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Enhancing heat transfer in a channel with unsteady flow perturbations
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We compute unsteady perturbations that optimally increase the heat transfer (Nu) of
optimal steady unidirectional channel flows, for a given average rate of power consumption
Pe2. The perturbations are expanded in a basis of modes, and the heat transfer enhancement
corresponds to eigenvalues of the Hessian matrix of second derivatives of the Nusselt num-
ber with respect to the mode coefficients. Enhanced heat transfer, i.e., positive eigenvalues,
occur in a range of temporal periods τ that scale as Pe−1. At small to moderate τPe values
the corresponding flows are chains of eddies near the walls that move as traveling waves
at the steady background flow speed. At large τPe the flows have eddies of multiple scales
ranging up to the domain size. We use an unsteady solver to simulate these flows with
perturbation sizes ranging from small to large and find increases in Nu of up to 56% at
Pe = 219. Large Nu can be obtained by eddies with small spatial and temporal scales and
by eddies with a range of spatial scales and large temporal scales.
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I. HEAT TRANSFER IN A CHANNEL

A wide variety of methods have been proposed to enhance heat transfer from solid surfaces to
adjacent fluid flows [1]. Passive strategies include roughening the solid surface or attaching small
rigid or flexible obstacles that create vortical structures and enhance thermal mixing [2–8]. Similar
flow manipulations can be achieved by actively forcing the fluid (and possibly the heated solid
surface) on small scales. Electric or magnetic fields, traditional fans, or piezoelectric devices may
be applied [1,9,10]. For example, flapping plates or synthetic jets (small cavities with oscillating
walls) generate vortical structures that impinge on heated surfaces [11–16]. These manipulations
typically increase the rate of heat transfer but also require additional power input. Passive strategies
require additional power to move the flow past the obstacles, and active devices apply additional
power directly to the fluid. The overall goal is to increase the average rate of heat transfer for a
given average power needed to generate the flow. The most basic component of the input power is
the “pumping power,” the power needed to drive the flow past the heated surfaces and any additional
obstacles in the flow domain [1,4,17,18]. This is the time-averaged rate of viscous dissipation in the
flow domain [19]. Power losses also occur internally in the devices that drive the bulk flow and apply
small-scale forcings. Because this second contribution is device-specific, we focus on the average
rate of viscous dissipation in the flow, which can be considered apart from the specific devices
needed to generate the flow.

Here we study the problem of optimal flows for heat transfer in one of the most general and
widely studied geometries: a channel or duct with heated walls. The flows and temperature fields
under the most basic boundary conditions are treated in textbooks, e.g., [20,21], where circular ducts
are discussed. Reference [22] is a more comprehensive reference book that includes rectangular
ducts.

*Contact author: alben@umich.edu

2469-990X/2024/9(12)/124503(28) 124503-1 ©2024 American Physical Society

https://ror.org/00jmfr291
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevFluids.9.124503&domain=pdf&date_stamp=2024-12-27
https://doi.org/10.1103/PhysRevFluids.9.124503


ALBEN, PRABALA, AND GODEK

In previous work, we applied an optimization approach to find the 2D steady flows in a channel
that maximize the Nusselt number Nu, the rate of heat transfer, for a given rate of viscous dissipation
Pe2 [19]. For Poiseuille flow, a similarity solution shows that Nu ∼ Pe1/3 [23]. The optimal flow
improves on Poiseuille flow by increasing the flow speed in the thermal boundary layer, thereby
increasing the advection of heat out of the channel. The optimum occurs when the boundary
layer thicknesses of the temperature and flow velocity match, both scaling as Pe−2/5, resulting in
Nu ∼ Pe2/5 [19]. All of the viscous power is expended in the boundary layer, and outside the flow
is uniform with speed ∼ Pe4/5. These optimal solutions were found computationally, by solving the
Euler-Lagrange equations for the PDE-constrained optimization problem, with the solution consist-
ing of the optimal flow field, the optimal temperature field, and Lagrange multipliers that enforce the
advection-diffusion equation and the power constraint. The Euler-Lagrange equations are a coupled
system of three nonlinear PDEs with fourth-order spatial derivatives and an integral constraint, and
were solved using Newton’s method. A very fine mesh is needed near the boundary to resolve the
boundary layer structure, and thus the equations are difficult to solve at large Pe using Newton’s
method, as the Jacobian is ill-conditioned due to the fourth-order derivatives and a small mesh
spacing. The optimal 2D flows were approximately unidirectional, (u(x, y), v(x, y)) ≈ (u(y), 0),
with viscous dissipation confined to a boundary layer. To obtain better resolution of the boundary
layer, a Broyden’s method was developed to solve for u(y) in the boundary layer region up to
Pe = 219, and this gave the scalings above.

Many of the heat transfer enhancement strategies above induce unsteady flow structures in
the thermal boundary layer. Therefore, in this paper we search for unsteady optimal flows and
determine if they can outperform the steady optima of [19]. In the unsteady case, the Euler-Lagrange
equations are essentially the same, with the addition of the time derivative in the advection-diffusion
equation and minus the time derivative in the equation for the Lagrange multiplier (called m in
[19]). The equations have the same ill-conditioning issue, but the system is now much larger and
more expensive to solve with the addition of the time dimension to the two space dimensions.
As a first step towards finding unsteady optima in general, we search for optima within the class
of small unsteady perturbations of the optimal steady unidirectional flows. This restriction greatly
decreases the cost of the computations but provides significantly improved heat transfer, as we will
show. Although the unsteady optima are derived in the limit of small perturbations, they can also be
evaluated with large perturbations, and here we find large improvements over the steady case.

II. MODEL

We consider a 2D rectangular channel with height H and horizontal length Lx, shown in Fig. 1.
We set H = 1, which effectively nondimensionalizes lengths by the channel height. Given a flow
(u(x, y, t ), v(x, y, t )) in the channel (0 � x � Lx, 0 � y � 1), we solve the advection-diffusion
equation for the temperature T :

∂t T + u∂xT + v∂yT − ∇2T = 0. (1)

The prefactor of ∂xxT + ∂yyT is the thermal diffusivity κ , and is set to unity here, corresponding
to nondimensionalizing velocities by κ/H . Figure 1 shows contours of the temperature field for
the simple case of steady Poiseuille flow. This is a unidirectional flow ((u(x, y, t ), v(x, y, t )) =
(u(y), 0)) in which u is a quadratic function of y that corresponds to a uniform horizontal pressure
gradient in the channel.

For all the flows we consider, we set the temperature boundary conditions as follows. At the
channel entrance x = 0, we set T = 0. On the top and bottom walls the temperature is T = 1 −
e−x2/δ2

with δ a smoothing length that is set to 0.1. So beyond a small transition region with x ∼
δ the wall temperature ≈1. Thus the temperature has been nondimensionalized by the difference
between this limiting value and the inlet temperature. At the channel exit x = Lx, we use the outflow
condition ∂xT = 0.
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FIG. 1. Channel geometry and temperature contours for a Poiseuille flow of the form u(y) = 512
√

3(y −
y2). The temperature is colored along the top, bottom, and left (inflow) boundaries according to the boundary
conditions.

In the example of Fig. 1, the contours show that the temperature drops from 1 to 0 over a region
near the boundary. In general, the faster the flow through the channel, the thinner the boundary
layer, and for all the flows considered here the boundary layer will be thinner than that in Fig. 1,
usually much thinner. In this case the top and bottom walls are decoupled, so H is not an important
length scale. As explained in [19], one can then use Lx as the characteristic length scale. Hence, in
this work we set Lx = 1 but expect the results to apply to other Lx by rescaling. We still use the
full channel geometry with both walls shown in Fig. 1, in order to check whether any nontrivial
interactions between the walls arise for optimal flows.

We assume that the flow is time periodic with (dimensionless) period τ , and so is the temperature
field. We wish to find the incompressible flow field that maximizes the time-averaged heat transfer
from the top and bottom walls of the channel,

Nu = 1

τ

∫ τ

0

∫ Lx

0
∂yT |y=1 − ∂yT |y=0dx dt . (2)

To automatically obey incompressibility of the flow (∂xu + ∂yv = 0), we write the flow in terms of
the stream function ψ (x, y, t ), so (u, v) = (∂yψ,−∂xψ ).

The time-averaged power (per unit out-of-plane width) needed to maintain the flow is the time-
averaged rate of viscous energy dissipation:

Power = 1

τ

∫ τ

0

∫ 1

0

∫ Lx

0
2e2

i j dx dy dt, (3)

with the spatial integral taken over the flow domain. Here ei j = (∂xi u j + ∂x j ui )/2 is the symmetric
part of the velocity gradient tensor and e2

i j is the sum of the squares of its entries. Thus

2e2
i j = 2∂xu2 + (∂yu + ∂xv)2 + 2∂yv

2. (4)
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We have nondimensionalized the power by μW κ2/H4 where μ is the fluid viscosity and W is the
out-of-plane width of the flow domain. We now write u and v in terms of ψ to obtain

Power = 1

τ

∫ τ

0

∫ 1

0

∫ Lx

0
(∂xxψ − ∂yyψ )2 + 4∂xyψ

2 dx dy dt = 1

τ

∫ τ

0

∫ 1

0

∫ Lx

0
(∇2ψ )2 dx dy dt .

(5)

The second equality in (5) holds when the component of the flow tangent to the boundary is zero,
as is the case here [[24], Art. 329]. The basic problem is to maximize Nu over a set of flows with
Power = Pe2, a constant:

max
ψ

Nu(ψ ) subject to

{
∂t T + ∂yψ∂xT − ∂xψ∂yT − ∇2T = 0,

1
τ

∫ τ

0

∫ 1
0

∫ Lx

0 (∇2ψ )2 dx dy dt = Pe2,
(6)

where Pe stands for the Péclet number, a measure of the dimensionless flow velocity. In problem (6),
the boundary conditions for T are given following Eq. (1). The class of ψ is left unspecified because
different choices are possible. In [19] we computed optimal steady flows ψ , with no-slip boundary
conditions at the top and bottom walls, and Poiseuille flow at the inflow and outflow boundaries.

In this paper we compute optimal unsteady flows, assuming they are small unsteady perturbations
of the optimal steady flows. This assumption greatly decreases the cost of the computations, as we
will discuss, but we will study the resulting perturbations at both small and large amplitudes. In
the remainder of this section we will explain the optimal steady flows and unsteady perturbations
further, and define the perturbation expansion framework that we will use to calculate Nu. In
Secs. III and IV, we will define the unsteady perturbations in terms of flow modes. We will show
that the optimal flow perturbation corresponds to the eigenvector of a Hessian matrix with the
largest eigenvalue. The Hessian matrix is the matrix of second derivatives of Nu with respect to
the coefficients of the flow mode perturbations. So instead of solving the Euler-Lagrange equa-
tions corresponding to (6), we will find the largest eigenvalues of a matrix and the corresponding
eigenvectors over wide ranges of the main parameters such as Pe.

In [19] we solved the Euler-Lagrange equations for the steady version of (6), to compute
optimal 2D steady flows given as ψ (x, y). These flows were nearly unidirectional, i.e., u(x, y) =
∂yψ (x, y) ≈ u(y). The flow velocity (and temperature field) varied sharply within a thermal/flow
boundary layer next to each channel wall and were nearly uniform outside the boundary layer, in the
channel bulk. In order to obtain better resolution of the optimal flows and particularly the boundary
layers, we developed a second optimization approach that explicitly assumed a unidirectional flow
u(y) that tends to a constant for y = O(1). By solving the resulting Euler-Lagrange equations we
obtained the optimal unidirectional flows u0(y) shown in Figs. 2(a) and 2(d). Figure 2(a) compares
optimal unidirectional flows at Pe = 29 and 211 with the corresponding Poiseuille flows. Outside of
boundary layers the unidirectional flows are uniform and hence the local power density (∇2ψ )2 is
zero. The power is fully concentrated in the boundary layers, allowing for a faster flow there, which
convects hot fluid out of the channel faster. The total rate of convection of heat out of the channel
is

∫ 1
0 u0T dy at x = 1 and equals Nu in (2), as can be shown by integrating the steady version of

(1) over the channel and using the divergence theorem and flow incompressibility. The local rate
of heat transfer along the heated walls, |∂yT |, is larger for the optimal flow [Fig. 2(b)] than for
Poiseuille flow [Fig. 2(c)] at Pe = 216, and this is indicated by the larger density of contour lines
near the boundary in Fig. 2(b). The optimal flows have a self-similar velocity profile at large Pe
given by u0(y; Pe) ≈ Pe4/5g(yPe2/5) for a universal function g. In Fig. 2(d) the rescaled velocity
profiles nearly coincide for Pe = 29–219, and the graphs approximate g. In [19] we explained these
power law scalings using similarity solutions for the temperature profiles in uniform and linear shear
flows [23,25] and optimizing the scaling exponent of Nu. The optimal flows result from matching
the velocity and thermal boundary layer thicknesses. Figure 2(d) shows that the velocity boundary
layer thickness ∼Pe−2/5. Since this is also the thermal boundary layer thickness, T varies from 1 to
0 over this length scale, so |∂yT | ∼ Pe2/5, and Nu has the same scaling. Nu versus Pe for the optimal
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FIG. 2. Examples of optimal unidirectional flows computed in [19]. (a) Comparison of optimal unidirec-
tional flows u0(y) and Poiseuille flows uPois(y), at two Pe values, 29 and 211. (b), (c) Contours for the temperature
field (at values T = 0.2, 0.4, 0.6, and 0.8) near the top and bottom walls for the optimal unidirectional flow
(b) and Poiseuille flow (c) at Pe = 216. (d) Rescaled optimal unidirectional flows showing self-similar profiles.
(e) Nu vs Pe for the optimal unidirectional flows (crosses) and Poiseuille flow (squares) at the same Pe as in
panel (d).

flows is shown by the crosses in Fig. 2(e), and closely follows a Pe2/5 scaling. The same data for
Poiseuille flows are shown by the squares and follow a lower Pe1/3 scaling [23].

Now we look for optimal unsteady perturbations of the optimal steady flows, which we write in
terms of the stream function as ψ0(y) instead of u0(y). We first consider an unsteady flow of the
form

ψ (x, y, t ) = 1√
1 + c1ε2

ψ0(y) + ε√
1 + c1ε2

fA(x, y) cos(2πt/τ ) + ε√
1 + c1ε2

fB(x, y) sin(2πt/τ ).

(7)

Here 0 < ε � 1 and the constant c1 will be chosen so that ψ has time-averaged power Pe2. We will
now compute Nu for ψ by expanding both ψ and T in powers of ε,

ψ (x, y, t ) = ψ0(y) + εψ1(x, y, t ) + ε2ψ2(x, y, t ) + · · · , (8)

T (x, y, t ) = T0(x, y) + εT1(x, y, t ) + ε2[T2s(x, y) + T2u(x, y, t )] + · · · , (9)

plugging both series into Eq. (1), and solving the equation at each power of ε. Then we plug the T
expansion (9) into (2) to obtain a similar expansion for Nu:

Nu = Nu0 + εNu1 + ε2Nu2 + · · · . (10)

In (9) we have separated T2 into its time-average T2s (the steady part) and the remainder T2u (the
unsteady part); only the steady part will be needed for Nu. At O(ε0) Eq. (1) is

∂yψ0∂xT0 − ∂xψ0∂yT0 − ∇2T0 = 0, (11)
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and thus Nu0 is the Nusselt number for the optimal steady flow ψ0. At O(ε1) Eq. (1) is

∂t T1 + ∂yψ0∂xT1 − ∂xψ0∂yT1 − ∇2T1 = −∂yψ1∂xT0 + ∂xψ1∂yT0. (12)

Since the right-hand side has components proportional to cos(2πt/τ ) and sin(2πt/τ ), the solution
can be written as T1 = T1A(x, y) cos(2πt/τ ) + T1B(x, y) sin(2πt/τ ). Inserting this expression into
(12) gives a coupled system for T1A and T1B:

2π

τ
T1B + ∂yψ0∂xT1A − ∂xψ0∂yT1A − ∇2T1A = −∂y fA∂xT0 + ∂x fA∂yT0, (13)

−2π

τ
T1A + ∂yψ0∂xT1B − ∂xψ0∂yT1B − ∇2T1B = −∂y fB∂xT0 + ∂x fB∂yT0. (14)

Since T1 has zero time average, Nu1 = 0. We need to compute higher-order terms in Nu to
determine whether the unsteady flow perturbation can increase Nu. At O(ε2) Eq. (1) is

∂t T2 + ∂yψ0∂xT2 − ∂xψ0∂yT2 − ∇2T2 = −∂yψ1∂xT1 + ∂xψ1∂yT1 − ∂yψ2∂xT0 + ∂xψ2∂yT0. (15)

Equation (7) gives ψ2 = −c1ψ0/2. Since ψ1 and T1 are proportional to cos(2πt/τ ) and sin(2πt/τ ),
the right side of (15) has steady terms and terms proportional to cos(4πt/τ ) and sin(4πt/τ ). The
unsteady terms have zero time average, so only the steady terms make a nonzero contribution to
Nu2. We compute it by first solving for T2s:

∂yψ0∂xT2s − ∂xψ0∂yT2s − ∇2T2s = −1

2
∂y fA∂xT1A + 1

2
∂x fA∂yT1A

− 1

2
∂y fB∂xT1B + 1

2
∂x fB∂yT1B + c1

2
∂yψ0∂xT0 − c1

2
∂xψ0∂yT0

(16)

and then computing

Nu2 =
∫ Lx

0
∂yT2s|y=1 − ∂yT2s|y=0dx. (17)

The time average is dropped in (17) because the integrand is steady. To summarize, the leading-order
change in Nu due to the unsteady flow perturbation is ε2Nu2, and to calculate Nu2 we need to
calculate T1A, T1B, and T2. This requires solving three steady elliptic PDEs—(13), (14), and (16), two
of which are coupled. This is typically much faster than solving the unsteady advection-diffusion
Eq. (1) over many time steps with a given flow ψ . To obtain convergence from an initial temperature
field to the periodic solution, the flow would generally need to be computed over at least a few
periods, with many time steps per period to resolve the solution. An implicit time-stepping scheme
would require solving an elliptic PDE similar to the three just mentioned but for � hundreds of time
steps. An explicit time-stepping scheme would avoid solving an elliptic PDE at each time step, but
may require very small time steps for stability, particularly at large Pe. In both implicit and explicit
schemes, small time steps would be needed for accuracy at large Pe, when the magnitudes of the
flow and its spatial and temporal derivatives are large.

III. DISCRETIZATION

We solve (13), (14), and (16) by representing each component of ψ and T in (8) and (9) on
tensor product grids in (x, y) space that are concentrated at the boundaries. We start with unstretched
coordinates X and Y , and define uniform grids on [0, 1] in X and Y with spacing 1/m and mw = 384.
We then map these points to (x, y) space:

x = X − η
1

2π
sin 2πX, y = Y − η

1

2π
sin 2πY (18)
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with η a stretching factor that is set to 0.997. We obtain stretched grids with points concentrated
near the boundaries in x and y, to resolve the boundary layers. The grid spacing in x and y ranges
from about (1 − η)/m ≈ 8 × 10−6 at the boundaries to about (1 + η)/m ≈ 5 × 10−3 at the domain
center. We discretize all spatial derivatives with second-order finite differences using three or four
grid points, one-sided at the boundaries. Integrals such as (2) and (5) are discretized with the
trapezoidal rule.

IV. FLOW MODES

Our overall goal is to maximize Nu over a large space of unsteady flow perturbations. The
particular form of the perturbation in (7) is determined by the functions fA and fB and the scalar τ .
To represent a wide range of flows, we expand fA and fB using products of Chebyshev polynomials
in x and y. However, we need to ensure that that the total flow (7) obeys no-slip boundary conditions
on the channel walls and is directed into/out of the domain on the inflow and outflow boundaries,
so the temperature boundary conditions are valid. A simple way to do this is to make the unsteady
velocity zero at all four sides of the domain, so the total flow reduces to the steady optimum ψ0 on
all four sides, and we already know ψ0 obeys the desired boundary conditions.

Our first step to create a flow mode basis for fA and fB that obeys no-slip at the four sides is
to define a sequence of degree-(k + 4) polynomials, k = 0, 1, . . . , that are linear combinations of
Chebyshev polynomials up to degree k + 4 that have zero value and first derivative at y = 0 and
1. With these four constraints, the polynomials must have degree at least four to be nonzero. The
desired linear combinations of Chebyshev polynomials are generated using an orthogonal projection
procedure described in [[26], Appendix B] and are the Yk defined there. We use the resulting poly-
nomials on both the x and y grids and denote them as Xj (x) and Yk (y) with j, k = 0, 1, . . . , M − 1.
We form all the products Xj (x)Yk (y) on the spatial grid and assemble them as N ≡ M2 columns of a
matrix Z. The products have zero value and normal derivative on the boundaries, and hence satisfy
the no-slip boundary conditions.

The problem is further simplified by making the flow modes orthogonal with respect to the
power inner product (5) in discretized form. For a discretized flow of the form Zn multiplied by
either cos(2πt/τ ) or sin(2πt/τ ), we can write the discretized power integral (5) as a weighted
inner product (

√
WLZn)T

√
WLZn, where L is the discrete Laplacian and W is the diagonal matrix

of weights corresponding to the compound trapezoidal rule for the spatial integrals in (5), multiplied
by 1/2 for the time integral. We perform a QR factorization

1

Pe

√
WLZ = QR̂. (19)

Then V ≡ ZR̂−1 has columns V j that are orthogonal with respect to the power inner product and
have power (

√
WLV j )T

√
WLV j = Pe2. These are the modes that are used as a basis for fA and fB

in the unsteady part of the flow given by (7).
We use the modes of V to write a discrete version of the flow in (7):

� = 1√
1 + ‖a‖2

�0 +
N∑

j=1

a j√
1 + ‖a‖2

V j cos

(
2πt

τ

)
+

N∑
j=1

a j+N√
1 + ‖a‖2

V j sin

(
2πt

τ

)
. (20)

Here V j are columns of V representing different spatial modes and a is a vector of coefficients
for the modes. The terms in (20) are mutually orthogonal with respect to the power inner product.
Those with different temporal functions are orthogonal due to the time integral in (5), and those
with different V j are orthogonal by the definition of V. Hence � has power Pe2 for any real vector
a. When ‖a‖ = O(ε), the flow (20) is a discrete version of the flow (7). In this case we can write a
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Taylor expansion for Nu like (10) but in powers of a:

Nu(a) = Nu(0) + aT DNu

∣∣∣∣
a=0

+ 1

2
aT D2Nu

∣∣∣∣
a=0

a + · · · , (21)

where Nu(0) = Nu0 is Nu for the steady flow and DNu and D2Nu are the gradient vector and
Hessian matrix of first and second derivatives of Nu with respect to components of a, respectively.
We compute the gradient and Hessian as the limits of finite differences. The gradient entries are

DNui

∣∣∣∣
a=0

= ∂Nu

∂ai

∣∣∣∣
a=0

= lim
ε→0

Nu(εei ) − Nu(0)

ε
= Nu1(εei ) − Nu1(0) = 0. (22)

The limit of the finite difference quotient in (22) is computed by inserting the perturbation expansion
of Nu (10) for the flows corresponding to a = εei and a = 0. As explained below (14), Nu1 = 0 for
a = εei for all i, since the first-order temperature field has zero time average. We also have Nu1 = 0
for a = 0 since Nu(0) ≡ Nu0 so the remaining terms in (10) vanish. The entries of the Hessian
matrix are also computed using the expansion (10):

D2Nui j

∣∣∣∣
a=0

= ∂2Nu

∂ai∂a j

∣∣∣∣
a=0

= lim
ε→0

Nu(εei+εe j ) − Nu(εei ) − Nu(εe j ) + Nu(0)

ε2
(23)

= Nu2(εei+εe j ) − Nu2(εei ) − Nu2(εe j ). (24)

These entries are nonzero in general, so the quadratic term in (10) is the leading order change to
Nu due to the unsteady flow perturbation. Thus, for a given (small) magnitude of ‖a‖2, η, say, we
maximize the quadratic term,

max
‖a‖2=η

1
2 aT D2Nu|a=0a. (25)

The optimal flow perturbation a is the eigenvector of the Hessian with the largest eigenvalue, which
is real since the Hessian is symmetric. Therefore, we compute the Hessian for a range of τ and
Pe, compute the largest eigenvalues in each case, and examine the corresponding eigenvectors (i.e.,
flows). We will examine not only the flow corresponding to the largest eigenvalue but also the flows
corresponding to other positive eigenvalues, to consider a wider range of beneficial flows.

For flows of the form (20), the Hessian is 2N by 2N , with N = M2. We take M = 45. This value
is chosen in proportion to m (it is slightly below m/8 = 48 when m = 384). If M were much larger,
the highest degree Chebyshev polynomial used in the modes would not be resolved well on the
stretched grids. Each Hessian has 4M4 ≈ 1.6 × 107 entries to compute, reduced by a factor of 2 by
symmetry, and we compute the Hessian at a large number of τ and Pe values. We now describe an
efficient method to compute a single Hessian matrix, i.e., the large number of entries given by (24)
for all i and j.

The sequence of computations for the Hessian is as follows. First, given ψ0, we solve the zeroth-
order problem (11) for T0. Next, we work on obtaining Nu2(εei ) for i = 1, . . . , N . This means the
flow mode coefficient vector a = εei for i = 1, . . . , N , so our flow (20) has a single nonzero term
in the first summand and none in the second, i.e., a cosine function of time. We put this in the form
(7) by setting fA to column i of V, fB to 0, and c1 to 1. Now we follow the remaining steps in that
section to get Nu2: we solve the system (13)–(14) for (T1A, T1B) and then solve (16) for T2s and
compute Nu2 from (17). To compute Nu2(εei ) for i = N + 1, . . . , 2N , the steps are the same but
we now have a single sine term instead of a cosine term in (20). So we set fA to 0, fB to column i
of V, and c1 to 1. We can get (T1A, T1B) from the previous computations by the following property
of (13)–(14): if the solution for (T1A, T1B) is (g, h) when ( fA, fB) = ( f , 0), then the solution for (T1A,
T1B) is (−h, g) when ( fA, fB) = (0, f ). We proceed as before, solving for T2s and Nu2 to obtain
Nu2(εei ) for i = N + 1, . . . , 2N . Having computed Nu2(εei ) in (17) for all i, the same set of values
gives Nu2(εe j ) for all j.

For Nu2(εei+εe j ), we have two unsteady terms in (20) which may appear in either summand.
We put this flow in the form (7) by setting c1 = 2 and set fA and fB according to the four rows of
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TABLE I. Choices of fA and fB for the computation of Nu2(εei +εe j ) with i and j in different ranges.

i range j range fA fB

1, . . . , N 1, . . . , N Vi + V j 0
1, . . . , N N + 1, . . . , 2N Vi V j−N

N + 1, . . . , 2N 1, . . . , N V j Vi−N

N + 1, . . . , 2N N + 1, . . . , 2N 0 Vi−N + V j−N

Table I. ei is a cosine mode in rows 1 and 2 and a sine mode in rows 3 and 4; e j is a cosine mode in
rows 1 and 3 and a sine mode in rows 2 and 4. (T1A, T1B) is simply the sum of those for Nu2(εei ) and
Nu2(εe j ), since the right-hand side of (13)–(14) is linear in fA and fB. We then form the right-hand
side of (16), solve it for T2s, and compute Nu2 from (17).

We can avoid solving the matrix equation (16) for each of the terms in (24) by instead solving an
adjoint equation just once, greatly reducing the computing time. To do this, we write Eqs. (16)–(17)
in discretized form and then combine them:

MsT2s = b2s, Nu2 = MNuT2s → Nu2 = rT
Nub2s, rNu ≡ M−T

s MT
Nu. (26)

Here Ms is the m(m − 1) by m(m − 1) matrix composed of the discretized operators that act on T2s

in (16), now written in discrete form as the vector T2s. The right-hand side vector for (16) is written
b2s. MNu is the 1 by m(m − 1) matrix (or row vector) that corresponds to (17) as a mapping from
T2s to Nu. It is a linear mapping formed as a composition of linear mappings: taking the y derivative
of T2s at the two boundaries with finite differences followed by integrating the difference of the two
terms using the trapezoidal rule. In the end we obtain an m(m − 1) by 1 column vector rNu that maps
the right-hand side of (16) to Nu2 by an inner product. rNu can be computed easily by solving a single
sparse matrix equation, MT

s rNu = MT
Nu. For the Hessian there are ∼107 right-hand side vectors for

(16). Instead of solving the matrix equation (16) 107 times to obtain T2s and then integrating (17) for
Nu2, we simply take the inner products of the ∼107 right-hand sides with the constant vector rNu,
with is several orders of magnitude faster. The dominant cost then is forming the ∼107 right-hand
side vectors. With this approach the total time to compute a Hessian is about 2 hours in Matlab on
a recent eight-core Intel processor, instead of about 6 days if the matrix equation (16) were solved
for each right-hand side vector.

We mentioned that only about half the Hessian entries need to be computed because it is a
symmetric matrix. In fact, we can reduce the work by another factor of two. As we show in
Appendix A, the Hessian is block skew-symmetric:

D2Nu =
[

A B
−B A

]
, (27)

and since the Hessian is also symmetric, the blocks A and B are symmetric and skew-symmetric,
respectively. Therefore to form the Hessian we only need to compute about half the entries of A and
B, or about one-quarter of the entries of the Hessian.

We have described how the Hessian is computed for flows of the form (20) with just a single
period. If the flow has unsteady perturbation modes with multiple periods, we show in Appendix B
that the Hessian is block diagonal, with the blocks consisting of the Hessians for each period
alone. Therefore the problem is decoupled, with the eigenvalues and eigenvectors given by those
for each period alone. Next, we compute the single-period blocks of the Hessian for various values
of the period, and the corresponding eigenvectors and eigenvalues. We focus on cases with positive
eigenvalues, so the eigenvectors give flow perturbations that increase Nu.
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(a) (b) (c)

(d) (e) (f)

FIG. 3. Distributions of Hessian eigenvalues vs τPe at six Pe values: (a) 29, (b) 211, (c) 213, (d) 215, (e) 217,
and (f) 219.

V. RESULTS

We compute the Hessian across wide ranges of τ and Pe values, searching for positive eigenval-
ues. For each Pe value, we find that positive eigenvalues occur only in a single band of τ values.
In Fig. 3 we plot the eigenvalues at a fixed Pe in each panel; the Pe values range from 29 to 219

as we move from Figs. 3(a) to 3(f). We find that the curves align horizontally if we plot them with
respect to τPe instead of τ . In other words, the band of τ where positive eigenvalues occur scales
approximately as Pe−1. Multiple curves are plotted in each panel, and these correspond to particular
eigenvalues in the ordering from greatest (λ1) to least (λ4050), labeled by color and line type in the
legend. We find that the eigenvalues occur approximately in groups of four (quartets) with almost
identical values. Therefore, the solid blue curves used for the top four eigenvalues (λ1–λ4) almost
align in each panel, and likewise for the following quartet, λ5–λ8, λ9–λ12, etc. We plot a few more
eigenvalues (the 20th, 40th, …, 4050th) without listing in the legend the quartets that they belong
to. All other eigenvalues lie between the lines that are plotted.

The quartets can be divided into two pairs, with the eigenvalues agreeing to about 14 digits within
each pair, and agreeing to two or three digits across the pairs. The pairs with 14 digits of agreement
are due to the block-skew-symmetric form of the Hessian in Eq. (27). If [v1; v2] is an eigenvector
of (27) with eigenvalue λ, one can show that [-v2; v1] is an eigenvector with the same eigenvalue.
Round-off error gives a small difference.

The less exact but still close agreement across the pairs is due to eigenvectors representing flows
that are localized near either the top and bottom wall, and relatively small in the center of the
channel. One eigenvalue corresponds to a flow near the top wall and the other to almost the same
flow near the bottom wall.

A log scale is used for both axes in each panel of Fig. 3. Since the eigenvalues are both positive
and negative, separate log scales are used on the vertical axis for the positive and negative values
and joined together at ±10c for different c in each panel. c is chosen so there are no eigenvalues in
the omitted range, [−10c, 10c].
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FIG. 4. Stream functions corresponding to the Hessian eigenvectors with the largest eigenvalue at τPe =
100.25 and six Pe values: (a) 29, (b) 211, (c) 213, (d) 215, (e) 217, and (f) 219. Within each panel, the top and
bottom subplots give the cos(2πt/τ ) and sin(2πt/τ ) components of the stream function. The corresponding
vorticity fields are shown in Appendix C, Fig. 11.

The number of positive eigenvalues at Pe = 29 [Fig. 3(a)] is at most eight (two quartets), when
τPe = 100.25–100.5, and increases to between 80 and 100 (20 to 25 quartets) at Pe = 219 [Fig. 3(f)],
at the same τPe. The peak eigenvalues increase with Pe approximately as power laws, λmax(Pe)
∼Pe1.33 from Figs. 3(a) to 3(c) and λmax(Pe) ∼Pe1 from Figs. 3(c) to 3(f). Moving from the top
quartet of eigenvalues (blue) to the second (red) and third (green), the eigenvalues decrease rapidly
in magnitude. The decrease can be fit roughly as a power law, ∼(quartet number)α with −2 � α �
−0.8, depending on Pe and τ .

The smallest eigenvalues are negative and are less of a focus here, but they also increase in
magnitude with Pe, as |λmin(Pe)| ∼ Pe0.4 from Figs. 3(a) to 3(f), and have a slight dependence on
τ . The vast majority of eigenvalues are clustered near the minimum, between the λ200 and λ4050

lines.
The bandwidth of τPe with positive eigenvalues grows with Pe, and at the largest Pe the curves

become more asymmetric, rising sharply at small τPe and falling off gradually at large τPe.
The main interest of this study is the unsteady flows that are most beneficial for heat transfer. For

small unsteady perturbations, these are the flows corresponding to the largest positive eigenvalues.
For the largest eigenvalues at τPe = 100.25 in each of the panels in Fig. 3, we present the flows for
the corresponding eigenvectors in the corresponding panels of Fig. 4. This value of τPe maximizes
the blue curves in Fig. 3(c)–3(f) and is slightly below the maxima in Figs. 3(a) and 3(b).

Each panel in Fig. 4 shows the stream function of the flow in two subpanels. The top and bottoms
subpanels show the cosine and sine components, fA and fB in Eq. (7). The overall magnitudes
are arbitrary since the flows correspond to eigenvectors. The stream functions are nonzero only
in a small region near the top wall, shown in the panels. As discussed previously there is another
eigenvector with nearly the same eigenvalue that gives nearly the same flow at the bottom wall. The
flows consist of sequences of alternating eddies whose sizes and distances from the wall decrease
as Pe increases from Figs. 4(a) to 4(f). The corresponding vorticity fields, given in Fig. 11 of
Appendix C, show a thin row of opposite-signed vorticity near the wall. These are not additional
eddies but simply the shear layers over which the flow velocity transitions to zero at the wall. The
flows in the top and bottom subpanels of Figs. 4(a)–4(f), fA and fB in Eq. (7), are almost the same
but shifted by one quarter of a horizontal period. We can approximate them as

fA(x, y) ≈ F (x)G(y) cos

(
2πx

λ

)
, fB(x, y) ≈ F (x)G(y) sin

(
2πx

λ

)
(28)

124503-11



ALBEN, PRABALA, AND GODEK

with F (x) an envelope function that decays smoothly from 1 in the middle (x = 1/2) to 0 at the left
and right boundaries (x = 0, 1), and G(y) an envelope function that decays from 1 at the top wall to
zero outside of a boundary layer thickness that depends on Pe. Then the total perturbation flow is

ψ1 = fA(x, y) cos

(
2πt

τ

)
+ fB(x, y) sin

(
2πt

τ

)
≈ F (x)G(y) cos

[
2π

(
x

λ
− t

τ

)]
, (29)

a traveling wave multiplied by envelopes. We now compare the speed of the traveling wave to the
maximum horizontal speed of the steady optimal flow, u0(y), shown in Fig. 2. The flow speed rises
to nearly its maximum over the boundary layer, whose edge can be estimated by the y location where
the steady velocity is 99% of its maximum. This is marked by small horizontal lines at the left edge
of each subpanel. The centers of the eddies in Fig. 4(a) are close to the boundary layer edge, while
the eddies in Fig. 4(f) are mostly outside the boundary layer. Therefore in all panels the eddies
occur where the steady flow speed is about its maximum. To compare the traveling wave speed
to the maximum steady flow speed, we place small vertical lines at x = 1/2 at the bottom of the
upper subpanels. In the lower subpanels, we displace the vertical lines horizontally by the amount
they would move under the maximum steady flow as t changes from 0 (when the flow is given
by the cosine component) to τ/4 (when the flow is given by the sine component). The horizontal
distance is τ/4 times the maximum steady flow speed. Comparing the vertical lines in the upper
and lower subpanels in Figs. 4(a)–4(f), we see that they have about the same position relative to the
eddies. Therefore the eddy velocity (the traveling wave velocity) is about the same as the steady
flow speed.

Next, we compare the flows that correspond to different eigenvalues. In Fig. 5 we show the flows
for eigenvalues in the top 24 quartets for two different Pe, 213 and 219, again at τPe = 100.25. These
are the eigenvalues that range from the solid blue line to the dotted green line in Figs. 3(c) and 3(f).
The flows are arranged in order of decreasing eigenvalue (values listed on each subpanel) moving
downward within each column, starting from the left column and moving rightward. The flows for
Pe = 213 are in the three leftmost columns, and those for Pe = 219 are in the rightmost two. The top
flows at each Pe were shown in Figs. 4(c) and 4(f) and correspond to a single chain of alternating
eddies. The second-, third-, and fourth-best flows are similar but are broken into two, three, and four
clusters of eddies, respectively. The four clusters are easier to recognize at Pe = 219 where there are
more eddies. After this first group of small clusters of eddies, other patterns appear which are larger
and therefore easier to see in the left columns, Pe = 213. From the fourth flow onward, the eddies
often adopt a scalloped shape near the boundary. Here the indented streamlines encapsulate smaller
closed eddies near the wall. These smaller eddies are sometimes strong enough to be colored red and
blue, as for λ = −14.9 and −9.65. In such cases the stream function magnitudes are comparable in
the largest and smallest eddies. Since the eddy flow velocity scales as the stream function magnitude
divided by the eddy size, the flow velocity is much larger in the small eddies in these cases. These
patterns recall the branching flow structures near walls in optimal steady flows between hot and cold
walls [26–30].

As secondary layers of eddies develop near the wall, the largest eddies generally become larger
and extend further from the wall. At both Pe, there is no obvious change in the types of flows when
the eigenvalues pass through zero and become negative.

We have shown bands of flows with large positive eigenvalues, which increase the Nusselt
number as the square of the unsteady flow amplitude, in the limit of small amplitude. We now
investigate the effectiveness of these flows when the unsteady component has moderate and large
amplitude. Flows of the form (20) have power Pe for arbitrary real a. As ‖a‖ grows, the unsteady
part grows at the expense of the steady part. As ‖a‖ → ∞, we have only the unsteady part, which
obeys no-slip boundary conditions. With no inflow or outflow, the temperature boundary conditions
given below Eq. (1) remain mathematically valid but describe a different physical problem: flow in
a closed box with an insulated wall at the right boundary and fixed temperature on the other three
sides. Then heat leaves the domain by conduction through the left (cold) wall and nearby regions
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FIG. 5. Stream functions corresponding to the Hessian eigenvectors from the top 24 quartets of eigenvalues
at τPe = 100.25 and two Pe values: 213 (three leftmost columns) and 219 (two rightmost columns). Only the
cos(2πt/τ ) components of the stream functions are shown. For each Pe (each group of three or two columns),
the stream functions are ordered by eigenvalue (listed at the lower left corner of each panel), starting at the top
of the leftmost column and proceeding downward and then similarly through the column(s) to the right. Only
0.6 � y � 1 is shown for the three leftmost columns, and only 0.8 � y � 1 is shown for the two rightmost
columns. The corresponding vorticity fields are shown in Appendix C, Fig. 12.

of the top and bottom walls. We find in our simulations, described next, that the flows become
ineffective well before this limit.

We simulate the unsteady advection-diffusion equation (1) with flows of the form (20) where a
is an eigenvector with either the largest or the fifth largest eigenvalue, i.e., from the first or second
quartets. These are the eigenvalues on the blue and red curves in Fig. 3. For the six Pe and nine τPe
in that figure, we set a to v1 and v5, the eigenvectors corresponding to λ1 and λ5, in all the cases
where these eigenvalues are positive. In such cases, we vary ε ≡ ‖a‖ from 10−1.5 to 100.75. At the
lower end of this range, the unsteady flow is small relative to the steady part, while at the upper
end the unsteady flow may be larger at certain times near the upper and lower walls. However, the
steady flow is always dominant near the inflow and outflow boundaries, so the inflow and outflow
boundary conditions are valid.

We simulate Eq. (1) as an initial value problem, starting from the initial condition given by (9)
up to O(ε2) and evaluated at t = 0. We use the Crank-Nicolson method for time stepping, and the
spatial derivatives are discretized as previously, with second-order finite differences on the stretched
grids. We simulate the flows up to t = 20τ , by which time the flows have reached a periodic steady
state for several periods in all the cases that increase Nu over the steady value. Some cases with
relatively large ε do not reach the periodic state, but they also do not increase Nu and are not
considered further.
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(a) (b) (c)

(d) (e) (f)

FIG. 6. Nu vs perturbation amplitude ε, for flows corresponding to the largest Hessian eigenvalues at six
Pe values: (a) 29, (b) 211, (c) 213, (d) 215, (e) 217, and (f) 219. At each Pe, curves are plotted for a subset of the
τPe values listed at right, those for which the largest eigenvalue is positive.

For the largest eigenvalue λ1, the steady-state time-averaged Nu for the simulations are plotted
in Fig. 6. Each panel corresponds to the same panel in Fig. 3, with the eigenvalue following the blue
curves. In Fig. 6(a) only three curves are shown, because the blue curve in Fig. 3(a) exceeds zero
at only three τPe values. More curves are shown in the other panels, corresponding λ1 > 0 at more
τPe. By plotting (Nu − Nu0) versus ε on log-log axes (not shown), one finds that all the curves rise
quadratically with ε for small ε, with a curvature given by the corresponding λ1, as expected. In
Fig. 6 log-linear axes are used instead, so Nu0 (the values that the curves approach at the left ends
of the plots) and the peak Nu can both be seen.

In each panel of Fig. 6, the peak Nu occur at moderately large ε, 10−0.25 to 100.25. They occur
on the light blue, green, or yellow curves, i.e., with τPe = 100.5–101. These are generally longer
periods than the ones that give the largest eigenvalues in Fig. 3, which were τPe = 100.25 and 100.5.
One can see that the curves that rise most rapidly at small ε in Fig. 6 [light blue in Figs. 6(a)–6(b)
and dark purple in Figs. 6(c)–6(f)] do not give the peak Nu. The largest increases in Nu relative to
Nu0 range from 7% in Fig. 6(a) to 30%–35% in Figs. 6(c)–6(f). In most cases, curves with larger
τPe peak at larger ε, so lower perturbation frequencies work well with larger perturbation amplitude
and higher frequencies with smaller amplitudes. Large increases in Nu can be obtained with a wide
range of frequencies, particularly at large Pe, when the optimal amplitude is chosen.

Figure 7 plots Nu versus perturbation amplitude for λ5, i.e., the second quartet, the red curves
in Fig. 3. The panels have slightly fewer curves than previously because some τPe had only one
positive eigenvalue, not two. The peak Nu again occur at ε = 10−0.25-100.25. They occur at a similar
but somewhat wider range of τPe, 100.25–101. The dependence of the peaks on τPe is complicated
at large Pe in Figs. 7(d)–7(f). At first the peaks rise with τPe, reaching a maximum at 100.25, the dark
purple curves. They then decrease and increase again, reaching a second maximum at 101 or 101.25

[in Fig. 7(f)], the yellow or orange curves. The same phenomenon also occurred in the previous
figure but was not discussed.
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(a) (b) (c)

(d) (e) (f)

FIG. 7. Same quantities as in Fig. 6 but for the fifth largest eigenvalue (the second quartet).

The heat transfer enhancement Nu − Nu0 is very small in Fig. 7(a), where the eigenvalues
happen to be very small (but positive). By contrast, Figs. 7(b) and 7(c) show peak Nu − Nu0 values
similar to Figs. 6(b) and 6(c), while Figs. 7(d)–7(f) show significantly larger peak Nu − Nu0 than
Figs. 6(d)–6(f). Thus the second quartet gives larger heat transfer enhancement than the first at large
Pe, up to 44%–56% in Figs. 7(d)–7(f).

In Fig. 3 we found that the eigenvalues have a peak near τPe = 100.25 but are positive and large
over a broad range, broader at larger Pe. In Figs. 4 and 5 we showed the flows for the top eigenvalues
at τPe = 100.25 only. However, in Figs. 6 and 7 we showed Nu across a wide range of τPe and found
that the maximum Nu occur at τPe in the range 100.5 to 101, larger than τPe = 100.25 where the
small-amplitude peak of Nu, corresponding to the eigenvalues, usually occurred. To study the flows
at the τPe where the maximum Nu occur in Figs. 6 and 7, we show optimal unsteady perturbation
flows across τPe in Fig. 8. The first three columns are flows for the top eigenvalue λ1, including
all of the τPe values in Fig. 6 and half of the Pe values, those for Figs. 8(b), 8(d), and 8(f). We
see a clear transition in the flow structure as τPe increases from top to bottom. At the top the flows
consist of very small eddies concentrated very close to the boundary, and increasingly near the
outflow boundary. As τPe increases (and as Pe decreases), the eddies become larger and the chains
are more centered horizontally. For τPe � 100.75 the eddies are less localized near the wall and
typically fill the whole flow domain.

In the right three columns, the same quantities are shown for λ9, an eigenvalue from the third
quartet, for comparison. At τPe = 100 and neighboring values one can see that the eddies occur
in three clusters instead of one, the pattern discussed previously with the sequence of eigenmodes
shown in Fig. 5. Otherwise, the flow patterns and transition with τPe are generally the same as for
the first quartet, except some modes for λ9 are clustered near the inflow side of the top wall instead
of the outflow side.

In all of the columns, some of the flows correspond to negative eigenvalues, e.g., the top row,
τPe = 10−0.5, but most have positive eigenvalues, and these are marked by purple lines running
along the right edges. The cases with negative eigenvalues tend to occur at the smallest or largest
τPe and the smallest Pe, and can be specified by where the solid blue and green lines in Figs. 3(b),
3(d), and 3(f) lie below the dashed lines.
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FIG. 8. Stream functions corresponding to the Hessian eigenvectors from the best and third-best quartets
of eigenvalues, labeled λ1 and λ9 respectively. Each row corresponds to one of nine τPe values (labeled at
the left), and each column corresponds to one of three Pe values (labeled at the top). Only the cos(2πt/τ )
components of the stream functions are shown, and only in the range 0.5 � y � 1. The cases with positive
eigenvalues are marked by purple lines running along the right edges. The corresponding vorticity fields are
shown in Appendix C, Fig. 13.

The main takeaway message of Fig. 8 is that the flow perturbations change from localized at the
boundary to channel-filling at τPe ≈ 100.5–101, which is the range that gives the peak Nu values at
large amplitude in Figs. 6 and 7. Therefore, both types of flows—wall-bounded with high frequency
and channel-filling with low frequency—can be comparably effective at increasing Nu. We now
show examples of the temperature fields that correspond to both types of flows.

In Fig. 9 we show flows and temperature fields at two values of τPe that straddle the transition
from local to global flows. The flows are shown in the top panels of each column, at a medium τPe,
corresponding to a local flow, in Figs. 9(a) and 9(b), and a large τPe, corresponding to a global
flow, in Figs. 9(c) and 9(d). The first of each pair of columns [Figs. 9(a) and 9(c)] give the flow and
temperature fields for λ1, the top quartet. The second pair of columns [Figs. 9(b) and 9(d)] give the
same quantities for λ5, the second quartet. Below the top panels we show three rows of temperature
field snapshots, for three values of the perturbation amplitude ε: small, medium, and large (relative
to the steady flow), as one moves downward. The middle of the three ε gives the peak Nu value.
For all of these cases, Pe = 211, corresponding to the dark purple and green curves in Figs. 6(b) and
7(b), at three ε that include the peaks.

For all the cases in Fig. 9, Nu0 = 29. Flows in Figs. 9(a) and 9(b) give peak increases of 12%
and 9% respectively, versus 21% and 19% for flows in Figs. 9(c) and 9(d), which have much
smaller eigenvalues than Figs. 9(a) and 9(b) (listed at the top of the columns). The smaller eddies of
Figs. 9(a) and 9(b) correspond to smaller and more numerous temperature plumes emanating from
the top wall (and similar but weaker eddies and plumes at the bottom wall). By contrast, flows in
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FIG. 9. At Pe = 211, flows and temperature fields for the largest and fifth largest eigenvalues. Here (a) and
(b) correspond to a medium period, τPe = 100.25 while (c) and (d) correspond to a larger period, τPe = 100.75.
The first columns of each pair (a and c) correspond to the largest eigenvalue, and the second columns (b) and
(d) correspond to the fifth largest eigenvalue. The top panel of each column is the flow for the corresponding
eigenmode, with the eigenvalue listed above. The next three panels, moving downward, plot the temperature
fields from the solution of the unsteady advection-diffusion equation with the given flow perturbation at
three increasing amplitudes (ε). The ε values are (a), (b) 10−0.75, 10−0.25, 100; (c) 10−0.5, 100, 100.25; and
(d) 10−0.25, 100.25, 100.5. The temperature fields are plotted at time t = 20τ , after a periodic steady state has
been reached. The time-averaged Nu is labeled at the left side of each temperature field. The vorticity fields
corresponding to the stream function plots are shown in Appendix C, Fig. 14.

Figs. 9(c) and 9(d) have up-down symmetric streamlines, and the large eddies create significant
plumes at both walls. However, there is also an energetic cost to having a nonuniform flow across
the entire channel. For all of these flow perturbations, the basic mechanism for increasing Nu
involves the eddies bringing cold fluid toward the wall while moving hot fluid away from it at
certain locations. The local temperature boundary layer thickness decreases and increases at these
locations, respectively, but the net effect is to decrease the boundary layer thickness (and increase
Nu) except in the lower right corner. Here ε = 100.5, and the unsteady flow is much stronger relative
to the steady flow than in the panel above. The plumes of hot fluid are also much wider, resulting
in a net increase in the boundary layer thickness. In general, the optimal temperature fields (those
in the middle row) are qualitatively similar to those above and below it, but represent an optimal
balance of mixing by the unsteady part and advection by the steady part.

Figure 10 shows the same quantities for Pe increased to 215, and τPe set to 100 in Figs. 10(a) and
10(b) (stacked vertically) and 101 in Figs. 10(c) and 10(d). The cases correspond to the magenta and
yellow curves in Figs. 6(d) and 7(d), at three ε that include the peaks. In Fig. 10, Nu0 = 88, so the
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FIG. 10. The same quantities as in Fig. 9, but with Pe increased to 215 and τPe = 100 in (a) and (b)
and 101 in (c) and (d). The ε values are also different: (a) 10−1, 10−0.5, 10−0.25; (b) 10−0.75, 10−0.25, 100; (c)
10−0.5, 100, 100.25; and (d) 10−0.25, 100.25, 100.5. The vorticity fields corresponding to the stream function plots
are shown in Appendix C, Fig. 15.

flows in Figs. 10(a) and 10(b) give peak Nu increases of 19% and 24% respectively, versus 31% and
45% for the flows in Figs. 10(c) and 10(d). Again, the eigenvalues (at the top of each column) are
much larger for Figs. 10(a) and 10(b) than for Figs. 10(c) and 10(d). In Figs. 10(a) and 10(b), there
are many more eddies and hot plumes than in Figs. 9(a) and 9(b). In the optimal cases (the middle
temperature fields), the plumes extend farthest from the wall, but the outer portions of the plumes
are cooler than in the cases below. Hence the very hot (red) part of the boundary layer is thinner
in the middle temperature fields, resulting in larger Nu. Figures 10(c) and 10(d) show the results of
the large, low-frequency eddies, slightly less symmetric than in Figs. 10(c) and 10(d) the previous
figure but having almost the same form. The temperature fields in Figs. 10(c) and 10(d) have plumes
in nearly the same places as Figs. 9(c) and 9(d), but they and the wall boundary layers are thinner
due to the larger Pe. Nu is almost the same for the last two panels of Fig. 9(c) even though τ differs
by a factor of 100.25 ≈ 1.8. There is a larger difference between Nu for last two panels in Fig. 9(d),
which may be due to the larger extent of the hot plume along the top wall in the bottom panel.

VI. CONCLUSIONS

We have computed optimal unsteady perturbations to optimal steady unidirectional flows in a
channel. In the limit of small perturbations, the leading-order change in the heat transfer (Nu) is
quadratic in the perturbation size. We expanded the perturbation in a set of flow modes that are
orthogonal with respect to the power integral (Pe2). Increases in heat transfer then correspond to
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positive eigenvalues of the Hessian matrix, the second derivatives of Nu with respect to the mode
coefficients. Perturbations with different periods (τ ) are decoupled and can be considered separately
(i.e., the Hessian is block diagonal). We gave an efficient method to compute the ∼107 entries of
the Hessian at a range of τ and Pe, and then we searched for Hessians with positive eigenvalues.

We found that positive eigenvalues occur in certain bands of τ that scale as Pe−1. The largest
eigenvalues (actually quartets of eigenvalues) correspond to chains of eddies near the walls that
move as traveling waves, at a speed close to that of the steady background flow. The next largest
eigenvalues give eddy chains subdivided into clusters of two, three, four, etc. Subsequent eigenval-
ues give eddies with multiple scales, with the smallest adjacent to the wall. The largest eddies are
eventually the size of the entire flow domain. The eddy size decreases with increasing Pe and with
decreasing τ . At a crossover τ [i.e., τPe = O(1)], the eddies corresponding to the largest eigenvalues
change from localized near the wall to domain-filling, with smaller eddies near the wall.

Although the unsteady flows are derived in the small amplitude limit, they give large increases
in heat transfer for a given power at large amplitude also—up to about 56% at the largest Pe studied
here, 219. Larger increases occur with the second quartet of eigenmodes than the first, despite
having much smaller eigenvalues, and still larger increases may occur with subsequent eigenmodes,
not studied in detail here. We obtain large increases in Nu across a range of flow periods τ , and
the largest increases occur at larger τ than those that give the largest eigenvalues. These large τ

correspond to eddies that range up to the domain scale. Hence we obtain heat transfer enhancement
by a variety of unsteady flow perturbations, including a wide range of length and time scales.
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APPENDIX A: THE HESSIAN IS BLOCK SKEW-SYMMETRIC

In order to show the Hessian is block skew-symmetric as in Eq. (27), we need to show

Nu2(εei+εe j ) − Nu2(εei ) − Nu2(εe j ) = D2Nui, j

= D2Nui+N, j+N = Nu2(εei+N +εe j+N ) − Nu2(εei+N ) − Nu2(εe j+N ), i, j = 1, . . . , N, (A1)

which implies the two blocks labeled A in (27) are the same and

Nu2(εei+N +εe j ) − Nu2(εei+N ) − Nu2(εe j ) = D2Nui+N, j

= −D2Nui, j+N = −Nu2(εei+εe j+N ) + Nu2(εei ) + Nu2(εe j+N ), i, j = 1, . . . , N, (A2)

which implies B is the same in the blocks labeled B and −B in (27).
First we show (A1). For Nu2(εei ), i = 1, . . . , N we have a perturbation that is a cosine function

of time, with ( fA, fB) = (Vi, 0) (in discretized form). Let the corresponding solution for (T1A, T1B)
be (gi, hi) (also in discretized form). Then the right-hand side of Eq. (16) for T2s is

b2s(εei ) = − 1
2 DyVi · Dxgi + 1

2 DxVi · Dygi + 1
2 Dy�0 · DxT0 − 1

2 Dx�0 · DyT0, (A3)

where Dx and Dy are discrete first x and y derivative operators (finite difference matrices), T0 is the
discrete (vector) form of T0, and · is the componentwise product of vectors.

For Nu2(εe j ), j = 1, . . . , N , mode j is also a perturbation with a cosine function of time, so we
have ( fA, fB) = (V j, 0). The calculation proceeds as in the previous paragraph but with j in place
of i:

b2s(εe j ) = − 1
2 DyV j · Dxg j + 1

2 DxV j · Dyg j + 1
2 Dy�0 · DxT0 − 1

2 Dx�0 · DyT0. (A4)
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For Nu2(εei + εe j ), i, j = 1, . . . , N , we have ( fA, fB) = (Vi + V j, 0) and by linearity of (13)–
(14), (T1A, T1B) = (gi + g j, hi + h j). Consequently,

b2s(εei + εe j ) = − 1
2 Dy(Vi + V j ) · Dx(gi + g j ) + 1

2 Dx(Vi + V j ) · Dy(gi + g j )

+ Dy�0 · DxT0 − Dx�0 · DyT0. (A5)

We showed in (26) that Nu2 is a linear function of b2s, i.e., an inner product of b2s with the
constant vector rNu. So the left-hand side of (A1) is

Nu2(εei+εe j ) − Nu2(εei ) − Nu2(εe j ) = rT
Nu[b2s(εei+εe j ) − b2s(εei ) − b2s(εe j )]. (A6)

To verify this equals the right-hand side of (A1), we will show that

b2s(εei ) = b2s(εei+N ), b2s(εe j ) = b2s(εe j+N ), b2s(εei + εe j ) = b2s(εei+N + εe j+N ),

i, j = 1, . . . , N. (A7)

The terms on the right sides of Eqs. (A7) correspond to perturbations that are sine functions of
time. To compute these terms we recall the following property of (13)–(14) stated in Sec. IV: if the
solution for (T1A, T1B) is (g, h) when ( fA, fB) = ( f , 0), then the solution for (T1A, T1B) is (−h, g)
when ( fA, fB) = (0, f ). For the perturbation εei+N , ( fA, fB) = (0, Vi) and therefore (T1A, T1B) =
(−hi, gi), using the result for the perturbation εei. Plugging these into the right-hand side of Eq. (16)
for T2s shows that b2s(εei ) = b2s(εei+N ) and likewise for the other two equations in (A7). Thus
Nu2(εei+N +εe j+N ) − Nu2(εei+N ) − Nu2(εe j+N ) equals the right side of (A6), and (A1) follows.

To show (A2) we need two terms we have not yet computed, b2s(εei + εe j+N ) and b2s(εei+N +
εe j ).

For the perturbation εei + εe j+N we have ( fA, fB) = (Vi, V j). Using the linearity of (13)–(14)
and the results for the two perturbations separately, (T1A, T1B) = (gi − h j, g j + hi). Thus

b2s(εei + εe j+N ) = − 1
2 DyVi · Dx(gi − h j ) − 1

2 DyV j · Dx(g j + hi ) + 1
2 DxVi · Dy(gi − h j )

+ 1
2 DxV j · Dy(g j + hi ) + Dy�0 · DxT0 − Dx�0 · DyT0. (A8)

For the perturbation εei+N + εe j we have ( fA, fB) = (Vi, V j). The result for b2s is the same as
(A8) but with i and j switched:

b2s(εei+N + εe j ) = − 1
2 DyV j · Dx(g j − hi ) − 1

2 DyVi · Dx(gi + h j ) + 1
2 DxV j · Dy(g j − hi )

+ 1
2 DxVi · Dy(gi + h j ) + Dy�0 · DxT0 − Dx�0 · DyT0. (A9)

Combining the first two equations of (A7) with (A8) and (A9), we have

b2s(εei + εe j+N ) + b2s(εei+N + εe j ) − b2s(εei ) − b2s(εei+N ) − b2s(εe j ) − b2s(εe j+N ) = 0.

(A10)

Taking the scalar product of the left side of (A10) with rNu gives (A2).

APPENDIX B: THE HESSIAN IS BLOCK DIAGONAL

We show now that the Hessian is block diagonal, with the blocks consisting of the Hessians for
each period alone. Suppose the flow is of the form (20) but has modes with at least two different
periods τ1 and τ2. We write out just four such modes, the sine and cosine terms for each period:

� = 1√
1 + ‖a‖2

[
�0 + a1W1 cos

(
2πt

τ1

)
+ a2W2 sin

(
2πt

τ1

)
+ a3W3 cos

(
2πt

τ2

)

+ a4W4 sin

(
2πt

τ2

)
+ · · ·

]
. (B1)
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We now show that

D2Nui j |a=0 = Nu2(εei+εe j ) − Nu2(εei ) − Nu2(εe j ) = 0 (B2)

if i and j correspond to modes with different periods, i.e., if i ∈ {1, 2} and j ∈ {3, 4} or vice
versa. Assume the former, i ∈ {1, 2} and j ∈ {3, 4}, without loss of generality. Next, we write the
continuous version of the flow terms given in (B1),

ψ (x, y, t ) = 1√
1 + c1ε2

ψ0(y)+ ε√
1 + c1ε2

fA1(x, y) cos(2πt/τ1)+ ε√
1 + c1ε2

fB1(x, y) sin(2πt/τ1)

(B3)

+ ε√
1 + c1ε2

fA2(x, y) cos(2πt/τ2) + ε√
1 + c1ε2

fB2(x, y) sin(2πt/τ2) (B4)

and then use the expansions in Sec. II to calculate the three Nu2 terms in (B2). Here (B4) is similar to
Eq. (7) but with separate terms for each period. For Nu2(εei ), we have just the mode-i perturbation,
so in (B4) only one of fA1 and fB1 is nonzero, fA2 = fB2 = 0, and c1 = 1. Following the derivation
in Sec. II, the zeroth- and first-order advection diffusion equations (11) and (12) still hold. With the
flow (B4) inserted into (12), we obtain a coupled system like (13) and (14) and a solution pair (T1A1,
T1B1) for period τ1. We insert

ψ1 = fA1(x, y) cos(2πt/τ1) + fB1(x, y) sin(2πt/τ1), (B5)

T1 = T1A1(x, y) cos(2πt/τ1) + T1B1(x, y) sin(2πt/τ1) (B6)

into the second-order Eq. (15). Only steady terms on the right-hand side will contribute to T2s and
therefore to Nu2(εei ). The steady terms are

− 1
2∂y fA1∂xT1A1 + 1

2∂x fA1∂yT1A1 − 1
2∂y fB1∂xT1B1 + 1

2∂x fB1∂yT1B1 + 1
2∂yψ0∂xT0 − 1

2∂xψ0∂yT0, (B7)

almost the same as the right-hand side of Eq. (16), with c1 = 1.
For Nu2(εe j ), we have just the mode- j perturbation, so in (B4) only one of fA2 and fB2 is nonzero,

fA1 = fB1 = 0, and c1 = 1. The calculation proceeds very similarly to previous case. We obtain a
coupled system like (13) and (14) and a solution pair (T1A2, T1B2) for period τ2. We now insert

ψ1 = fA2(x, y) cos(2πt/τ2) + fB2(x, y) sin(2πt/τ2), (B8)

T1 = T1A2(x, y) cos(2πt/τ2) + T1B2(x, y) sin(2πt/τ2) (B9)

into the second-order Eq. (15). The steady terms on the right-hand side are now

− 1
2∂y fA2∂xT1A2 + 1

2∂x fA2∂yT1A2 − 1
2∂y fB2∂xT1B2 + 1

2∂x fB2∂yT1B2 + 1
2∂yψ0∂xT0 − 1

2∂xψ0∂yT0.

(B10)

For Nu2(εei+εe j ), only one of fA1 and fB1 is nonzero, only one of fA2 and fB2 is nonzero, and
c1 = 2 in (B4). We now insert

ψ1 = fA1(x, y) cos(2πt/τ1)+ fB1(x, y) sin(2πt/τ1)+ fA2(x, y) cos(2πt/τ2)+ fB2(x, y) sin(2πt/τ2)
(B11)

into (12). The right-hand side of (12) is linear in ψ1, the left-hand side is linear in T1, and the
boundary conditions are homogeneous. Since (B11) is a sum of (B5) and (B8), the solution to (12)
is

T1 = T1A1(x, y) cos(2πt/τ1)+T1B1(x, y) sin(2πt/τ1)+T1A2(x, y) cos(2πt/τ2)+T1B2(x, y) sin(2πt/τ2),
(B12)

a sum of (B6) and (B9). We insert (B11) and (B12) into the second-order Eq. (16). The steady terms
on the right-hand side are the sum of the steady terms with mode i and mode j separately, (B7)
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and (B10). All the products of derivatives of terms in (B11) and (B12) with different periods yield
no steady terms, using trigonometric product-to-sum identities. For Nu2(εei+εe j ), the right-hand
side of (16) is the sum of the right-hand sides for Nu2(εei ) and Nu2(εe j ). The boundary conditions
are homogeneous, and therefore T2s for Nu2(εei+εe j ) is the sum of T2s for Nu2(εei ) and Nu2(εe j ).
Hence Nu2(εei+εe j ) = Nu2(εei ) + Nu2(εe j ), as claimed. We have shown that the Hessian is block
diagonal, with a single block for each period.

If τ1 and τ2 are commensurate periods, the combined flow (B1) is periodic and Nu and the power
are still defined as in (2) and (5), as period averages. If τ1 and τ2 are incommensurate periods, the
combined flow (B1) is nonperiodic, and we change the period averages to long-time averages, the
limits of (2) and (5) as τ → ∞. The above calculations showing the Hessian is block diagonal
remain valid in this case.

APPENDIX C: VORTICITY FIELDS

Figures 11–15 present the vorticity fields corresponding to Figs. 4, 5, 8, 9, and 10, respectively.

FIG. 11. Vorticity fields corresponding to the Hessian eigenvectors with the largest eigenvalue at τPe =
100.25 and six Pe values: (a) 29, (b) 211, (c) 213, (d) 215, (e) 217, and (f) 219. Within each panel, the top and
bottom subplots give the cos(2πt/τ ) and sin(2πt/τ ) components of the vorticity field.
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FIG. 12. Vorticity fields corresponding to the Hessian eigenvectors from the top 24 quartets of eigenvalues
at τPe = 100.25 and two Pe values: 213 (three leftmost columns) and 219 (two rightmost columns). Only the
cos(2πt/τ ) components of the vorticity fields are shown. For each Pe (each group of three or two columns),
the vorticity fields are ordered by eigenvalue (listed at the lower left corner of each panel), starting at the top
of the leftmost column and proceeding downward and then similarly through the column(s) to the right. Only
0.6 � y � 1 is shown for the three leftmost columns, and only 0.8 � y � 1 is shown for the two rightmost
columns. The constant C in the color scale limits corresponds to ‖ω‖∞/4, with a different value for each
subpanel.
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FIG. 13. Vorticity fields corresponding to the Hessian eigenvectors from the best and third-best quartets of
eigenvalues, labeled λ1 and λ9 respectively. Each row corresponds to one of nine τPe values (labeled at the left),
and each column corresponds to one of three Pe values (labeled at the top). Only the cos(2πt/τ ) components
of the vorticity fields are shown, and only in the range 0.5 � y � 1. The cases with positive eigenvalues are
marked by purple lines running along the right edges. The constant C in the color scale limits corresponds to
‖ω‖∞/4, with a different value for each subpanel.

124503-24



ENHANCING HEAT TRANSFER IN A CHANNEL WITH …

FIG. 14. At Pe = 211, flows and temperature fields for the largest and fifth largest eigenvalues. Columns
(a) and (b) correspond to a medium period, τPe = 100.25 while (c) and (d) correspond to a larger period,
τPe = 100.75. The first columns of each pair (a) and (c) correspond to the largest eigenvalue, and the second
columns (b) and (d) correspond to the fifth largest eigenvalue. The top panel of each column is the vorticity
field for the corresponding eigenmode, with the eigenvalue listed above. The next three panels, moving
downward, plot the temperature fields from the solution of the unsteady advection-diffusion equation with
the given flow perturbation at three increasing amplitudes (ε). The ε values are (a), (b) 10−0.75, 10−0.25, 100;
(c) 10−0.5, 100, 100.25; and (d) 10−0.25, 100.25, 100.5. The temperature fields are plotted at time t = 20τ , after a
periodic steady state has been reached. The time-averaged Nu is labeled at the left side of each temperature
field.
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FIG. 15. The same quantities as in Fig. 14, but with Pe increased to 215 and τPe = 100 in (a) and (b)
and 101 in (c) and (d). The ε values are also different: (a) 10−1, 10−0.5, 10−0.25; (b) 10−0.75, 10−0.25, 100;
(c) 10−0.5, 100, 100.25; and (d) 10−0.25, 100.25, 100.5.
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