielding function f;; which is a modified version of f; initially introduced
by Spalart et al. [53] to identify the boundary layer, has also been included in the set of input
features. Ferrero et al. [13] argued that f) better represents the near-wall flow features while f;
tends to compress the information and does not allow to distinguish the different structures.

The intended correction 8 should be active in separated regions. We thus need some inputs to
relate the correction to these regions.

The norms of the strain rate tensor S or rotational rate tensor 2 are widely used to correct
separated flows but they need to be nondimensionalized in our case. Wu et al. [29] and Srivastava
et al. [55], used Req = (d*>Q)/v to identify regions of high vorticity away from the wall. This
nondimensionalization procedure with d?/v is appealing since it is local (even if the locality of d
can be discussed [50]) and mostly, it verifies all invariance properties. However, due to the poor
properties of d?/v used to nondimensionalize 2, no satisfactory results have been obtained by
including Reg in the set of input features. Tracey et al. [S1] acknowledged the poor properties of
nondimensionalizers such as d/(v + v;), d? /(v + ), or d? /(v + V) as they often hide the small
region of relevant differences in input values (especially when d decreases). Another problem with
these nondimensionalizers is the high probability to encounter extreme outliers (as d increases)
which might be detrimental for unseen flow configurations.
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TABLE III. List of input features n = [y, - - - , n7] considered for symbolic regression.
Name Quantity Expression Description
n So ﬁ Damping function in the Spalart-Allmaras model, originally
vl

from Herring et al. [52]. Allows us to retrieve the right behavior
of v, in the viscous region of the boundary layer.
n So 11— ﬁ Damping function in the Spalart-Allmaras model, constructed

for § to maintain its log-layer behavior, § = u,/(ky), all the
way to the wall.
1

CG, 6 . . . .
n3 S g[ gl;:i ]6 Damping function in the Spalart-Allmaras model, allowing to

obtain the right behavior for the destruction in the outer region
of the boundary layer.

N4 fa tanh(\/a ) Analogous to the shielding function modified by Ferrero ez al. [13] to identify
with flow features close to the wall but initially introduced by
r, = HVVHTW Spalart et al. [53].
s Req dZTQ Reynolds based on the norm of the rotation rate tensor 2. Used
to identify high vorticity region away from the wall.
76 Rey,, ¢ Vvkq“ Reynolds based on the quadratic constitutive relation (QCR)
form of the turbulent kinetic energy k., introduced in Ref.
[54]. Used to identify regions away from the wall characterized
by high turbulent kinetic energy.
far 3o /38 S Quadratic constitutive relation (QCR) form of the turbulent kinetic
Uk U2 2 Urzef ijoij .

ref

energy kqcr, introduced in Ref. [54]. It aims to be analog to the
Turbulent Kinetic Energy for the SA model (where there is no transport
equation for k). Nondimensionalized by the square of the
reference velocity Us.

However, Marquillie et al. [46] and Matai et al. [47] mentioned the importance of the turbulent
kinetic energy for flows on which data assimilation has been performed, including flows exhibiting
strong disequilibrium. Consequently, the turbulent kinetic energy k appears to be a relevant input to
identify these regions of strong disequilibrium. Similarly, Volpiani [10] mentioned the significant
relevance of the turbulent kinetic energy in the estimation of the corrected eddy viscosity with
random forest and artificial neural networks. Fang et al. [56] also considered the turbulent kinetic
energy as a relevant input feature to correct free-shear flows.

The 2013 version of the quadratic constitutive relation (QCR) for the SA model [54] contains
the kq term, which is supposed to be analogous to the turbulent kinetic energy (not solved
in the SA model). kq is a dimensional quantity (m*s™2) and consequently its nondimension-
alization is necessary to be considered as an input feature. As mentioned previously, we can
again imagine a nondimensionalization by constructing a Reynolds number based on kg with
d/v or d/(v+v;). However, such nondimensionalization did not yield satisfactory results for
the same reasons as already discussed. Another possibility to nondimensionalize kq, is by using
the global quantity U.f. However, the major problem with using Ut is the violation of the
Galilean invariance, which must be enforced when developing a model. Using such a quantity
to nondimensionalize ky, might be detrimental for the ability of the model to satisfy Galilean
invariance. Nevertheless, the improvement in the model predictions justifies its use as shown in the
following.

It should be noted that other models likewise do not satisfy Galilean invariance. Langtry and
Menter [57] violated Galilean invariance in the derivation of a correlation-based transition model.
All turbulence models based on correlations with the turbulence intensity 7, inevitably violate
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TABLE IV. Flow configurations used for the symbolic regression. The Reynolds numbers are based on the
reference lengths and reference velocities relative to each configuration.

Flow configurations Reynolds number Corrective term Weight o
Converging-diverging channel Re;/, = 12600 B = Bpa a=1
Bump H42 Re. = 205000 B = Bpa a=1
NASA wall-mounted hump Re. = 936000 B = Ppa a=1
Flat plate Re;, =5 x 10° B=0 a=10

Galilean invariance because of the relationship between 7, and the local velocity. In this case,
Langtry and Menter considered the violation of the Galilean invariance “not problematic” since
it serves the purpose of the model. They also acknowledged that multiple moving walls in one
domain would require additional information.

He et al. [18] tried to enhance the prediction accuracy of the SA model for airfoil stall using field
inversion and symbolic regression. However, they used a length scale which depends on the chord
of the airfoil to define the nondimensional strain § and rotation tensor €. The use of such length
scale prevents any application to other geometries. We consider that using the reference velocity to
nondimensionalize the inputs can lead to better generalization properties than by using a length scale
relative to the geometry for instance. Furthermore, this lack of Galilean invariance is not detrimental
for the wall-bounded flow configurations under consideration in this study, as the wall velocity can
be considered as the zero-velocity reference.

This discussion illustrates the difficulty in selecting inputs which are nondimensional, local and
verifying all invariance properties. In the case of the Spalart-Allmaras turbulence model, there is,
in fact, not many quantities that could be used to nondimensionalize relevant input features for
separated flows. Note that this problem concerns mainly the SA turbulence model as only one
additional transport equation is solved compared to the k — € or k — w turbulence models where two
additional transport equations are solved, offering more possibilities for the nondimensionalization
of the input features.

C. Symbolic correction
1. Regression set

The symbolic regression was performed on a set containing four different flow configurations:
the three cases for which a corrective field B has been inferred through field inversion (converging-
diverging channel, bump h42, and NASA wall-mounted hump) and an additional case where no
correction should be applied. More details are available in Table TV.

The flat plate has been selected for this additional case for which we set § = 0 as reference data.
By including the flat-plate in the regression set, we intend to keep the behavior of the baseline model
for wall-attached flows. The weight « in the cost functional used to guide the symbolic regression
has been set to a higher value for the flat plate case. This weighting strategy penalizes expressions
that do not predict 8 = 0 in cases where no correction is required. As a result, the learned
correction is expected to have a limited impact on the baseline model calibration in attached-flow
regimes.

2. Symbolic expression

The best analytical correction Bsg provided by SR for the set of input features 5 reads

Bsr (Msg) = c1n7 + tanh[ f(nsg) — can7], (24)

Fsg) = c3ma[n7(n3 + na)ltanh(cans) — es1]’, (25)
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where

fsg = [12, 13, N4, N71,

_ chr

==,
Uref

c1 =220, ¢, =22.1326, «c¢3=703381.9214, ¢4 =1.7723, c¢5=0.9823.

m=fo, MWB=fo. M=f m

The expression Bgr is based on the input features included in ng (subset of 5): the damping func-
tions f,, and f,,, the shielding function f; and the turbulent kinetic energy ko nondimensionalized
by the square of the reference velocity Ur%f. The correction yields a direct relationship between the
corrective term § and the turbulent kinetic energy kq, promoting a correction of the SA model in
regions where ky, takes significant values. This type of correction has the ability to improve the
predictions of the SA model for detached flows by increasing locally the production of ¥, leading to
higher values for the turbulent viscosity v, in separated regions.

The structure of the equation c;n7 + tanh[f(ysg) — c2n7] is simple. However, we acknowledge
that the form of f(5gg ) is more complex. According to the complexity rules introduced in Sec. IV A,
the current expression has an overall complexity of 28 which is high.

The expression given in Eq. (24) is unbounded. To avoid regions of the flow where the correction
could lead to an excessive amplification of the SA production term, a limiter is introduced. In
the present study, the increase of the production term is restricted to a maximum of 3.5 times its
baseline value. Accordingly, the symbolic correction is clipped at a value of 2.5. This clipping
is also important to prevent unphysical values of the correction factor § (for instance near sharp
corners) and to improve solver convergence. All results reported in this work were obtained using
this limiter value.

D. Results on regression cases

In this section, the SR correction is validated on the cases included in the regression set. A
quick clarification is given concerning the notations used in the following. SA refers to the baseline
Spalart-Allmaras model with no correction (i.e., 8 = 0). DA refers to the Spalart-Allmaras model
enhanced with the correction inferred via data assimilation, representing the optimal performance
achievable within the constraints of the original model formulation. SR refers to the Spalart-
Allmaras model improved with the analytical correction found through symbolic regression.

1. Converging-diverging channel

The symbolic correction Bsg allows us to fairly reconstruct the corrective field inferred by data
assimilation Bps as shown in Figs. 4(a) and 4(b). The region in the divergent part requiring high
values of B is well captured by the expression. This increase in the turbulent viscosity v, forces the
flow to reattach earlier than the predictions of the baseline Spalart-Allmaras model. Figures 4(c)
and 4(d) show good agreement between the skin-friction and wall-pressure coefficient predictions
obtained from data assimilation and those computed using the symbolic expression (24). The SR
model yields overall better predictions than the baseline SA model.

It should be noticed that the analytical correction Bsg found by symbolic regression should
theoretically not surpass the predictions provided by the field inversion procedure. This expected
behavior can be confirmed here, our symbolic correction Bsg, which we expect to be applicable
over different flow configurations, reveals slight discrepancies compared to the data-assimilation,
especially where the flow separates.

2. Bump H42

As observed for the converging-diverging channel, the SR expression reconstructs the corrective
field inferred by data assimilation well [Figs. 5(a) and 5(b)]. The SR correction is concentrated
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FIG. 4. Field inversion (FI) and symbolic regression (SR) procedure on the converging-diverging channel.
(a) Corrective field Bpa, (b) symbolic corrective field Bsg (c) skin-friction coefficient Cy, and (d) pressure

coefficient C,,.
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FIG. 5. Field inversion (FI) and symbolic regression (SR) procedure on the bump H42. (a) Corrective field
Boa, (b) symbolic corrective field Bsg (c) skin-friction coefficient Cy, and (d) pressure coefficient C,,.
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FIG. 6. Field inversion (FI) and symbolic regression (SR) procedure on the NASA wall-mounted hump.
(a) Corrective field Bpa, (b) symbolic corrective field Bsg, (c) skin-friction coefficient Cy, and (d) pressure
coefficient C,,.

behind the bump in the recirculation region of the flow, while the field inversion predicted a
correction across the full domain. This is mainly due to the type of correction sought in the present
study, which is intended to act in flow-separation regions. Because the SR expression was derived
from all cases in the regression dataset, it primarily captures the corrections that are common to the
different flow fields. Consequently, the symbolic regression model embeds the shared characteristics
of the corrective fields across all cases.

Figures 5(c) and 5(d) demonstrate that the wall quantities, including skin-friction and pressure
coefficients, are well captured by the model. The SR model provides a much better prediction of
the length associated to the recirculation region compared to the baseline SA model [Fig. 5(c)].
The increase in the C; over the first half of the bump is also more accurately predicted, yielding a
maximum value closer to the LES estimations. Despite the good estimation of the C,, by the baseline
SA model, the SR correction still provides slight improvements [Fig. 5(d)].

3. NASA wall-mounted hump

As in the previous cases, the SR expression reproduces well the corrective field inferred by data
assimilation for the flow over the NASA wall-mounted hump, especially near the aft of the hump
[Figs. 6(a) and 6(b)]. The SR expression predicts a stronger patch of production downstream of the
hump. The relaminarization on the windward side of the hump captured by the data assimilation
has not been well embedded in the SR correction, as expected. The symbolic regression, due to the
simplicity of the expression, mostly captures features common to all DA corrections considered (as
discussed for the h42 bump).

The skin-friction coefficient corrected by the SR model exactly follows the data assimilation in
the separated region. The reattachment point is estimated better with the SR model than with the
baseline SA model [Fig. 6(c)]. The wall pressure is also in agreement with the reference data for the
SR-based model [Fig. 6(d)].
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FIG. 7. Velocity Profile u™ versus y* and Skin-Friction Coefficient C; for a flow over a flat plate with no
pressure gradient. Experimental data for turbulent boundary layer from Wieghardt et al. [58]. Experimental
data relative to the transition from laminar to turbulent states from Savill et al. [59], (a) Re, = 4.85.4 x 10°,
(b) skin-friction coefficient Cy.

4. Zero pressure gradient flat plate

The zero pressure gradient flat plate was also included in the regression set to keep the
good behavior of the baseline SA model for wall-attached flows. The regression algorithm
was guided to favor expressions that preserve the baseline turbulent boundary layer predictions
(i.e., B = 0) through a strong penalization in the cost functional. The velocity profiles taken at
Re, = 4.8504 x 10° reveal perfect agreement between the SR and SA predictions [Fig. 7(a)]. At
this location, the boundary layer is fully developed and fully turbulent.

The SR predictions for the skin-friction coefficient [Fig. 7(b)] also show overall agreement with
the baseline SA predictions for turbulent boundary layers. Experimental results from Wieghardt
et al. [58] have been included as reference. They investigated a turbulent boundary layer developing
over a flat plate with no pressure gradient. In the experiments, the flow has been tripped at Re, = 0
to ensure a fully turbulent boundary layer [58]. Both SR and SA predictions lie inside the 5% error
bar associated to the experiments. A threshold of 5% difference between the reference and the
predictions is often used in the literature for the Cy of the turbulent flat plate [21,60].

Nevertheless, near the leading edge of the flat-plate, right after Re, = 0, the skin-friction co-
efficient [Fig. 7(b)] reveals surprising results. Curiously, the SR model predicts a C; that appears
to match the behavior of a laminar boundary layer, followed by a transition toward the turbulent
regime. This observation was supported by the Blasius solution of a laminar boundary layer
Cr = 0.664/+/Re, and the experimental results of Savill [59] for a flow over a zero pressure gradient
flat-plate. Savill [59] did not trip the boundary layer contrary to Wieghardt et al. [58] and focused
on the transition between laminar and turbulent states.

The Spalart-Allmaras model considered assumes a fully turbulent boundary layer and is therefore
unable to model the transition from laminar to turbulent states without some additional terms or
equations. Moreover, no correction Spa was inferred by data assimilation for a laminar boundary
layer transitioning to a turbulent state. The prediction of this laminar flow by the SR model was
therefore not expected. However, Rumsey et al. [21] already reported a similar observation regarding
a correction on  embedded within a neural network for the Spalart-Allmaras model.

E. Results on unseen scenarios

The SR correction was further assessed on seven unseen flow configurations, including five two-
dimensional cases (bump H38, square cylinder, periodic hill, backward-facing steps both standard
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TABLE V. Flow Configurations used to test the expression Ssg found by Symbolic Regression. The
Reynolds numbers are based on the reference lengths and reference velocities relative to each configuration.

Flow configurations Reynolds number High-fidelity data
Bump H38 Re. = 205000 LES [47]
Square cylinder Re;, = 22000 DNS [61]
Periodic hill Re, = 10595 DNS [62]
Backward-facing step Re;, = 36000 EXP [63]
Curved backward-facing step Re;, = 13700 LES [64]
FAITH hill Re;, = 500000 EXP [65]
Ahmed body Re;, = 768 000 EXP [66]

and curved) and two three-dimensional configurations (FAITH hill and Ahmed body). The high-
fidelity data considered in this section are provided in Table V. Particular care was taken to include
flows exhibiting turbulent behavior markedly different from those used to derive the SR correction.
The resulting SR model shows good agreement with the reference data across a broad range of
configurations. Nevertheless, its limitations become apparent in certain cases where the correction
proves less effective.

1. Bump H38

Despite its similarity to the h42 bump used in the regression set, the h38 bump is characterized by
a different level of curvature. Consequently, the pressure gradient and the flow separation are also
different. The skin-friction coefficient Cy is well predicted by the SR model, with a reattachment
point closely matching the reference data [Fig. 8(a)]. The pressure coefficient is also in agreement
with the LES predictions [Fig. 8(b)]. This test case confirms the ability of the SR correction to
improve the predictions for geometries similar to those used in the regression set.

Other levels of curvature were available in the LES data from Matai et al. [47]. The results
were not included in the present study; however, a good agreement was obtained between the SR
predictions and the reference data. For cases without flow separation, the SR model produces results
comparable to those of the baseline SA model (i.e., the correction is inactive).

x1072

0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
I/LI-Cf I/Lr()f
(a) (b)

FIG. 8. Predictions with the symbolic expression Ssg on the bump H38. (a) Skin-friction coefficient C; and
(b) pressure coefficient C,,.
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2. Square cylinder

The flow past a square cylinder is remarkably different from the flows included in the regression
set. The flow exhibits a massive recirculation region downstream of the square cylinder caused by a
strong separation occurring at its front corners. The estimation of the flow field around a bluff body
is known to be challenging for RANS turbulence models [67]. The Reynolds number is based on
the height of the square cylinder and on the freestream velocity.

The baseline SA model poorly predicts the recirculation region behind the square cylinder,
producing a massive separation that extends far downstream, as shown by the streamlines in
Figs. 9(a) and 9(b). The SR expression predicts the length of the recirculation region behind the
square cylinder with good accuracy, although a small discrepancy with the reference data remains
[Fig. 9(c)]. This nevertheless represents a significant improvement over the baseline SA model
predictions. The velocity profiles presented in Figs. 9(d) and 9(e) further confirm this trend, showing
closer agreement with the reference data than those obtained using the baseline SA model.

3. Periodic hill

The periodic-hill configuration considered in this study is characterized by a Reynolds number
defined based on the hill height and the mean streamwise velocity at the hill crest. The flow exhibits
a large recirculation region, for which linear eddy-viscosity models are known to suffer from
significant inaccuracies. In particular, such models tend to overpredict the extent of the recirculation
bubble. The velocity profiles are shown in Figs. 10(a) and 10(b). The SR-corrected predictions dis-
play improved agreement with the DNS results, particularly through a more accurate representation
of the recirculation region. Figure 10(c) also highlights improvements in the skin-friction coefficient,
especially within the region 3.0 < x/Lys < 7.0.

4. Backward-facing step

For the backward-facing step configuration, the Reynolds number is defined based on the step
height and the freestream velocity. Predictions for the wall quantities demonstrate only minor varia-
tions between the baseline and the augmented model [Figs. 11(a) and 11(b)]. Although the baseline
SA model yields predictions slightly closer to the experimental data, the proposed correction still
performs comparably to the baseline.

The curved backward-facing step configuration was also examined, representing another chal-
lenging case where the baseline SA model fails to accurately predict the flow separation location.
Similar to the standard backward-facing step, the SR correction exhibits only limited improvement
for the curved configuration, indicating that the correction is less effective for this class of flows.
Nevertheless, the SR expression slightly improves the predicted separation point [Fig. 12(a)] as well
as the pressure coefficient distribution [Fig. 12(b)].

5. FAITH Hill

Moving beyond two-dimensional configurations, three-dimensional flow cases are now consid-
ered. The FAITH hill case involves a separated flow developing over a three-dimensional hill, with
the Reynolds number defined based on the hill height and the freestream velocity. The mesh and
OpenFoam case were taken from the Benchmark challenge for machine learning in RANS turbulence
modeling [68]. This configuration represents a particularly demanding test for the SR correction,
which was originally derived using two-dimensional cases. Three-dimensional flows inherently
exhibit more complex turbulent structures, for which the correction was not specifically optimized.

The velocity profiles are compared with available experimental data in Figs. 13(a) and 13(b). The
SR correction is primarily active within the separated region downstream of the hill. In this region,
the velocity profiles predicted with the SR correction show better agreement with the experimental
data than those obtained with the baseline SA model, particularly for the vertical velocity component
[Fig. 13(b)].
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x/Lref + 5/Uref
(e)

FIG. 9. Predictions with the symbolic expression Bsg on the square cylinder. (a) Streamlines-DNS [61],
(b) streamlines-Spalart-Allmaras, (c) streamlines-symbolic expression Bsg, (d) #-velocity profiles, and (e) v-
velocity profiles.
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(a)

‘T/Ll"cf + (4E>/Umf
(b)

FIG. 10. Predictions with the symbolic expression fsg on the periodic hill (Re, = 10595). (a) u-velocity
profiles, (b) v-velocity profiles, and (c) skin-friction coefficient Cy.

The streamwise velocity contours in the symmetry plane are shown in Figs. 13(c), 13(d),
and 13(e) for the experiment, the SA model, and the SR model, respectively. The recirculation
region, indicated by the white contour lines, is noticeably smaller with the SR correction than
with the baseline SA model. Although experimental data are not available near the wall, the SR
correction clearly reduces the extent of the recirculation zone, which is overpredicted by the base-
line model. Nevertheless, this reduction appears slightly excessive compared to the experimental
observations.
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FIG. 11. Predictions with the symbolic expression Bsg on the backward-facing step. (a) Skin-friction
coefficient C; and (b) pressure coefficient C,,.

6. Ahmed body

The SR correction was also evaluated on another three-dimensional case: the Ahmed body. For
this configuration, the Reynolds number is based on the model height and the freestream velocity.
This test case represents a simplified car model that generates complex turbulent structures, includ-
ing vortices shed from the upper corners of the slant and a large recirculation region developing
behind the geometry. The slant of the Ahmed body is set at 25 degrees. The mesh and OpenFoam
case were also taken from the Benchmark challenge for machine learning in RANS turbulence
modeling [68].

The velocity profiles along the slant and in the downstream region of the model are presented in
Figs. 14(a) and 14(b). The baseline SA model does not predict any flow separation over the slant,
whereas other RANS models indicate a separated region [69]. Although experimental data in the
near-wall region are limited, the SR correction appears to slightly degrade the predictions in this
area. In the wake region, assessing the effectiveness of the correction based solely on the velocity
profiles is difficult. At some measurement stations, the SA model aligns more closely with the
experimental data, while at others, the SR correction provides better agreement, for both streamwise
and vertical velocity components.

x1073 x1071

0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
x / L ref T / chf
() (b)

FIG. 12. Predictions with the symbolic expression Ssg on the curved backward-facing step. (a) Skin-
friction coefficient C; and (b) pressure coefficient C,,.
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FIG. 14. Predictions with the symbolic expression Bsg on the Ahmed body. Streamwise velocity extracted
on the xz Plane at y/L,.; = 0. White contour lines indicate where the streamwise velocity is zero, identifying the
recirculation region. (a) iz-velocity profiles, (b) w-velocity profies (c) i-velocity-Exp. [66], (d) @-velocity-SA,
and (e) i-velocity-SR.
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TABLE VI. Reduction in error achieved by the DA/SR predictions (two-dimensional flows for which high-
fidelity numerical data were available) compared to the baseline SA model error. The errors are computed
according to the reference data listed in Table V. The column UV refers to the reduction in L? error computed
on the velocity field. The Cy and C, columns refer to the reduction in root-mean-square error computed on the
skin friction coefficient and on the pressure coefficient, respectively.

“ﬁ - ﬁref“L2 Cf Cp
DA SR DA SR DA SR

CDC —59.98% —26.92% —47.88% —19.47% —69.62% —17.03%
Bump H42 —60.56% —39.66% —43.40% —22.50% —63.63% —32.13%
Hump —6.07% —19.84% —27.32% —8.96% +0.60% —18.44%
Bump H38 —10.00% —17.67% —11.54%
Square cylinder —60.41%

Periodic hill —49.35% —27.78%

CBFS —10.38% —18.35% —6.22%

Figures 14(c), 14(d), and 14(e) present the streamwise velocity contours in the symmetry plane
for the experiment, the SA model, and the SR model, respectively. As in the FAITH hill case, the
recirculation region behind the Ahmed Body is indicated by the white contour lines. The baseline
SA model predicts a separated region that extends slightly too far downstream compared to the
experiments, whereas the SR model significantly shortens the recirculation region. As a result, the
SA model appears to align slightly better with the experimental data for this specific configuration.
However, it should be emphasized that three-dimensional flows were not included in the training
set, and incorporating such cases could potentially improve the SR model’s predictions for this type
of flow.

V. DISCUSSION

The SR correction was evaluated across different configurations, from two-dimensional flows
similar to those used in the regression to three-dimensional flows that differ significantly from the
regression dataset. An error analysis for the two-dimensional flows studied in the previous section is
presented in Table VI. The error assessment was restricted to cases for which high-fidelity numerical
data were available. The values reported correspond to the relative variation of the error with respect
to the baseline SA model, defined as

Enmodel — E
AE = 200l T FSA 00, (26)

SA

where E\ o401 denotes the error obtained with either the DA or SR corrected model, and Esy, is the
error associated with the baseline SA prediction. The error E corresponds to the L? norm of the
velocity field, and to the root-mean-square error for the skin-friction and pressure coefficients Cy
and C,,. Negative values therefore indicate a reduction of the error relative to the baseline SA model,
while positive values correspond to a degradation of the prediction.

Overall, the results clearly show that the SR correction improves the SA predictions for most
of the two-dimensional configurations considered. The correction is particularly effective for the
cases included in the regression set, especially the converging-diverging channel (CDC), which is
known to be a challenging configuration for RANS models [26,70]. For this case, the SR model
reduces the velocity-field error by approximately 27% and significantly improves the prediction of
wall quantities, with error reductions of about 19% for C; and 17% for C,. Similar improvements
are observed for the bump h42 case and the NASA wall-mounted hump.
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Interestingly, the SR correction also performs well for flows that were not included in the
training set. For instance, the square cylinder case exhibits a reduction of more than 60% in the
velocity-field error, while the periodic-hill case shows an error reduction of approximately 50%.
These configurations differ substantially from those used to optimize the correction, involving
sharp-edge separation and large recirculation regions. This indicates that the correction captures
flow mechanisms that are relevant across a broad class of separated flows.

Finally, the standard and curved backward-facing steps illustrate cases where the correction does
not significantly improve the baseline model. For the standard backward-facing step, the baseline
SA model is slightly closer to experimental measurements; nevertheless, the proposed correction
does not significantly degrade performance. For the curved backward-facing step, the SR model
reduces the velocity error by about 10%, and yields improvements of roughly 18% and 6% for
C; and C,, respectively. Although the gains are smaller than in other cases, the correction still
leads to a consistent improvement over the baseline SA model for the curved configuration of the
backward-facing step.

Regarding three-dimensional flows, the impact of the correction varies depending on the con-
figuration considered. For the FAITH hill geometry, the correction reduces the extent of the
recirculation region which was initially overpredicted by the baseline model. In particular, the
modified model provides a more accurate representation of the velocity profiles in the wake. In
contrast, for the Ahmed body configuration, the correction is significantly stronger and leads to an
excessive reduction of the recirculation region. While the baseline SA model predicts a recirculation
bubble that extends too far downstream, the SR correction shortens this region more than observed
experimentally. Nevertheless, for both three-dimensional flows considered, the correction acts in
the physically appropriate direction, as it consistently tends to reduce the size of the recirculation
region predicted by the baseline model. It should be emphasized that the correction was not
optimized for such configurations, since the regression dataset used during the training phase did not
include any three-dimensional cases. Incorporating such configurations in future training datasets
could therefore improve the robustness and predictive capability of the correction for complex
three-dimensional separated flows.

VI. CONCLUSION

In this study, field inversion and symbolic regression were combined to derive an analytical
correction to the Spalart-Allmaras production term, improving the model’s predictive accuracy for
separated flows. First, data assimilation was used to infer corrective fields relative to a wide range
of cases presenting flow separation. Then, the analytical correction was determined by means of
symbolic regression according to constraints on the operators and functionals used. The simplicity
of an analytical expression facilitates its implementation in any existing CFD solver. A regression
set, composed of the converging-diverging channel, the h42 bump, the NASA wall-mounted hump,
and a flat-plate flow, was used to derive a symbolic correction that improves the baseline model’s
predictions without compromising its accuracy for wall-attached flows. Tests on additional two-
dimensional flows, such as the h38 bump, square cylinder and periodic hill, confirm that combining
field inversion with symbolic regression can generate an expression capable of addressing deficien-
cies in existing turbulence models across a broad range of flows. To further evaluate the performance
of the SR correction in separated flows, three-dimensional test cases were also considered, including
the FAITH hill and the Ahmed body. Depending on the configuration, the correction proved effec-
tive in improving predictions, while also highlighting certain limitations. Considerable effort was
devoted to regress expressions using dimensionless input features while ensuring that all invariance
properties were satisfied. The QCR form of the turbulent kinetic energy, kqcr, was found to be a
relevant input to identify regions where a correction to the production term in the SA equation is
needed. However, the difficulty of finding a relevant quantity for its nondimensionalization led us to
choose the square of a reference velocity, U2, thus violating Galilean invariance. We acknowledge
that the applicability of the model is therefore restricted to wall-bounded flows. We believe that
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the improvements in the model predictions (for the intended flow configurations) justify its use.
The study revealed a fundamental tradeoff between a correction tailored to a specific type of
flow, which can achieve high accuracy, and a fully general, invariance-preserving correction, which
offers broader applicability but delivers only marginal improvements for the flows considered. We
prioritized a correction that is effective across a wide range of flows, rather than pursuing a fully
general expression that provides little practical benefit. Nevertheless, the goal of developing an
expression based on dimensionless inputs and satisfying all invariance properties remains important
and should continue to guide future work. Because the Spalart-Allmaras model is based on just
one equation for a viscosity-like quantity, achieving corrections that are both fully invariant and
broadly applicable is particularly difficult. Access to additional quantities, such as the turbulent
kinetic energy k and its dissipation €, could enable new nondimensionalization strategies. In this
context, the methodology that has been shown to be effective in the present study could be applied
to other turbulence models (e.g., k-€ or k-w) to enhance the generality of the corrections for both
wall-attached and separated flows.
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