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Blocking effects on mean ocean currents by offshore wind farm foundations
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The continued development of shallow continental shelf regions with offshore wind
farm (OWF) structures raises the question of what potential hydrodynamic impacts may
be expected. One such impact is a reduction in the ocean currents that results from the
additional frictional drag from the turbine foundation structures. To understand this po-
tential "blocking" effect, we construct a fluid mechanical model consisting of an idealized
circular patch of OWF with increased friction. The idealized OWF is then subjected to
a steady mean flow superimposed on much stronger elliptical tidal currents—a common
scenario in shelf seas with OWF installations. Due to the quadratic dependence of friction
on fluid velocity, the elliptical tidal currents result in a linearized friction acting on the
mean flow that is no longer parallel to the mean flow. This "anisotropic” friction has the
effect of deflecting, in addition to reducing, the mean flow in the region of the OWF.
However, it is found that a good approximation to the reduction of flow caused by OWFs
can be obtained by the simplest linear, isotropic representation of the friction, i.e., a linear
drag law. The flow reduction within the OWFs is found to be primarily dependent on the
ratio of the increase in drag coefficient inside the farm to that of the surroundings, with
weaker dependencies on the parameters describing the tidal ellipse. The magnitudes of the
flow reductions in the idealized model appear to be in approximate agreement with more
realistic modeling results, and are expected to capture the basic balance of the mean flow in
the blocking of ocean currents by many OWFs in the North Sea, especially with increasing
size in future development scenarios.

DOI: 10.1103/PhysRevFluids.9.103802

I. INTRODUCTION

In efforts to shift energy production to more carbon-neutral forms, there has been a rapid
expansion of offshore wind farm (OWF) development in coastal waters [1,2]. To reach promised
levels of sustainable energy production, many governments are currently planning rapid expansions
of OWF resources in the near future [3]. There is therefore a pressing need to understand and
quantify any potential impacts of these offshore developments on the physical oceanography of
coastal seas [4-6]. These potential physical changes are expected to have cascading effects that may
have the potential to alter marine productivity [7,8] and higher trophic levels, such as fish and whale
populations [4,9].

Changes in the physical oceanography arising from OWFs can be expected through the pro-
duction of turbulent wakes in both the atmosphere [10-12] and ocean [13-15]. Although important
contributions to ocean currents could arise from the altered wind stress on the ocean surface [12,16],
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we neglect this aspect of the potential oceanographic changes to focus on the changes induced by
the interaction of ocean currents with the OWF foundation structures. Such an interaction has been
found to lead to turbulence levels that are increased from the natural environment [15,17], which
cause changes to the stratification [14-16,18,19] and to mean ocean currents [19]. Little effect is
expected to tidal currents (see [20] and Sec. VI).

This study is motivated by the finding in Christiansen ef al. [19] that OWFs in the southern
North Sea are capable of altering mean (i.e., nontidal) currents by as much as 10% of existing
values. We therefore undertake an idealized theoretical study of this process in order to better
understand the basic physics at work. The model that we employ has been first discussed in Garrett
and Cummins [21], where they present an analytical study that approximates the "blocking" effects
of a circular region of structures with increased friction in a shallow shelf sea subject to tides.
The goal of Garrett and Cummins [21] was to understand feedbacks between tidal energy extraction
and tidal friction. Some of these solutions are outlined below in the context of understanding similar
effects in offshore wind farms. Presently, we extend the Garrett and Cummins [21] study by allowing
for a modified anisotropic friction term that results from the quadratic nature of the bottom friction
in the presence of strong tidal currents. We therefore examine the blocking effects of mean currents
(i.e., those resulting from averaging over many tidal cycles) by OWFs, while accounting for the
dominant tidal currents and how they are capable of modifying the bottom friction.

The paper consists of a mathematical formulation of the problem, where we outline a basic
derivation of the equations and boundary conditions that apply. We then find solutions for two
special cases: (i) perfectly circular tidal currents which leads to a linear frictional drag formulation
and (ii) the limit of infinite friction within the OWF, where it can effectively be replaced by a circular
impenetrable boundary. Then we solve the full problem and relate it to the special cases above when
examining the effects of variable tidal current parameters and OWF friction levels. Finally, we apply
the idealized model findings to make predictions for three North Sea OWFs and find similar blocking
effects of the mean currents to the more realistic modeling study of Christiansen et al.[19] for two
of the OWFs, and a negligible impact on the currents for the other OWF.

II. PROBLEM FORMULATION

Our model of the circulation of mean currents in shallow shelf seas consists of the shallow water
equations on an f plane, subject to quadratic friction. Mathematically this is written as
O i+ [ x i+ gTh >_ g 1
o T i+ fxu+gVh = H+hlu|u (1
with i = (u, v, 0) the depth mean horizontal velocity on the horizontal Cartesian coordinate system
(x,5,0), f = (0, 0, f) the vertical component of the Coriolis vector, g the gravitational acceleration,
h the elevation of the sea surface with respect to the still water depth H, and Cp, the frictional drag
coefficient. We assume that variations in £ are over a much larger scale than the region of interest.
Then we can take the horizontal mean flow to be divergence free [21], so

V.i=0. @)
This allows us to represent the flow by a stream function, ¥, such that it = (3y /9y, —9v /dx).

Furthermore, we will only look for steady solutions of the above equation with the nonlinear
term neglected. Justification for this approximation is considered later.

A. Friction of offshore wind farms

In this study, the current alterations of offshore wind farms are accounted for through their
modification of the drag coefficient, Cp, in (1). Drag forces per unit area arising from the boundary
layer that develops over the sea bed are typically represented by the drag law

= 0=

F = —poCHitli, 3)
where we denote a representative water density by po and the sea bed drag coefficient by C3. The
presence of the foundation structures gives rise to an additional drag force on the currents, above
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TABLE 1. Parameter estimates for OWF foundation geometries, tidal, and mean flow currents, at three
wind farms in the North Sea: BARD 1 Offshore (54.4°N, 6.0°E), Global Tech (54.5°N, 6.4°E), and the Dogger
Bank group consisting of Dogger Bank A, B, C and Sophia (55°N, 2.2°E).

Wind farm
Parameter Symbol (Unit) BARD 1 Global Tech Dogger Bank
Foundation geometry:
Frontal area Ay (m?) 402 560 155-300
Turbine spacing £ (m) 866 733 2450
Drag coefficient Cp, (-) 1.0 1.0 1.0
Depth H (m) 40 40 18-35
M?2 Tidal currents:
Tidal amplitude it (ms™h) 0.41 0.41 0.26
Ellipse axis ratio b() 0.11 0.15 0.29
Orientation 6 (°) —14 -23 6
Mean flow:
Magnitude U (@ms™) 0.026 0.020 0.022
Direction Ao () 45 90 127
Dimensionless control parameters:
Friction ratio q) 0.11 0.21 <0.01
Mean/tidal current ratio liio/t1] (=) 0.06 0.05 0.08
Nonlinearity parameter §() o(1) 0o(1) 0.3-0.6
Model predictions:
Reduction ) 0.048 0.086 <0.01
Deflection ©) <1 <1 <1

that provided by the sea bed. We quantify this by the following drag law (see [14]) for the force per
unit horizontal area:

- ,O()C 1A IR

F =220 il &)
with the structure specific drag coefficient given by Cj,, the frontal area of the structure by Ay,
and a typical horizontal spacing of the structures represented by the distance £. Although the drag
force of each structure will manifest itself as a turbulent wake, we concern ourselves with the mean
overall effect of the entire farm (composed of many structures) once the various individual wakes
have merged. Therefore, we increase the background (sea bed) drag coefficient, C9, by the value
ChAy/ (20?) within the OWF area to quantify the OWF effect. An important dimensionless param-
eter that is used to quantify this increase in friction is the friction ratio [21], ¢ = ChLA;/(2CP %),
giving the ratio between the additional structure-induced friction, and the background. Typical
values of these parameters have been tabulated for a number of OWFs in the North Sea in Table I,
and a discussion is presented in Sec. V.

In our estimates of the friction ratio and drag coefficients we have neglected the effects of any

scour protection measures that often take the form of an irregular rock layer around the structure
base. This would be expected to lead to additional friction that is not accounted for.

B. Friction in strong tidal flows

The quadratic friction term makes analytical solutions difficult. However, it is possible to simplify
this term by considering a flow that is composed of two components, ii = iy + ii;, where iy
represents the relatively small and (presumed) steady mean flow, and #; the larger amplitude and
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rapidly varying tidal currents. We assume that |iiy| < |#1], a situation that is generally true in many
coastal seas, where OWFs are constructed (see Table I for typical values). We note that the nonlinear
frictional drag term can then be approximated through

K K.,
=D\l ~ Kig = | o Ko | 5
| | 0 |: ny Kvy] 0 ( )

following [22]. This approximation is accurate to order O(|ii; |/|ip|). We now define K = ¢ k, where

¢ = Cp/H so we can write
_ kxx kxy
- [kyx kyy} ’ (6)

2 2 2 2 2 2
kxx=<“h—+”1>, k=<ul+_v1> kxy:kyxzﬁiv” -
up

where

with the angled brackets referring to an average over a suitable period that is long compared to the
dominant tidal periods.

In practice, we will represent the tidal currents by a single tidal frequency component that take
the form of a tidal ellipse, and average over this tidal period. Mathematically, this can be written

u1(t) = ii[cos(wt) cos(@) — bsin(wt) sin(@)], v1(t) = ii[cos(wt) sin(@) + bsin(wt) cos(d)],
(8)

where 0 < b < 1 is the ratio of the minor to major axes of the current ellipse. It represents how
elliptic the currents are, with » = 0 giving rectilinear currents, and b = 1 circular currents. Note
that taking 5 < 0 gives a change in the ellipse rotation direction; however, the K components are
invariant to this change, and we keep b > 0 without loss of generality. The orientation of the major
axis of the ellipse is given by #. Using this form for the tidal currents means we can express the
friction tensor components as k;; = iif (b, 0).

Using the tidal friction tensor form for the friction term results in a single equation for ¥, which
henceforth represents the streamfunction of the steady mean flow. The equation is derived by taking
the vertical component of the curl of (1), using (5). This is expressed as k- (V x Kii) = 0, with &
the vertical unit vector. In terms of ¥ we can expand this to

Li[y]+ Ly[y] =0, 9
where we have denoted
32 92 9?2
Li=K,— —2K,,—— + K.,— 10
! " ox2 T 9xdy + dy? (10)
and
L= 0Ky, B 0Ky, i n 0K, B 0K,y i (11
dx dy /] ox ay ax J dy

C. OWF geometry

In order to facilitate the development of analytical solutions, we choose an idealized OWF
geometry that is represented by a circular region of radius R, as in Garrett and Cummins [21].
The boundary of the OWF is denoted throughout by I'. We then take the friction coefficient to have
a constant background value, cj, and an increase to ¢y + ¢, within the circular OWFE. This can be
written mathematically as

cr=co+cHR-—r) = Ve=(—c8R—r),0) (12)
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where H is the Heaviside step function and § the Dirac delta function, and we have switched to the
standard polar coordinates (r, ).

D. Boundary conditions

In the regions where the drag coefficient is constant, i.e., inside and outside of the OWF, we can
write the equation for ¥ as
2 2 2
A A A S
ox 0xdy 9y?
The two solutions of (13) in these regions can then be connected by applying the jump conditions
of (i) continuous streamlines and (ii) integrating the full equation across the OWF boundary (see
below and Appendix A). Note that the Eq. (13) remains elliptic regardless of the tidal parameters,
since Kfv /(K Kyy) < 1 always.
In addition to the jump conditions, a far-field boundary condition will be applied that requires
the flow to approach that of an undisturbed free stream far from the OWF. Mathematically, this is
represented as

K, =0. (13)

Yx,y) —» Im{Ue ™z} as |zl > oo (14)

with z = x + iy, U denoting the magnitude of the free stream flow, and A, the angle that the free
stream makes to the horizontal.

III. ISOTROPIC TIDAL FRICTION: LINEAR DRAG

This section describes the method of solution for the problem by looking first at the simplest
case so that we build up to the full solution stepwise. We therefore look at the situation where the
friction tensor is what we will refer to as isotropic, being proportional to the identity matrix, i.e.,
where K,, = 0 and K, = K. This situation occurs when the tidal currents are circular with b=1,
having no preferred orientation. This is equivalent to representing the friction by a linear drag law,
as in Garrett and Cummins [21].

A. Problem definition
The governing equation (9) then reduces to
V2 + Ve - Vi =0. (15)

It is important to note that this equation, together with our chosen form for the friction coefficient,
results in a singular delta function behavior of the second term on the OWF boundary at r = R,
whereas Laplace’s equation applies everywhere else in the domain,

V2% =0 for r #R. (16)

To connect the two solutions in the regions inside and outside the OWF we apply the jump
conditions.
The first of these jump conditions corresponds to the continuity of streamlines,

(¥ 1z =0, a7

where we use the notation that [ f(x)]ly = f(X™) — f(X 7). The second jump condition is described
and derived in the appendixes, and can be stated as

[[er]]R =0. (18)

Here, and henceforth, all subscripts on ¥ denote partial derivatives.
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It will be advantageous to use the complex potential function to derive solutions. This is
defined as

Q)= P, y) +iv(x,y) 19)

a function of the complex variable z = x 4 iy. We will be concerned exclusively with the stream
function (opposed to @), obtained through ¢y = Im{€2}. Using the results of complex variable theory
we can also relate €2 to the velocity through

de vy + iy ' (20)
_— = Wy =UuU—10.
dz Y ’
B. Solution
We will immediately write a general solution to the problem of the following form:

17+ R*%/7, 2Z>R*

B, zZ <R%” @D

Qz)=Az+ {

where A, B, T are arbitrary complex constants to be determined by applying the jump and boundary
conditions, and the overbar represents a complex conjugate.
First, we require that the streamlines are continuous across the OWF boundary at » = R and find

[Q]z = R(te" + tei?) — B, (22)

with z = Re®. This shows that when B is taken to be real there is no jump in v across the boundary.
Next, we require that the flow be uniform with velocity U, and at an angle of X to the horizontal,
far from the OWF. This is written mathematically as

Q— Ue ™z for |z] — oo. (23)
Applying this condition to the solution in (21) gives an expression for A,
A+1)z=Ue ™7 = A=Ue™ —1. (24)

Finally, we can solve for the last remaining constant, 7, by applying the final jump condition. We
do this by noting that the radial derivative of ¥ can be expressed as

0 dQ2
Wr =Im <810 d—z> (25)
so that the jump condition can be found using
ds2 —ing R*t/7?2, Z>R°
G mven{FT 2k 26)
We can therefore write
e d2/dzlr = (1 + q)te? — te® — qUe ™€, (27)

where we have defined the friction ratio ¢ = ¢;/cq. After taking the imaginary component of this
and setting it to zero we can solve for t as

T = 2_7_—ql]€_i}\o. (28)
The full solution can then be written as
) 74 q ei2A0R2/Z’ 77 > RZ
Q7)) = Ue—i*o 244 29
@ € { —ziqz +B, <R’ (29)
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FIG. 1. Solution of the case of linear friction for the blocking effects in an OWF area (r < R) with boundary
delineated by the thick black line. The lines show contours of the stream function. The ratio of the linear
drag coefficients in this example is ¢ = ¢, /co = 3/4, and the far-field flow has 1, = 20°. The colors show the
magnitude of the velocity relative to the free stream, i.e., |ii|/U.

with ¥ (x, y) = Im{<2}. Furthermore, the velocities of this solution can be easily computed through
u = Re{d2/dz} and v = —Im{d€2/dz}.

There are some interesting aspects of this solution that we now discuss. First, a solution is
plotted in Fig. 1 for the value of ¢ = 3/4, a value significantly larger than typical OWF conditions
(see Table I) which we have chosen for illustrative purposes. It shows the streamlines of the flow
diverging as they approach the OWF area and converging again symmetrically downstream.

We formulate the reduction in currents within the OWF by

/12 & 12
Reduction = 1 — ”TJ”’ (30)
for r < R. This definition allows for values between zero and unity that correspond to no reduction
and complete blocking, respectively. We find that this can be expressed through a function of the
friction ratio as

Reduction = L. 31
2+¢q

Note that these values are independent of the size R, of the OWF. They also have the expected limits:

as ¢ — 0 there is no reduction of the currents, whereas for ¢ — oo there is a complete blocking of

the flow with reductions of unity.

In addition to the current reduction within the OWF region, there is also an increase in current
speed as the flow passes around the OWF (Fig. 1). The magnitude of this increase is greatest on
the boundary of the OWF that is perpendicular to the free stream flow direction (i.e., at locations of
7 = Re/™*7/2)) The increase can be quantified to be equal in magnitude to the reduction, with the
maximum and minimum velocities found to be |i|max min/U = 1 £ ¢/(2 + q).

The solution exhibits some unrealistic features that are a result of our simplifying assumptions.
Most notably, the currents are found to be entirely horizontal and constant within the farm. This
generally results in a jump in velocity across the farm boundary. In reality this sudden change will
be spread out over a transition region that is set by the wakes of the individual structures.
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(a) z-plane (b) & -plane
Y

€ =bx +i(ax +y)
x  Non-conformal
z=§+i(n—40)

as

Kyythan— .
2K:rywry + Kmmwmm =0 % 3\
1,7 o‘d\
S wb (d)X-plane
(c) Z-plane ¢
«” Im{X}
Im<{Z}

\ Y = 7 + /Z2+1 1
1 - Confoxrmal Re{x}
Z=4(x+1)

V3 =0 V2 =0

N[

dh

FIG. 2. Tllustration of the sequence of transformations used in the solution of the anisotropic friction cases.
Important parameters and scales are also shown, along with the governing equation of v in each domain away
from the OWF boundary.

IV. ANISOTROPIC TIDAL FRICTION

The full anisotropic tidal friction tensor is now used in finding a solution for mean flows with
friction affected by general elliptic tidal currents. The solutions will then generally depend on the
additional tidal parameters describing the orientation (6) and degree of ellipticity (b).

A. Solution method by coordinate transformations

The approach that we take to obtain the solution of (9)—(12) and (14) is through a series of three
coordinate transformations. These are summarized in Fig. 2 and described in turn below:

(1) The first coordinate transformation is designed to transform the governing equation (13), in
the complex z = x + iy plane, into the Laplace equation in the £ = ¢ + in plane. This transforma-
tion is given by

£ =bx +i(ax +y) with inverse z=§/b+i<n—%§), (32)
where

KoKy, — sz) 2 (33)

a=Ky/K,, and b= ( e i
W
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It can be written in terms of complex variables as

b+1 a b—1 a\_ i .
§= 2 TRt P frE e et reE (34)
with inverse transformation of
145 a 1-b a\- 1 i -
_ (7 _ .4 S I iy g o, pl0-FYy 35
z ( 5 12b>$+< 5 th)E b(y+e §—y-er§) (35)

It may be verified that this coordinate system transforms (13) into Laplace’s equation in the &
plane, i.e., Y;; + V,;; = 0. We note that this transformation is not conformal.

The boundary of a circlular OWF with radius R in the z plane is transformed into a tilted ellipse
in the £ plane. With the circle parameterized by z = Re™ this ellipse has the equation

£(0) = Rbcos O + iR(acosf + sin0) (36)
b+1 . b—1 .

= R<% + i;)de +R<T + ig>e’9 37)

— Ry+ei(9+a+) +R)/_€7i(97a’), (38)

where we have defined 2y = (a® + b*> £2b+ 1)!/?, and have also tan oy = a/(b £ 1).
(2) The second coordinate transformation is chosen as a rotation and scaling of the ellipse to
place its focii in the Z plane at Z = =£1. It is given by

¢
Z=—¢, (39
P
with coefficients of
2ab 1 1
with
, 1+ da? 5 a . 9 , 1+ad® . ) a . 2
A = e cos“(¢p) — A sin(2¢) + sin“(¢p), C' = 2 sin“(¢) + A sin(2¢) + cos“(¢).

(41)

Note that because this transformation is conformal Laplace’s equation must be satisfied in the Z
plane. The ellipse has the equation

R .
Z(0) = —e “[bcosO + i(acosf + sinh)] (42)
0

R , .
= [y 4y O] 43)
0

in the complex Z plane, where 28 = oy — «a—, and 2¢ = o1 + a_. It is possible to show that § =
—0, i.e., the negative of the orientation of the major axis of the tidal currents (see the appendixes for
derivation). The Z plane ellipse can be seen to have major and minor axes given by 2%()@ +y-)

and 2%()/4_ — y_), respectively.
(3) The final coordinate transformation takes the ellipse in the Z plane to the unit circle in the x

plane via

x=v(Z+VZ?>-1) (44)
with
_ R R? 1
oA p2A’ ’
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It is also conformal so that the stream function satisfies the Laplace equation in the x plane. Care
must be taken in this transform to choose the correct branch cuts in the square root term. The branch
cut must be placed on the line between Z = 1. The inverse transform is given by

1/ x v
Z=—-|l=+— (46)
2\v g
Relationships between v and other parameters can be derived by substituting x (¢ — 6) into the

above equation for Z and equating the major and minor axes lengths to give 2%()@ Ty )=v+£

v~!. For example, we can find that 2%)4 = v and 2%)/, =yl

Now that these transformations are in place we can specify the solution for Laplace’s equation in
the x plane and then perform the inverse transformations to recover the solution in the original z
plane.

B. Solution for infinite ¢

This special case consists of the limit as ¢ — o0 so that the circular OWF can be treated as a solid
object. There is only one solution that applies outside the OWF area, and one boundary condition
needed on the OWF boundary, namely that it must be a streamline, i.e., ¥ = 0 onr = R.

The solution for flow around a unit circular cylinder can be expressed in the x plane as

Q(x)=rx+§, 47)

for some appropriately chosen complex constant t. Notice that on the unit circle we have y y = 1
and €2 becomes the sum of two complex conjugate terms. This shows that the unit circle is the v = 0
streamline, and it can be confirmed that this boundary condition is also satisfied in the z plane.

The final boundary condition is that the correct far-field flow is obtained. To do this, we look at
how the uniform flow in the z plane can be transformed to a condition in the x plane. Given the
general uniform flow of Q(x, y) = Ue ™oz, we can write this in the £ plane as

U .
Q) = Ze"“[; +i(bn — ag)). (48)

However, it can be seen that this complex potential cannot be written as a function of £ only, i.e.,
we must write Q = Q(£, €) since the transformation between the z and £ planes is not conformal.
To avoid use of the conjugate in the conformal transformations to follow, we express the complex
potential in the £ plane in terms of an “equivalent” potential

Q'(E) =Uye ™8, (49)
defined such that the imaginary (stream function) part gives the correct far-field flow upon transfor-
mation back to the z plane. It can be shown that

cos Ay + sin A
y = [(@cos hg + sin ko)2 + (bcos ho)212/b and  tan(ry) = %. (50)
COS AQ

It is now straight forward to match this uniform flow in the far-field with a condition in the x
plane; as |z| — oo we have also all of [£], |Z], | x| — oo, so

, U )
£ — ﬁe"px = Q- _J/pe,@_)\l)x' (D
2v 2v

We can therefore equate the coefficient of the first (far-field) term of (47) with [(49) and (51)] to

give
U .
7 = L gio-r) (52)
2v
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b A w224
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0.0

yIR
|aju

X/R

FIG. 3. Streamlines of flow past a circular OWF in the limit of infinite friction, i.e., ¢ = o0o. Streamlines
within the OWF region are not part of the physical domain and are plotted only for mathematical insight. The
tidal current ellipse is plotted in the lower right inset panel with parameters of b = 0.15,8 = 60°, and Ay = 0°.
Stagnation points on the cylinder are shown as red dots with colors representing the velocity magnitude as in
Fig. 1.

and a full solution of

i(A—¢)
Q(x) = M[Xe—“l—"” + e—} (53)
2v X

The imaginary part of this solution, giving the streamlines, is plotted in Fig. 3 for a specific
example. Note that we have also included the field inside the OWF, which in this case of infinite
friction is not a part of the solution domain. It is included only for mathematical insight since it
shows the position of the branch cut.

The solution in Fig. 3 shows that the symmetry of the classical flow around a cylinder is broken
with the introduction of the anisotropic friction tensor. This is best manifest through the shifting of
the stagnation points on the cylinder surface through the angle 6,,. By setting d2/dx = 0 on the
surface of the cylinder, we can solve for the locations of the stagnation points as 6, = A1 — ¢ + 6
with £ radians added to this to get the second stagnation point. The stagnation point locations are
a function only of the tidal ellipse parameters b, §, and Fig. 4 shows how they change the value of
0sp: the more rectilinear the tidal currents (i.e., lower E), and the closer to 50° the ellipse orientation
(for low b), the larger the stagnation point angle. However, they do not reach larger than £10° from
the far-field current direction.

C. Anisotropic tidal friction: The full problem
Similar to our approach in the last two subsections, here we apply the same coordinate transfor-
mations and propose a trial solution of a similar form, i.e., we let

tx+T/x, xx>1

, 54
B, xx <1 (54)

a=az+|

with A, B, T complex constants. We also write this trial solution as Q2 = Qy(Z) + Q;(x) with Q¢ =
AZ defined throughout the domain, and €2; (the final term in Eq. (54)) defined differently inside and
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FIG. 4. Angle of the stagnation points, 6y, as a function of the tidal ellipse parameters.

outside the OWF area. The 2((Z) part is not explicitly written in terms of x to avoid an unnecessary
singularity in the x plane [23]. To arrive at a solution we now apply each of the jump and boundary
conditions to solve for the constants.

1. Jump condition 1: Continuous streamlines

The jump condition that requires continuous streamlines is easily fulfilled if we choose B to be
real, since on the boundary x j = 1 and inside and outside the OWF boundary €2; has vanishing
imaginary component. For simplicity we set B = 0.

2. The far-field boundary condition
In applying the far-field boundary condition from (51) to our trial solution (54) we are able to
solve for A in terms of 7 as

A=UypeP™) —2pr. (55)

It can be seen that the second term above is chosen to exactly cancel the far-field contribution of
Q1(x), with the first term then providing the correct “equivalent” potential to result in the required
far-field flow (exactly as in the linear drag case).

3. Jump condition 2

The final coefficient t, can be determined from the second jump condition. It is helpful to split
the solution for v into two components associated with the two terms of Q = Q¢ + 2; so that
¥ =¥ 4+ !, with ¢! being valid outside the OWF region only. This can then be substituted into
the jump condition found in the appendixes of

ne;
mley, =k — ?% =0, (56)

r=R

where m = ky, cos? 6 — 2kyy sin B cos € + ky, sin?6 and n = (ky — kyy) sin6 cos 6 + kxy(sin2 6 —
cos? 6). It is possible to simplify the jump condition above to

my}| _ =q[¥)(mcos6 — nsinf) + w}(,)(m sin6 + ncos6)], (57)

and to substitute into ¥ on both sides using the trial solution in (54). The radial gradient of ! on
the left-hand side can be written as

Yy = cos 0, + sin Oy, = bcos Oy, + (acos O + sin6)y,. (58)
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FIG. 5. Streamlines of flow past a circular OWF with the full anisotropic friction. Parameter values

correspond to ¢ = 3/4, 8 = —50°, b = 0.15, and A, = 0°. The tidal ellipse is shown in the lower right inset.
The flow within the OWF shows a reduction in current of 0.27 and a deflection of 2.1°.

This can then be combined with expressions for the gradients from the chain rule

ag VTR T G4z dy

where each term can be calculated from the transformations and the trial solution as

z e d 2o dR 7
ce_e” xS T (60)
e~ p ' dZ T x2-v¥ dy x*

Here we have expressed everything in terms of y and can write

d2, 0 tx*—7

& T e 2 v ob

with the OWF boundary given in the x plane by the parametric equation x (8) = ¢/,

Unfortunately, we were not able to find a managable closed form analytical solution to the jump
condition Eq. [(57)—(61)], and have relied on a numerical solution for the results presented in the
following. Details of the solution method are described in Appendix C.

4. Results

An example of the streamlines resulting from the above solution is shown in Fig. 5. Two general
features of the solution are worth noting: (i) the reduction in current strength throughout the OWF
and (ii) a slight deflection of the current direction within the OWF. The reduction was defined in
(30) above, and the deflection is defined mathematically by

Deflection = tan™! <E> — Ao, (62)

where i = (u, v) = (Y, =) is the flow within the OWF region, » < R. By first fixing the
parameters describing the tidal ellipse (b, #), and the far-field flow angle (Ao = 0), both the reduction
and deflection of the flow within the OWF area are plotted as a function of the friction coefficient,
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FIG. 6. The reduction (a) and deflection (b) of the flow within the OWF as a function of the friction
coefficient, g. The dashed line in (a) is the linear friction result for the reduction in current strength given by
q/(2 + q). The inset in (a) shows the reduction in the OWF-relevant range of q. The dashed line in (b) represents
the stagnation point angle at infinite friction. Other parameters taken for these plots are b = 0.15, § = —50°,
)LQ — OO.

g, in Fig. 6. It can be seen that the reduction in current strength follows the linear drag solution of
q/(2 + g), described in Sec. III, very closely [Fig. 6(a), dashed line]. This result also holds when
other values of b and @ are chosen. As expected, the reduction in currents approaches unity as
g — oo and vanishes as ¢ — 0.

An additional aspect of the solution that arises when anisotropic friction is used is the deflection
of the currents within, and around, the OWE. This was first seen in the infinite friction case in
Sec. IVB for ¢ — oo, where a shifting of the position of the stagnation points was found. As ¢
increases in Fig. 6(b) we see the deflection of the flow within the OWF being bounded by this
stagnation point value.

The dependence of the current reduction and deflection on the orientation of the tidal ellipse is
plotted in Fig. 7. Here we have fixed b = 0, giving rectilinear tidal currents for which the largest
deviations from the linear drag case are seen. Since the current reduction follows the ¢g/(2 4 g)

(a)

DAL >
o [}
+ o T,
N. C
5 10 Ke)
s 3
= b
& 0.9 Q
90  -45 0 45 90 90  -45 0 45 90

~

6 [deg] 0 [deg]

FIG. 7. The reduction (a) and deflection (b) of the flow within the OWF as a function of the tidal ellipse
orientation, 6. The reduction values in (a) have been normalized by the linear drag scaling of g/(g + 2). For
all curves b = 0.
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scaling so closely, we have normalized the reduction by this amount to look at variation around
this level in Fig. 7(a). The results show that 6 can cause departures from the g/(2 + ¢) result
by more than £10%, with the largest magnitudes found at the lowest OWF friction (g) levels,
and at tidal current orientations that are parrallel (highest reduction) and perpendicular (smallest
reduction) to the mean flow. Little deviation from the linear drag scaling result are seen when the
tidal current orientation is at 45° to the mean flow [Fig. 7(a)]. On the other hand, the deflection
shows a maximum close to orientations of 45°, with trends of increasing deflection for increased
friction ratio [Fig. 7(b)].

V. APPLICATION TO OWFS IN THE NORTH SEA

In this section, we tabulate typical parameters for three OWFs in the North Sea, and apply the
solution described above to arrive at expected values of current reductions and deflections.

The friction ratios of typical OWFs can be expressed in terms of tabulated values, as in Sec. [T A,
through

_a _ G A
1= T 2cs

(63)
We find it helpful to think of ¢ as being composed of the product of two terms [as formatted in
Eq. (63) above]. The first being a simple ratio of drag coefficients for the OWF foundation structures
and the flat sea bed, with much higher drag coefficients associated with the separated wakes of the
cylindrical foundation structures than the bottom boundary layer of the sea bed. However, this larger
structure drag coefficient factor is outweighed by the second factor, the ratio of the structure frontal
area to the area of sea bed around a foundation structure (£2). The resulting values of g are then
typically well below unity. For the BARD 1 and Global Tech OWFs in the southern North Sea,
Carpenter et al. [14] have estimated these areas and drag coefficients, and using their values we find
g = 0.11 for BARD 1 and ¢ = 0.21 for Global Tech (Table I). Very different friction ratios can be
found in the Dogger Bank group of OWFs, where a relatively wide spacing of the monopile turbine
foundations (£ =~ 2.4km) leads to a very low ¢ = O(0.01). A summary of the relevant parameter
estimates for the Dogger Bank OWFs (Dogger Bank A, B, C, and Sophia, which are still being
installed at this time), which we group together, are presented in Table 1.

The tidal currents and mean flows at the OWF sites are derived from regional simulations

designed to study the effects of OWFs on North Sea oceanography, as described in Christiansen
et al. [12,19]. They have currents that are dominated by the M2 tidal component with values that
characterize the tidal ellipse, and the mean flow shown in Table 1. All other tidal components have
been neglected for simplicity, but can easily be accounted for in the computation of the tidal friction
tensor. From the parameters in Table I we can verify the assumption that the tidal currents are much
larger than the mean flow, i.e., U/ii < O(0.1) at all OWFs.
With the parameters listed in Table I we are able to make estimates of the reduction and deflection
of the mean currents in an idealized OWF with similar friction, tidal, and mean flow parameters
as those in Table I, but with our idealized circular geometry. Application of the model solution
described in Sec. IV C above results in mean flow current reductions of 0.048 and 0.086 in BARD
and Global Tech, respectively, and deflections of less than one degree (see "Model predictions”
section of Table I). These estimates of the current reductions are within the range reported in
[19], who use a drag-based increase of the bottom stress and turbulence production in a realistic
simulation of OWFs in the North Sea. The current blocking effects of the Dogger Bank OWF,
however, are predicted to be negligible. This is due to the one order of magnitude smaller friction
ratio that comes with the significantly larger foundation structure spacing, £.
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VI. DISCUSSION

Our derivation of the solution for blocking effects within, and around, OWFs has made some
simplifying assumptions that are worth discussing in more detail. The first such assumption was the
neglect of the nonlinear advection terms in (1). Following Garrett and Cummins [21], we evaluate
the importance of the nonlinear terms through an order of magnitude analysis, comparing them to
the friction term. Noting that the nonlinear terms are expected to scale with the tidal velocity, i,
and the length scale of the OWF, R, we find ii - Vii ~ &i*/R. Similarly, the friction term is C3i#*/H.
Taking the ratio of these two terms, for our assumption to hold we require the dimensionless number

§= < 1. (64)

CPR
Substituting in for each quantity in & for the BARD and Global Tech OWFs from Table I, and
choosing a representative R = 10km, gives the estimate of § = O(1). Therefore, we expect that the
nonlinear terms could play a role in the dynamics of these OWFs at their current sizes. As the size
of OWFs grows in the future, this will have the effect of reducing & to limit the nonlinear effects. In
the Dogger Bank OWF we find lower values in the range of £ = 0.3-0.6.

Even if we considered only cases with & < 1, the neglect of the nonlinear terms is not universally
valid throughout the solution domain. In particular, we have assumed above that the length scale of
variability in the solution is R, whereas the actual solution shows rapid variability at the OWF
boundary (Fig. 5). In these regions a full solution would give a smooth transition across the
boundary.

Another simplifying assumption that was made in deriving the solution was to neglect any
feedbacks between the increased friction of the OWF and the tidal currents. This is also expected to
be accurate if the friction term is not of leading order in the balance of the tidal currents. We assess
this by comparing the magnitude of the unsteady term for an M2 tidal forcing, dii/0t ~ fiwy,, with
wy the angular frequency of the M2 tide, to the friction term of the tidal currents, C3i*/H. Using
the typical values listed above, we find the unsteady term to be a factor of approximately 5 larger.
We therefore expect that the introduction of increased friction from the OWFs does not lead to large
changes in tidal currents, as found in Cazenave et al. [20].

VII. CONCLUSIONS

An idealized model has been developed of the process by which the increased frictional drag
of offshore wind farms (OWFs) creates a "blocking" of mean ocean currents. This was done by
extending the previous work of Garrett and Cummins [21] to allow for a modified "anisotropic"
friction that arises from the quadratic drag law in the presence of strong elliptical tidal currents.
The modification requires that a series of transformations be made to convert the elliptical partial
differential equation to Laplace’s equation, and into a circular geometry that can be solved with
known solutions.

The results predict that for typical values of OWF foundation structures in the southern North
Sea, the reduction of mean current magnitudes within the farms can be up to approximately 10%,
depending on the relatively uncertain drag coefficient of the foundation structures. This result is
in line with a recent study by Christiansen et al. [19], despite the idealized circular geometry of
the OWF and the neglect of nonlinear effects. The model thus provides theoretical guidance to
understand the possible alteration of mean currents on the continental shelves where OWFs are
installed, or planned. The model is expected to apply to shelf seas where there is no strong feedback
between changes in bottom friction and tidal currents, and in cases where the nonlinear terms are
small. In future OWF scenarios where larger farms are envisioned to be placed in deeper waters, the
nonlinear terms are expected to be less important.

The results show that reductions in mean currents are primarily a function of the ratio of friction
coefficients, g, between inside and outside the OWF, and scales similar to the linear drag law result,
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i.e., with reduction ~¢q/(2 + ¢). This relation can be expressed directly in terms of estimated OWF
parameters as a reduction of Cj,/(4Cp€*/A; + Ch) in the mean currents, with dependence on both
the drag coefficients (structure and sea bed) and the area ratio of the OWF structures and their
spacing. Typical values for the reductions in current scenarios of OWF development show that the
current reductions are likely less that 10%, and show large variability depending on the density and
geometry of the structures in individual OWFs, where current reductions can also be negligible.
Additional dependence on the tidal ellipse parameters is also found and can amount to deviations
from this scaling of more than 10%, especially at low ¢. In addition to a current reduction, there
may also be a deflection of the current inside the OWF; however, these angles of deflection are
small (<1°) for expected levels of g, with theoretical maximum deflections of <10° for large g.

With our focus on a purely circular OWF geometry we have neglected to include a parameter
that describes a farm orientation. Such a parameter should have an effect on the current field. In
particular, we note that many OWF installations and development plans have a polygon shape which
may be possible to develop numerical solutions for using the model derived herein. This is left for
potential future work, which should also focus on the influence of the nonlinearity parameter. We
recommend conducting intermediate studies, between the idealized model presented herein and the
realistic simulations of Christiansen et al. [19], that focus on the response of OWFs with realistic
geometries and nonlinear effects.
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APPENDIX A: DERIVATION OF THE JUMP CONDITION

As described above, the second jump condition that must be applied is derived by integrating the
full equation k- (V x Kii) = 0, across the OWF boundary, where gradients of c(x, y) are singular
with delta function behavior. In terms of the stream function, we write this as

eV - (K*Vy) + Ve - (K*Vy) =0, (A1)
which correspond to the L; and L, operator terms in (9). Here we have defined
v _ | —ky ki
k* = |: ky k| (A2)
These terms can be combined into
V. (ck*Vy)=0. (A3)

We then integrate this equation over some part of the domain, V, and apply the divergence theorem
to show

/ V- (cA)dV = / cA - hdS =0, (A4)
14 A%

where we denote A = k*V/, and 7 the unit normal to the boundary dV. Since dV can be taken
anywhere in the domain, we set it equal to the outside and inside of the OWF boundary, denoted I'*
respectively. Then we can write

/CX-ﬁdS—/ cA-hdS =0 (A5)
r+ -

so that taking the curves I'* infinitely close together leads to

[cA - Allr =0, (A6)
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and the general form for the jump condition of
[c k*Vy - allr = 0. (A7)

This can alternatively be expressed in the form
lckii- #]r =0, (A8)

where 7 is the unit tangent vector to the surface I". This form of the general jump condition in (A8)
has a simple physical interpretation, namely, that the tangential component of the frictional stress
is continuous across the OWF boundary. This can be seen from the fact that the frictional stress is
proportional to ¢ Kii from (5).

We can verify that this general form produces the correct results in specific cases. In the case of
linear friction with a circular OWF of radius R this becomes

[cy Dk =0, (A9)

in agreement with [21].
For the same circular OWF where the friction is anisotropic, we can express

(k*%lﬁ) -t = —kyy c0S OV + kyy cOS OYr, + kyy sin O, — ki, Sin 01y, (A10)
and after switching to polar coordinates, this gives
K'VY) - A =—my, — nve. (A11)
r

Then accounting for the jump across » = R we get the final form of the jump condition of
on
mlley e = —= Vo (R, ) = 0. (A12)

This form can alternatively be derived directly from (9) by substituting for the polar forms of the
second derivatives and integrating across ¥ = R and using integration by parts.

APPENDIX B: DERIVATION OF g = —9

Using the identity
tan~!x —tan~!y = tan™! (x—y ) (B1)
1 —xy
we can write
1 —2a
28 = oy —a_ =tan <m), (B2)

and then we will substitute in for a, b using their definitions in terms of the k components. It is
helpful to explicitly write the tensor components in terms of the tidal current ellipse orientation via

kex = ii[g1 — g2 sin*(@)], (B3)
kyy = iilg) — g2 cos* ()], (B4)
kyy = u% sin(20) (BS)

with the coefficients g; independent of #, and given by
< cos?(wt)
[

cos?(wt) + b sin’(wt )]'/2

cos?(wt) — b* sin*(wt) >
[cos2(wt) + B2 sin(wr)]V/2 [
(B6)

>, g1 =380 — &2, ng<
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Then substituting in (B3)—(B5) leads to

—2a  _ =%k ned) (B7)
AR+ —1 ky—ky '

After using the odd property of the inverse tangent function, this gives the desired result of g =
(0 —a_)/2 =—6.

APPENDIX C: SOLVING THE JUMP CONDITION FOR t

The procedure that we use to solve the second jump condition (57) for t is as follows.
It can be shown through substitution of the k;; that

m() = zz{g3 _ %2 cos[2(6 — é)]} and n(6) = a% sin[2(6 — )], 1

where we have defined g3 = g; — g»/2. It is important to note that the r.h.s. can be expressed as a
purely sinusoidal function of 8 (i.e., with unit frequency). This can be seen through the results that

mcos6 — nsinf :ﬁ[gwos@— %cos(@—Z@)], (C2)
msin6 + ncos 6 =ﬁ[g3 sin@—i—%sin(@—Zé)], (C3)

combined with the fact that v are constants. /° is the stream function of a uniform flow, given by

2 :
Yox, y) = U(ycos Ao — xsin ko) — ——Im{ze¢). (C4)
o
It can be expanded to give the gradients in the z plane of
2
w)? = —-Usinig — t*—v[a cos(0, — ¢p) + bsin(0, — ¢)], (C5)
Jo
0 2v
¥y = U cos kg — T,— cos(b — ¢), (Co)
. )

where we have defined 7 = t,¢™.

Looking at the LHS, it is useful to multiply top and bottom of (61) by the complex conjugate of
the denominator and evaluate on the boundary (where x ¥ = 1) to get

a2,  2v v(t/v—i—fv—t_xz/v—vtxz)

== — (CT)
dg pel® 202(LEE — cos[2(0 — )
But we can show that
1+vY 2¢1— @
s = ! =g (C8)
v 82
so that
1+v* - 2m
—a cos[2(6 — 0)] = —, (€9
1% ugs
and finally we have
aQ i ™2
S _ 8 (D gy J T ry2). (C10)
dé 2pm v v
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Substituting the above forms into the jump condition gives us the 1.h.s. of
beosOIm{e ™ £} + (acosO + sin)Re{e  f}, (C11)

where we have defined f(0) = t/v+Tv —1x2/v — vrx% with x = ¢®®. The rh.s. can be
expressed as

pq{ [% cosf — cos(f — 2@)} v0 + [% sin® + sin(6 — 2@)} 1//3}. (C12)
2 2

This equation can now be used to solve for 7, by moving the terms on the r.h.s. that are proportional
to T to the lLh.s., giving a r.h.s. independent of 7, and noting that the unknown phase, 6, is
independent of the amplitude, t,. We therefore first solve for 6, by minimizing the mean absolute
error between lL.h.s. and r.h.s. for a range of 6,. This is followed by a similar optimisation procedure
for 7.
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