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Cloud droplets grow via vapor condensation and collisional aggregation. Upon reaching
approximately ~100 um, their inertia allows them to capture smaller droplets during
descent, initiating rain. Here we show that raindrop formation is not primarily governed by
gravity or thermal diffusion, but by a critical range of drop sizes (3—30 um) where collisions
are largely ineffective and controlled by van der Waals and electrostatic interactions. We
identify four pathways to rain. The coalescence pathway, which is slow, involves the
broadening of the drop size distribution across the 3-30 um low-efficiency gap through
collisions, until enough large individual droplets achieving efficient collisions have formed.
The mixing pathway, which is faster, requires mixing at the cloud top with drop-free,
cold, humid air to create locally supersaturated conditions that grow droplets above the
low-efficiency gap. The electrostatic pathway bypasses the gap through a static vertical
field creating attractive interactions between droplets. The turbulence pathway relies on
air turbulence to bring the droplets together at an increased rate, but we show that this
pathway is unlikely. For all dynamical mechanisms, we demonstrate that the initiation time
for rainfall occurs at the crossover between the broadening of the drop size distribution
and the emergence of individual droplets large enough to trigger the onset of the rainfall
cascade.

DOI: 10.1103/PhysRevFluids.9.123602

I. INTRODUCTION

A. Clouds and global warming

Anthropogenic climate change is a pressing issue that requires urgent attention and action
[1]. The complexity of the problem arises from the intricate interplay between human activities
and natural phenomena across a broad range of spatial and temporal scales. Among the various
components of the Earth’s climate system, clouds play a pivotal role in regulating precipitation
patterns, water resources, and agriculture. Moreover, clouds exhibit radiative effects that can vary
depending on their geometry, clustering, and altitude [2]. Despite the overwhelming evidence for
global warming, predicting its consequences on regional to global scales and the system’s responses
to potential mitigation or adaptation efforts remains challenging.

One of the significant sources of uncertainty in climate projections is the response of clouds
to warming [3-6]. Warm trade wind cumulus and stratocumulus clouds, which are prevalent in
the subtropics, have a substantial impact on the global planetary albedo. These clouds are highly
reflective and can cool the Earth’s surface by reflecting a significant amount of incoming solar
radiation [7]. On the other hand, deep convective clouds, which are common in the tropics, can
affect the atmospheric energy balance, circulation, and precipitation patterns. The behavior of these
clouds under global warming is critical for understanding and predicting the Earth’s energy budget,
hydrological cycle, and climate sensitivity [§—11]. The atmosphere can be conceptualized as having
a four-layer structure in the lowest portion of the troposphere (Fig. 1). The surface layer, where
thermals, i.e., hot, humid, buoyant parcels form, is characterized by strong temperature gradients
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FIG. 1. (a) Schematic of the structure of the atmosphere in the subtropics, illustrating the key physical
processes that lead to self-organization at the mesoscopic scale (adapted from [11]). (b) Pathways to rain
investigated in this paper. Along the slow pathway, shown vertically in the center, droplets first grow by
condensation and then from micron size to rain through successive collisional regimes involving Brownian
motion, van der Waals forces, hydrodynamic interactions, and finally a highly efficient coalescence cascade
to rain. This pathway requires a relatively large initial liquid water content to trigger rain rapidly enough.
It can be bypassed if temperature and humidity mixing produce very large drops (orange, left), if there is
a vertical electric field that increases the collision rate in the regime between Brownian and gravity-driven
inertial collisions (red, center right), where the collision efficiency is very low, or if turbulence can increase the
collision rate (pink, right) (adapted from [13,14]).

and turbulent mixing. Above the surface layer, a well-mixed convective layer is present, which is in
the ultimate convective turbulent regime [12]. Forced, passive clouds form at the top of thermals,
above the condensation level. This layer interacts with the weakly stratified cloud layer, where the
convective ascent of active clouds is partly driven by latent heat exchange during condensation and
evaporation processes. This layer is characteristic of cumulus-type clouds. In its absence, clouds
rise within a background of turbulent convection, rather than within a stably stratified background,
which is characteristic of stratocumulus clouds. Finally, the cloud layer is capped by a temperature
inversion, inhibiting the ascent of clouds that would rise to this altitude and exhibiting significant
radiative cooling. The strongly stratified free troposphere sits above this capping layer. This vertical
structure determines the fate of a moist, buoyant parcel rising from the surface layer that could form
a cloud and initiate rain. First, the parcel encounters colder air above it through the mixing layer,
enhancing its updraft. In the cloud layer, latent heat release through condensation warms the parcel
so that its top stays hotter than the surrounding air and keeps rising. Once it reaches the inversion,
the parcel becomes capped by warmer air and stops ascending.

B. Warm clouds

In warm clouds, where ice is absent, the formation of droplets occurs on solid particles known as
cloud condensation nuclei (CCN), as moist air ascends via convection and reaches the condensation
level. The concentration of CCN can significantly impact the number and size of cloud droplets,
which in turn can affect the cloud’s radiative properties and precipitation potential. The growth
of these droplets via condensation ceases when the surrounding air becomes saturated [15,16]. To
better understand this process, let us consider droplets within a closed, isothermal system, assumed
to be well mixed. This system initially contains a certain number of soluble nuclei per unit volume,
denoted as ¥, and a supersaturated water vapor density, denoted as p?. The mass growth rate of a
droplet of radius R condensing in an atmosphere with vapor density p, is given by [[17], chap. 13]

dm 4n  dR?

= py— =4nD(p, — R. 1
7 3P Tt D(py — Psar) (D
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Here p, represents the density of liquid water, and D is an effective diffusion coefficient of water
molecules in air. Assuming that all ¥ droplets per unit volume have the same radius, the water
vapor density can be expressed as p, = p¥ — 4w p,R? /3, where p, is the water liquid density. The
evolution equation governing the drop size R can then be rewritten as

RZ R2 3
dr” — g _ R ] 2)
dr 195} Rgo

In this equation, R is the equilibrium radius determined by mass conservation, given by
%m/fﬂzRgo = IOS — Psat- 3)

As a consequence, the volume fraction of liquid water in clouds, typically less than 1079, is
thermodynamically controlled by the difference between p° and pgy. Tp is a characteristic growth
time defined as

pg_psat D

This results in a trade-off between the typical drop size and the number of drops per unit volume.
A higher concentration of condensation nuclei favors a large number of small drops over a small
number of large drops [18]. The number of drops per unit volume in warm clouds is typically around
¥ ~ 108 m~3, leading to micron-sized droplets as a result of condensation growth [19]. In clouds,
Y is on the order of 1 gm™, and R is in the range of 1 to 10 um, resulting in tp ranging from
seconds to minutes.

Cloud models, as well as weather and climate models, typically include a set of equations derived
from thermofluidic equations, such as mass, momentum, and energy conservation. In this context,
the droplet size distribution is a function of droplet size, space, and time. While some models directly
solve the evolution equation of the distribution, allowing its shape to be obtained without imposing
it a priori [20-23] these methods can be numerically costly for simulated domains exceeding a
few kilometers [24]. To solve larger domains, including some climate models, bulk parametrization
schemes divide the size distribution into a few classes [6,25,26]. Based on the work of Kessler
[27] and Berry and Reinhardt [28], two drop populations are typically considered: cloud drops
and raindrops, with a separation around 30 um. Each class is represented by a small number of
its moments, typically concentration and total mass. Transition rates between classes are then
introduced phenomenologically, including autoconversion (cloud droplets becoming rain), accretion
(rain droplets collecting cloud droplets), and autocollection (rain droplets collecting rain droplets)
[27,29-32]. Some recent models simulate a small number of representative “super-droplets” in a
Lagrangian description to avoid the cost of an Eulerian description of the droplet field [33-35].
However, in all cases, the aggregation coefficients still need to be calculated a priori with good
mechanistic knowledge of the processes involved to accurately describe the microphysics at the
population level. For example, the collision rates between two cloud drops reported in the literature
are sometimes inconsistent and calculated over narrow size ranges, leading to poorly resolved
crossovers between different mechanisms [20].

“4)

Tp =

C. Rain formation

Rain formation in warm clouds is a complex dynamic process that remains an active research
topic in atmospheric sciences. The initiation of rain in warm clouds has been studied from two
different perspectives in the literature. The first approach, proposed by Bowen [36], focuses on the
growth of a single drop coalescing with a cloud of fixed droplets. The second approach involves
numerically integrating the droplet distribution as a whole, which allows for the consideration of
collective effects that can reduce the growth time [14,28,37]. Various explanatory mechanisms
have been proposed to account for the observed dynamics of rain formation in warm clouds. These
include stochastic effects of “lucky drops” that are able to grow faster than their neighbors [38,39],
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turbulence-induced rare but intense collisions [40—45], the presence of giant condensation nuclei
[46—49], the break up of centimer-scale drops into smaller droplets [50,51] and even radiative
effects [52].

Despite these proposed mechanisms, the rapid appearance of rain within just 15 to 30 minutes
in warm clouds remains largely unexplained and poses a significant challenge to understanding the
underlying mechanisms [53]. One of the main complexities of rain formation in warm clouds is
the vast separation between the concentration of raindrops and that of micron-sized droplets. The
concentration of raindrops in clouds is typically 10~ smaller than that of the smaller droplets [54].
Due to this substantial size difference, rain in warm clouds must be formed through the collision
and coalescence of cloud droplets. This process involves the merging of numerous droplets: one
million droplets of radius 10 um are required to form a single millimeter-sized raindrop. Therefore,
understanding the mechanisms behind the rapid appearance of rain in warm clouds remains an
important research question in atmospheric physics.

Here we propose a method for mechanistically understanding the different contributions to
growth towards rain. In Sec. II we describe the mean-field coagulation equation modeling the
evolution of the drop size distribution, the properties of the collision kernel describing collisions due
to thermal diffusion and gravity, taking into account inertial effects in the gas flow, noncontinuum
lubrication, flow inside the drops and electrostatic interactions, as well as the numerical integration
scheme. We investigate in Sec. III the interplay between the various microphysical mechanisms and
their effects on the drop population growth dynamics. Finally in Sec. IV we discuss under which
conditions rain can be initiated rapidly enough and which mechanisms are significant in this process.
Given the structure of the collision kernel, we isolate four possible scenarios for rain formation in
warm clouds.

II. MODEL

A. Smulochowksi equation

The modeling of the coagulation of droplets in warm clouds is based on the Smoluchowski
equation, which describes the evolution of an ensemble of drops uniformly distributed in space
and growing through successive pair coalescence [55]. This nonlinear, integro-differential partial
differential equation is mathematically complex and requires the expression of coefficients that
describe the transition from one size to another. Denoting by n(m, t) the density of drops of mass
m, this evolution equation reads [55]

8_n = l /m dxn(m — x)n(x)K(m — x, x) — n(m) /00 dxn(x)K(m, x), 5
ot 2 Jo 0

where K is the collisional kernel [17,56-58]. K (x, m)n(x) dx is the collision rate of a single drop
of mass m with the population of drops of size x. However, there is considerable uncertainty as
to the details of the processes involved, particularly for droplets of commensurable sizes between
3 and 30 um. The droplet size distribution in clouds broadens over time as droplets grow [59],
which initially involves the interaction of micron-sized droplets of similar sizes. Fogs exhibit similar
behaviors, evolving over time through condensation and collision. Identifying the mechanism
of droplet growth from observations remains an active research question [60]. The complexity
of dynamic measurements of drop size distributions in situ and the difficulty of separating out
microphysical processes make numerically integrated theoretical models an important means of
understanding cloud physics.

B. Collisional kernel

The Smoluchowski equation (5) admits simple solutions when the kernel K follows self-
similarity relations, which are defined by two conditions. The first condition is the homogeneity
property K(cx, cy) = ¢*K (x, y) for all ¢ [61-64]. The second condition is the asymptotic behavior

123602-4



PATHWAYS FROM NUCLEATION TO RAINDROPS

K o x*y”, which applies for x <« y and symmetrically when x >> y by interchanging w and v. These
conditions are met by certain physically relevant kernels, as discussed in Appendix A. In this generic
case, the distribution evolves regularly, with the largest drops growing according to power laws of
time. However, this evolution lacks the distinctive characteristic of rain: the abrupt emergence of a
few very large drops.

To elucidate the formation of rain, it is essential to account for the collective mechanisms
governing the coalescence of drops of varying sizes, which renders the kernel K not a homogeneous
function. In the cloud physics literature, the nonhomogeneity effects in the kernel are typically
represented by the collision efficiency E,, defined as the ratio between the full kernel and its
asymptotic limit of ballistic gravity-driven collisions [17,65]. In Ref. [66], we have extended
this definition of the efficiency to include the small-size behavior of Brownian collisions in the
asymptotic kernel. The complete kernel for two drops of radii R;, falling at their terminal velocities
U! and diffusing with the diffusion coefficient D;, reads in this case

K =E;m (R + R2)2|Uf - U2t|CIdiffs (6)

where gqif is a function of the Péclet number Pe = |U] — U, |(Ry + R;)/(D; + D,) only, which
quantifies the relative importance of diffusion and gravitational settling. When settling is much
stronger than diffusion (Pe > 1), gqisr ~ 1 and the asymptotic kernel is purely ballistic. When
diffusion is much stronger than settling (Pe < 1), qqirr ~ 4/Pe, which corresponds to purely
Brownian-driven collisions. In general, E; < 1: the mechanisms creating nonhomogeneity in the
kernel tend to inhibit collisions compared to idealized behaviors. However, as we shall see, it is
not so much the value of the kernel that determines the growth dynamics, but rather its functional
dependence with size.

The specifics of the kernel employed in this study are detailed in Ref. [66]. This kernel encom-
passes Brownian motion, droplet inertia, inertial effects in the gas flow, noncontinuum lubrication,
flow inside the drops, van der Waals interactions, and induced dipole forces in the presence of a
static electric field. It also incorporates reference models for the effects of turbulence [45], which
have a minor impact on the kernel under typical cloud conditions; their influence is discussed in
Sec. IV. Figure 2 illustrates the collision rate Ky of a single drop in a monodisperse spray of
droplets with radius R, and number concentration v, including a drop slightly larger than the spray
droplets. The liquid water content p; = %pg 1/ngo is kept constant, causing i to vary with Ry, as
¥ o« R2. The collision kernel K exhibits two homogeneous asymptotic regimes. For small sizes
below 0.4 um, Brownian diffusion dominates the collision rate. Collisions between droplets create a
local concentration gradient, driving further collisions. Although larger droplets diffuse slower due
to the Stokes-Einstein diffusion coefficient, their increased surface area allows for more collisions.
These size dependencies balance each other, resulting in a homogeneity degree of A = 0 in this
regime so that K/ decreases as R>. In the regime above 200 um, droplet inertia is large enough for
them to fall in straight lines, overcoming the lubrication layer. The drag force on the droplets is also
inertial, causing the terminal velocity U’ to increase with their radius R as U’ +/R. This results in a
homogeneity degree of A = 5/6 in this asymptotic regime. Contrary to conventional understanding,
where the collision frequency transitions between a Brownian regime at small sizes and an inertial
regime at large sizes [17], Fig. 2 reveals a range of drop sizes between 3 um and 30 um where both
thermal diffusion and gravity are inefficient at inducing coagulation. The collision rate displays a
minimum in this transitional regime. There is a small subregime between 2 um and 10 um where
van der Waals interactions dominate the kernel. The attractive effect of these forces counteracts the
repulsion of the lubrication layer, leading to an effective scaling law A ~ 0.77 in this size range
(for a more comprehensive discussion on this effect, see [66]). Around 20 wm, the collision rate
significantly increases with size as droplet inertia overcomes the lubrication layer. In this narrow
subregime, the kernel loses all homogeneity. We therefore hypothesize that the sudden emergence
of a few large drops and the transition to rain in warm clouds originate from the complex structure
of the collision kernel.
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FIG. 2. Collision rate of a drop of radius 1.1R,, with a homogeneous spray of radius R, and liquid
water content p; = 47 o R>, /3 = 1 gm~3, which sets the density yr. Dotted blue line: hydrodynamics alone;
dashed green line: adding thermal diffusion; solid purple line: adding van der Waals interactions; dashed dotted
red line: adding finally a static electric field. The asymptotic thermal diffusion regime is shown in shaded green,
and the asymptotic inertial regime is shown in shaded blue.

C. Numerical integration

We revisit the problem of collisional aggregation of water droplets, considering the system at
times larger than the condensation timescale 7p. Drops are initially distributed at a size around
R+, and the air between drops is saturated in water. A size-binning algorithm [67] is used to solve
the Smoluchowski equation, dividing the drop size range 64 nm to 7.7 mm into 549 logarithmically
distributed bins. Masses are expressed in units of the water molecule mass. The code is mass
conservative. The transfer of mass between bins is computed using a quadratic interpolation of
the mass density n(m), biased in the direction of small masses. The scheme is upwind-biased and
first order in time. The code has been validated on simple kernels leading to exact self-similar
solutions, and on an exact solution derived for a particular kernel and initial solution [68,69] (see
the Supplemental Material [70]). From the moments M, = [ m’n(m)dm, the average drop mass
My, = M/ My = %n pgR?n describes the core of the distribution, and the tail is characterized by the
typical drop mass m;, = M3/ M, = ‘3171 p¢R?. The initial number density of drops, ¥, controlled by
the density of nuclei is used to normalize the drop density n(m) so that the evolution depends on the
initial shape of the distribution but not on the initial density yr, once time is rescaled by 1/1.

III. ROUTE TO RAINDROPS

Figure 3 shows the typical time evolution of the drop density n(m), starting from a “cloud”
of 4 um drops formed by condensation. Consistent with the collision rate shown in Fig. 2, the
drop density n(m) evolves slowly until the tail starts presenting drops with a radius above 30 um.
Drops larger than this cross-over size efficiently absorb smaller drops as they fall in the air due to
their surface and inertia, accelerating their growth over a much shorter timescale. Figure 3 shows
this extremely rapid growth of the drops in the distribution tail once the low collision rate gap is
crossed. To understand the statistical trajectory for the growth of drops across the low collision
rate gap and the drop sizes involved in the coagulation process, we define the reaction mass m,
as the mass for which half the collisions leading to a mass m involve a small drop with a mass x
smaller than m, (see Appendix B for a formal definition). The reaction mass m, = ‘3171 0eR? gives the
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FIG. 3. (a) Mass distribution n(m) at different times, obtained by integration of the Smoluchowski
equation with the reference kernel K. Masses are expressed in units of the mass of a water molecule.
(b) Characteristic drop size R, in the distribution tail as a function of time, taking into account hydrodynamics
alone but neither thermal noise nor electrostatics (dotted blue line), including thermal diffusion (dashed green
line), adding van der Waals interactions (solid purple), and adding finally a static electric field parallel to gravity
(dashed dotted red line). p; = 1 gm™. (c) Characteristic drop size R, in the distribution tail as a function of
the relative time 7 /t;, where t; is the time needed to reach R, = 1 mm. The different curves take into account
the same mechanisms as before. For all collisional mechanisms, growth until 10 um is slow, and once enough
droplets have crossed 30 um, droplets growth by an order of magnitude in radius very rapidly. Growth then
slows down relatively due to concentration effects, as the mass of these large drops around 100 um is much
larger than the mass of the droplets that make up most of the distribution, and large drops of comparable size
are much fewer.

typical size of the small drop involved in collisions producing drops of mass m. This reaction size
is shown for the typical size of drops in the distribution tails m, in Fig. 4. During the fast-cascade
producing raindrops, the most numerous collisions take place between the dominant species (4 um
in the graph) and the largest drops. However, the situation is different during the crossing of the
low collision rate gap, between 1 to 30 um: the larger drops are formed by collisions inside the
tails themselves, and not between drops in the tails and drops in the core of the distribution. This
indicates that, despite drops larger than average being less numerous, the collision frequency is
higher due to the sharp increase in collisional efficiency. The route to rain is therefore not controlled
by a single dynamical mechanism that can easily be abstracted in an analytical model, but by subtle
processes associated with the nonhomogeneous structure of the collision kernel in the range of size
surrounding the minimum of the collision efficiency.

This result suggests a transition along the trajectory from nucleation to raindrops, shifting from a
collective dynamics involving all possible collisions in the core of the distribution to a dynamics
controlled by individual drops collecting mass while falling. Can these dynamics be described
by low-dimensional models, such as the bulk parametrization schemes commonly used in cloud
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FIG. 4. Collisional trajectory as defined by the reaction size R, as a function of the typical tail size R,, for
an initial distribution centered at 4 um. R, is the size that contributes half the growth rate of droplets of size
R, through collisions with smaller droplets (see Appendix B for a formal definition). Color field: collisional
efficiency E, [Eq. (6)], i.e., the ratio between the kernel K and an idealized, analytical kernel taking into account
only the geometric effects of diffusion and gravity. The region of low efficiency (green to blue) corresponds to
the regime where the reaction size R, is not the most populated size, but instead a larger, less populated size
that can produce more efficient collisions.

microphysics? To test this, we solve for the distribution n;(m) using a reduced dimensionality model
obtained by employing log-normal distributions as test functions. The equation is projected onto
equations for the moments of the logarithm f In(m)n(m)dm and f In?(m)n(m) dm. Figure 5 shows
that this approximation quantitatively predicts the slow increase of the mean size R, at small sizes
but fails to capture the cascade towards raindrops. Assuming that the few drops in the tail do not
interact with each other, but only with the numerous small drops, we label each drop by a particular
value of the cumulative distribution ¢ = fnjo n(x) dx. Figure 5(b) shows that c falls on a master curve
when plotted as a function of the drop radius R rescaled by a radius Ry(¢) obtained at a reference
value of ¢ (here chosen at 5 x 107!%). This indicates that drops belonging to the distribution tail
follow a similar path R(t). Considering a single drop absorbing small drops distributed as predicted
by the low dimensional model (bulk parametrization), its mass m = %rr,ogR3 grows according to
d—m—4n RZ@—/mde( m)xn; (x) (7)
ar P dr — Jo 4 XA
Figure 5(a) shows a good agreement at intermediate times when the mass contained in raindrops is
negligible compared to the total mass. However, at longer times, the amount of small drops decreases
due to their absorption by raindrops, leading to a collective regime in which raindrops interact with
each other indirectly through the depletion of the number of small drops.

IV. RAIN INITIATION TIME

A. Coalescence pathway

The first transition pathway to rain, starting from droplets of a few microns, involves the growth
of droplets through coalescence. Figure 3 illustrates that the rain initiation time #, of this coalescence
pathway to rain is directly determined by the time required for drops to grow across the low collision
efficiency gap. This process is governed by the delicate balance between dynamical mechanisms
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FIG. 5. (a) Characteristic sizes of the drop distribution as a function of time. For the full computation,
dashed dotted green line: size in the distribution core R,,. Solid colored lines: position of the front R, for values
of ¢ ranging from 1075 (red) to 1072 (blue). Black line: Ry for ¢ = 5 x 107!8. Dashed black line: continuous
growth for one droplet given by Eq. (7). Results for the bulk parametrization are in dotted lines; orange: core
size R,,, pink: position of the front R. (b) Cumulative distribution ¢ = [ n(x) dx as a function of R/R, where
the front size R; is given by ¢ = 5 x 107'8. Colors and distributions are the same as those of Fig. 3. The curves

collapse at all times for R 2 R, except right at the point of gap crossing.

persisting in the range of scales where both Brownian motion and inertia are small compared to other
effects. Indeed, although collisions are driven by gravity and are limited by hydrodynamic effects,
particularly by the lubrication layer, small effects, especially electrostatic ones, produce significant
variations in efficiency. Figure 6(a) summarizes the dependence of the rain initiation time f, on the
drop size R.,. For comparison, in the context of a warm cumulus cloud, f, is observed to be on
the order of 103 s [14,53]. For this slow pathway to occur within a reasonably short time, enough
droplets must be available for this nonlinear process to unfold rapidly enough. The rain initiation
time 7, is thus controlled by the liquid water content pg, as t, o 1/p4. Throughout this paper, the size
of the initial distribution is varied while keeping a constant liquid water content, p; = 1 gm™3. This
implies that larger initial drops are also less numerous. However, it is also feasible to vary the initial
size for a given density, ¥, which means that larger droplets also correspond to a larger liquid water
content. For a given initial droplet size, Ry, t, is given by #, ,od_l. When v is kept constant, p, is
proportional to R.>, which explains the rapid decrease of 1, as size increases in this scenario. The
curves of #, vs Ry, for any liquid water content can be obtained from Fig. 6(a) by shifting the curves
vertically, towards larger times as p; decreases. Starting from a cloud composed of 4 um drops, one
sees that t, ~ 10° s would correspond to pg ~ 300 gm ™3, which is far above any measured liquid
water content. The insert in Fig. 6(a) presents the dependence of 7, on the droplet density . The
rain initiation t, is not only determined by R, but is also strongly influenced by the width of the
initial distribution, as depicted in Fig. 6(b) using the standard deviation, o. Notably, the presence of
a few large droplets in the tail can initiate rain just as rapidly as increasing the average drop size.

B. Mixing pathway

If the mean drop size R, exceeds 10 um, then Fig. 6(a) shows that the coalescence dynamics
changes completely: the distribution contains drops large enough to enter the zone of efficient

123602-9



F. POYDENOT AND B. ANDREOTTI

(b)

10°4

107

o (pm)

FIG. 6. (a) Rain initiation time #, as a function of the initial size R, for a constant liquid water content
pa = 1 gm™3. The density v is determined by the liquid water content p; = 47 p, ¥R /3: larger droplets are
less numerous. Inset: 7, as a function of R, for constant density . (b) Rain initiation time f, as a function of
the initial distribution width o for R., = 4 um. Dotted blue lines: hydrodynamics alone; dashed green lines:
adding thermal diffusion; solid purple lines: further including van der Waals interactions; dashed-dotted red
lines: additionally incorporating a static electric field large enough to close the low collision rate gap (field
strength 50kV m™").

collisions, and the time 7, becomes much less sensitive to the nature of the mechanisms determining
the collision efficiency near its minimum. However, drops can hardly grow by condensation up
to 10 um in the bulk of the cloud. We therefore hypothesize that the growth of drops across the
collisional barrier takes place in the upper part of the cloud, where mixing with humid air at
a different temperature can occur. This second transition pathway to rain thus involves creating
particular conditions of saturation and CCN concentration above the cloud. To illustrate this fast
mixing pathway to rain, we consider the isobaric mixing of a fraction ¢ of saturated air from the
cloud with a fraction (1 — ¢) of dry, drop-free air [Fig. 7(a)]. Initially, the cloud air is at temperature
Tuioua and is saturated with a water vapor density psac(7cioud)- It contains a monodisperse population
of droplets with number concentration v and radius Ry. The dry air above the cloud is at temperature
Texe and is subsaturated with a saturation S’ < 1, resulting in a water vapor density of S pg (Texi ). We
assume that the density of cloud condensation nuclei (CCN) is the same inside and outside the cloud,
leaving the cloud droplet concentration ¥ unchanged. The temperature and water vapor density after
complete mixing are given by

T/ = ¢Taoua + (1 — §)Texe, (8)

p! = ¢psar(Tuaoua) + (1 — $)S psat (Texe)- )

We assume that the mixing process occurs on a timescale much shorter than the droplet condensation
growth time. The mixing process can either create supersaturated conditions if ,ovf > pat(TH), or
evaporate droplets otherwise. Once condensation/evaporation has taken place, the final droplet size
R is given by Eq. (3)

)01{ — Psat (Tf)

Pe

Figure 7(b) shows the final size of droplets initially at Ry = 4 um, for a fixed mixing ratio ¢ = 0.7.
Above a threshold temperature of the air above the cloud, which increases with its saturation,

4
-gwm?—@): (10)
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FIG. 7. (a) Schematic of the mixing process. Wet, cloud air is mixed with unsaturated, drop-free air at
a different temperature. The process is represented by the isobaric mixing of two different air volumes on
a timescale much shorter than the droplet condensation growth time. Cloudy air is saturated at 7 = Tijoud,
droplet concentration , droplet size Ry, and volume fraction ¢ in the mixture. The air above the cloud is
at T = T., at saturation S < 1 with a volume fraction 1 — ¢. The mixed air relaxes to saturation by either
growth or evaporation of the drops, which stay at a constant number concentration . (b) Droplet size R after
mixing as a function of the external air temperature T, for varying external air saturations S. The cloud is
initially at Ty,q = 15°C, with a number concentration v = 108 m~ of droplets of Ry = 4 um. Its volume
fraction in the mixed air is ¢ = 0.7. Both mixing with colder or warmer air can lead to droplet growth due
to the change in saturation, although mixing with warmer air requires it to be closer to saturation to avoid
evaporation. (c) Droplet size as a function of the mixing volume fraction ¢ for T jouq = 15°C, Ty = 2.5°C,
¥ =108m3.

droplets fully evaporate. If this air is wet and warm or cold enough, mixing leads to droplet
growth. For given initial saturation S and temperatures T¢joud, Text, there is an optimal mixing ratio
¢ for droplet growth, as shown in Fig. 7(c). Mixing should incorporate enough dry air to create
supersaturated conditions, but not so much that it dries out the upper part of the cloud. Mixing with
colder air at the cloud top is only possible during the initial ascent of an air parcel, as it needs to be
positively buoyant to find colder air above it. Once the cloud top reaches the inversion layer, it can
no longer rise as it becomes capped by warmer air. However, the isobaric mixing process presented
here is almost symmetrical with respect to which air volume is the warmest, as temperatures above
Teoua = 15°C in Fig. 7(b) show. Mixing with slightly subsaturated (S = 0.9, green curve) hot air
can still lead to droplet growth, as long as it is warm enough. The conditions needed for growth
above 10 um from this idealized mixing process alone are seldom fulfilled in clouds, requiring large
temperature differences and very wet air above the cloud. Such conditions could be achieved by
preconditioning of the atmosphere, through successive convective events that gradually moisten the
air [71-74]. The mixing pathway is an important mechanism that requires work far beyond the
rough analysis presented here. Mixing at the cloud edge is an active area of research, as the droplet
growth is coupled with small-scale turbulent fluctuations [75,76] as well as meter-scale radiative
cooling and entrainment [77,78].

C. Electrostatic pathway

Going back to Fig. 3(b), one observes that van der Waals interactions between droplets results
in a fivefold reduction in f,. This suggests a third possible pathway to rain. The gap in collision
efficiency can be bypassed by the introduction of a static electric field large enough to close the low
collision rate gap (dashed dotted red curve on Fig. 2). The typical field strength needed is 50 kV m™~!
(see [66]), which is significantly (60 times) lower than the electric breakdown field of 3000 kV m~ 1,
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FIG. 8. Rain initiation time f, as a function of the turbulent kinetic energy dissipation rate ¢, for different
initial sizes Ro.. The typical range for clouds is shown by hatched gray lines, below € < 1072 m? s> [78,91].
The liquid water content p; = 1 gm™ is identical for all three curves.

leads to a further reduction in #, by a factor of 10. Figure 4 demonstrates that the collisional trajectory
remains qualitatively consistent for all dynamical mechanisms considered. This consistency is
reflected in the robust decomposition of the dynamics into a collective enlargement of the core of
the distribution and individual drops growing in the tails by absorption of smaller drops. For drops
on the order of 4 um, a rain initiation time #, ~ 10° s requires an external electric field much larger
than the values reported in the bulk of nonprecipitating clouds [79,80]. However, even if the bulk of
the cloud is electrically neutral, the upper layer of the cloud may be subjected to significant electric
fields. Recent observations and field campaigns have investigated the charge and electric fields of
fair weather clouds, and has shown that in the midlatitudes, stratiform clouds are charged at cloud
base [81-83]. The magnitude of these effects in the tropics is unclear [84—88]. Droplet charging,
rather than the static vertical field presented here, could have effects on the droplet coalescence
rate [89,90]; however, droplets tend to have charges of the same sign, which creates repulsive
interactions. Further work is needed to measure the electrical properties of clouds over their entire
depth, along with their droplet populations, to determine which, if any, electrostatic mechanism
could lead to increased collision rates.

D. Turbulence pathway

A fourth possible pathway for rain formation would be dominated by turbulence-induced col-
lisions (Fig. 8). For particles smaller than the Kolmogorov length scale €x, which is the scale
of the smallest turbulent structures, turbulence is known to increase collision rates through two
different mechanisms. These effects are controlled by the turbulent Stokes number Sty = 7,/7x,
where 1, = 20¢R?/ (97,) is the Stokes time of the particle with radius R, and 7 is the Kolmogorov
time of the turbulent flow. At low Stg, droplets follow the underlying flow and behave as passive
tracers. When Sty is large, the velocity fluctuates on timescales much shorter than the particle can
respond to, allowing droplets to cross streamlines. Sty = 1 is typically reached around 40 um. First,
for moderate Stg, particles cluster in regions of low vorticity, leading to enhanced collision rates.
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At larger Stg, particles can be slung around by turbulent eddies and focused into regions where
they meet with large relative velocities. A turbulent collision kernel K, has been proposed by
Pumir and Wilkinson [45], based on the results of multiple direct numerical simulations of inertial
particles in turbulence (see references therein). The total collision kernel is taken additively as a
lowest-order approximation: Ky, = K + K. Here K refers to the kernel introduced previously,
which accounts for Brownian motion, hydrodynamics, and van der Waals forces. For water droplets
in air, turbulent coalescence dynamics are controlled only by the turbulent energy dissipation rate
€, typically around 107*~10"2m? s~ in clouds [78,91]. Figure 8 shows that turbulence has little
effect on the rain initiation time, due to the relatively weak turbulence in clouds. Its effect is larger
for smaller drops, as the efficiency gap strongly decreases the Brownian-gravitational-electrostatic
collision rate in this size range. Note that the turbulent collision efficiency is assumed to be unity,
i.e., all hydrodynamic effects are neglected when the turbulent flow brings droplets together, and
they are assumed to always coalesce. There is currently very little knowledge about the fine details
of turbulence-induced collisions, which could, as is the case for gravitational collisions, strongly
reduce the collision rate [92-96]. In the present stage of knowledge, this turbulence pathway to rain
is unlikely in warm clouds.

V. CONCLUSION

In conclusion, the initiation of rain in warm clouds requires two distinct conditions: the formation
of rain precursors larger than 30 um in the upper part of the cloud, and the passage of these drops
through a dense spray as they fall, allowing them to grow by collecting enough small drops (on the
order of 10°). It is not the core of the drop size distribution that triggers the onset of this cascade, but
rather its tails, which display much faster and very different dynamics. We have investigated four
pathways in this article.

First, the coalescence pathway requires initially small droplets to cross the low-efficiency gap
only by collision and coalescence, above which they rapidly grow. As the collision process is highly
nonlinear, the time to go through this pathway is inversely proportional to the liquid water content.
To account for the shortest observed rain initiation time (about 10° s), this pathway requires large
liquid water contents that may not be achieved in every precipitating cloud (roughly above 1 gm™3).
However, many clouds can sustain themselves for much longer, typically a few hours, in which case
this slow pathway becomes more likely.

Second, the mixing pathway bypasses the slow collision efficiency gap by growing droplets
above 10 um through mixing of unsaturated, droplet-free air with wet, droplet-laden air at different
temperatures at the cloud top. Mixing locally creates supersaturated conditions that grow existing
droplets rather than nucleate new ones. This fast pathway depends on the local structure of the water
vapor field and the drop size distribution [71,97-101], and requires sufficiently wet air above the
cloud to grow the droplets, rather than evaporate them and dry out the cloud. This suggests that
the relative history of successive convective plumes would control rain initiation in this pathway.
However, the temperature difference and humidity needed for droplet growth are large, and are
unlikely to be realized in usual atmospheric conditions, at least for the mixing model presented
here.

Third, the low-efficiency gap can be closed in the presence of a static vertical electric field
inducing attractive electrostatic interactions between colliding droplets. This electrostatic pathway
involves uncharged drops, as charged drops typically have the same charge [80], so their electrostatic
interactions are repulsive, further increasing the rain formation time. The field strength needed for
this pathway to become relevant is rather large (a fraction of the breakdown field), and has not
been observed so far in warm precipitating clouds. In the absence of ice through which charges can
be separated and large fields can emerge [102—107], it is unclear how the required fields could be
achieved.

Lastly, droplets can collide due to their relative velocities given by the underlying turbulence in
clouds. If the droplets have sufficient inertia with regards to the fluctuations of this velocity field,
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their collision rate could be greatly enhanced. However, due to the relatively weak turbulence in
clouds, this turbulence pathway is at this point very unlikely.

These four pathways are idealized scenarios that must now be tested using measurements
performed in different types of clouds. We have identified here that droplet size distributions, liquid
water content, electric field strengths, and turbulence intensities within various cloud environments
should yield the most information on rain initiation. Additionally, large eddy simulations and
cloud-resolving models [108] can help integrate these mechanisms and explore their interplay under
different atmospheric conditions. By combining observations with the theoretical insights present
here, we can achieve a better understanding of rain initiation processes and improve predictions of
precipitation patterns. This multifaceted approach will not only enhance our fundamental knowledge
of cloud physics but also contribute to more accurate weather forecasting and climate modeling.
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APPENDIX A: SELF-SIMILAR KERNELS

Different kernels of physical interest present self-similar properties. The relative Brownian
motion between two diffusing particles in a medium with viscosity 1, results in a collision kernel,
which has originally been studied by Smoluchowski [109]

2 kgT

K =20
3 7,

where the exponents are u = —v = —1/3 and A = 0. Similarly, differential gravitational settling

between two particles of radii R;, falling under their own weight at terminal velocity U/, results in
the kernel

7B 4y 43, (A1)

K =m(R + R)*|U{ — Uj)|. (A2)

There are two regimes for the fallspeed of droplets [17,110,111]. At small Reynolds number (below
50 um in air), the drag on the droplets is governed by Stokes’ law, resulting in U/ o R?, & = 0 and
A = v =4/3. At larger Reynolds number, the force on the droplets is quadratic with velocity so that
U} o «/Ri, i = 0and A = v = 5/6. Lastly, in uniform shear flow at rate y, the kernel is given by

K =3%y((R +R) (A3)

and n = 0, A = v = 1. This mechanism is relevant for small cloud droplets with low inertia, which
collide due to local turbulent shear at sub-Kolmogorov scales [112]. For certain initial conditions
and collision kernels, there are analytical solutions to the Smoluchowski equation. These include the
constant kernel K = Kj, the sum kernel K (x, y) = K;(x + y) and the product kernel K (x, y) = K;xy
[109,113-116]. However, only the constant kernel is of physical relevance, as it corresponds to the
limit of the Brownian kernel where particles have the same size.

The values of the exponents w, v, A control the qualitative behavior of the growth. Figures 9(a)
and 10(a) show the evolution of the distribution over time for two homogeneous kernels, respectively
the Brownian kernel (A1) and the shear kernel (A3). With the Brownian kernel [Fig. 9(a)], the
initially peaked distribution broadens and moves up in size, the typical size m, growing linearly
in time. With the shear kernel [Fig. 10(a)], a power-law regime develops from the initial peak and
grows towards larger sizes, and is cutoff exponentially above m,. In both cases, after a short transient,
the evolution enters a self-similar regime [Figs. 9(b) and 10(b)]: the rescaled distribution n/n(m,) as
a function of the rescaled size m/m; collapses onto the same curve at large m/m;,, and extends over
time as a power law towards smaller m/m;,: for the Brownian kernel, n(m)/n(m,) ~ 1; for the shear
kernel, n(m)/n(m,) o (m/m,)~""3. To understand these kinetics, we consider a single drop of mass
m, growing by collisions with i drops per unit volume that are all of size m. We assume that for all
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FIG. 9. (a) Mass distribution n(m) at different times (colors from blue to red), obtained by integration of
the Smoluchowski equation with the homogeneous Brownian kernel. Masses are expressed in units of the mass
of a water molecule. Insert: typical mass m, as a function of time. Times are sampled logarithmically, so that
the distribution, of which its typical mass grows linearly in time, appears to be moving at a constant rate in
log scale. (b) Rescaled distribution n/n, as a function of the rescaled mass m/m, at different times [the same
as panel (a)]. The mass used for rescaling is the typical mass in the tails m, = [ dmn(m)m?®/ [ dmn(m)m?, and
n, = n(m,). Solid black line: apparent scaling law n/n, ~ const.

sizes, the scaling behavior K = Kx**y* holds exactly. The growth rate of the drop reads

W Ky (Ad)
— = K,yrm”.

dr )

Depending on the value of A, three behaviors are possible. For A < 1, m oc t'/1=): the drop grows
as a power law of time, linearly for Brownian motion (A = 0), as Fig. 9(a) shows. For A = 1, which
is the case for the shear kernel, m o< exp(K;it), as in Fig. 10(a). There is a remaining edge case: for

m
10°10"°10""10"10"*10™10"°10"*10"" 10" 10"° 10”°
1 1

10 T Ty T Ty T Ty T T “ T 10 T \_ \_ \_ \_ \_ \7 \_ \_ \_ T T
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FIG. 10. (a) Mass distribution n(m) at different times (colors from blue to red), obtained by integration of
the Smoluchowski equation with the homogeneous shear kernel. Insert: typical mass m, as a function of time.
Times are sampled linearly, so that the distribution, of which its typical mass grows exponentially, appears
to be moving at at constant rate in log scale. Masses are expressed in units of the mass of a water molecule.
(b) Rescaled distribution n/n, as a function of the rescaled mass m/m; at different times [the same as panel (a)].
The mass used for rescaling is the typical mass in the tails m, = f dmn(m)m?/ f dmn(m)m?, and n, = n(m,).
Solid black line: apparent scaling law n/n, o< (m/m,)"8.
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A > Lom=[mg "D — (1 = MKy)]VH) . m diverges at finite time 7. = 1/[K,yr(1 — A)m) ™11,
which is unphysical. Actually, a solution exists at all times [117-119]. At the critical time t = ¢,
the dilute phase and its size distribution separate from a cluster of infinite size, referred to as a
“gel” by analogy with the gelation transition [120-122]. The finite gelation time obtained with
these heuristics comes from finite size effects of the system; for A > 1 and u < 0, the gelation time
is rigorously zero [123]. It has been established that at long times, the size distribution no longer
depends on the initial condition, but follows the scaling laws [61,124-126]:

n(m) ~ not ~2lm/s(t)], (AS)

where ny is a constant and s(¢) is a characteristic size of the system, e.g., the mean size M/ M, or
a size constructed with higher order moments such as m, = M3/M,, used here. s(t) is a solution
to the one-drop growth Eq. (A4). Van Dongen and Ernst [126] have shown that the scaling function
¢(x) has two asymptotic regimes for A < 1. At large x, ¢(x) ~ x*¢%, with § a constant. At
small x, for u = 0, which is the case for the shear kernel, the scaling function follows a power law
¢(x) ox x7F, as shown in Fig. 10(b). The exponent t is smaller than 2 and for A = 1, its value is set
by the shape of ¢; here we find it to be around 1.8. For u < 0, ¢ decays exponentially at small x, as
Fig. 9(b) shows.

APPENDIX B: REACTION TRAJECTORY

The growth term in the Smoluchowski equation (5) can be written as

m m/2
% / dxn(m — x)n(x)K(m — x, x) = dxn(m — x)n(x)K(m — x, x)
0 0

= dxn(m — x)n(x)K(m — x, x), (B1)
m/2
by symmetry of the integrand n(m — x)n(x)K (m — x, x) around the axis x = m/2. We are interested
in the partial growth term

F@lm) = [y dxn(m — x)n(x)K(m — x, x), (B2)
0

which describes the contribution of drops of size smaller than y to the growth of drops of size m.
‘We define the reaction size m., as

1 m
F(m,|m) = EF <3|m). (B3)

In other words, the reaction size m, is the size for which the drops contribute half the growth rate
of all the drops of sizes smaller than m. The reaction size is defined with respect to another size; we
take this size to be the typical size in the tails m,. The results shown here are not very sensitive to
this choice, and are almost identical using instead the mean size m,,,.

m, is computed numerically in this paper, using the distributions n(m, t) obtained over time and
the full expression of the kernel K. To illustrate its physical meaning, we can compute it analytically
in the ideal case of the constant kernel. For the kernel K = 1 and an initial condition localized in
mass space, the long-term behavior of the solution is [Eq. (AS)]

1
n(x,t) = 2 exp (—%) (B4)

The typical mass is m,, = 2t. The partial growth rate is
F y|m exp s B5
t4 Y 2t
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such that the reaction size is

(B6)

my, =

4 9
meaning that the droplets of typical size m mostly react with each other. Numerically, we recover
the 1/4 prefactor at long times.
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