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We investigate the role of the correlation between a scalar quantity and the vorticity
in two-dimensional mixing at infinite Péclet number. We assess, using a diffusivity-
independent mixing norm, the dynamics of both Galerkin-truncated ensembles and freely
evolving two-dimensional scalar mixing. Both statistical mechanics and numerical ex-
periments show how the mixing rate is attenuated when vorticity and scalar are initially
correlated. Since the vorticity is shown to be a poorly mixing scalar, the results suggest
that, in general, mixing can be enhanced by minimizing the correlation between vorticity
and passive scalar.
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I. INTRODUCTION

The present investigation considers the mixing (or stirring) of a passive scalar. The scalar
can represent temperature fluctuations, pollutants, or any other passively advected quantity. The
propension of a given flow to mix is determined by the dimensionality of space, the properties
of the velocity field and of the scalar, the boundary conditions, the type of stirring, and initial
conditions. We discuss these different features for the special case of two dimensions, considering
an incompressible fluid, advecting a passive scalar.

The influence of boundary conditions is clearly very important, as shown by Raynal and Gence
[1], comparing chaotic mixing in periodic and unbounded domains. Chaotic mixing in wall-bounded
domains was considered by Gouillart e al. [2,3], where the presence of unmixed fluid near solid
walls was shown to slow down the mixing. In turbulent flows, the generation of enstrophy near the
walls was shown, on the contrary, to enhance mixing [4]. In the present case we will focus on the
simplest, academic case of periodic boundary conditions, avoiding thereby the issues related to the
influence of solid walls.

The stirring protocol is another important factor that we will omit from our analysis. Indeed,
to obtain efficient mixing, the stirring protocol can be optimized under constraints [5,6]. We will
let the flow freely evolve from initial conditions, in which case the precise type of the initial
conditions will affect the mixing [7,8]. In particular the typical size of the initial scalar compared
to the typical velocity length scales, or domain size, are important factors [9,10]. Moreover, the
study of strange eigenmodes reveals the existence of scalar fields of slowest decay, which attract
the long-time evolution of general initial scalar distributions [11,12], so that the rate of decay of
scalar variance is still sensitive to initial conditions. Again, to keep the description as general as
possible, we will consider random initial velocity and scalar fields. These fields are constituted by
random Fourier modes with a prescribed energy spectrum for the velocity field, and analogously, a
prescribed variance spectrum for the scalar quantity.

We have at this point simplified and specified the flow, the boundary conditions, omitted stirring,
and prescribed random initial conditions. The problem is then determined, except for one point:
To what extent the initial velocity and scalar fields are correlated? The influence of this initial
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correlation, more specifically the vorticity-scalar correlation, is the main subject of this study. This
question has received little attention [13—15] and only a very partial understanding of the influence
of the scalar-vorticity correlation on mixing exists. The question whether such an initial correlation
is beneficial or, on the contrary, detrimental for mixing has not been answered.

In this work, we combine statistical mechanics and numerical simulations to better understand
the influence of this correlation. In Sec. II we will show how any scalar field admits a decomposition
into a correlated and an uncorrelated part. In the case of full correlation, the scalar is the same as
the vorticity and is no longer passive. This decomposition allows us to use known results from equi-
librium statistical mechanics to describe the mixing. We employ two numerical approaches to study
this problem. In Sec. III, we present the theoretical predictions for a Galerkin truncated system and
make assessments using pseudospectral numerical simulations. Equilibrium statistical mechanics
applied to a truncated set of Fourier modes does not necessarily give an accurate description of the
nontruncated system. Indeed, transported fields are well described by Lagrangian propagators [16].
This property was successfully used in Refs. [17,18] to study the influence of forcing in the mixing
of active scalars versus passive ones. The Lagrangian structure of the equations is not retained in
Eulerian discretizations such as Fourier-Galerkin methods, therefore, we use in Sec. IV a recently
developed numerical method, called the characteristic mapping method (CMM) [19,20], to assess
the mixing of the full, nontruncated, system. Section V concludes this article and proposes potential
future studies.

II. GOVERNING EQUATIONS AND CONSTANTS OF MOTION

We consider the advection of a passive scalar field ¢ (x, ¢) in a two-dimensional (2D) periodic box
Q2. The scalar is transported by a two-dimensional incompressible and inviscid flow whose velocity
field u(x, t) is described by the Euler equations. The curl of the velocity, or vorticity, w(x, ) =
V x u(x, t) evolves according to

@& +u-Vo=0, (1a)
u=-VxAlo, (1b)

where the velocity can be recovered from the vorticity by the Biot-Savart relation Eq. (1b). The
initial condition is w(x, 0) = wy(x).

The linear advection equation under the velocity field u then describes the evolution of the
scalar ¢:

0 +u-V)p =0, 2

with ¢(x, 0) = ¢p(x). As we wrote above, we consider a general case where the initial velocity and
scalar field wg(x), ¢o(x) are random. The investigation of more specific initial conditions is left for
further research.

The quadratic invariants, or constants of motion, of a two-dimensional Euler velocity field are

E = / lul>dx, W = /wzdx. 3)
The energy E and enstrophy W characterize the velocity field. One can define a typical wave number

k, = W/E. 4)

This wave number characterizes the typical lengthscale of the velocity field. In the absence of
sources and sinks, it remains constant, since W and E are conserved. The scalar field is also
characterized by two invariants

S = f ¢*dx, Q= / wodx. (5)
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Whereas the variance S is determined by the scalar field only, the last quantity Q measures the
correlation between the scalar and the vorticity field. The quantity Q is, like the other invariants,
conserved in the absence of sources or sinks, so that its initial correlation persists throughout the
evolution of the system.

Two-dimensional turbulence contains an infinite number of additional invariants, Casimirs of
the form f f(w)dx. The choice to focus only on the four quantities £, W, S, Q is theoretically
supported by the fact that in the Galerkin truncated system that we will consider first, they are
the only surviving constants of motion, conserved, triad-by-triad by the nonlinear and advection
terms [21,22]. The truncated system allows us to use a statistical mechanical approach in Sec. III,
however since we ignore nearly all Casimirs, the investigation can be further refined. The Casimirs
are a result of the conservative structure of the system which transport scalars along Lagrangian
propagators. Therefore, we attempt to partially refine the study using a relabeling-based numerical
method in Sec. IV.

Regardless of truncation, it remains in all cases that the vorticity-scalar correlation is an invariant
of the system. Rescaling by the root-mean-square values, we define the relative correlation:

h=Q/vSW, 6)

a quantity which is constrained by the bounds 0 < # < 1. Our goal is to measure and understand
the influence of 4 on mixing.

The passive scalar and the vorticity share the same evolution equations (2), (1). The difference
is that the vorticity is related to the velocity by Eq. (1b). Since the evolution equation is identical,
we can decompose the scalar into a correlated part which is proportional to the vorticity and an
uncorrelated part ¢’:

p(x, 1) = (hyS/W)o(x, 1) + ¢'(x, 1), (N
with the following relations
/¢’wdx =0 and S = /¢’2dx = S(1 — ). (8)

The quantities S and S’ are independently conserved. The decomposition of the scalar Eq. (7) allows
to simplify the problem and to formulate predictions for the statistical mechanics of the scalar using
known results only. Indeed, the evolution of ¢’ to a statistical equilibrium state is governed by one
invariant, S’. The evolution of the correlated part will be fully determined by the evolution of w,
since A is constant. Therefore, if 4 = 1, the problem of the mixing of the passive scalar becomes
equivalent to the advection of the vorticity.

Before turning to the statistical description of mixing, we need to clarify how we measure mixing.
The eventual fate of a scalar in a realistic flow is determined by diffusion. At sufficiently small
values of the diffusivity, the mixing is piloted by the stretching and folding of the large-scale scalar
structures. In the present investigation we will not consider the effect of diffusion and we will use
the term mixing to denote the effect of the advection term on the scalar field. Note that sometimes
the separate effect of advection is called stirring to distinguish it from the effect of diffusion.

We want thus to measure the mixing independently of the values of diffusion (and viscosity).
We use a mixing norm previously introduced in the study of optimal mixing [23] (see also
Ref. [24]). This measure is a function of the inverse gradient |V~!@|; its value is representative
of the importance of the large scales of ¢. We introduce a characteristic wave number

_ [ ¢2dx
@\ TIvoRar ©

An increase of this characteristic wave number indicates that the scalar is on average transported
towards smaller scales. Typically this implies that the flow is mixing, since the eventual scalar
dissipation in a realistic flow is taking place at the small scales (or large wave numbers). We also
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note that in a periodic domain, for scalar ¢, one can check by Parseval’s identity that f IV~1¢|2dx =
S k2 Pk)?> = [ 1=V x A~'¢|?dx so that the typical wave number k,, [introduced in Eq. (4)] is
the ratio of the L? to H~! seminorms for , and kg is the same ratio for ¢.

There is currently no consensus on the optimal choice of a mixing norm [23-27]. The present
definition of a typical wave number k4 allows, by introducing the quantity ), k=" (k)| with
n = 2, to focus on the evolution of the large scales of the scalar field. Larger values of n would
further increase the relative weight of the large scales in the definition of k4. The advantage of
n = 2 is that the limit where ¢ = w corresponds to the case where ky = k,, = constant (since the
Euler equations conserve both energy and enstrophy).

One might argue that the vorticity mixes and that a constant value of kg does not correctly reflect
this. We note, however, that the mixing scale kg is not intended as an absolute measure for mixing,
but a relative one: comparing the value and evolution of k, for different scalar initial conditions
allows to determine which field is subjected to the strongest mixing under a given flow. We do not
further attempt to find the perfect measure for mixing and we will use expression (9). We anticipate
that using this definition, for most of the results in Sec. III and all the results Sec. IV, it turns out
that the reference case where ¢ = w is essentially the worst mixing scalar.

In the following, we will investigate the evolution of k4 for given values of / and k. We will
start by deriving a theoretical prediction.

III. THEORETICAL PREDICTIONS AND NUMERICAL VERIFICATION FOR MIXING
IN THE GALERKIN TRUNCATED SYSTEM

We consider that the velocity and scalar excitation are projected on a finite number of Fourier
modes in two-dimensional Fourier space. The smallest and largest wave number are kg, k;, respec-
tively. The evolution equations are also restricted to keep the excitation confined on these modes.
The scalar variance is then obtained by

ki
/ Eg(k)dk = S. (10)
ko

And a similar expression relates Ey (k) and S". In such a setup, the equilibrium solution of the
uncorrelated passive scalar is given by the equipartition solution

Ey(k,t = 00) = cgk, (11)

where ¢y = 2S’/(/’<12 —kg) (see, for instance, Ref. [28]). This simple expression describes the
equilibrium spectrum associated with ¢’. The correlated part is fully determined by the vorticity
field and its dynamics is determined by both the kinetic energy and the enstrophy. Indeed, the energy
spectrum determines both quantities according to

ky ky
/ E(k)dk = E, / KE(k)dk =W. (12)
k[) kO

For the scalar spectrum we have therefore
S
Ey(k,t) =E¢r(k,t)+h2Wk2E(k,t). (13)

To verify this relation, we carry out numerical simulations of the system. Standard Cartesian
pseudospectral solvers are the ideal tools to verify the present predictions of equilibrium statistical
mechanics, since these methods are based on a Galerkin truncation [29] and since they are known
to correctly conserve the invariants of the system. We use the two-dimensional code Ghost [30],
based on a vorticity-streamfunction formulation and second-order time integration. We start from
a Gaussian-shaped initial spectrum E (k, 0) ~ exp(—b(k — kz)?), with random Fourier phases and
kr = 4 and b = 0.125, setting the total energy at 1 and enstrophy at approximately 28, i.e., k,, ~ 5.3.
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FIG. 1. Results and predictions for equilibrium ensembles of the Galerkin truncated system. The wave
number range is confined to k € [1, 42]. (a) DNS results for the equilibrium spectra of the scalar variance E, (k).
Theory predicts a spectrum of h(S/W K> E (k) + c4k from Eq. (13). For clarity of the image, the & = 0.38 and
h = 0.77 data are shifted up by a half and full decade, respectively. (b) Influence of the relative correlation
h on the mixing scale k4 predicted from Eq. (14). Results are shown for different values of the characteristic
velocity scale k,,.

We plot in Fig. 1(a) the spectra Eg(k,t =t ) and the estimate Eq. (13), with Eg (k) = cyk.
For each value of i(t = 0) a different statistical realization of the initial conditions for E(k, 0) is
used. The time 7., is determined by running the simulations for ¢ ~ 8000¢,, witht,, = W~/ 2 atime
sufficient for the statistics to converge to a statistical equilibrium. It is observed that the predicted
spectrum is well approached by the theoretical estimate. We can then use this theoretical estimate
of the scalar spectrum to compute analytically the mixing scale k.

Using Parseval’s relation between the mixing norm and the scalar spectrum f IV-1¢|%dx =

k’: k‘2E¢ (k)dk, we find, after some elementary manipulation for the mixing scale,

ke = [Pk + (1 — k2] 2, (14)

where ky = ((ki — k3)/(21n(k; /ko)))'/%. The two limits of these expression are, for ky(h = 1) =
k., where the mixing scale is fully determined by the typical velocity length scale. And for the
uncorrelated case we have ky(h = 0) = k.

Expression (14) is plotted for fixed resolution (or k) in Fig. 1(b). We see there that the influence
of finite & is for most cases deleterious, i.e., kg4 is a decreasing function of 4. Only for large initial k,,
this effect is not observed. Nevertheless, this latter case corresponds to initial conditions where the
initial scalar field is concentrated at scales much larger than the excited velocity scales. In realistic
flows this will lead to very slow mixing. The reason that statistical mechanics predict enhanced
mixing for this case is that only final states are predicted, irrespective of the time it takes to reach
such an equilibrium state. This constitutes the limit of equilibrium-statistical mechanics to predict
realistic flows and we will therefore in the following use numerical simulations to understand the
dynamics of the full, nontruncated system.

IV. SIMULATIONS OF SCALAR MIXING BY THE EULER EQUATIONS

What we can retain from the results of equilibrium statistical mechanics is that it indicates a
tendency of less efficient mixing when the vorticity-scalar correlation is strong. The worst mixing
is attained when the velocity scale is largest, k,,/ko & 1. We note that this is a relevant case, since
two-dimensional flows are often dominated by space-filling structures.
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We will assess now if, as suggested by statistical mechanics, mixing is reduced when & # 0,
dynamically, when the system is not Galerkin truncated. Simulating the evolution of vorticity and
the mixing of a scalar without the influence of viscosity and diffusion is numerically challenging.
Nevertheless, recent advances in numerical analysis have led to the development of a numerical
method allowing to compute, in a precise and efficient way, exactly this evolution. The method we
therefore apply is the characteristic mapping method (CMM [19,20]), a method which, instead of
advancing the Eulerian fields such as vorticity and velocity, evolves the inverse flow map X g. This
map, also called back-to-label map, is given by

O +u-V)X =0, (15a)
Xp(x,0) =x, (15b)

and maps time ¢ Eulerian positions x to the initial position of the corresponding Lagrangian tracer.
One can check that for any advected quantity ¢ solving Eq. (2), the time ¢ solution can be expressed
as a relabeling of the initial condition via

P(x, 1) = ¢o(Xp(x,1)). (16)

These types of discretization methods act through direct pullback of the initial condition and
preserve the Lagrangian propagation structure of the advection equation so that all fields are
transported by the same Lagrangian propagators.

An immediate advantage is that once the flow map is determined for a given flow, it allows to
determine directly the scalar field ¢(x, #) for all possible initial conditions ¢y(x). Furthermore, the
solution of this advection is not frequency truncated and solves the nondiffusive advection. The
Casimirs and invariants of the system are naturally conserved so that we can compare the statistical
predictions for the truncated system with the long-time solutions of the nontruncated one.

Here we remark that, in the presence of viscosity and diffusion, propagators have stochastic
trajectories. In typical turbulent flows, due to the roughness of the limiting velocity, propagators
remain stochastic in the limit of zero viscosity, resulting in anomalous diffusion of advected scalars
(see Ref. [16] and references therein). We note that for the case studied here, the solution of the
incompressible Euler equations in two dimensions with smooth initial condition remains smooth
for all times, therefore trajectories are deterministic and propagators are Dirac measures. This is in
contrast to the finite viscosity and diffusivity case where stochasticity of the Lagrangian propagators
must be taken into account [17,18].

For the tests performed here we start from an initial velocity field given by an enstrophy spectrum
concentrated around k,, with random phases and normalized to unit kinetic energy. The initial scalar
spectrum is defined by the bump function with k4 & 3.3. The evolution of the energy spectrum and
the scalar spectrum are shown in Fig. 2(a) for a range of correlation values. We see that as correlation
decreases, more scalar energy is moved towards the small scales, indicating a better mixing.

We quantify the extent of the mixing enhancement using the mixing norm of ¢. Define the

enhancement
ke JIV=1¢(0)>dx
M(p,t) = = s 17
@D = tw —\ TV dx a7

where the second equality is obtained from the fact that [ ¢*dx is a conserved quantity. The
enhancement number M (¢, t) measures the relative increase of the typical wave number in time
due to transport by the fluid. The essential difference with the results of equilibrium statistical
mechanics is that the enhancement measure M (¢, ) takes into account the initial conditions,
whereas equilibrium statistical mechanics only gives information on the final state, irrespective
of initial conditions. We note that in the 7 = 1 fully correlated case, ¢ = (Q/W )w, in which case
kg = k, = 4/W/E, which is a constant of motion, and hence M(¢, t) must remain 1.

To test the influence of the scalar-vorticity correlation on the mixing enhancement, we perform
the scalar advection using three flows obtained from the Euler equations where the typical wave
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FIG. 2. Results from computations using the Characteristic Mapping Method (CMM). Panel (a) shows
the final time-scalar spectra for various correlation values, with initial conditions k) ~ k) =~ 3.3. Panel
(b) shows the mixing enhancement M (¢, t,) as function of the scalar-vorticity correlation when transported by
various flows for a given amount of time. The average enhancement over a sample of 30 scalars is shown in
full line, the shaded area covers one standard deviation.

number k,, is approximately 1.7, 3.3, and 9.4 respectively. We generate for each flow a sample of 30
initial conditions ¢, of random phase and bump function spectrum such that ¢;, are fully decorrelated
from the vorticity wp and kg, ~ 3.3. Each ¢’ correspond to the & = 0 case, and together with w, we
generate a family of initial conditions ¢ ranging from 4 = 0 to 2~ = 1 and whose initial characteristic
length kg, range from kg to k. This effectively tests for the mixing enhancement generated by a
flow which moves at larger, equal, and smaller spatial scales than the advected quantity. Figure 2(b)
shows the results from our tests and a visual comparison between low and high correlation scalar
fields before and after advection is shown in Fig. 3. The time ¢ at which the enhancement is assessed
is fixed at ¢ &~ 20¢, with r, = W~1/2 as to normalize the average turnover over the three flows. The
same tests can be performed by instead scaling ¢ with E~!/2, but have similar results due to the
scaling symmetry of the Euler equations. In all cases, we observe that the mixing enhancement is
a monotonously decreasing function of the correlation . However, it seems that the sensitivity of
the mixing enhancement to variations of the correlation is not uniform. For cases where the flow’s
typical wave number k,, is larger than that of the initial scalar, the correlation affects the mixing less,
possibly due to scale separation. This was also suggested by the statistical prediction in Fig. 1(b).

Although the systems examined in Secs. III and I'V are different, the results we obtain are similar:
the correlation of the passive scalar with the vorticity field at initial time is, in general, detrimental
to mixing. We think that this agreement may be caused by the fact that for two-dimensional flow
the large-scale dynamics of the Galerkin truncated equations approximate well to that of the Euler
equations at large enough resolution. Consequently, the statistical predictions in the truncated finite-
dimensional system remain relevant for the full system.

V. CONCLUSION

The fact that initial velocity conditions are important for the efficiency of mixing is not surprising.
However, the fact that for a given random scalar field and a given random velocity field, fixing
E,W,S, the mixing can be as dramatically affected by the value of Q as observed in Fig. 2 is
something which might not have been expected from the outset. Indeed, the mixing scale for & = 1
remains constant, while for the fully uncorrelated case the mixing enhancement, for all our tests, is
consistently higher, typically by more than a factor of 2. We were not able to verify mathematically
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FIG. 3. Results from CMM computations. Panels (a) and (b) show the initial- and final-time scalar fields
for the # = 0 and & = 1 cases, respectively.
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if the vorticity field is the least mixed scalar, however our numerical experiments and analysis (see
Appendix) suggest that, in general, it is a badly mixed scalar.

In the definition of the mixing scale and the invariants of the system, we have not explicitly
assumed that the system is turbulent. We do therefore think that these ideas can be applied to
nonturbulent systems as well. A practical implication of the present insights is that, in optimization
problems (e.g., Refs. [5,25,31]), the constraint of minimizing the correlation between scalar and
vorticity might be a powerful way to approach the optimal mixing regime in both turbulent and
nonturbulent flows.
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APPENDIX: WHAT IS THE WORST-MIXING SCALAR
IN TWO-DIMENSIONAL EULER FLOW?

Consider any random scalar field 8, we try to find the most- or least-mixed scalar field in the
plane spanned by w and 6, with the objective of understanding what inhibits mixing and whether
the vorticity field is the least-mixed scalar in 2D. Up to rescaling, all scalar fields ¢ spanned by
combinations of @ and 6 can be written in the form

¢ = cos(a)f + sin(a)w. (AD)

For this part, we do not assume that 6 and w are uncorrelated, only that 6 # w.
The problem is then reduced to extremizing the mixing enhancement M (¢, t) by choice of o. We
note that by conservation of (¢(¢)) in time from the advection, we have

J IV '9(0)Pdx
JIV-te@)Pdx

Denote for convenience my = [ |[V~'¢|’dx, my = [ |V~'0%dx, m, = [ |V~ w|?dx = 2E, and
me. = [V710 .V wdx = (9y), where = A~'w is the stream function. We have that

M*(¢,1) = (A2)

/ IV~ 'o|2dx = cos*(a)my + sin(c)my, + 2 cos(a) sin(a )m,. (A3)

This allows us to write a closed-form formula for M (¢, t) in terms of «, my(0), my(t), m,,, m.(0),
and m,(t). Since energy is conserved, we do not write the time dependence of m,,.

In order to find critical points of the mixing enhancement, we evaluate the sign of the derivative
of M?(¢, t) with respect to «. This is determined by the sign of

My ()M (¢, 1) = my(t)damy(0) — my(0)dymy (1)
= my(t)(sin(2ar)(m,,(0) — my(0)) + 2 cos(2ar)m,(0))
— mg(0)(sin(2o ) (mg, (1) — my(2)) + 2 cosa)m(t)). (A4)

For the least-mixed scalar on the w-6 plane, as measured by the H ~! mix norm, the above «
derivative should be zero. Since we took 6 arbitrarily, unless w is already the least-mixed scalar, we
may assume without loss of generality that the least mixing is achieved by 6, i.e., at « = 0, with
@lo=o = 6. The vanishing derivative condition then gives

mg(0) _ me(0)
mo(t)  me(t)’

that is, the mixing enhancement of the most- and least-mixed scalar is given by its correlation with
the stream function.

Since we assumed that the mixing of 6 is worse than that of w, we have M(0,t) < M(w,t) =1,
so that the condition for the least-mixed scalar to be less mixed than the vorticity is

(0¥ (0)) < (B(Y (@), (A6)

that is, the correlation of the scalar field with the stream function is stronger for larger times.

Although the initial stream function is determined by the initial conditions of the flow, we
generally observe that in flows governed by the 2D incompressible Euler equations, the long-time
behavior tends towards a quasisteady state where the vorticity field and the stream function satisfy
a functional relation. This behavior has been observed extensively in DNS and was predicted
theoretically [32—-35]. This supports the observation that, in general, correlation with the vorticity
field inhibits mixing as vorticity is a decent predictor of the stream function for large times.
However, this does not necessarily mean that the vorticity field is the least-mixed scalar on any 6-w
plane. The question of finding the most- and least-mixed scalar field in the infinite-time asymptotics
still remains open and subject to further investigation.

0 =mg(t)m.(0) — mp(Q)m.(t) or M(O,t) = (AS)
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