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A minimal form of quasilinear approximation (QLA), recently proposed with a
stochastic forcing and proper orthogonal decomposition modes [Hwang and Ekchardt,
J. Fluid Mech. 894, A23 (2020)], has been extended by employing a resolvent framework.
A particular effort is made to reach an extremely high Reynolds number by carefully
controlling the approximation without loss of the general scaling properties in the spectra,
while setting out the main limitations and accuracy of the proposed QLA with possi-
bility of further improvement. The QLA is subsequently applied to turbulent channel
flow up to Re, = 10° (Re;, is the friction Reynolds number). While confirming that the
logarithmic wall-normal dependence in streamwise and spanwise turbulence intensities
robustly appears, it reveals some nontrivial difference from the scaling of the classical
attached eddy model based on inviscid flow assumption. First, the spanwise wave number
spectra do not show any clearly visible inverse-law behavior due to the viscous wall effect
prevailing in a significant portion of the lower part of the logarithmic layer. Second, the
near-wall peak streamwise and spanwise turbulence intensities are found to deviate from
InRe, scaling for Re, > 10*. Importantly, the near-wall streamwise turbulence intensity
is inversely proportional to 1/U} (U] is the inner-scaled channel centreline velocity),
consistent with the scaling obtained from an asymptotic analysis of the Navier-Stokes
equations [Monkewitz and Nagib, J. Fluid Mech. 783, 474 (2015)]. The same behavior
was also observed for the streamwise turbulence intensity in the logarithmic region, as was
predicted with the asymptotic analysis. Finally, the streamwise turbulence intensity in the
logarithmic region is found to become greater than the near-wall one at Re, ~ O(10°). It is
shown that this behavior originates from the near-wall spectra associated with large-scale
inactive motions, the intensity of which gradually decays as Re, — oc.
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I. INTRODUCTION
A. Scaling of turbulence statistics and attached eddy hypothesis

Over the past two decades, there has been a substantial amount of evidence that supports the
attached eddy hypothesis of Townsend [1,2] and some of the main predictions using the related
models [3,4] (see Ref. [5] for a recent review). Under the hypothesis that the logarithmic mean
velocity would admit the self-similar energy-containing eddies with respect to the distance from the
wall (see also Ref. [6] where its mathematical basis is given), he developed an idealized theoretical
model predicting the wall-normal behavior of turbulence intensity in the inviscid limit. In particular,
by superposing a general form of the second-order statistical moments of the self-similar eddies
subject to constant Reynolds shear stress, he predicted that the streamwise and spanwise turbulence
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intensities would have a logarithmic wall-normal dependence, while the wall-normal one would
be a constant. It has recently been confirmed with laboratory experiments and direct numerical
simulations (DNS) that his seminal prediction is indeed a good first approximation of turbulence
intensities in the logarithmic layer [7—11]. Furthermore, the existence of such self-similar energy-
containing motions in the logarithmic layer has been repeatedly reported with various types of
eddy-extraction techniques [12-20]. Finally, several different types of mathematical analysis of the
Navier-Stokes equations have consistently revealed that the self-similarity with the distance from
the wall is the central feature of the logarithmic layer, which fundamentally underpins the scaling
of the mean, linear, and nonlinear dynamics [21-33].

While it has been evident that the attached eddy hypothesis would play a central role in describing
the statistical behavior of wall-bounded turbulence at high Reynolds numbers, it is important to
remember that the early attached eddy models are highly idealized with the inviscid assumption,
thereby retaining some inherent limitations in their predictions. First, the theoretical predictions
of turbulent statistics are often refined based on some conceptual sketches obtained from flow
visualizations: for example, the double-cone vortex model [2] or the hairpin vortex model [3].
These models would perhaps benefit from the invariant solutions to the Navier-Stokes equations
[28,31,32]. However, they are fundamentally incompatible with the linear superposition used in the
early attached eddy models [2,3,34,35], given the nonlinear nature of the Navier-Stokes equations.
Second, the early models use the asymptotic feature of the logarithmic layer for high Reynolds
numbers (i.e., the constant Reynolds shear stress), which is valid only in an approximate manner.
Therefore, the extent of the validity remains a topic of ongoing investigations [5]. This issue would
be particularly important in the region relatively close to the wall [26], such as the mesolayer (lower
half of logarithmic layer), where the effect of viscosity would be non-negligible [23,36,37].

From this perspective, it is worth mentioning that a recent experimental measurement [38] and
a DNS-data-based asymptotic analysis of the Navier-Stokes equations [39] have presented some
evidence that the predictions of the early attached models based on the idealized setting (i.e., inviscid
flow assumption) may not be fully relevant to the data obtained at “finite” Reynolds numbers.
Indeed, the measurement from CICLoPE [38] suggests that the near-wall peak intensity may begin
to deviate from a logarithmic growth with Reynolds number for Re, > 10* (Re, is the friction
Reynolds number), which has been understood as important evidence supporting the predictions of
the early attached eddy model [40]. This behavior was more precisely predicted by an asymptotic
analysis built upon the existing DNS data of turbulent boundary layers [39]. In particular, this
study showed that the streamwise turbulence intensity in the near-wall region is proportional to
Ao — B /UL, where Ay, and B, are constants and Uy ~ InRe, (the superscript + indicates
normalization by the inner units, and U is the free stream velocity). Furthermore, it was proposed
that the Townsend-Perry constant would also be a function of Reynolds number.

B. Minimal quasilinear approximation

A minimal quasilinear approximation (QLA) of the Navier-Stokes equations has recently been
proposed [33]. The key feature of the QLA is that it maintains the platform of the original attached
eddy model [2], but is designed to overcome some of the aforementioned limitations especially
caused by the invisicd flow assumption using the linearized Navier-Stokes equations [33]. In this
approach, the velocity is decomposed into a mean and fluctuations. All nonlinear terms in the
mean equation are kept, while the self-interacting nonlinear terms in the fluctuations equations are
modeled with an eddy viscosity and a stochastic forcing. Under the assumption that the mean is
known (e.g., the log law or the empirical profile of Ref. [41]), the color of the stochastic forcing
is determined self-consistently by solving an optimization problem which minimizes the difference
between the Reynolds shear stresses from the mean and fluctuation equations (this approach will
be referred to as the stochastic QLA henceforth). We note that, in the optimization process of
the QLA, the linear nature of the fluctuation equations enables one to determine the color of the
stochastic forcing through a linear superposition of the self-similar stochastic response modes from
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the logarithmic layer [22], the feature exactly identical to the Townsend’s original attached eddy
model [33]. The best results were obtained when considered with two leading proper orthogonal
decomposition (POD) modes, which eliminate the artifact caused by the nonphysical stochastic
forcing in the approximation. In this case, the resulting turbulence intensities and the energy spectra
exhibit exactly the same qualitative behavior as DNS data [10] throughout the entire wall-normal
domain, while reproducing the early theoretical predictions of the original attached eddy model
within the logarithmic layer (i.e., logarithmic wall-normal dependence of streamwise and spanwise
turbulence intensities).

Another key feature of the stochastic QLA is the “prediction” and/or “extrapolation” capability
of the basic scaling behavior of turbulence intensity and spectra with minimal data (i.e., mean
velocity). This is the main difference from the other previous data-driven approaches utilizing the
linearized Navier-Stokes equations as the modeling template [24,42-47]. Indeed, the QLA qualita-
tively preserves all the basic scaling behaviors in the velocity spectra at the level of DNS, except
the one for energy cascade [22] originating from the self-interacting nonlinear terms modeled phe-
nomenologically: i.e., the law of the wall and the velocity defect law of the mean velocity [33,41],
inner and outer scaling of the velocity spectra [22,33], the self-similar scaling of Reynolds shear
stress [6,33], and the mixed scaling of the wall-reaching part of large-scale structures [16,22]. This
underlying feature of the QLA forms the fundamental basis of the generation of turbulence statistics
exhibiting the same qualitative behavior as DNS. Further to this, the QLA is found to provide some
useful insights into some of the unresolved issues. The QLA, applied up to Re, = 2 x 10*, showed
that the near-wall peak turbulence intensity would begin to deviate from a logarithmic growth with
the Reynolds number for Re, > 10*. In fact, when examined carefully, such a behavior is also
visible in DNS data at lower Reynolds numbers [10] (Fig. 12 in Ref. [33]), favoring the experimental
measurement of Ref. [38]. More importantly, the near-wall peak streamwise turbulence intensity of
the QLA has been found to follow the scaling of the asymptotic analysis of the Navier-Stokes
equations in Ref. [39].

C. Scope of the present study

The aim of this study is to apply a QLA like the one proposed in Ref. [33] to turbulent channel
flow up to a relevant extremely high Reynolds number, Re, = 10°, with the hope to gain useful
physical insights into the scaling of turbulence intensities. To this end, here we will still consider
the stochastic forcing, but with the POD modes in frequency domain (i.e., resolvent modes) [22,48—
50], as they have some computational benefits over the approach in Ref. [33] (we shall refer to this
approach as resolvent QLA). We note that Re, = 10° is the typical Reynolds number relevant to the
atmospheric surface layer [51], and it would be difficult to obtain any accurate measurement and/or
simulation data within the foreseeable future. Given that the QLA in Ref. [33] has been shown to
robustly maintain the scaling properties for the energy-containing part of the velocity spectra, its
application to such a high Reynolds number would therefore be a useful exercise to address some
of the unresolved issues on scaling of turbulent velocity fluctuations.

The contributions of the present study are as follows:

(1) The stochastic QLA proposed in Ref. [33] is reformulated in the frequency domain by uti-
lizing resolvent modes (i.e., formulation of a resolvent-based QLA), while discussing its limitations
and accuracy with possibility of further improvement.

(2) The resolvent QLA is compared with the stochastic QLA [33] and DNS [10] to examine
its potential to characterize the scaling behavior of turbulence statistics at extremely high Reynolds
numbers.

(3) The resolvent QLA is numerically computed up to Re, = 10°. While the turbulence inten-
sities approximately follow the prediction of the original attached eddy model in Refs. [1,2], any
discerned inverse power-law spectra directly related to the logarithmic dependence of intensities
[3,4] were not found.
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(4) The resolvent QLA reveals that the streamwise turbulence intensity in the near-wall and
logarithmic regions is proportional to the inverse of the centreline mean velocity instead of In Re,,
as was predicted by the asymptotic theory of Ref. [39].

(5) The streamwise turbulence intensity exhibits a visible outer peak at sufficiently high
Reynolds numbers, and it becomes greater than the inner peak for Re, > O(10°).

This paper is organized as follows. In Sec. II the quasilinear model in the resolvent framework
is introduced and the optimization problem is formulated. In Sec. III the resolvent QLA model is
validated with data from DNS [10] and the predictions from the stochastic QLA in Ref. [33]. In
Sec. IV scaling of turbulence intensities and spectra from the proposed QLA is extensively assessed
up to Re, = 10° by comparing it with the outcome of the early attached eddy models [2—4,40].
Finally, the conclusion of this study is presented in Sec. V.

II. PROBLEM FORMULATION

A. Quasilinear approximation

In this study, a pressure-driven turbulent channel flow of an incompressible Newtonian fluid is
considered, and the streamwise, wall-normal, and spanwise directions are denoted by x, y, and z,
respectively. The channel is assumed to be infinitely long and wide, while the height is 24 with
the lower wall located at y = 0 and the upper wall is located at y = 2h. The velocity, u = (u, v, w)
comprises the streamwise, u, wall-normal, v, and spanwise, w, components. For the quasilinear
approximation, the flow field is decomposed into two groups, such that all nonlinear terms are
kept in the first group while nonlinear self-interactions are dropped in the second group. As in
the previous study [33], the Reynolds decomposition is employed here: u = U 4+ u’ where U =
(U (), 0, 0) is the time-averaged mean velocity and u’ is the fluctuating velocity. For the mean flow
equation, all the nonlinear terms are kept, and the equation for the streamwise component is given

by
aw 1,
Vv v = L(l - X), (1a)

where the overbar denotes time averaging, v is the kinematic viscosity, 7, the mean wall shear
stress, and p the fluid density. The equations for the fluctuating velocity are written as
ou’ . l_, ),
E—i—U-Vu +u -VU=—-Vp +vVvu + N, (1b)
Je
where p’ is the pressure fluctuation, and the nonlinear term is modeled in a minimal manner as in
Ref. [33]:

N=V.0Vu)+f, (1)

where f’ is a stochastic forcing and v, is the eddy viscosity. We note that the forcing here is
introduced to generate a nontrivial solution to (2) due to the linearly stable nature of the typical
turbulent mean flows [52,53] and that the eddy viscosity is to mimic the energy removal by the
self-interacting nonlinear term at integral length scales in the energy cascade. The eddy viscosity is
given by
v Kk *Re? -~ -~ Re, 112\ v

Vt(77)—2<1+ 9 ¢ n)(1+277){1 eXp[(lnl D= ]}) > (1d)
with n = (y — h)/h, and the parameters A and « appear in the van Driest wall law and von Kdrman
log law. Equation (1d) is an empirical expression originally proposed for pipe flow [41], and the
constants A and « are obtained by matching U (y) from Eq. (1a) to the DNS turbulent mean velocity
profile. In this study, A = 25.4 and x = 0.426 are used for all Reynolds numbers, and they were
originally obtained for Re, = 2003 [21]. Using the eddy viscosity, the mean velocity is also obtained
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with the following closure:

— dUu
—u'v =v,—. 2)

dy
We note that the mean velocity obtained here may not be very accurate at extremely high Reynolds
numbers, since A = 25.4 and x = 0.426 are determined with DNS data at Re, >~ 2000. However, it
still retains the basic scaling behavior robustly (i.e., the law of the wall and the velocity defect law),
as was shown in Ref. [33]. The use of the eddy viscosity in Eq. (1c) was originally introduced
to study the role of the linear dynamics in the formation of coherent structures [21,22,48,54].
Depending on the problem of interest, it has not been adopted [49], but recent studies have shown
that its use considerably improves the linear-operator-based descriptions for turbulence statistics
and spectra [26], flow-control modeling [55], state estimations [56—58], and impulse response [29]

at high Reynolds numbers.

B. Stochastic forcing in frequency domain and resolvent modes

Now, it should be underlined that the description of the equations of motion is yet to be
complete, as the forcing is not described. However, for any form of the forcing, the self-consistent
coupling between Eqgs. (1a) and (1b) requires that they share exactly the same Reynolds shear
stress. A suitable form of the forcing shall therefore be designed hereafter. Furthermore, it is worth
mentioning that the closure in Eq. (2) provides information for the Reynolds shear stress component
only. Using this information, the QLA predicts the statistical behavior of the other components of the
Reynolds stress and the corresponding spectra by seeking such a forcing. In Ref. [33] such a forcing
was designed with time-domain POD modes of the response of Eq. (1b) to stochastic forcing. In the
present study, we will instead consider frequency-domain POD modes of the stochastic response
(i.e., resolvent modes).

We consider a Fourier transform in the streamwise and spanwise directions as well as in the time:

oo oo o0
Wz = [ [ ok ko ik dk do. G)
—00 ¥ —00 J —00

where k,, k;, and @ denote the streamwise wave number, the spanwise wave number, and the
temporal frequency, respectively. For nonzero wave numbers and frequency, 0(y;k,, k,, ®) can
be thought of as a propagating wave with the streamwise wavelength A, = 27 /k,, the spanwise
wavelength A, = 27 /k,, and the propagating speed ¢ = w/k,.

Taking the Fourier transform (3) of Eq. (1b) and defining the state vector as q = [, c?)y]T,
where ¥ and &, are the Fourier-transformed wall-normal components of the velocity and vorticity,
respectively, yields the following Orr-Sommerfeld-Squire system:

—iw§ = A§ + B, (4a)

where the operators A and B are defined as

A_l
A— |: Los 0 i|’

—ik, U Lso
—ik, AT'D —K2PATY —ik, AT'D
B_[ ik, 0 —iky } (4)

where

Los = —iky(UA —D*U) + vy A2 4 2Dvp AD + D>y (D? + k2),

Lso = —ik,U +vr A + DvrD, (4c)
and A =D? — k2, k2 = kf + k?, D denotes d/dy. Additionally, in Eq. (4b), the no-slip boundary
conditions are enforced on both the upper and lower walls, such that d(h)=D0(h)=d,(+h)=0.
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The Fourier-transformed velocity fluctuation is recovered from the definition of w,;:

| [ikD ik,
i=Ci=5| ¥ 0 g (5)
ik,D ik

Therefore, using Eqs. (4) and (5), it is possible to obtain a linear input-output relationship between
the Fourier-transformed velocity and forcing

i = H(ky, k., o)f = —C(iowl + A)"'Bf, (6)

where H is referred to as a transfer function and —(iwl + A)~' is known as the resolvent operator of
A. The forcing and response modes of the resolvent operator are obtained by performing a singular
value decomposition (SVD) of H.

Since the forcing and response modes provide two sets of orthonormal basis functions in the
wall-normal direction, the fluctuating velocity and the forcing are written as

N
0 =) a0k, ke, ) (3 ke, ke, ),

N
f=> a(ike. k. o), (7

i=1
where a; = 02h (})7? dy, the superscript (-) denotes the conjugate transpose, N is the number of the

resolvent modes, o; > 0 are the singular values, and a)i = (qsui, ¢§v,, ¢A>wi) and ﬂq = (1ﬁui, 1ﬁv,., xﬁwi)
the forcing modes and response modes, respectively. From Eq. (7) the spectral covariance matrix in
the (ky, k;, w) space is given by

N

N
Ea(vike ke 0) = (@) = 3 (@) oio, 8,9 | ®)

i=1 j=I

where (-) denotes ensemble averaging. We also assume that the resolvent modes are delta-correlated
[24], such that

1
(aia}) = N(Sija )

where §;; is the Kronecker delta function. Using this assumption and integrating the relevant

AN

real component of the covariance matrix, E, = (av*), over the entire (ky, k;, w) space yields the
Reynolds shear stress given by

WY (y) = / / / Re(E,,} dwdk, dk.,

2 o0 oo o0 N N
=~ Z/ / / o/Re{v, ¥} } do dk, dk., (10)
i=1 YO0 —00 J—00
where Re{-} denotes the real part of a complex number.

C. Self-consistent determination of forcing

The primary challenge in the present study lies in reducing the computational cost which would
enable us to achieve an extremely high Reynolds number Re, = 10% without compromising the
scaling behavior of the spectra generated by the QLA. To this end, as in Ref. [33], we will also
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adhere to the two-dimensional approximation of the forcing in the y-z plane:
N
f=> " [8(kaW (k)] aih;. (11)

i=1

where §(k,) is the Dirac’s delta function and W (k;) > O is a real-valued weight function, through
which the spectrum of the forcing will be determined. Here we note that neglecting k, # 0 Fourier
modes is expected to produce highly anisotropic turbulence intensities [33], since such modes are
responsible for the transfer of turbulent kinetic energy from the streamwise to the cross-stream com-
ponents through pressure strain [59]. In a real flow, this mechanism also involves streak instability
and/or transient growth [60—64], which originates from the ignored self-interacting nonlinear terms
in Eq. (1b). Therefore, the resolvent modes obtained with (1b) and (1c) (a couple of leading ones,
in particular) do not offer the best basis functions for the description of these processes, making
the utilization of the k, # 0 Fourier modes not very attractive. Despite this important limitation, it
has been shown that the resolvent modes for k, = 0 exhibit robust scaling behaviors expected from
the velocity spectra obtained with DNSs and experiments [22,33] (see also Figs. 11 and 12 below).
These include the following: (1) the inner- and outer-scaling behaviors of the modes at A7 >~ 100
and A, /h =~ O(1) [22]; (2) self-similar scaling with y in relation to the logarithmic mean velocity for
1008, < A, < h[22,33]; and (3) the inner-scaling behavior of the wall-normal profile of the modes
for A, = O(y) in the near-wall region [26]. Therefore, retaining only k, = 0 modes would not affect
the basic scaling behaviors of the present QLA at least in a qualitative manner. As such, we shall
consider only k, = 0 Fourier modes in this study for the purpose of maintaining a low computational
cost.
Altering the forcing with (11) leads to the following spectral covariance matrix:

N
Ewaiks ke 0) = 3 8()W (k)o? ¥, - (12)

i=1

Using Eq. (9), the Reynolds shear stress, in terms of the weight function W (k;), is then obtained as

W) (y) = / N / T W Re(Bu ) do dB, (13)

where 8 := log(k,). Here it is worth mentioning that it is possible to enforce a stricter assumption on
the type of forcing considered such that only the most amplified modes for each k, are considered.
Since k, = 0 modes are used in this study, the most amplified response modes occur at w = 0 [22].
Therefore, the forcing in Eq. (11) may further be approximated in the form of
N
f =) [8(@)8k)W (k)] *aid;. (14)

i=1

The term reserved for the forcing in Eq. (14) will be “optimal” forcing, whereas the one in Eq. (11)
will be referred to as “broadband” forcing. In the remainder of this section, the formulation of the
resolvent-based quasilinear approximation will proceed for the broadband forcing only, since the
optimal forcing case can be obtained by simply considering @ = 0 modes and by removing any
integration in w.

In turbulent channel flow, the near-wall peak in the spectra appears at the spanwise length
scale of A1 ~ 100 [65] [the superscript () stands for normalization by the viscous inner length
scale §,(:=v/u,) where u, is the friction velocity], while the outer one is characterized by
A;/h = 1.5 [66]. Therefore, to faithfully capture the wide range of length scales, we will consider the
spanwise wavelengths to be defined in the interval A, € [106,, 10A] with the boundary condition,
W, =108,) = W(A, = 10h) = 0. Furthermore, to robustly determine W (k;) with the singular
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values o; decaying rapidly with &, [22], we improve the determination algorithm in Ref. [33] by
adding a simple preconditioning procedure. For this purpose, we rewrite Eq. (13) as

(W' v") () =f / W(ﬂ)Re{Euu} (ﬂ)dwdﬂ (15a)
where
2h 00
Ruth)= [ [ Relbudwdy. (15b)
h —00
and the original weight function is recovered using
~ —B(p+1)
wW(p)=Ww . 16
(B) B) R (B) (16)

The introduction of W is designed to compensate the rapid decay of £, with k., and has been proved
to be particularly useful for extremely high Re. . It has also been found, after varying p in the interval
0.1 < p < 0.6, that setting p = 0.4 yields the best results (see Appendix A). Having defined W (k;)
on the given interval and noting that W,(4, = 104,) = W(A = 10h) = 0, it is possible to express
W, with no loss in generality, as

B —Bi
,Bu - ,31 7
where N, represents the number of sine polynomials, a, are the polynomial coefficients to be es-

tablished, §; = log[x /(54,)] and B, = log[x /(5h)]. Using the definition of Wz[kz(ﬂ)] and Eq. (13),
the Reynolds shear stress is written as

Ne
Wlk(B)] =Y aysin (nrg)  with ¢ =

n=1

a7

(W) (y) = Ga, (18)
wherea = [a; a; ... aN(]T and is unknown, while G is known and equal to
sin (7¢)Re{E,, )
0 proo L—fp ; 2
_ / / e sin(2w ¢ )Re{E,,} dodp. (19)
Riw(B) :
sin (N;rr{)Re{Euv}

Now we formulate the optimization problem to determine W(k ) by minimizing the difference
between the Reynolds shear stress from the mean equation, «'v’, and the one from the fluctuating
velocity equation, (1/v’). In addition to minimizing this difference, W(k ) must also be sufficiently
smooth to be physically relevant. Hence, the following optimization problem is formulated:

min [[W'v’ — Gal}, + ya’ Sa, (20a)
a
subject to
W.(k:(8)) >0, "B elBr B, (20b)
where y > 0 is the penalty parameter balancing the smoothing objective and minimum error ob-

S Zs . log(2h)( )2

jective, S = diag[e’ e eVe*] with s = 0.3 chosen empirically and || - ||Q =/ dlogy =

Y (200 dy with Q) = (/)" for 0 <y < hand Q(v) = (2 —y/h)~" for h <y < 2h. We
note that Q(y) is introduced here to ensure that all the wall-normal locations are equally Weighted in
the logarithmic y coordinate. The smoothing parameter, s, is to ensure that |a,| decays exponentially
with increasing n for W (k,) to be sufficiently smooth (for further details, see also Ref. [33]). In
particular, Fig. 1 shows that the computed weight function W (k,) and the preconditioned one W(k )
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FIG. 1. The weight function W (k,) and the preconditioned one Wz(kz) in Eq. (16): (a), (b) optimal and (c),
(d) broadband forcing.

at Re; = 5000 for both optimal and broadband forcing cases (see Sec. III for further details). They
are all seen to be sufficiently smooth, suggesting that the choice of s(=0.3) is indeed adequate for
both of the cases.

Finally, y still remains to be arbitrarily. Following Ref. [33], the y is therefore chosen to ensure

that |[u/v’ — Ga||2Q is minimized. This optimal penalty parameter, y,p, can be found by solving the
following auxiliary optimization problem:

Yopt = arg min [['v’ — Gal3,. (21)
Y

We note that the optimization problem defined in Eq. (20) basically remains identical to that in
Ref. [33]. The only difference is the utilization of the resolvent framework instead of the time-
domain stochastic framework. Therefore, the entire solution procedure of (20) and (21) in this study
is identical to that in Ref. [33], except the construction of the spectral covariance matrix in Eq. (8)
using the resolvent modes. However, there is also an advantage of the resolvent QLA in the present
study over the stochastic QLA in Ref. [33]—the construction of the spectral covariance matrix
with the resolvent modes can be performed with a cheaper computational cost using the algorithms
constructed in the Krylov subspace (e.g., power method, Arnoldi iteration, etc.). This is particularly
true when the optimal forcing in Eq. (14) is considered only with a few leading resolvent modes.
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Of course, the resulting prediction of turbulence intensity and spectra with the resolvent modes
will not be exactly the same as that with the stochastic response (see Sec. III B). However, it is
important to mention that all the scaling behaviors of the resolvent modes have previously been
shown to be identical to those of the POD modes from the stochastic responses [22,54]. Therefore,
the basic scaling behaviors of the turbulence intensity and spectra from the resolvent QLA will
remain qualitatively consistent with those from the stochastic QLA (see Sec. IV B), thereby not
deterring the aim of the present study.

D. Limitations, accuracy, computational cost, and outlook

Thus far, we have reformulated the QLA in Ref. [33] by replacing the time-domain POD modes
of (1b) and (1c) with the resolvent modes. While the resolvent-based formulation offers a potential
for a significant reduction in computational cost, the reason that this was possible is because the
formulation of the proposed QLA here and in Ref. [33] is essentially a “under-determined” problem.
In other words, as long as the introduced forcing yields the Reynolds shear stress associated with
the mean velocity, any choice of the color and amplitude of the forcing is possible subject to this
constraint. Some remarks on the limitations, accuracy, computational cost, and outlook are therefore
necessary.

(1) Limitations: As mentioned, the formulation of the QLA yields a nonunique solution to the
system of (1a) and (1b). Therefore, the most fundamental limitation of the QLA is the nonunique-
ness originating from how one would precisely determine the color and amplitude of forcing. The
best result in terms of generating the smallest optimization error from (21) has often been found
when the forcing is determined with most physically meaningful modes, such as the leading POD
modes used in Ref. [33] and the leading resolvent modes (see Sec. III B). However, in principle,
there is no reason that they have to be the only candidates for the construction of a solution to the
proposed QLA.

(2) Accuracy: The accuracy of the QLA evidently depends on the nature of the forcing to be
determined. In this respect, the only utilization of the k, = 0 Fourier modes is a key restriction which
certainly undermines the accuracy. As such, the QLA in its current form is not expected to generate
the turbulence statistics “quantitatively” comparable to those of DNS. However, it is important to
note that the leading POD modes or resolvent modes have been shown to exhibit robust scaling
behaviors consistent with the spectra of DNS (for a detailed discussion, the reader may refer to
Refs. [16,22,33]). Therefore, their utilization for the construction of turbulence statistics through the
proposed QLA should provide sound information retaining physically consistent scaling behaviors.
This is the fundamental reason why the QLA would be useful especially to study the scaling with
Reynolds number.

(3) Computational cost: The key reason that the present study aims to explore the utilization
of resolvent modes is its considerably cheap computational cost compared to that required for
solving the Lyapunov equation in Ref. [33]. However, as will be discussed in Sec. 111, the resolvent
QLA does not appear to be more accurate than the stochastic QLA (e.g., Fig. 5 below), although it
still maintains the basic scaling behaviors consistent with those of DNS data. Therefore, the QLA
formulated with the time-domain POD modes in Ref. [33] remains a more attractive option for the
future work. In this case, a computationally viable option, which also maintains the accuracy of the
QLA in Ref. [33], would be to obtain the solution to the Lyapunov equation in frequency domain,
as was proposed in Ref. [67].

(4) Outlook: The nonuniqueness of the solution to the quasilinear system given by (1a) and (1b)
is certainly an important limitation, but the related extra degree of freedom is also an opportunity to
improve the accuracy of the QLA, especially combining with the previous data-driven approaches
based on the linearized Navier-Stokes framework [24,44]. The key strength of the present QLA lies
in the recovery of the basic scaling behavior and extrapolation capability with the minimal data
(i.e., mean velocity). While taking these features as a basic template, the extra degree of freedom
associated with the nonuniqueness can be further exploited to improve the accuracy of the present
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QLA by feeding more data to the formulation. This is an issue of ongoing investigation, and its
preliminary result is available in Ref. [68].

III. RESOLVENT-BASED MINIMAL QUASILINEAR APPROXIMATION
A. Numerical methods

The wall-normal coordinate in the Orr-Sommerfeld-Squire system in Eq. (4c) was discretized
using a Chebyshev collocation method [69] with N, grid points. For the QLA with broadband
forcing, the integration in w is performed from w = 0 to w = 25/A, at Re; = 5000 (note that
the broadband QLA is considered only for Re, = 5000), and the grid points in the w coordinate
are spaced uniformly with N, = 100. The grid points of the spanwise wave number is made to
be spaced logarithmically in the k, coordinate, and the related integrals were evaluated using the
trapezoidal rule. The resolution for this integration is thus lower than A = 0.05, so that the errors
in the numerical integration do not exceed O(Ap?). The number of grid points in the wall-normal,
spanwise wave number, and forcing frequency coordinates are summarized in Table I. The quadratic
programming problem given in Eq. (20) [70] is solved using the MATLAB function quadprog. The
number of sine polynomials, N;, used to obtain the weight function has been found to achieve good
convergence for N, > 50, and N; = 100 is used in this study (see also Ref. [33] for further details).
Last, the auxiliary optimization problem which defines the optimal penalty parameter, Yo, is solved
using a simple line search over the logarithmic y axis.

The proposed resolvent QLA is applied to model turbulent channel flow in a wide range of
Reynolds numbers from Re, = 103 to Re, = 10° with fixed values of s = 0.3 and p = 0.4. Table I
summarizes the resolvent QLAs performed in the present study. The level of the errors in the
logarithmic y coordinate (Q norm) remains below 0(1073), and that in the algebraic y coordinate
(£, norm) varies from O(1073) to O(107%). In particular, the errors are seen to be smallest with
N =2, as they remain at O(10~> — 107°). This issue will be discussed further in the following
subsections.

TABLE I. Computational parameters and optimization errors. N, is the number of wall-normal Chebyshev
collocation points, N, the number of spanwise wave numbers logarithmically spaced in the k. axis, N, the
number of forcing frequencies spaced linearly in the w axis, || - ||2Q is the Q norm defined in Sec. II B, || - ||2£2 is
the standard £, norm, and N is the number of modes used in the computation of the spectral covariance matrix.

A 7o 2 A 7o 2
Re, N, N. N, Yot & — @lly v — W), N
1 x 103 257 66 1 2.1 x 1073 9.5x 1074 8.2 x 1073 2
2 x 103 257 71 1 1.4 x 1073 9.3 x 107 4.6 x 1073 2
5x 103 513 76 100 1.8 x 107* 55 %1074 7.1 x 1076 2
5 x 10° 513 76 100 7.4 x 1073 6.4 x 1073 1.8 x 1073 8
5% 103 513 76 100 5.4 x 1073 4.4 x 1073 1.1 x1073 16
5x10° 513 76 1 6.8 x 107* 9.1 x 107* 2.3 x 1073 2
5 x 10° 513 76 1 4.8 x 1073 45x 1073 1.1x 1073 8
5% 103 513 76 1 4.6 x 1073 4.6 x 1073 1.0 x 1073 16 (all)
1 x 104 769 87 1 4.2 x 1074 9.1 x107* 1.2 x 1073 2
2 x 104 1025 91 1 2.4 x 107 9.2 x 1074 6.8 x 1076 2
1x10° 1601 110 1 5.9 x 1073 9.3 x 107 4.7 x107° 2
2 x 10° 2001 120 1 3.5x 1073 9.5x 107* 2.4 %107 2
5% 10° 2451 135 1 1.7 x 1073 9.7 x 1074 53 x 107 2
1 x 10° 4001 150 1 1.7 x 1073 1.2 x 1073 6.9 x 107¢ 2
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FIG. 2. Second-order turbulence statistics for optimal/broadband QLAs at Re, = 5000 and for DNS [10]
at Re, = 5186: (a) fu/v//uz; (b) )\ /ur; (€) Vo /ur; (d) wy, /u.. Here DNS (—), optimal forcing QLA with
N=2(———-),N=8(—-—),and N =16 (- - -), and broadband forcing QLA withN =2 (- ——),N =8
(—-—=),and N =16 (- - -).

B. Quasilinear approximation at Re, = 5000

We first consider the broadband and optimal forcing cases for Re, = 5 x 10, and they are
assessed with DNS data at Re, = 5186 [10]. The effect of increasing the number of response modes,
N, used in the computation of the spectral covariance matrix is examined in Fig. 2, where the
Reynolds stresses of the resolvent QLA are compared to those of DNS [10]. Here we note that for
small N, the number of response modes must be an even integer, given the midplane symmetry of
channel flow. The Reynolds shear stresses for both of the QLAs show good agreement with that of
DNS Reynolds shear stress, regardless of the number of POD and resolvent modes used, indicating
that the Cess model for the mean velocity, tuned at Re, = 2003 [21], is reasonable for Re, = 5000.
However, considerable differences arise when the velocity fluctuations of the QLAs are compared
to those of DNS. Both QLAs exhibit the following features: their streamwise velocity fluctuation is
larger than that of DNS [Fig. 2(b)], whereas the wall-normal and spanwise velocity ones are smaller
than those of DNS [Figs. 2(c) and 2(d)]. In particular, the optimal forcing QLA displays a stronger
anisotropy compared to the broadband forcing case, and this is because the optimal forcing QLA
incorporates only the frequency of the largest amplification made via the lift-up effect. However, the
aforementioned anistotopy in turbulence intensities is also common to both the resolvent and the
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stochastic QLAs. This is a direct consequence of ignoring all nonzero streamwise varying Fourier
modes [33], as was discussed with Eq. (11).

As N is increased in Fig. 2, the turbulent intensities become more isotropic. However, increasing
the response modes does not seem to improve the QLA, since some odd features, such as peaks in
the wall-normal and spanwise fluctuations, appear for y* > 2000. Here we note that the emergence
of such odd features with increasing N is partly due to the delta-correlated nature of the resolvent
modes considered in Eq. (9). The assumption may be relaxed by allowing the amplitude of higher-
order resolvent modes to vary as in Refs. [43,46]—the resolvent modes are orthogonal, thus the
interpolation capability may well be utilized for the purpose of low-dimensional approximation for
the velocity spectra. However, in such a case, the extrapolation/prediction capability of the present
QLA, which relies only on the mean velocity given by Egs. (1d) and (2), becomes immediately
unavailable, because more flow data (e.g., velocity spectra) are required to find the amplitude
variations. Therefore, we shall not consider such an approach here.

To further understand the effect of increasing N, the spanwise wave number spectra of the
wall-normal velocity of the broadband resolvent QLA are compared to those of DNS [10] in
Fig. 3. The DNS spectra [Fig. 3(a)] are consistent with the attached eddy hypothesis, since the

(b)
{10° 10°
1102 10?
+m
{10! 10
_10[) 10()
104 - 104 -
1073 102 10! 10° 10! 1073 102 10! 10° 10!
(c) (d)
100 10°
10° 10°
10! 107!
102 102
S0 102 o
10! 10
1073 1073
100 10°
1074 1074
1073 1072 107! 10° 10! 1078 1072 107! 10° 10!
A /h A./h

FIG. 3. Premultiplied spanwise wave number spectra of wall-normal velocity from (a) DNS [10] at Re, =
5186 and from (b)—(d) the resolvent QLA atRe, = 5 x 10>.In (b) N = 16;(c) N = 8; (d) N = 2. The contours
are normalized by their maximum value.
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energy-containing region of the spectra appears to be aligned along a linear ridge (y = 0.41,). In
general, the qualitative behavior between DNS and the broadband QLA is consistent, as was the case
for the stochastic QLA [33]. A notable difference is the presence of the large-scale peak A,/h >~ 1
in the QLAs unlike DNS. However, the spectra around the peak remain changed very little with
the Reynolds number, especially for Re, > 10* [Fig. 7(i) below], thereby not significantly affecting
the overall scaling behavior in the turbulence intensity and spectra at such high Reynolds numbers.
Nevertheless, for N > 8, some nonphysical artifacts start to arise due to the crude approximation
of the nonlinear term N modeled in Eq. (1¢) and in Eq. (9). Indeed, in such cases, the low-level
contours are not well aligned with y ~ k? (i.e. the Taylor microscale in the log layer) unlike those
of DNS [Fig. 3(a)] (see Ref. [6] for a further discussion). A strong velocity fluctuation also emerges
near the channel center. However, this must be nonphysical, given that production is zero at the
midplane in real turbulent channel flow. Such nonphysical artifacts are removed when N = 2 is
chosen. This is presumably because the leading two resolvent modes are the most physical ones in
the sense that they are most amplified and/or influenced by the linearized Navier-Stokes operator.
Indeed, the leading two modes contain more than 80% of the energy of all resolvent modes for
5068, < A, < 10k (see Appendix B).

Following the observations here, N = 2 is employed for the remainder of this study. We note that
this case also yields the smallest optimization errors (Table I). Moreover, the optimal QLA is capable
of producing the optimization errors of the same order of magnitude (Table I) and qualitatively
analogous turbulence intensities (Fig. 2) to the broadband QLA. Therefore, the optimal forcing
model will be used hereafter, given its lower computational cost and hence its accessibility to the
regime of very high Re;.

C. Comparison of frequency- and time-domain quasilinear approximations

Before applying the resolvent QLA with optimal forcing to other Reynolds numbers, its tur-
bulence statistics and spectra are finally compared with those of the stochastic QLA [33] at
Re; = 5000. Figure 4 shows the spanwise wave number spectra of the streamwise, wall-normal, and
spanwise velocities from the resolvent and the stochastic QLAs together with those also from DNS
[10]. Qualitatively, both of the QLAs seem to produce analogous spectra, qualitatively comparable
to those from DNS. However, for the streamwise and spanwise velocity components [Figs. 4(a),
4(b), 4(g), and 4(h)], the spectral intensities of the stochastic QLA are smaller than those of the
resolvent QLA. On the other hand, for the wall-normal velocity component, the stochastic QLA
yields larger spectral intensities than the resolvent one does. This suggests that the resolvent QLA
produces more anisotropic turbulence intensities than the stochastic counterpart, as is confirmed in
Fig. 5.

To understand the difference observed from the resolvent and stochastic QLAs, we consider the
following linear matrix equation, which has often been used as a model of the Orr-Sommerfeld-

Squire operator [71]:
aT b _L b
o B e R | 22)
ot Wy, m 1 ~Re Wy m

where the state vector [ 9, @y, ] mimics [D &, ] and Re models the effective Reynolds number
of the system. The resolvent response modes and the POD modes of the stochastic response are
obtained by performing a SVD of the linear operator in Eq. (22) and by solving the Lyapunov
equation for the operator, respectively. In the case of (22), the singular values and the corresponding
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FIG. 4. Premultiplied spanwise wave number spectra at Re, = 5 x 103 from (a), (d), (g) resolvent QLA
with optimal forcing and two leading resolvent modes (N = 2), from (b), (e), (h) stochastic QLA with two
leading POD modes [33] and from (c), (f), (i) DNS [10] (at Re, = 5186): (a)—(c) streamwise velocity, (d)—(f)
wall-normal velocity, (g)—(i) spanwise velocity.

response resolvent modes are

1
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FIG. 5. Second-order turbulence statistics for optimal QLA, time-domain QLA [33] both at Re, = 5 x 103
and DNS [10] at Re, = 5186: (a) —u/v'/u?, (b) Ul /z, (€) Vi /ttr, (d) Wl /ut.. Here DNS (—), optimal
N =2 (— — —), stochatsic Npop = 2 (— — —).

whereas the energy of the POD modes and the corresponding mode structures are given by

oFP = 0.0417Re(Re’ + 9 + v/Re* + 10Re? +9), (24a)
~ POD I {133 —Re?) £ 1v/Re* + 10Re* +9

= —14 4 ) 24b
Vi, XECZ)D |: Re (24b)

1 1 ’
xrs> \/<Z(3 —Re?) £ VRe' + 10Re? + 9> +Re?. (24¢)

Here we note that the square of the singular values [(0"*)?] are juxtaposed to the energy of the
POD modes (o7°P), because these are the quantities imposed for the computation of the spectral
covariance matrix (see Sec. II B). From Eqs. (23) and (24), it is evident that (")* > PP by a fac-
tor of O(Re), consistent with the behavior of the Orr-Sommerfeld operator shown in Refs. [71-74].
Furthermore, the wall-normal vorticity component, directly proportional to the streamwise velocity
(since k, = 0 is considered), is larger in the resolvent response mode by a factor of O(Re) given the
normalization. Although the effective viscosity of the linearized operator (1b) with (1c) would not
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be very large due to the eddy viscosity, this explains the more anisotropic nature of the resolvent
QLA towards the streamwise component than the stochastic one [Fig. 5(b)].

IV. SCALING OF TURBULENCE INTENSITY UP TO Re, = 10°
A. Spectra

Having verified and compared the proposed QLA to DNS [10] as well as to the stochastic QLA
[33]atRe, = 5 x 10°, we now proceed to study the regime of very high Reynolds numbers ranging
from Re, = 10° to Re, = 10%. The inner- and outer-scaled spanwise wave number spectra of the
velocity and Reynolds shear stress from the QLA are compared to those from DNS [10] in Figs. 6
and 7, respectively. As expected, the qualitative behaviors of the spectra from the resolvent QLA
are seen to be identical to those from DNS. The spectra from the QLA span from A &~ O(10) to
A, & O(h) like those from the DNS (Figs. 6 and 7). Moreover, the near-wall region of the QLA
spectra [yt < 0(10?)] for A} < 0(100) scales very well in the inner units, as observed in the DNS
data (Fig. 6). Very good outer scaling is also seen in the outer region from the spectra of the QLA
and DNS (Fig. 7), while the spectra of streamwise and spanwise velocities develop a wall-reaching
part at large A, [see the low-level contours in Figs. 7(a)-7(c), 7(j)=7(1)]. This part is “inactive” in the
sense of Townsend [2], because the Reynolds shear stress spectra do not exhibit such a wall-reaching
part. Despite the basic scaling behavior of the QLA qualitatively consistent with that of DNS, the
QLA tends to show separation between inner and outer peaks at higher Reynolds numbers: for
example, in the case of DNS, the inner and outer peaks in the streamwise velocity spectra are
distinguishable at Re, > 2 x 10, but the same happens in the QLA at Re, > 5 x 10* [Figs. 6(a)—
6(c)].

It is evident that all the spectra from the resolvent QLA shown in Figs. 6 and 7 are aligned with
a linear scaling (see also Figs. 3 and 4), while those of streamwise and spanwise velocities exhibit
the wall-reaching inactive part. This observation is consistent with the early attached eddy models
of Townsend and Perry [2-4]. However, even at Re, = 10°, a discerned form of the inverse-law
power spectrum (i.e., k; ! spectrum) proposed in Refs. [3,4] does not seem to appear [see also
Figs. 8(a) and 8(b)], reminiscent of the “incomplete similarity” argument made with the early data
from the Superpipe Facility in Princeton [75,76]. Here we note that the QLA in the present study
and the early attached eddy models [1,2] share fundamentally the same mathematical structure
especially in the logarithmic layer, since both of the models are based on linear superposition of self-
similar statistically stationary structures subject to approximately constant Reynolds shear stress:
indeed, it was both analytically and numerically shown that the logarithmic mean velocity profile
is associated with the self-similar linear modes of (1b) with (1c¢) (i.e., the flow field with the largest
transient energy growth, resolvent modes, and time-domain POD modes in the stochastic response)
for 0(1006,) < X, < O(h) [16,22]. In fact, the present QLA and the one in Ref. [33] basically deal
with the issue of how one would self-consistently superpose those modes subject to the given mean
velocity profile like in the original attached eddy model [1,2] (see Ref. [33] for a further discussion).
Therefore, the lack of a discerned form of k- ! spectrum in the present QLA is likely to originate
from the difference of the present QLA from the attached eddy models, which is the boundary
behavior of the self-similar structures superposed: the present QLA employs the no-slip boundary
condition, whereas the early attached eddy models are based on a velocity slip boundary condition.
In the spectrum-based attached eddy model [4], the velocity slip boundary condition yields the
outer-scaling part of the spectra to be independent of y for y < h:

k:®uu(kz, y/h)

2
uz

= fi(k:h), (252)
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FIG. 6. Premultiplied spanwise wave number spectra from (a), (d), (g), (j) DNS [10] and (b), (c), (e), (f),
(h), (i), (k), (1) resolvent QLA in the inner-scaled coordinates: (a)—(c) streamwise velocity, (d)—(f) Reynolds
shear stress, (g)—(i) wall-normal velocity, (j)—(1) spanwise velocity. Here Re, = 1001, 1995, 5186 for DNS,
Re, = 10%,2 x 10°, 5 x 10 for (b), (e), (h), (k) and Re, = 10*, 10°, 10° for (c), (f), (i), (). Here the spectra
are normalized by their maximum value, and the contour level is spaced with 20% of the maximum.
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FIG. 7. Premultiplied spanwise wave number spectra from (a), (d), (g), (j) DNS [10] and (b), (c), (e), (f),
(h), (i), (k), (1) resolvent QLA in the outer-scaled coordinates: (a)—(c) streamwise velocity, (d)—(f) Reynolds
shear stress, (g)—(i) wall-normal velocity, (j)—(1) spanwise velocity. Here Re, = 1001, 1995, 5186 for DNS
Re, = 10%,2 x 10%, 5 x 10 for (b), (e), (h), (k), and Re, = 10*, 10°, 10° for (c), (), (i), (1). Here the spectra
are normalized by their maximum value, and the contour level is spaced with 20% of the maximum.
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where &, (k;, z/h) is the spectra of streamwise velocity. The inverse-law power-spectral behavior
is then obtained by matching Eq. (37) with the y-scaling spectra given by

—kq’(u'; M _ ey, (25b)

Let us now compare the streamwise velocity spectra of the QLA [Fig. 7(c)] at Re, = 10° with
those depicted by Egs. (25a) and (25b). Figure 8 plots the spectra in the logarithmic layer in the A-
and y-scaled coordinates. The spectra do not seem to exactly follow the scaling in Eq. (25a) at least
for A,/h > O(1) [Fig. 8(a)], whereas the y scaling in Eq. (25b) appears to hold for A,/y < O(10)
[Fig. 8(b)]—indeed, the contours in Fig. 7(b) suggest that the intensity of the spectraat A, /h ~ O(1)
monotonically decays as y — 0 for y/h < 0.01, which differs from the scaling law in Eq. (25a).
While there seems to be k;l spectrum for a certain y (y/h = 0.001 in Fig. 8), it emerges only
around that particular location. Therefore, the k- ! spectrum at y/h = 0.001 is not necessarily
a direct consequence of an asymptotic matching between Egs. (25a) and (25b), given that the
scaling of Eq. (25b) does not hold precisely. Importantly, the observation made here also applies to
the spectra from the proposed QLA and DNS at Re,; >~ 5000 [Figs. 8(c)-8(f)], although the length-
scale separation in the QLA spectra is less than that in the DNS spectra. This rather indicates that
the observation may not necessarily be a simple artifact of the present QLA. It is presumable that
the reason that Eq. (25a) does not appear in the spectra of the present QLA is due to the no-slip
boundary condition—the presence of the wall should weaken the amplitude of the resolvent modes
to satisfy the boundary condition at y = 0. The issue of how such linear modes obtained from (1b)
with (1c) behave as y — 0 was discussed in detail in Refs. [16,22] in comparison to the spectra
from DNS. In particular, these studies showed that the scaling behavior of the linear modes used
in the present QLA is very similar to that of the spectra from DNS in the region close to the wall
[see Figs. 2 and 3 in Ref. [26]]. Therefore, the observation made here with the present QLA and the
previous studies [16,22] implies that the viscous effect caused by the no-slip boundary condition
would be needed for the precise description of the velocity spectra even at Re, = 10°.

B. Turbulence intensity

Turbulence intensities and Reynolds shear stress, obtained from the spectra in Figs. 7 and 8, are
presented in the inner- and outer-scaled wall-normal coordinates and are compared with those of
DNS in Figs. 9 and 10. Overall, the trends observed in Sec. III B, namely, an analogous “qualitative”
behavior between DNS and the optimal QLA, are reproduced in Figs. 9 and 10 for low Reynolds
numbers (up to Re; = 5 x 10%). By further increasing Re, up to Re, = 10°, the features consistent
with Townsend’s attached eddy model start to appear: the wall-normal turbulence intensity and
Reynolds shear stress appear to remain roughly constant [Figs. 10(d) and 10(f)], whereas the
streamwise and spanwise ones exhibit an approximate logarithmic scaling [Figs. 10(b) and 10(h)].
By trial and error, the fits obtained for the present QLA at Re, = 10° are

u'u y
- =—A/ln <—) + B, (262)
uz h
“ =B, (26b)
u
T
W A (X) +Bs. (260)
u? h

where [A| A3] = [6.50.25] and [B; B, B3] = [1.250.148 —-0.6]. We shall see later that some of these
constants (A; and B;) should be a function of Re, (Fig. 12).

Despite the behaviors of the QLA qualitatively consistent with those of DNS, it should be
noted that there are some differences between the QLA and DNS. First, as already discussed in
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FIG. 9. Reynolds stress profiles from (a), (c), (e), (g) DNS and (b), (d), (f), (h) resolvent QLA in the inner-
scaled wall-normal coordinate. Here Re, = 543, 1001, 1995, 5186 for DNS, and Re, = 103, 2 x 103, 5 x
10%, 10%, 2 x 10*, 10°, 2 x 10°, 5 x 10°, 10° for QLA.
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Sec. III B, the present QLA generates turbulence intensity highly skewed towards the streamwise
component. This is due to the two-dimensional nature (in the y-z plane) of the QLA. Second, at
low Reynolds numbers (Re, < 5 x 10?), the streamwise turbulence intensity of QLA appears to be
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less bumpy than that of QLA, not exhibiting an evident plateau-like behavior around y* = 100 at
Re, < 5 x 10°. However, as the Reynolds number is increased, the QLA gradually develops large
intensity in the logarithmic layer (or relatively outer region). Interestingly, the wall-normal location
attaining the maximum is suddenly changed from y* & 30 — 40 to y* ~ 2000 for Re, > 5 x 10°.
This suggests that the QLA and DNS show similar qualitative scaling behavior, as expected from
the spectra in Figs. 7 and 8, but they also have a nontrivial quantitative difference. We note
that this is due to the relatively weak strength of the near-wall peak developed in the spectra of
the QLA—indeed, the QLA exhibits its global maximum at A,/h =~ 1, whereas the DNS shows
its global maximum at A} ~ 100-200, causing its near-wall turbulence intensity relatively more
pronounced than that of the QLA. Finally, the wall-normal turbulence intensity of the QLA in the
near-wall and in the outer regions appears to retain an overshoot on increasing Reynolds numbers,
which is not observed in that of DNS [Figs. 7(g)-7(i) and Figs. 8(e), 8(f)]. We note that such a
behavior was not observed in the stochastic QLA [33], suggesting that this is presumably due to
the nature of the resolvent modes skewed more towards the streamwise component than the POD
modes from the stochastic response in Ref. [33]. It is not difficult to realize that all these differences
between the QLA and DNS originate from the nature of the resolvent modes with k, = 0 used for
the linear superposition through Eq. (13). This implies that the present QLA could well be improved
quantitatively by providing a delicate form of the modes for each k,. However, it should be pointed
out that this improvement would not change the basic scaling behavior of the present QLA, since the
resolvent modes used for each k, exhibit the scaling behaviors qualitatively consistent those of the
Fourier modes from DNS for each k, [22,26]. Therefore, from now on, we shall focus on studying
the scaling behavior of the QLA with the Reynolds number.

Now we examine the scaling of the near-wall turbulence intensity. If the early attached eddy
model [2—4,34,35] is simply extended to the near-wall region like in Ref. [40], it may be shown
that the streamwise turbulence intensity at a fixed inner-scaled wall-normal location in the near-wall
region is given by

W' (yT)

2
uz

=C;InRe; + G, (27

where C; and C, are constants. A considerable amount of evidence supporting (27) has been
presented at least for Re; < 10* [51,77], although the recent experimental measurements in the
CICLOPE facility up to Re, = 4 x 10* [38] suggested that the near-wall peak intensity may begin
to deviate from Eq. (27) for Re, > 10*. We note that the inner-scaled wall-normal location of
the peak near-wall streamwise turbulence intensity was originally understood not to be changed
with the Reynolds number, thus Eq. (27) has also been used for scaling of the peak near-wall
streamwise turbulence intensity. However, more precise examinations of experimental and DNS
data have revealed that the peak wall-normal location in the near-wall region slowly changes with
the Reynolds number [10,33,38]. Given the wide range of the Reynolds numbers considered in this
study, such a change in the peak wall-normal location would not be negligible. Therefore, Eq. (27)
needs to be examined at a fixed inner-scaled wall-normal location in the near-wall region.

The other scaling that will be examined in the present study was proposed in Ref. [39], in which
an asymptotic analysis of the mean streamwise momentum equation for the turbulent boundary
layer is performed using DNS data. In that analysis, the streamwise near-wall turbulence intensity

is given by

uu' (yh) by U + u?
=D ——D o\ = ). 28
2 1) Ua 2(y7) + Uz (28)

where D (y) and D,(y) are positive y-dependent functions, and U, is the outer velocity scale, i.e.,
the free-stream velocity for turbulent boundary layer and centreline velocity for channel flow. Here
it should be mentioned that the asymptotic analysis for turbulent boundary layer in Ref. [39] may
not be straightforwardly extended to internal parallel shear flows such as channel flow due to the
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FIG. 11. Growth of the near-wall streamwise turbulence intensity (y* = 30) with (a) InRe, (b) 1/ U:lr
where UCJIr denotes the mean centreline velocity. In panels (a) and (c), the red straight lines indicate a fit
in the form of w'u'/u* = a; + by In(Re,) where constants a; and b; are obtained from the data at Re, =
1 x 10%, 2 x 10°. In panels (b) and (d) the red straight lines indicate a fit in the form of u'u’/u? = a + by /U;}
where constants a, and b, are obtained from the data at Re, = 5 x 10°, 2 x 10°. In panels (e) and () the
near-wall streamwise turbulence intensity is investigated at y* =yt . where y! represents the wall-normal
location of the peak streamwise turbulent intensity, for 1 x 10* < Re; < 2 x 10* and y* =30 for 1 x 10° <
Re, < 1 x 10° in order to account for the emergence of the outer peak at large Re,.
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FIG. 12. Behavior of streamwise turbulence intensity in the log-layer for y/h = 0.05 (—), y/h = 0.1
(— — —),andy/h = 0.2 (- - -). The colored lines represent linear fits given in the form of w'u' /u? = a, + by /U
where constants a, and b, are obtained from the data at Re, = 5 x 10°, 2 x 10°.

difference in the mean streamwise momentum equation between the boundary layer and channel:
indeed, the mean streamwise momentum equation of channel flow does not contain any information
on the streamwise turbulence intensity. However, Eq. (28) is the only Navier-Stokes-based analysis
available, whereas Eq. (27) is still from a phenomenological model constructed with inviscid flow
assumption.

Figure 11 shows the examination of the two scaling laws in Eqs. (27) and (28) using the stream-
wise and spanwise turbulence intensities from the present QLA at y*© = 30 and using the near-wall
peak streamwise turbulence intensity. The near-wall turbulence intensities of both streamwise and
spanwise velocity components appear to follow Eq. (27) at least for Re, < 10* [Figs. 11(a), 11(c),
11(e)] like many previous experimental and DNS data at relatively low Reynolds numbers. However,
it becomes evident that both of the streamwise and spanwise near-wall turbulence intensities deviate
from Eq. (27) for Re, 2 10* [Figs. 11(a), 11(c), 11(e)], as was reported by the experimental data
from CICLoPE facility [38]. Importantly, these near-wall intensities very closely follow Eq. (28),
and they become more accurate as Re, — oo (U; — 00) [Figs. 11(b), 11(d), 11(f)], indicating that
the two independent Navier-Stokes-based analyses (i.e., Ref. [39] and the present QLA) show a
consistent behavior. Finally, it should be noted that the scaling of Eq. (27), which has been shown
to depict the scaling behavior for Re, < 10%, may well be obtained from Eq. (28). Indeed, since
U} ~ InRe, from the log-law for the mean velocity, employing a Taylor expansion to Eq. (28) in
terms of In Re, about a reference Reynolds number yields

wu'(yh)

2
uz

= C| + G InRe; 4+ O((InRe, )?), 29)

consistent with Eq. (27) at O(InRe, ). Further to this, Fig. 11 shows that Eq. (29) would remain a
good approximation at least for a decade of Re, from any reference Reynolds number, suggesting
that measurements and/or simulations are required to cover at least over two decades of Re; to
correctly see the scaling behavior described by Eq. (28).

Finally, it should be mentioned that the scaling in Eq. (28) is not the only feature of the
present QLA consistent with Ref. [39]. Its asymptotic analysis result also indicated that, in the
overlap region (or the conventional logarithmic layer), the streamwise turbulence intensity would
be proportional to 1/UC+, as Re; — oo. This result is also examined around the upper edge of
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FIG. 13. Premultiplied spanwise wave number spectra of streamwise velocity at (a) y/h = 0.05 and
(b) y/h = 0.1 for Re, = 10%, 103, 10°.

logarithmic layer (y/h = 0.05, 0.1, 0.2), as shown in Fig. 12. It is found that the streamwise
turbulence intensity in those locations is indeed proportional to 1/ UCJ{ as Re; — oo, giving credence
to the asymptotic predictions in Ref. [39]. The premultiplied spectra in these locations, shown in
Fig. 13, further suggest that the gradual increase of the streamwise turbulence intensity with the
Reynolds number is associated with the elevation of the power spectral density at large scale (i.e.,
A;/h = 1), the behavior observed from the experimental and DNS data at lower Reynolds numbers:
see, e.g., Refs. [10,78]. It would be interesting how such a behavior in the spectra would lead to the
scaling in Eq. (28), but exploration of this issue would be beyond the scope of the present study.

C. Emergence of the outer peak in the streamwise turbulence intensity

In this subsection, the issue of how the outer part of the streamwise turbulence intensity becomes
more energetic than the near-wall counter part is finally examined [Fig. 10(b)]. While it is evident
that the peak wall-normal location of the streamwise turbulence intensity abruptly changes between
Re, = 10° and Re, = 10° [see Fig. 7(c)], the not very well pronounced nature of the newly emerged
peak makes it difficult to characterize how it would scale with Reynolds number. Therefore, here we
instead explore how the near-wall turbulence intensity deviates from InRe;, as this would enable
us to understand how the near-wall turbulence intensity gradually weakens compared to the outer
counterpart.

Let us first start by assuming that the spectrum-based attached eddy model in Ref. [4] is
extendable to the near-wall region by replacing its y-scaling part of the spectrum with a §,-scaling
one. For A,/h =~ O(1), the spectra are then expected to scale well in outer units by assuming that
inactive motions reach all the way down to the near-wall region:

+
kZ(I)uLl(lz{Z’y ) — gl(kz(g). (30a)

T

On the other hand, for 1} ~ 0(10%) [k ~ 0(1072)], the replacement of the y scaling in Ref. [4]
with 8, scaling leads to an inner-scale spectrum:

ke P (e, )
uz

= g2(k:5y). (30b)

‘We now apply exactly the same procedure in Ref. [4] to Egs. (30a) and (30b) (i.e., matching between
them) for O(8,) < A; < O(h). This then leads to a k- ! spectrum, resulting in the following form
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FIG. 14. Premultiplied spanwise wave number spectra of streamwise velocity at y* = 30 for Re, =
10%, 10, 10°.

of near-wall turbulence intensity at an inner-normalized location:

Il (v
—uu(zy ) =C;InRe; + G, 31)
uT
where C; and C, are equivalent to those in Eq. (27).

The Reynolds number scaling in Eq. (31) is based on a simple extension of Ref. [4] to the near-
wall region, and its key assumption is that the contribution of inactive motions in the near-wall
region is strong enough for Eq. (30a) to be true. Let us now examine the two scalings in Egs. (30a)
and (30b). Figure 14 shows the premultiplied spanwise wave number spectra of the streamwise
velocity of the present QLA in the near-wall region (y* = 30) at three different Reynolds numbers
(Re, = 10%, 10°, 10%). It is evident that the near-wall spectra of the streamwise velocity scale in
inner units for A7 ~ 0(10?), indicating that Eq. (30b) is a valid scaling law for the spectra obtained
from the present QLA. On the other hand, the outer scaling given in Eq. (30a) does not appear to be
valid because the spectra at A, ~ O(h) do not scale in the outer unit—indeed, there is no reason for
Eq. (30a) to be valid in the near-wall region where the viscous inner length scale §,, is supposed to
be important. Consistent with this, the intensity of the spectrum at A, ~ O(h) is weakened as Re, is
increased, suggesting that the extent of the large-scale inactive motion penetrating in the near-wall
region is gradually decreasing with Re.. This behavior also appears to prevent the formation of a
well-developed k- ! spectrum over a wide range of A.. Last, the spectra in Fig. 14 indicate that,
at low Reynolds numbers, the scale interactions in the near-wall region is rather directly between
the inner- and outer-scaling motions due to the little length-scale separation between two [see also
the recent review [79] on this issue]. However, as the Reynolds number increases, the near-wall
spectra are contributed by the wall-reach motions at the length scale of O(§,) < A, < O(h) with
large separation between the inner and outer length scales. This implies that the scale interactions in
the near-wall region takes place across the entire length scales at high Reynolds numbers, while the
direct interaction between the inner and outer scales becomes weaker on increasing the Reynolds
number due to the weakened outer-scaled spectra. This observation is also consistent with the wall-
reaching nature of inactive motions of the y-scaling attached eddies reported in Refs. [15,26,59,80].

It is evident that all these behaviors are due to the viscous effect cased by the no-slip boundary
condition on the large-scale inactive motion, the near-wall scaling behavior of which was discussed
in detail in Ref. [16]. Furthermore, since the near-wall spectrum at A, ~ O(h) becomes weaker
with Re;, the near-wall turbulence intensity would gradually deviate from Eq. (31), consistent with
the observations made in Fig. 11. This also implies that, in the logarithmic region where the viscous
effect is not expected to be strong, the intensity of the outer-scaling spectrum would not be weakened
with increasing Re.. In fact, Fig. 13 suggests that it becomes stronger instead, explaining why
the streamwise turbulence intensity exhibits a sudden change in its peak location with increasing
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Re,. Finally, the emergence of the peak streamwise turbulence intensity in the logarithmic layer
at Re; > 5 x 10° in the QLA data suggests that the same may happen in experimental and DNS
data, if they become available in the future. We note that this Reynolds number predicted by the
present QLA is two or three order of magnitude lower than Re, ~ 0(10%) estimated in Ref. [77],
where the prediction is made by carefully extrapolating their experimental data at Re, < O(10%).
Here it should be pointed that their prediction of the Reynolds number being Re, &~ O(10®) is
based on In Re; scaling in Eq. (27) for the near-wall turbulence intensity. However, if the near-wall
streamwise turbulence intensity is lower than the one from Eq. (27) for Re, > O(10%), it may well

be possible that the Reynolds number, at which the outer peak takes over the near-wall one, would
be lower than Re, ~ O(10®), consistent with the prediction of the present QLA.

V. CONCLUDING REMARKS

In this study, the quasilinear approximation, developed in Ref. [33] with a stochastic forcing
and POD modes, has been extended by employing the resolvent analysis framework. The flow is
decomposed into a mean and fluctuations using the Reynolds decomposition. For the mean, all the
nonlinearites are kept, whereas, for the fluctuations, the equations are linearized around the mean
and the self-interacting nonlinearities are modeled using an eddy-viscosity-based diffusion and a
stochastic forcing. The resolvent modes are subsequently utilized to characterize the fluctuations in
response to the stochastic forcing. Their amplitudes are self-consistently determined by solving an
optimization problem, which minimizes the difference between the Reynolds shear stresses from
the mean and fluctuation equations, subject to the constraint that the forcing must be sufficiently
smooth in Fourier space.

For the purpose of reducing computational cost towards an extremely high Reynolds number
relevant to atmospheric surface layer (Re, = 10°), the proposed resolvent QLA is carefully approx-
imated further. This enables us to construct the QLA using two leading resolvent modes of the
Fourier components of k, = 0 and w = 0 (i.e. QLA with optimal forcing). Although this choice of
the modes does not make the QLA lose its basic scaling behavior, it should be mentioned that it
is essentially ad hoc and undermines the accuracy of the QLA together with its nonunique nature,
requiring further improvement in the future.

Application of the QLA to a turbulent channel flow up to Re, = 10° reveals several notable
statistical features. They would potentially be useful for the interpretations of experimental and
DNS data at extremely high Reynolds numbers, when they become available:

(1) Any visibly well-developed inverse-law power spectra are not observed even at Re, = 10°.
The QLA data suggest that a significant potion of the lower part of the logarithmic layer (or
mesolayer) is under the influence of viscous force originating from the wall. The spectra at the
outer length scale in this region exhibit a nontrivial difference from the outer-scaling law proposed
in the early spectrum-based attached eddy model [4].

(2) The near-wall streamwise and spanwise turbulence intensities of the proposed QLA are
found to deviate from the InRe, for Re, > O(10*), while exhibiting a scaling proportional to
1/U. The QLA data suggest that the streamwise turbulence intensity in the logarithmic region
at a given outer-scaled wall-normal location is also proportional to 1/U :l”. These scaling behaviors
consistently follow those proposed in Ref. [39], where the streamwise turbulence intensities in both
the near-wall and outer regions were shown to be proportional to 1/U} using an asymptotic analysis
of the Navier-Stokes equations with DNS data.

(3) The QLA data revealed that the streamwise turbulence intensity in the logarithmic layer
can become greater than the near-wall counterpart at Re, ~ O(10°). This is due to the gradually
weakening near-wall spectra at large scale with increasing Re., suggesting that the influence of
viscous force on the wall-reaching large-scale inactive motions would be the origin of this behavior.

It appears that the scaling behaviors gained in the present QLA are not consistent with those
proposed based on the early attached eddy models. However, it should be pointed out that the present
QLA can be viewed as an improved version of such attached eddy models, because it retains exactly
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FIG. 15. Sensitivity to the optimization parameter, p, used in order to mitigate the sharp decay in k, of the
singular values of the resolvent operator. Here €; (CJ) refers to the Q-norm error, [|u'v’ — (u'v')||, defined in
Sec. II B and ¢, (o) denotes the standard £,-norm error.

the same mathematical structure with them: i.e., linear superposition of self-similar statistical
structures/modes subject to the given Reynolds shear stress. Indeed, the stationary resolvent modes
for k, = 0 in this study and the time-domain POD modes in Ref. [33] were both analytically and
numerically shown to be approximately self-similar with y for O(1008,) < A, < O(h) due to the
logarithmic mean velocity (see Fig. 4 in Ref. [22]). From this viewpoint, the primary differences
of the present QLA from the early attached models are the following: (1) the no-slip boundary
condition is implemented to the individual self-similar statistical structures and (2) the full Reynolds
shear stress profile is considered using the empirical model in Ref. [41]. Therefore, in principle, the
present QLA is supposed to reproduce the result of the early attached eddy model in the limit
of Re; — oo, if the resolvent modes used in this study are redesigned to satisfy a slip boundary
condition consistent with the original model of Townsend [1]. This is also the fundamental reason
why the streamwise and spanwise turbulence intensities of the present QLA exhibit logarithmic
wall-normal dependencies, while the wall-normal intensity and the Reynolds shear stress remain
constant at least in an approximate manner (see Fig. 10). Therefore, the results in the present
QLA do not indicate any issue in the basic modeling idea of the attached eddy models, but the
potential limitations caused by the inviscid flow assumptions in the early attached eddy models.
If these assumptions are carefully removed by utilizing the Navier-Stokes equations, the viscous
version of the attached eddy model (i.e., the present QLA) shows consistent behaviors with the
other Navier-Stokes-based asymptotic analysis in Ref. [39]. It is therefore hoped that the qualitative
scaling behaviors proposed by the present QLA would be useful when new experimental and DNS
data emerge at higher Reynolds numbers.

ACKNOWLEDGMENTS

Y.H. thanks Prof. P. A. Monkewitz and Prof. H. Nagib for sharing very helpful discussions
about their previous work [39]. Y.H. gratefully acknowledges the financial support from the Lev-
erhulme trust (RPG-2019-123) and the Engineering Physical Science Research Council (EPSRC;
EP/T009365/1) in the United Kingdom.

APPENDIX A: SENSITIVITY TO OPTIMIZATION PARAMETER p

In this Appendix, a sensitivity analysis is performed on the optimization parameter, p, that is
introduced to mitigate the sharp decay of singular values of the resolvent operator [see Eq. (15)]. In
Fig. 15 it can be seen that as p is increased the Q-norm error remains almost constant. On the error

034602-30



SCALING OF TURBULENCE INTENSITIES UP TO ...

(a) (b)

10 0.04
8 0.03
- 6 .
- = 0.02 A
= 4 h :
Wi
AW
5 0.01 \_‘;
0L 0L ‘
1073 10! 1072 1072 10! 10° 10!

A./h

FIG. 16. Sensitivity of the modified and original weight functions, defined in Eq. (16), as p is varied. Here
P=0.1(=),p=02(——=),p=03(-),p=04(-)p=05(=——)p=06(--.

(@) g
°
60
zi\i o o
N 40F
o= °
b‘\
20+
L— 8 @ o o o o o o

0 2 4 6 8 10

100
90
80
70

60

50 . . 50 Pa— .
107°107*10310°210°* 10° 10* 10° 10 10% 10° 10* 10° 105 107
A:/h AL

FIG. 17. Energy contents of the resolvent modes for k, = 0 and w = 0: (a) the contribution of the first 10
modes (o7/V) to the energy of all modes (V = v o}) for A, = 3.5h (e) and A} = 80 (o) at Re, = 5 x 10°.
In panels (b) and (c) the contribution of the two most energetic modes is investigated over (b) the outer- and
(c) inner-scaled spanwise wavelengths for Re; = 5 x 10° (—), Re; =2 x 10* (— — —), and Re, = 5 x 10° (-

-

034602-31



NIKOLAOS SKOULOUDIS AND YONGYUN HWANG

hand, the £, norm error experiencesa nontrivial drop for p = 0.4. It is also instructive to check the
behavior of the weight functions as p is varied (Fig 16). In general the smoothness of the modified
weight function [Fig. 2(a)] deteriorates as p is increased. This can also be verified in Fig. 2(b),
where the original weight function exhibits a second odd peak near A, ~ 10A. For these reasons, the
value of p which provides the smallest optimization error and adequate smoothness is chosen to be
p=04.

APPENDIX B: ENERGY CONTENTS OF LEADING RESOLVENT MODES

Here we report how much energy is contained in the two leading resolvent modes. Figure 17(a)
shows the contribution of first 10 modes to the energy of all modes for the streamwise uniform (k, =
0) and stationary (@ = 0) case. It is seen that the leading two modes contain most of the energy.
Examination of their contribution at different A, and Re, shows that the leading two resolvent modes
consistently contribute more than 80% to the total energy for 505, < A, < 10A [Figs. 17(b) and
17(c)].
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