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Predictability of isotropic turbulence by massive ensemble forecasting
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The predictability of isotropic turbulence is studied with unprecedented detail using
massive Monte Carlo ensembles. Predictability loss is characterized by the smoothing of
the ensemble-averaged flow field with the forecasting time, which is accurately captured
by the ensembles. It is shown that this process is well described in scale and physical
space by a Gaussian low-pass filter, with a characteristic length scale that increases in time
following a self-similar scaling. These results simplify the quantification of uncertainty in
turbulence forecasts and open the possibility to efficiently assess the predictability of local
inertial- and large-scale flow patterns.
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Predicting natural phenomena is a fundamental goal of science with important practical implica-
tions. A relevant example is weather prediction, which is an essential activity with a strong social
and economic impact [1]. The predictability of the atmosphere, in particular, and of turbulent flows,
in general, is limited by model errors and, in a more fundamental way, by the amplification of
the uncertainty in the initial conditions due to chaos [2—4]. A general estimate of predictability in
chaotic systems is given by the Lyapunov exponents, which quantify the growth rate of infinites-
imal perturbations [5—7]. In turbulence—a multiscale phenomenon—a more realistic measure of
predictability is given by the nonlinear growth of finite-size perturbations across scales [8—11]. A
practical problem not easily handled by measuring errors between pairs of trajectories is accurately
quantifying the fluctuations of predictability in space and time. This is important in turbulent
flows, in which relevant flow patterns are usually localized, for instance, extreme events [12—14]
or coherent structures [15-17].

To characterize the local predictability of turbulent flows, it is convenient to address this problem
in its most general sense—as described by a Liouville equation for the probability distribution of the
possible states of the system [18]. Initially, this probability distribution is concentrated around the
true state with a spread that represents our knowledge (or ignorance) of the initial conditions. At later
times, the distribution extends across phase space due to chaos, increasing the number of different
possible future states and reducing predictability. Directly integrating the Liouville equation is, in
general, intractable due to the high dimensionality of turbulence, and even solving only for the first
and second moments of the distribution represents a challenge due to closure problems [19].

A more practical approach is the ensemble forecasting method [20,21], in which sets of flow
fields, or ensemble members, drawn from the initial probability distribution (which is usually
unknown and needs to be modeled [22,23]) are integrated in time to estimate future probabilities.
This approach allows a local characterization of predictability in terms of the local ensemble average
and variance of the velocity field, but is limited by the high computational cost of producing large
ensembles of well-resolved simulations, particularly to yield an accurate description of predictabil-
ity [24].

In this Letter, massive Monte Carlo ensembles with thousands of direct numerical simulations
are used to study the predictability of isotropic turbulence. This dataset captures accurately the
smoothing of the ensemble-averaged flow with the lead time [20]. Since the ensemble-averaged
flow constitutes the optimal least-square prediction, its smoothing represents the filtering out of
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unpredictable flow patterns. It is shown that this process can be well reproduced in scale and physical
space by a low-pass Gaussian filter with a characteristic scale that increases with time. In the inertial
range, this characteristic scale follows a Kolmogorov scaling, in agreement with the self-similar
growth of finite-size perturbations [9,10,25]. It is shown that the ensemble-averaged flow largely
reproduces the structure of the filtered true flow at the minimum predictable scale, particularly for
the most intense events. These results suggest that predictability loss can be partly modeled in
scale and physical space by a simple filtering operation, where the scale of the filter represents the
minimum scale below which informative predictions of the velocity field are not possible.

Let us consider a homogeneous and isotropic turbulent flow contained in a triply periodic cubic
box of volume (277 )3. The evolution of the velocity field u(x, t) is described by the incompressible
Navier-Stokes equation (NSE)

8,u+u-Vu=—Vp+vV2u+f, (D)

where p is the kinematic pressure, which enforces the incompressibility of the flow (V -u = 0);
v is the kinematic viscosity; and f is a linear forcing that acts on the large scales to maintain a
statistically steady state. These equations are projected on a Fourier basis with N/2 modes in each
direction, where N is the number of grid points, and solved using standard pseudospectral methods
(see Ref. [26] for details of the code and the forcing). The flow is characterized by the Reynolds
number Re;, = UA/v, where L = {/15(v/¢)U is the Taylor microscale, ¢ is the average kinetic en-
ergy dissipation, and U is the root-mean-squared velocity fluctuations. The Kolmogorov length scale
and timescale are n = (v3/&)"/* and © = (v/e)!/?, respectively, and the large-scale eddy-turnover
timeis T = L/U, where L is the integral scale of the longitudinal velocity autocorrelation [27]. Two
Reynolds numbers are considered in this investigation, Re;, = 195 and 120, which are simulated on
grids of N = 256 and 128 points, respectively. The resolution of the simulations is kyax 7 = 1, where
kmax = \/5/ 3N is the largest resolved wave number. This resolution is smaller than in standard
simulations [26], but this is justified by the very high computational cost of producing the ensembles,
and in that the focus of this investigation is on scales above the dissipative range.

Predictability is studied here by Monte Carlo ensemble forecasting [20]. First, A; = 10 statisti-
cally independent initial conditions or base flows, u', are selected from a very long simulation. The
uncertainty of these initial conditions is modeled by adding small random perturbations to the base
flows, u""? = u' + 8¢, where ¢ is a random Gaussian vector field with zero mean and unit variance, §
controls the uncertainty, and u’ is the true state of the system in the sense that its evolution would be
precisely recovered for all ensemble members for § — 0. Perturbations are automatically projected
by the code to satisfy continuity. The ensembles are initialized by producing N, = 4000 different
perturbed initial conditions, u*?, around each base flow with § = 7 x 1073U. These perturbations
are small compared to the velocity fluctuations at the Kolmogorov scale (§ < 10725/7), ensuring
that they first evolve linearly and that they align with the most unstable modes of the flow before
triggering nonlinear effects. Thus, the evolution of the perturbations becomes independent of the
structure of the noise ¢ in a short time.

The N; ensembles of V, perturbed flows are evolved for approximately 107", and the statistics
of each ensemble (averages and variances) are stored approximately every 0.57. The number of
ensemble members is enough to converge the ensemble average and variance of the velocity field
with an uncertainty that is small in Kolmogorov units (see Supplemental Material [28]). The linear
forcing induces large-scale fluctuations in timescales of the order of a few turnover times, leading to
a nonequilibrium cascade [29]. These fluctuations are well represented by the collection of A; base
flows, which provide a statistically converged measure of predictability (see Supplemental Material
[28]).

The predictability of each base flow u' is analyzed through the ensemble-averaged flow field,

. 1 .
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FIG. 1. Color plots of the kinetic energy, £ = 1/2|{u}|?> (top row), and the enstrophy, Q = |{w}|?> (bottom
row), of the ensemble-averaged flow field as a function of time for Re, = 195. The snapshots correspond, from
left to right, to t /T = 0; 65, circle; 77, square; 98, diamond; and 143, triangle.

which is defined at each spatial coordinate x and evolves in time. This flow represents the optimal
prediction of the future state of u' in a least-square sense (it minimizes the mean-squared error
with respect to all the members of the ensemble [20]), and its structure provides information on
the features of the flow that are predictable. Figure 1 shows the evolution of cuts of the kinetic
energy, & = 1/2|{u}'|?, and the enstrophy, Q' = |{@}/|? (@ = V x u is the vorticity vector), of the
ensemble-averaged flow field. Both £ and Q' are progressively smoothed as time increases. In
particular, the characteristic length scale of the vortical structures of Q' increases from 7 to L in
approximately 80t =~ 4T. This is a consequence of the short turnover time of the small scales, in
which the ensemble members decorrelate fast, leading to the cancellation of the ensemble average
[20].

Thus, the predictability loss is equivalent to a progressive filtering or damping of the small scales
in the ensemble-averaged flow field. This process is characterized here using the instantaneous
kinetic energy spectrum Ey,i(k, t) = 2wk*({u}/ {u*})s, where @ = Flu] is the Fourier transform
of the velocity field (F~! is the inverse transform), the asterisk denotes the complex conjugate, k
is the wave-number vector, k = |k| is its magnitude, and (-), represents the average over spherical
wave-number shells. Figure 2(a) shows the gradual loss of small-scale energy in the evolution of
Ey,) in a single ensemble. This happens in parallel with an increment of the uncertainty, quantified
by the spectral ensemble variance or spectral mean-squared error, S*(k, 1) = {E,}' — Ey,);, which
grows in time from small to large scales, as shown in Fig. 2(b). Here S’ is equivalent to the
average error spectrum between pairs of trajectories [4,8], but with errors measured with respect
to the ensemble-averaged flow. The growth of S’ is proportional to the damping of the ensemble-
averaged flow, which may be interpreted as a flux of energy from the predictable (correlated) to the
unpredictable (uncorrelated) scales of the flow [30].

The separation between predictable and unpredictable scales is characterized by an expo-
nential decay of Ey,). Consider the filtering operation = F""u-Gk, 0)], where Gk, £) =
exp(—k>€?/27?) is a Gaussian filter kernel. Taking the base flow u' as a reference, let us find the
filter scale £/(¢) for which the total enstrophy of {u}’ is equal to that of the filtered base flow @',
which is formulated in terms of the spectra as Y, k’Ey,y = Y, k*Eyi, where Ey = E,G?(k, £').
As shown in Fig. 2(a), this condition provides a very good fit between Ey,y and Ez. This shows
that predictability loss acts on the ensemble-averaged flow as a Gaussian low-pass filter, where €'(¢)
represents the minimum scale below which informative predictions of the velocity field are not
possible.
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FIG. 2. (a) Instantaneous kinetic energy spectra of the ensemble-averaged field E )i, and the filtered base
flow E;i at scale £'. (b) Instantaneous spectral variance S'(k, t). The data in (a) and (b) correspond to the
same ensemble (Re, = 195) and times as in Fig. 1. The solid lines without markers correspond to ¢ = 0, and
the lines with markers correspond to #/t = 65 (circle), 77 (square), 98 (diamond), and 143 (triangle). The
dashed-dotted line marks E ~ k—>/. (c) Temporal evolution of the average minimum predictable scale £; solid
line, Re;, = 195; dashed line, Re, = 120 (shifted to the temporal origin by 5.87'); and black line, €, scaled by
a factor of 1.7. The vertical lines mark between 301 and L = 1447. The dashed-dotted lines are proportional

to £ ~ t3/2. Markers are as in Fig. 1.

The temporal evolution of £/(¢) averaged over the \; ensembles, o) = /\/'l._l > 2i(t), is shown

in Fig. 2(c). The standard deviation of £(z) across ensembles is small, (£2 — Zz)l/ 2~ 0.05¢, so
that the evolution of £(t) is representative of the individual ensembles. For inertial scales (657 <
t < 1507 and 30 < € < 144y at Re, = 195), £ seems to approach a power-law regime consistent
with Kolmogorov’s scaling, ¢ ~ ¢3/2. This incipient scaling is in agreement with the self-similar
growth of errors reported in models [9,25,30] and direct numerical simulations [10] of isotropic
turbulence at high Reynolds numbers. In fact, £’ is proportional to the characteristic scale of the
flow with a prescribed error-to-energy ratio, as defined in Refs. [10,30]. This scale is redefined here
as £, = 1 /ky, where k, fulfills §’(ky, t) = a{E,} (ky, ) and « is a threshold. As shown in Fig. 2(b),
for a = 0.95, £, is proportional to £’ in the inertial range. In addition, there is a very good collapse
between £ for Re; = 195 and Re;, = 120, but the latter needs to be time-shifted towards the past
due to the different magnitude of the initial perturbation and of the leading Lyapunov exponents in
Kolmogorov units [5,6,10].

Let us now focus on the relation between the ensemble-averaged flow, {u})!, and the filtered
true trajectory, &', in physical space, which is analyzed using the correlation coefficient p(¢, ¥) =
(@ - ¥)/[s()s(¥)], where s(¢) = (|¢|*), and the brackets mark the space average. Figure 3(a)
displays the correlation coefficient p({u}’, #') averaged over all the ensembles p as a function of
Z(t); in the inertial range, p > 0.9. To better represent the structures at inertial scales, the correlation
is computed for the vorticity vector p({w}’, ®@'). In this case, p decreases for ¢ in the viscous range
but reaches a plateau with p ~ 0.8 in the inertial range. This suggests that the high correlation
should persist in a wider inertial range and is not a low-Reynolds-number effect. Interestingly,
the correlation increases to approximately 0.9 when the spatial averages in the computation of p
are restricted to the 10% most intense events of Q' = |{w}|? in each flow field, as shown also in
Fig. 3(a). Visual evidence of this strong correlation is presented in Fig. 3(b), in which contours
of high enstrophy of the filtered true flow, Q' = |@'|?, are plotted against the enstrophy of the
ensemble-averaged flow. There is a good collapse of the intense structures, corroborating that they
are particularly well captured by the ensemble-averaged flow field. Since this field represents the
optimal least-square prediction, this suggests that intense structures appear to be more predictable
than the weak turbulent background. This could be a consequence of their intensity, which would
provide a shield from background perturbations and allow them to remain coherent for long times
[17], or of a strong coupling to large scales [31,32]; further research is necessary to elucidate this
question.
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FIG. 3. (a) Correlation coefficient averaged over all the base flows as a function of e Pint corresponds
to the correlation conditioned to intense enstrophy events, and the horizontal dotted lines mark the inertial
range 30y < £ < L. The markers correspond to the same times as the snapshots of Fig. 1, and the shaded
areas correspond to+ the standard deviation of the correlation across ensembles. (b) Comparison between the
enstrophy of the enseble-averaged flow, ' (colormap), and the enstrophy of the filtered true flow, Q' [red
contours at two intensities: Q'/(Q) = 1.5 (dotted line) and 3 (solid line)], for 7/t = 66 and £’ = 405. Data at
Re,\ = 195.

In conclusion, the loss of predictability in isotropic turbulence can be represented in scale and
physical space by a time-dependent Gaussian filter, which removes the unpredictable features of the
flow. The filter scale increases in time according to an inertial scaling which depends only on the
dissipation (or the inertial energy flux) and the forecasting time. These results show that filtering
at suitably defined scales could be used to construct efficient estimators of the ensemble average,
which would allow one to study the predictability of local flow features, e.g., extreme events or
coherent structures, with small ensembles.

The similarities between ensemble averaging and Gaussian filtering revealed here suggest that
uncertainty growth in turbulence forecasts could be modeled following large eddy simulation (LES)
techniques. In fact, applying the ensemble-averaged operator to the NSE yields an equation similar
to that of LES:

fu} + (u} - Viu) = =V{p} +vWu} + {f} + V-, 3)

where the tensor t" = {u}{u})” — {uu"} (the superscript T denotes the transpose) represents the
effect of the unpredictable scales on the predictable ones and is equivalent to the subgrid-scale
stress tensor in LES [33]. Contracting Eq. (3) with {u} leads to an equation for the energy of
the ensemble-averaged flow in which a term analogous to the subgrid scale energy transfer [34],
" = —{Vu} : 77, represents a local conservative flux of energy from the ensemble average to
the ensemble variance (see the Supplemental Material [28] for the full equations). The extensive
research on interscale energy transfer in turbulence [35-39] could be leveraged to characterize
predictability loss in terms of a space-local error “cascade” described by IT". This is a promising re-
search direction with potential applications to atmospheric flows (e.g., two-dimensional turbulence
[40]), ensemble forecast initiation [22], data assimilation techniques [31,41,42], and uncertainty
quantification [43].
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