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What constitutes the “extra stress” exerted by a liquid endowed with odd viscosity [for
instance, the tensile or compressive stress imparted on a cylinder rotating in a viscous liquid
as was calculated by Avron, J. Stat. Phys. 92, 543 (1998)], requires clarification. The nature
of this extra stress depends on the character of the boundary conditions. We show that when
only velocities are prescribed on the boundaries, it is not the full anomalous (odd) stress
tensor that generates this “extra” stress but only its null divergence part, that is, the part
of the odd stress whose divergence vanishes identically. We demonstrate this fine point
by calculating the extra stress for a viscous liquid between concentric rotating cylinders
and the corrections to the viscosity coefficient in liquid suspensions. Similar conclusions
can be reached for a liquid with periodic boundary conditions. On the other hand, when
stresses are prescribed on some part of the boundary, the state of stress due to odd viscosity
becomes ambiguous. In general, it is the whole Cauchy stress tensor that now depends on
odd viscosity. There are exceptions, however, to this rule which we briefly discuss. Finally,
the decomposition of the Cauchy stress tensor into a part that is operative in the Navier-
Stokes equations, and into a null part (whose divergence vanishes identically) gives rise to
new fluid flow behavior and recovers previous results from the literature as special cases.

DOLI: 10.1103/PhysRevFluids.8.014104

I. INTRODUCTION

Avron and colleagues [1,2] pointed out that the hydrodynamic equations are endowed with
an additional viscosity coefficient, termed odd or Hall viscosity, when time-reversal symmetry is
broken either spontaneously or due to an external magnetic field or rotation. The Cauchy stress
tensor, apart from its usual rate-of-strain part, acquires additional terms (the anomalous or odd
stress), of nondissipative nature, that depend on field direction and which break the time-reversal
symmetry [3], (§13). There is a number of striking physical manifestations associated with the
presence of odd viscosity: a disk rotating in a viscous liquid experiences a normal compressive or
tensile stress [2] in addition to the shear stresses caused by the shear (even) viscosity; a swimmer
experiences a torque proportional to the rate-of-change of its area [4]; an expanding bubble will
promote an azimuthal flow on its surrounding liquid [5], in addition to the radial flow existing in
the absence of odd viscosity; chiral matter interfacial deformations level off in a manner akin to
surface tension [6]; and viscous unstable thin liquid films can become stabilized by the generation
of nonlinear capillary waves [7].

Odd viscosity is not merely introduced because of an abstract academic interest but has been
observed in experiment [6]: in a colloidal suspension of spinning magnets, a leveling off of the
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TABLEI. Explicit formulas for even and odd stress defined in Egs. (2) and (3) respectively, and in Cartesian
and plane polar coordinates, where v = ué, + vé, and v = v,, 4+ vy€y, with respect to the corresponding basis
vectors. For completeness we include the vorticity and continuity in the latter system.

Stress component even stress o°¢ odd stress o

Oxx 21, 0,u —1,(0v + ayu)

OX)' ne(axv + a}“) no(axu - 8y‘U)

Oyy 2n,0yv 10(0,v + Oyut)

Opr 21,0, v, —1,(0,vp — %Ué) + %391#)
09 ne(arUB - %UB + lraﬂvr) 27708/'-))'

) 27’)8(%801)9 + %Ur) 10(0,ve — %Ua + %39%)
Cauchy stress [Eq. (1)] o=—pl+o0°+0°

vorticity w = 0,5 + vy — 10pv,

continuity 0,v, + %v, + %89 vy =0

dissipation rate was observed at short wavelengths that could not be accounted for by the existing
hydrodynamic theory. Incorporation of the anomalous (or odd) stress into the theory, led to the
theoretical explanation of the aforementioned observation in the form of a boundary stress that
flattens surface deformations in a manner akin to surface tension.

Odd viscosity is compatible with isotropy in two but not three spatial dimensions [2]. In such an
incompressible liquid with broken time-reversal symmetry the Cauchy stress tensor o becomes [2]

o=—pl +0°+0°, (1)

where I is the unit tensor and p is the liquid pressure. In two dimensions

u;  du; . .
Gii'zﬂe(a—xj—i-a—xj), i=12 j=12, ()

is the standard (even) deviatoric part of the Cauchy stress tensor with standard (even) shear viscosity
Ne-

o’ in Eq. (1) is the odd part of the Cauchy stress tensor (also known as the anomalous stress)
which arises in the presence of time-reversal symmetry breaking due, for instance, to a magnetic
field. A constitutive law that contains the odd viscous stress was introduced Ref. [3], (§13). Here, we
will assume that a constant magnetic field is normal to the plane of a two-dimensional flow. In this
case the odd part of the Cauchy stress tensor is characterized by a single odd viscosity coefficient
1,, and its components read [2,4]

ou u u u
00 = —10(8i18k1 — aizakz)(—‘ + —2) + 00(8i1 82 + 3i28k1)<—‘ - —2), 3)

0x> 0x1 0x1 x>
where i = 1,2 and j = 1, 2. The components of the even and odd parts of the stress are collected in
Table I in two-coordinate systems.
Avron discovered that a solid disk (or cylinder) of finite radius R rotating with angular velocity
2 in an infinite viscous liquid, will experience the following extra tensile or compressive stress
(depending on the cylinder’s sense of rotation):

G;"e;(tra(R) = 21,42, “4)

([2], Eq. (61)) in the presence of odd viscosity. Is this the o, component of the odd stress in Table 1?
The answer is negative, in general.

In this article, inter alia, we systematize the search for this extra stress in viscous incompressible
flow in two dimensions. When it is the liquid velocity that is prescribed on the boundaries (and
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not the stress), for instance through the no-slip boundary condition, we identify the extra stress (4)
discovered by Avron [2], not with the full odd stress tensor ¢ in (3) but with the null stress tensor
o™l that is, the part of the odd stress tensor whose divergence vanishes identically. Thus, we
employ the decomposition

0,0 — 4 + o,o,null’ (5)

of Eq. (3), to be made precise below, in Eq. (14), where w is the scalar liquid vorticity in two
dimensions. Realizing this fine point is important in order to avoid reaching erroneous conclusions
regarding the state of stress in the presence of odd viscosity. We demonstrate this point in the
calculation of the Couette flow between two rotating cylinders and the more complex problem
of calculating corrections to the viscosity in a suspension. A problem with periodic boundary
conditions falls into the same category: it is the null part of the odd stress tensor that describes
the state of stress in such a liquid.

The situation is very different when it is the stresses that are prescribed on the boundary or
on some part of it. Now, every term of the total stress in Eq. (1) depends on the coefficient of odd
viscosity 1, and the interpretation of what constitutes the “extra” stress associated with odd viscosity
becomes ambiguous. Yet, this behavior is not universal and exceptions do exist. Such an exception
is the motion of liquid layer on an inclined solid substrate with a flat liquid-gas interface. Finally,
we show that the null divergence of the total stress [Eq. (1)] can give rise to new fluid-flow behavior.
For example, an expanding bubble in a viscous liquid will acquire an azimuthal velocity component
[5].

This article is organized as follows. In Sec. II we decompose the total stress tensor [Eq. (1)] in a
vortex part (that appears in the Navier-Stokes equations) and a null part (whose divergence vanishes
identically). In Sec. III we investigate the nature of the extra stress associated with odd viscosity
in problems when only the velocity is prescribed on the boundary. Thus, in Sec. III A we consider
the liquid flow between two rotating concentric cylinders. Here, and in any problem where only
velocities are prescribed on the boundaries, the “extra” stress due to odd viscosity is unambiguously
described by the null part of the odd stress tensor ¢”™!". In Sec. III B we show that it is only the null
divergence part of the odd stress tensor that needs to be employed in order to calculate corrections
to the odd viscosity coefficient in a suspension of cylinders or disks. Likewise, in Sec. IIIC we
show that it is only the null part of the odd stress tensor that determines the state of stress associated
with odd viscosity when periodic boundary conditions are imposed. In Sec. III D we revisit Avron’s
problem [2] about the flow around a rotating cylinder in a liquid with odd viscosity leading to Eq. (4)
because it contains an ambiguity: the values of the null odd stress 0”™! and the full odd stress ¢
incidentally coincide. We show why this is the case.

In Sec. IV we show that when it is the stress that is prescribed on the boundary or some part of
it, the interpretation of what constitutes “extra” stress associated with odd viscosity is ambiguous.
Two free surface problems are employed: first, a liquid in a corner between a solid substrate and a
gas phase under a surface shear and second, a liquid layer flowing down an inclined plane. In the
first case it is the total stress tensor [Eq.(1)] that depends on 7,. In the second case only the pressure
p depends on odd viscosity and thus one could resort to the formulation in Sec. III A to investigate
the state of stress associated with odd viscosity.

In Sec. V we provide the theoretical framework of null divergences as it was developed by
Olver [8] for the general case of n-dimensional fields. With the aid of the decomposition developed
in Sec. II, new fluid flow behavior can be discovered. We show, for instance, that the azimuthal
component of the liquid velocity field acquired by a radially expanding bubble [5], is recovered as
a special case of this formulation.

II. THE NULL DIVERGENCE OF THE NAVIER-STOKES EQUATIONS

In this section the full stress tensor o;; in Eq. (1) is decomposed into two parts. We separate the
part of the stress that appears in the Navier-Stokes equations (and which modifies the observables
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TABLE II. Components of the stresses ¢™° appearing in the Navier-Stokes equations and ™" (the null
stress components) that do not appear explicitly in the Navier-Stokes equations cf. Eqs. (9) and (10). Grouped
together, they form the Cauchy stress tensor (8) ¢ = ™5 + ¢™!! of an incompressible liquid.

Null Cartesian Null plane polar Navier-Stokes
Oux = 210, — 27]03y'4 O = 21,0,v, — 2770%(891# — vp) =P — Now
Oyy = zneaxv + 2T]oaxu O = znearv(ﬂ + 277(;arvr —New

ny = 27]68;*’4 + znoaxu Ogr = 2’70%(8ng - 1)9) + 2noarvr New

Oyy = 2neayv + 21,0,V Opg = Zne%(aeve = v,) + 21,0, V9 —P — 1o

u, v, and p), and the part of the stress that does not. The former depends on the (scalar) vorticity
w of the liquid. Motivation for this decomposition comes from the fact that the terms multiplied by
the coefficient of odd viscosity in the Navier-Stokes equations for an incompressible liquid appear
as the gradient of the (scalar) vorticity and thus, they can be “absorbed” into the pressure.

It is not difficult to show that the Navier-Stokes equations (subject to the incompressibility
condition) can be written in the form

plo:u + udu + voyu] = —09;p — N0y — N0, w, (6)

plorv + udv + voyv] = —0yp + N 0w — NyOyw, @)

where w = 9,v — dyu is the vorticity of the liquid in the z direction.

Because it was observed in the literature [5] that the odd viscosity terms in the Navier-Stokes
equations of an incompressible liquid can be expressed as the gradient of the scalar vorticity [see
Eqgs. (6) and (7)], we decompose the Cauchy stress (1) in two parts

o= (TNS + UnUIl, (8)

the first of which displays this vorticity dependence explicitly

o> = —p8ij — w(neeij +108ij), i=12, j=1.2. )

The second part reads
oM =2(edi — moe)Ly;. i=1,2, j=1,2, (10)
where L;; = 0u;/0x; is the velocity gradient, €1 = 1 = —e31, €11 = € = 01is the two-dimensional

alternating tensor and 7' stands for the transpose of a matrix. Explicit formulas for Egs. (9) and (10)
appear in Table II. The divergence of 0™ is identically zero, and this part of the stress tensor does
not explicitly appear in the Navier-Stokes equations. Only o™® will appear in the Navier-Stokes
equations.

The above can be formulated in terms of the stretching (rate-of-strain) tensor D and spin tensor
W of continuum mechanics [9] obtained by decomposing the velocity gradient L into symmetric
and antisymmetric parts

L=D+W. (1)
Expressing W as Wy; = %Cl)ejk, we have
oS = —p8ij + 2[nedic + no€ilWi;. (12)

Another route to obtain results in Eqgs. (10) and (12) is as follows. Collecting Egs. (2) and (3) in a
single compact formula shows that the total stress [Eq. (1)] can be written in the form

0ij = —pdij +2naDy;, i=1,2, j=1,2, where ny= (Ze _’7770), (13)
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and D;; = 2(3"‘ d”’) is the rate-of-strain tensor. Thus, replacing D by LT — W7 leads to the
results in Egs. (10) and (12).

III. THE EXTRA STRESS ASSOCIATED WITH ODD VISCOSITY

Consider the flow of a liquid with boundary conditions specified only by the velocities and not
the stresses. Collecting together the second terms of each of Egs. (9) and (10) we express the odd
stress tensor [Eq. (3)] in the form

ofy = —newd;j + o™, i=12, j=12, (14)
where w is the scalar vorticity in two dimensions and

of™ = —2neeull; i=1.2, j=12. (15)

In Cartesian and plane polar coordinates, respectively, where the velocity fields read v = ué, + vé,

and v = v,&, + vy&y with respect to their corresponding basis vectors, o, null

i obtains the form

v, v,
o,null 8yu 8xu o,null ( a6 1)9) r
o = =2n ( 3,0 axv) and o = =2n ( a{,i 86& . (16)

It is only the vorticity part —n,wd;; of the stress o} in Eq. (14) that appears in the Navier-Stokes

o, null

equations because the divergence of the null part o;;™"" vanishes identically

a,a;;"““ =0, i=1,2. (17)

o,null

We identify the extra stress in Eq. (4) found by Avron, with the tensor ;7" and not with the full
odd stress tensor o} This is a general result that is valid whenever the boundary conditions of the
liquid are specified by velocities and not the stresses. This is justified with the following elementary
argument: In the presence of odd viscosity and subject to the incompressibility condition, the
Navier-Stokes equations can be written as

pLOyu + udeu + vdyul = —0:p + 1.V u, (18)

P[0 +udv + voyv] = )p—i—nev v, (19)
where V? = 9, + 0,y and the modified pressure p is defined through

P =P+ nw. (20)

Prescribing only velocities at the boundaries and solving the Navier-Stokes equations gives rise to
fields u, v, and p that are independent of n,. The pressure p on the other hand depends on odd
viscosity through relation [Eq. (20)].

With the aid of Egs. (14) and (20), the rotal stress ¢ = —pl + 6 4+ ¢ in Eq. (1) can be now
written in the form

oij = —pdij + of; + o™ (21)

Since the first two terms on the right hand side of Eq. (21) do not depend on 7,, it is only the third
term, the null part a'; ™I of the odd stress in Eqg. (21), that will give rise to the extra stress observed
by Avron. We note that decomposition in Eq. (21) is identical to (Ref. [5], Eq. (6)), not developed

however in the context of null divergencies.

A. Flow between two rotating cylinders

In this section we show that the stresses o™ and o are different and thus care must be
exercised when one needs to identify the “extra” stress associated with odd viscosity.
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3.5

FIG. 1. Strength of the component g%™!! ~ ;17 in Eq. (24) of the null part of the odd stress tensor for fluid
flow between two rotating cylinders, as an example of the case where only velocities are prescribed on the
boundaries (here this is the no-slip condition). The “extra” stress associated with odd viscosity is o%™! and not

the full anomalous stress o, This is discussed in Sec. IIT A.

Consider two concentric cylinders of radii R; < R, rotating with angular velocities €2; and €2,
respectively, and containing a viscous liquid with odd viscosity 5,. The liquid velocity is azimuthal

([101, §18)

QR — QlR%r (1 — )RIRG |
R; — R} RE—R: r

vV =1y€y, where vy = , (22)

where r is the distance from the mutual center of the cylinders. Then, from Eq. (16) we find that
ool — 21,2, thus,

o™ (Ry) = 21,21, and o™ (Ry) = 2n,Q. (23)
Equation (23) describes the extra normal compressive or tensile stress (depending on the cylinder’s
sense of rotation and the orientation of the normal to their lateral surfaces) experienced by the two
cylinders.

The stresses o). on the two cylinders are markedly different from Eq. (23). Since o), =

— 2 _ 2
(52 — ”79) these stresses read o,.(R;) = 2770% and 0).(Ry) = 2%%

2 1 2 1
der surfaces. Thus, according to Eq. (21), it would be incorrect to identify the latter stresses as being
the “extra” stress associated with odd viscosity.

In Fig. 1 we display the strength of the rr component of the null odd stress

81)9

at the cylin-

1
2”01}_0 Y —

o null — .
r r

" (24)

We reiterate here that, when the boundary conditions are specified by velocities and not stresses,
the extra stress associated with odd viscosity is not given by the full expression of the odd stress
tensor ¢ as displayed in Table I and Eq. (3) but by the null stress 6™ as this is described in
Eq. (16) and tabulated in Table II.
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B. The viscosity of suspensions

Another example of the appearance of null stresses is in the calculation of corrections to the even
and odd viscosity coefficients in a suspension of cylinders (or disks) of radius a in a two-dimensional
incompressible flow due to a pure straining motion with rate-of-strain tensor E;;. The isochoric
constraint requires that tr(E) = 0. In a liquid endowed with two viscosity coefficients 7, and 7, the
presence of the cylinders modifies the flow. Following Ref. [11], the liquid velocity and pressure
read

ui(x) = Ejjx; + VipEj and  p = p> + PyE jk — now, (25)
respectively, where
1 a\4 X;X i Xy a\2
Vi = _E((Sijxk + 3ikx_i)<;) - 2a° ,,it [1 B (;) ] (26)
XX
P = —ana 2%, @
® = Oy, Up — Oy, U1, (28)

r* =x? and p = p™ + Py E jk. In the above expressions we employed the Einstein summation

convention on repeated indices and p™ is the constant pressure of the straining flow. We note that
u; and p, as described in Eq. (25) are the solutions of the Stokes equations with odd viscosity.

To compute corrections to the even and odd viscosity coefficients we need to form the average
of the stress tensor o in Eq. (1). This constitutes a generalization of the corresponding formula in
(Ref. [11], Eq. (5))

(01j) = LT. + 20 (Ex;j) + N(Si)), (29)

M Mo
ik <770 Ne )’

(-) is average over the entire dispersion volume (particles plus fluid), N is the number density of the
cylinders, I.T. are isotropic terms that do not play a role in the calculation, and (S;) is the average
extra particle stress expressed as a sum over all particles in a volume. Following (Refs. [11], Eq.(6),
[12], Eq. (4.5), (4.11a), and (5.11)), ([13], (§4.11)), and ([10], (§22), S;; obtains the form

where

Sy = [ A[=pou+ i+ ooy} (30)

where n; = x;/r is the normal vector at the cylinder surface (at r = a). The fields have been defined
in Egs. (25)—(28). Carrying out the integration over the disk surface we obtain the following three
contributions related to the three respective terms in Eq. (30):

Sij —n02na26,~kEk‘,~, A’ n i, nOZnazeikEkj. 31
The second term leads to the average stress in the form
(01j) = 2n.(1 + 2ma*N)E;;, (32)
which gives rise to the usual correction to the shear viscosity coefficient 7, in two dimensions:
ne' = ne(1+29), (33)

expressed in terms of the small ratio of the total volume of the cylinders to the total volume of the
suspension

¢ =na’N. (34)
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FIG. 2. The Taylor-Green vortex described in Sec. III C as an example of a flow with periodic boundary
conditions. Here only the pressure p depends on odd viscosity, see Eq. (37). The velocity fields are independent
of odd viscosity. The “extra stress” associated with odd viscosity is expressed by o®™!" and not o° [cf. Egs. (14),
(15), and (38)].

On the other hand, the first term in Eq. (31) cancels the third and we obtain no corrections to the
odd viscosity (at this order).

The above result could have been anticipated on the basis of the form of the null stress tensor. If
we replace the stress expression in the integrand of Eq. (30) by Eq. (21), it is clear that only ¢ ™!
depends on odd viscosity. A simple calculation then gives

/ {oo™xin }dS = 0. (35)

It would then be incorrect to calculate corrections to the odd viscosity of suspensions by employing
the odd stress tensor o alone in Eq. (35). Had we done so, we would have obtained the erroneous
result ¢ = n,(1 + ¢).

C. The Taylor-Green vortex: periodic boundary conditions

When periodic boundary conditions are prescribed in a viscous incompressible liquid endowed
with odd viscosity, then the fields u, v, and p are independent of 7, and these problems must be
described with the formalism developed in Sec. IIT A.

Consider the Taylor-Green vortex (cf. Fig. 2), now endowed with odd viscosity, which is an
exact solution of the two-dimensional Navier-Stokes equations, employed as a benchmark test for
the validity of numerical schemes, valid for any Reynolds number (all variables and parameters
should be considered here dimensionless). The velocity fields and pressure read

821,

(u,v)=c¢e !(sin 27x cos 27y, — cos 2 x sin 27ry), 36)

and

cos4mx 4 cos4my
4

—87%n,t

p=e 07N —4dmn,e sin 27 sin 27y, (37
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onitl]

Xy

e

0.

0.
—0.6

0.

(a) a_;,xnull or a_cy),ynull (b) O_;,ynull

FIG. 3. Plot of the “extra” stress generated by odd viscosity in a Taylor-Green vortex. It is only the null
component of the stress responsible for this contribution as was discussed in Sec. II1 A. (a) Plot of the o%™!!
stress (which is identical to the Gv”y'“““ stress). (b) Plot of the qu*"“ll stress. Both stresses are given analytically

in Eq. (38).

and p corresponds to the odd viscosity-independent term of Eq. (37). The state of stress associated
with odd viscosity can now be read off from Eq. (21). It is the null part of the odd stress tensor that
describes the effects odd viscosity has on the liquid.

In Figs. 3(a) and 3(b) we plot the dimensionless null part of the odd stress tensor [Eq. (16)]

_ 2
O.o,null _ o.o,null 87Nt

xx - Yy

. : _gn?
sin27rxsin 27y, ooM! 8t

=4mnn,e Yy

=dmn,e cos2mxcos2my, (38)

which constitutes the “extra stress” associated with odd viscosity.
It is clear that periodic problems should be described by the framework developed in Sec. III A
since the pressure p and the fields « and v are independent of odd viscosity 7,.

D. The Avron extra stress on a rotating cylinder

With the foregoing discussion in mind, we revisit Avron’s problem and calculate the stress
Eq. (4), cf. Ref. ([2], Eq. (61)). From Landau & Lifshitz ([10], §18) we know that the velocity
field outside a solid disk of radius R rotating with angular velocity €2 in a viscous incompressible
liquid is azimuthal

) QR?

V = 1p€y, Where vy = - 39
and r is the distance from the center of the disk. Then, the 7 component of the o™ tensor in
Eq. (16) evaluated at the surface r = R of the cylinder reads o*,”;"“” (R) = 21,2, which recovers the
Avron result [Eq. (4)].

It is only incidental however, that o, gives exactly the same result: o), = 21,2; this happens

because for this special problem we have @ = 0 and thus from Eq. (14) 0%™!! = 6% everywhere.

IV. THE EXTRA STRESS WITH FREE BOUNDARIES

When the stress is specified on the boundaries, then what constitutes “extra” stress due to odd
viscosity becomes ambiguous. This is because all the fields u, v, and p and their derivatives that
appear in Eq. (14) may depend on 7, and likewise for every term in the total stress expression
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sheart
- Free surface
=o
wall
viscous liquid
0=0

FIG. 4. Viscous liquid in a corner of angle o under a surface shear t on its free surface described in
Sec. IV (cf. Ref. ([14], Fig. 2(b))). This is an example where it is the stresses that are prescribed on a
part of the boundary. All fields and stress components of the Cauchy stress tensor [Eq. (1)] become odd
viscositydependent, making the definition of the “extra” stress ambiguous.

[Eq. (1)]. This has also been observed in Ref. [5] and was systematically developed analytically in
Ref. [15] for a number of free-surface problems of an odd viscous liquid.

As an illustration, consider a viscous liquid endowed with odd viscosity in a corner of angle «
between a solid substrate (at 6 = 0) and a free surface (at 6 = «) in Fig. 4 under surface shear t.
The boundary conditions for this flow are

v,=vy =0, at 6=0, and vy=0, o9y=71 on 0=a, 40)

applied on the streamfunction ¥ = 77%[A cos 26 + Bsin 26 + C6 + D], where the constants A to D
will be determined from the boundary conditions and r is distance from the corner tip. This problem
is identical to the one considered by Moffatt [14] but here the shear stress condition also accounts
for odd viscosity:

1
O = ne;agv, +2n,0,v, =17 on O =aq. 41

We can thus determine the streamfunction v and modified pressure p which now all depend on
No:
P2T(=2a + 26 — sinQQa — 26) — 260 cos(a) + sin(2a) + 2 cos(26)a — sin(26))

Y=— (s - , (42)
(2sina)a + 2 cosa) — 2)n, + (2 cosRa ) — sin(2a))1ne)

and
L 21,7 In(r)(cosRa) — 1) 43)
P= (2 sin(Ro)a + 2 cos(2a) — 2)n, + (2 cos(2a)a — sin(2a))n,

Likewise, the velocity fields v, = }% and vy = —%, the pressure p, and the stress tensors ¢¢ and

o? all depend on odd viscosity 7.

There are exceptions however, in which the fields and the stresses may remain independent of
1., although the boundary conditions are (partly) specified by the stresses. Consider for instance the
case of a layer of fluid above a solid substrate inclined at angle « to the horizontal and surrounded
by an ambient gas phase, cf. Fig. 5. Its free surface lies at constant elevation y = & (cf. Ref. [10],
(p- 54)). Now the shear stress at the free surface also accounts for odd viscosity

ou
Oxy = —P — No— = —Po, (44)
dy
where p and py are the liquid and gas pressures, respectively. Solving the Navier-Stokes equations

we find the same velocity field u = %y@h — ), to the one derived in the literature [10], but a
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FIG. 5. Liquid layer of thickness & with a flat free surface on an inclined substrate. Although stresses are
prescribed on the boundaries, the rate-of-strain tensor remains independent of 7,. Thus, the state of the “extra”
stress associated with odd viscosity is given by the null part of the odd stress tensor U" il (as described in
Sec. IIT) and not the full odd stress tensor o

different pressure

. +m;
p=po+ pgth— y)n— cos(a + f), (45)
where 8 = arctan "" . Here p = po + pg(h — y) cos «. Thus, it is only the pressure p that depends
on odd viscosity. Thus this problem falls into the category treated in Sec. IIT A. In these cases, the
state of the “extra” stress associated with odd viscosity is given by the null part of the odd stress
tensor o;; ™I and not the full odd stress tensor of

V. THE STRESS POTENTIAL AND NEW FLUID-FLOW BEHAVIOR

According to Olver [8], a vector o = (01, 02, ..., 0,) in an n-dimensional Euclidean space is a
null divergence (dive = 0) if and only if there is an antisymmetric matrix Q (Q;; = —Qj;) such that
0i = 9;Qij.

We can employ this theorem to reach certain conclusions about the flow structure of liquids
endowed with odd viscosity. The null stress o™/ can be written as a null divergence. For the Cauchy
stress tensor components of'! and of3!! we calculate, resorting to Table I,

0011 001 002 = 00x
null nully __
( 1 912 )_ < ox + ay ? ox + ay

) = (_28)‘(7781') + not), 20, (n.v + nott)).  (46)

In other words we find

Q12 = —2(nev + Nout) = — Q2. 47)
Repeating for the stress components o' and o3 we also obtain

Q12 = 2(nett — nov) = —Qa1. (48)
Of course, in two dimensions the off-diagonal components of the matrix Q correspond to the
vector potential of a field, so that (o, o1, 0) = —2V x (n.v + n,u)é, and (o, ol 0) =

2V x (n.u — n,v)eé,, where €, is the unit vector in the z direction in a Cartesian frame of reference.

With this theoretical framework in mind, one can invent new fluid-flow behavior. For instance,
consider the expanding bubble problem [5]. The null stress tensor can be read off from Eq. (10)
or directly from Table II. The boundary condition of zero shear stress o, = 0 at the bubble-liquid
interface at r = R can thus be written as

O = 28)‘[’70117' + Ueve] + n.w = 0 at r=R. (49)
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Since there is no mechanism that generates vorticity at the boundary, we can set w = 0. The obvious
solution then, that satisfies Eq. (49) is

vo = —2y . (50)

TNe
i.e., exactly the solution that was obtained in the literature [S] by other means. This constitutes new
fluid flow behavior induced by odd viscosity, superposed on the radial expansion of a bubble [13].
It is possible to also calculate the matrix Q, which would lead to the same result.

VI. DISCUSSION AND CONCLUDING REMARKS

In this article we showed that when only velocities are prescribed on the boundaries, the stress
associated with odd viscosity is identified with the null stress tensor [Eqgs. (15) and (16)], that is,
the part of the stress tensor whose divergence vanishes identically. We demonstrate this point in
the calculation of the Couette flow between two rotating cylinders and the more complex problem
of viscosity of suspensions. In general, problems like the Stokes oscillating plate, Couette and
Poiseuille flow in a channel, the Rayleigh impulsive motion of a boundary, and Hiemenz flow will
all have an odd viscosity dependence only through the null odd stress tensor whose theory was
developed in Sec. III.

The situation is very different when it is the stresses that are prescribed on the boundary or
some part of it. Now, every term of the total stress [Eq. (1)] depends on the coefficient of odd
viscosity 1, and the interpretation of what constitutes the “extra” stress associated with odd viscosity
is ambiguous. Nevertheless we show that the null divergence of the total stress [Eq. (1)] can give
rise to new fluid-flow behavior. The expanding bubble in a viscous liquid is such an example.

We note that the expression of the stress tensor including the null part [Eq. (21)] has also appeared
in the recent literature ([5], Eq. (6)) but in the context of calculating the odd viscosity-related
force and torque acting on a closed contour when only velocities are prescribed on the boundaries.
Reference [5] also pointed out the importance of clearly recognizing the contributions of odd
viscosity in order to avoid reaching erroneous conclusions (see the discussion in Ref. [5], below
Eq. (8)).

The question may arise as to whether the theory developed in this article can prove useful from a
practical point of view. To this end we conclude with the following comments. When odd viscosity
gives rise to new fluid-flow behavior, and the theoretical development of Sec. V can be employed,
determining the value of odd viscosity 7, could proceed simply by measuring the magnitude and
direction of the flow by a probe and decomposing the measurements with respect to a suitable
coordinate system [for instance, v = v,€, 4+ vy&y for the problem leading to the flow, Eq. (50)].
This would require the determination of the antisymmetric matrix Q of Sec. V or equivalently, an
interfacial condition of the form [Eq. (49)].

Although the development of the odd stress theory for free-surface problems in Sec. IV combines
logical consistency with completeness, practically, this detailed knowledge might not be necessary
to determine the value of the odd viscosity coefficient n,. This was demonstrated amply in the
experimental work of Soni et al. [6] where the effects of odd viscosity were associated only with the
null part of the odd stress tensor [that is, with ai‘;’““" in Eq. (21) where 0;; = —pd;; + of; + a;;"“""],
although all terms in the Cauchy stress tensor depend on odd viscosity as manifested by the analysis
of Sec. IV. There might be other occasions however, where the odd viscosity dependence of the full
stress tensor might need to be accounted for, but at this moment we possess no such insight.

Finally, in problems expressed exclusively through the no-slip boundary condition, a determi-
nation of the pressure p with and without odd viscosity, while taking into account its vorticity
dependence in the latter case (p = p + n,w) could, in principle, be another approach to experimen-
tally determine the value of the odd viscosity coefficient 7,.

We reiterate here that odd viscosity is not introduced as an academic subject in the dynamics
of classical fluids, but it has observable effects and its magnitude was recently measured in a
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suspension of spinning magnets [6]. We thus expect it to find its way in systems with broken
time-reversal symmetry from the application of a magnetic field. In biomedical applications where
such a field has been employed to destroy malignant cells, either mechanically or through local
heating, one would like to know the effect of odd viscosity on suspensions of magnetic nanoparticles
[16]. Odd viscosity might be intimately connected to the theoretical explanation of a number of
experimental observations, for instance, interface patterns propagating in a direction opposite to
the bulk liquid [17]. Since these suspensions are currently employed in a number of biomedical
applications and theory [16,18], the effect of odd viscosity on their behavior may prove to be critical
in the design of experiments and their commercial adaptation. Finally, it is of fundamental interest
to study the role of odd viscosity in turbulent flows where a collection of vortices is also present.
This type of research was initiated at the University of Chicago [19].

For industrial applications one would like to know how odd viscosity modifies the flow when
the contact line of a liquid droplet is moving, and in particular, to determine whether the slip law
governing contact line motion [20] is modified by the presence of odd viscosity.
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