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Rivulet cascade from falling liquid films with side contact lines
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We investigate the dynamics of films of partially wetting liquids falling down a vertical
plane in the presence of air. We focus on the little-studied case where the film is not
in contact with lateral walls and thus has two side contact lines. By way of 3D direct
numerical simulations, we study the fingering instability and the distribution of rivulets.
Our results show that the instability develops as a cascade: two twin rivulets first develop
at the free sides, followed by a series of twin rivulets growing closer to the center. This
self-sustained fall is caused by the formation of stagnation zones at the front contact line
as the liquid behind the ridge escapes toward a newly created rivulet. We also show that the
established rivulet distance follows the prediction of linear instability, despite the cascade.
The dynamics of the cascade is modified by inertial and film thickness effects, as well as
by initial shape perturbations of the contact line. On the contrary, varying the contact angle
does not affect the development of the cascade, apart from the average wavelength.
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I. INTRODUCTION

Liquid rivulets are streamlets bounded by two contact lines. These elongated fluid structures are
commonly observed in our daily life, e.g., on shower glass or house or car windows. In addition,
they have a strong impact on multiple technological applications. For instance, rivulet flows might
degrade the aerodynamic efficiency of wings in rain (Thompson and Jang [1]) or the wall coating.

When a thin liquid film falls down an inclined or vertical dry plate, a capillary ridge develops
behind the advancing contact line. A front instability occurs when the ridge is sufficiently pro-
nounced, and finger-like liquid structures develop as thicker regions progress faster than thinner
regions (Spaid and Homsy [2], Bonn ez al. [3]). This was clearly observed experimentally (Huppert
[4], Silvi and Dussan [5], Jerrett and de Bruyn [6], de Bruyn [7], Johnson et al. [8]). Subject to
different flow and substrate conditions, the fingering instability might evolve into more elaborated
liquid structures governed by nonlinear interactions, which we refer to as rivulets.

We now discuss those works related to the numerical analysis of gravity-driven films of
fully/partially wetting fluids.

By employing a lubrication model with precursor film, Kondic and Diez [9] analyzed the effect
of initial sinusoidal perturbations of the contact line on the fingering instability. When the domain
width is comparable to the most unstable wavelength obtained via linear instability, they concluded
that perturbations outside the band of unstable wavelengths decay, whereas those within the unstable
band are characterized by several different growth rates. Subsequently, Ledesma-Aguilar ef al. [10]
used the lattice-Boltzmann method to study the effect of sinusoidal, parabolic, and finger-like initial
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conditions and of system width on the finger pattern. They found that the solution is not sensitive to
the employed initial condition, and that the width of the system mainly affects the rivulet distance.

In another study, by employing a lubrication model with precursor film, Diez and Kondic [11]
argued that complete coating of the surface is to be expected for fully wetting fluids and that only
partially wetting fluids might lead to incomplete coverage. This issue was addressed also by Moyle
et al. [12], who performed time-dependent simulations of partially wetting fluids showing that
troughs are stationary when the contact slope C = (3Ca)~!'/3tan6 > 1, where Ca is the capillary
number and 6 the contact angle.

Other features of fully nonlinear simulations of the fingering instability have also received a lot
of attention, such as the rivulet breakup (Eres ef al. [13], Ledesma-Aguilar er al. [14]), the effect of
the inclination angle (Kondic and Diez [9]) and of the contact angle (Sebastia-Saez et al. [15]) on
the nonlinear dynamics, as well as the influence of surface heterogeneities (Kondic and Diez [16],
Marshall and Wang [17], Slade et al. [18]).

All the above-mentioned works focus on films in contact with sidewalls and are characterized by
a front contact line. The effect of lateral contact lines was first investigated by Lan et al. [19], both
numerically (by means of the volume of fluid method) and experimentally. In this configuration,
surface tension effects lead to the contraction of the film in the spanwise direction. The authors
discussed the decrease in film width by varying several parameters, such as Reynolds number and
contact angle. Their scenario is such that a single central flow takes place without rivulet occurrence.
This has prompted us in studying how the finger instability develops in the presence of restriction
of the film width and how the general flow pattern changes under the effect of initial conditions and
contact-line perturbations. Thus, the problem studied in this paper is similar to the work of Lan et al.
[19], except that the flow conditions considered here lead to a significantly different flow pattern,
with formation of rivulets.

Subsequently, Thoraval et al. [20] studied experimentally a vertical falling film of partially
wetting fluid and reported the formation of two lateral rivulets during the transient states. This was
also confirmed by Lallement [21] by employing a long-wave shallow water model with precursor
film.

Our current work investigates the dynamics and distribution of rivulets originating from liquid
films driven by gravity on vertical planes. Based on direct numerical simulations (DNSs), we aim at
studying the scenario where the liquid film is not in contact with sidewalls and thus has two lateral
contact lines, as sketched in Fig. 1. We are particularly interested in the wavelength selection and in
the influence of contact-line shape perturbations, inertia, film thickness, and contact angle.

The article is structured as follows. In Sec. II we write the governing equations and describe the
numerical approach (some specific validations for the simulation of falling liquid films are reported
in the Appendix). In Sec. III we present the rivulet cascade and describe the mechanism responsible
for the cascade-like instability of the contact line. Section IV is devoted to the discussion of the
wavelength selection with respect to the prediction of linear instability. Concluding remarks are
presented in Sec. V.

II. GOVERNING EQUATIONS AND EMPLOYED NUMERICAL METHOD

A. Governing equations

We consider a three-dimensional liquid film of partially wetting fluids falling down an inclined or
vertical wall in interaction with an upper gaseous phase (Fig. 1). Under the assumption of Newtonian
incompressible and isothermal fluids, and neglecting the phase change, the full dynamics of the
considered two-phase flow is subject to the three-dimensional Navier-Stokes equations:

V-uy =0, V.u =0, (1a)
o1 +uv; - V) = —Vp, 4+ pg + nAuwy, (1b)
Pe(0ug +ug - Vug) = —Vp, + po8 + pgAug, (1)
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FIG. 1. Sketch of the considered problem and used notations: a film of partially wetting fluid with side
contact lines down a vertical plane in contact with air.

where [, g are phase indicators, V the nabla operator, and A the Laplace operator. Also, u =
(u, v, w) represents the velocity along the streamwise, cross-stream, and spanwise directions
(x, ¥, z), p the pressure, g = (gsin B8, —gcos §, 0) the gravity with the inclination angle 8, and p, ©
density and viscosity.

Equations (1) are completed with boundary conditions at the interface:

n-[X]-n=yV-.n, (2a)
n-[X]-t=0, (2b)

where n, t are the tangent and normal unit vectors to the interface, X the stress tensor, and y the
surface tension. The symbol [-] identifies the jump at the interface.

At the moving contact line, where the three phases interact, the no-slip condition leads to a
diverging energy dissipation (Huh and Scriven [22], Bonn et al. [3]). Several models have been
developed to mitigate the stress singularity paradox, as the precursor film and the Navier slip models.
In this work, the Cox-Voinov hydrodynamical model is employed (Voinov [23], Cox [24]), and its
incorporation within the numerical procedure will be detailed in the next section.

B. Numerical method

Our direct numerical simulations were performed with the flow solver JADIM (Magnaudet et al.
[25]), which was been successfully employed for disperse two-phase flows, bubble dynamics, and
sliding drop (Legendre and Magnaudet [26], Bonometti and Magnaudet [27], Dupont and Legendre
[28]). This is a finite volume solver based on the volume of fluid (VOF) (Hirt and Nichols [29])
and continuum surface force (CSF) (Brackbill et al. [30]) methods. The liquid-gas interface is
computed with the flux-corrected transport (FCT) method (Zalesak [31]) by means of an accurate
transport algorithm. This algorithm allows us to preserve the stiffness of the fronts while keeping
the numerical thickness of the interface within three grid cells (Bonometti and Magnaudet [27]).
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The VOF method consists of solving the Navier-Stokes equations (1) for a single fluid on a fixed
grid:

qp+u-Vo =0, (3a)
V-u=0, (3b)
p(du+u-Vu)=—-Vp+pg+V . -T+F, (3¢)

where ¢ is the volume fraction (¢ = 1 in cells with liquid only and ¢ = 0 in cells with gas only),
T the viscous stress tensor, and F; the capillary contribution to the normal coupling condition. The
single-fluid properties are obtained through a linear interpolation based on ¢:

p=¢p+ (1 —¢)p,, = gu+ (1 — @), “4)
u=ou + (1 —¢ug, p=e¢pr+ U —9)p,. o)
With the CSF formulation, the capillary contribution in (3) takes the form
F, v < Ve )V (©6)
s=—yV-| <) Ve
‘ Vel

Since our approach does not rely on the interface reconstruction, computing (6) requires to know
V. At the wall, Vg and the contact angle 6 are related through

Vo

n=—— =sinény + cosf n,,, @)
Vol

where n,,, and n,, are the tangent and normal unit vectors to the wall (Dupont and Legendre [28],
Mohand et al. [32]).

The value of the contact angle is determined through the Cox-Voinov hydrodynamic model,
which relates the static contact angle 6, controlled by intermolecular forces in the microscopic
region to the dynamic contact angle 6, which has a logarithmic evolution with the distance to the
contact line. The distance of observation for a computational fluid dynamics (CFD) simulation is
imposed by the grid size. Indeed, the physics smaller than the grid size cannot be solved and need to
be modeled. In the model originally proposed by Dupont and Legendre [28], the imposed dynamic
contact angle & makes use of the Cox-Voinov relation with the grid size A representing the distance
to the contact line:

AJ2
g(0) = g(6s) + Car In (T) 3

in which [/ >~ 1 nm represents the microscopic length scale where the intermolecular forces domi-
nate, and Ca,; = ,ulUdy‘l the contact-line capillary number based on the contact-line velocity U,;.
The value of U,; is obtained from the interpolation of the interface velocity at ¢ = 0.5 at the distance
A /2 from the wall (Dupont and Legendre [28], Legendre and Maglio [33]). For gas-liquid flows,
the function g(6) can be simplified to

9 .

¥ — sin ¥ cos ¥

8(9)=/ —————dv. 9
0 2sin ¥

When 6 < 3/47, the Cox-Voinov dynamic model (8) and (9) can be approximated as 6° = 63 +
9 Cag In (A/21). At this point, the angle is used for the calculation of the capillary contribution (7)
in the momentum balance (3) (Dupont and Legendre [28]).

The discretization of Egs. (3) is performed on a staggered mesh with second-order accuracy in
space. Time discretization is performed through a third-order Runge-Kutta method for the viscous
terms. Incompressibility is satisfied at the end of each time step by solving the pseudo-Poisson
equation.
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TABLE I. Physical properties of the working liquids considered in the numerical study.

Fluid Type prkgm™) vy m?shH  p,kgm) v, (m*s7) y (mNm)
A water/glycerin (80%), air 1190 2.44 x 1073 1.25 1.5x 1073 64
B water/glycerin (50%), air 1130 5.02 x 1076 1.25 1.5x 1073 69

C. Numerical setup

The numerical results presented in the paper are all obtained with two working liquids: (A) a
mixture of water-glycerin at 80% in weight in contact with air, based on the experimental conditions
of Thoraval et al. [20]; (B) a mixture of water-glycerin at 50% in weight in contact with air. The
respective physical properties are listed in Table I. We also restrict our work to vertical planes.

All simulations have a computational domain of size 0.1 x 0.01 x 0.08 m (length L, height H,
and width W with reference to Fig. 1), except for the simulations where the inlet width has been
varied (here, W = 0.1 m to allow us to employ a larger range of liquid inlet, and H = 0.006 m).
Indeed, we vary the width £, of the liquid inlet such that it remains always shorter than the
computational domain width (Fig. 1), to avoid any interaction of the liquid with the borders.

The control parameters of the problem and their range of variations are shown in Table II.
In addition to the inclination angle 8 and the contact angle 6;, the other dimensionless control
parameters are the Reynolds, capillary, and Bond numbers, as well as the width-to-height ratio
£./hy, where £, is the inlet width and A the inlet film thickness.

The liquid Reynolds number Re; is based on the volumetric flow rate per unit width ¢ = Q/¢.,
where Q is the volumetric flow rate:

U h
Re; = L = =210 (10)
V; Vi

where Uj and h correspond to the velocity and thickness of the Nusselt flat (waveless) film (Nusselt
[34]), for which

sin 8 h?
vy = S0P

3, arn

Indeed, behind the advancing rim there is a portion of flat (waveless) film, whose thickness
and velocity are consistent with the Nusselt equilibrium condition. The capillary number Ca is

TABLE II. Control parameters and their range of variations of the numerical study. Top: dimensional
parameters, bottom: dimensionless parameters.

Control parameter Notation Range of variation
Film thickness ho (0.60-1.76) mm
Film velocity Uy (0.05-0.55m/s
Liquid inlet width L, (0.04-0.098) m
Inclination angle B 90°
Contact angle 0, 40°-160°
Liquid Reynolds number Re; 1.2-101
Capillary number Ca 0.019-0.188
Bond number Bo 0.06-0.56
'Width-to-height ratio L. /ho 49-121
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defined as
U,
Ca= #1120 (12)
14
whereas the Bond number as
h
Bo = 2810 (13)
14

The boundary conditions applied at the inlet replicate the presence of an opening where the
working liquid falls from. Those can be expressed as

u0,y,2)=Uy if y<h and u@0,y,z2)=0 if y > hg. (14)

With reference to Fig. 1, at the left, right, top, and bottom boundaries, the applied conditions are
u(x,0,z2) =ulx,H,z) =0, (15)
u(x,y,0)=ux,y, W) =0, (16)

except for the simulations of Sec. III A, where at the top boundary a symmetry condition is instead
imposed. At the outlet, a Neumann condition is imposed for the volume fraction and for the pressure:

Vo(L,y,z) =0, a7
82p

L,y,z)=0. 18
8x8y( v, 2) (18)

The Neumann condition for the pressure is imposed in a single outlet point (L, yy, zo) with reference
pressure pg, and then the pressure field at the outlet is obtained through an iterative method based
on the values of the pressure in the neighbor cells.

As initial condition, a liquid step is imposed adjacent to the inlet, whose size matches a few grid
points in the streamwise direction, A in the cross-stream direction and £, in the spanwise direction.
Within the step, the velocity is consistent with the liquid inlet, i.e., # = Uy. The imposed initial
velocity is otherwise zero.

A thorough validation of the numerical code JADIM in the film spreading scenario is discussed
in the Appendix.

III. RIVULET CASCADE AND EXPLANATION OF THE INSTABILITY MECHANISM
A. Rivulet cascade

We now focus on the time evolution of a liquid film of partially wetting fluid falling down
a vertical wall with side contact lines. The problem is similar to the one studied by Lan et al.
[19], except that the liquid Reynolds number is now significantly smaller and the wall is more
hydrophobic. The flow conditions considered here are fluid A, Re; = 2.92, Ca = 0.04, 6, = 82.5°.
This set of flow conditions leads to a completely different flow pattern with respect to Lan et al.
[19], with formation of rivulets.

In order to investigate the behavior of the advancing contact line in time, we consider three
different inlet widths: £,/hy = (55.6, 105.1, 121.2) corresponding to £, = (0.45, 0.85, 0.98) of the
entire domain width W = 0.1 m. Figure 2 shows snapshots of the falling film and of the rivulet
dynamics, by computing the contour level ¢ = 0.5 of the volume fraction. In order to highlight the
3D effects of this complex dynamics, we use contrast between the 3D image and a grid pattern in the
background. Time is rendered dimensionless as t* = 1 Uy/hy. At early stages, in all the considered
cases, two symmetric fingers appear at the side contact line (leftmost panels). These fingers travel
faster than the flat (waveless) film in between. Meanwhile, the film width decreases (second panels
from the left). Subsequently, the flat (waveless) film between the initial lateral rivulets destabilizes
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FIG. 2. Snapshots of 3D view of a liquid film of fluid A down a vertical plane at Re; = 2.92, Ca = 0.04,
0, = 82.5°. (a)—(d): £,/hy = 55.6,1.e.,£,/W = 0.45; (e)—(h): £, /hy = 105.1,1i.e., £,/W = 0.85; (1)-(1): £, /hy =
121.2, i.e., £,/W = 0.98. Time steps: t* = 9.78 (leftmost panels); t* = 16.3 (second panels from the left);
t* = 22.8 (third panels from the left); #* = 29.3 (rightmost panels).

e

and additional fingers originate (third panels from the left). In the first case, where £,/W = 0.45,
only one extra rivulet appears, while in the second case (£,/W = 0.85) the new forming rivulets are
in the number of two. If the inlet width is further increased, as in the third case (£,/W = 0.98), the
number of new rivulets does not change. If the distance between the last formed couple of rivulets is
large enough, a cascade takes place in the form of a series of twin rivulets (rightmost panels). This
is a self-sustained rivulet cascade from the side to the center.

We now turn to the analysis of rivulet length and unstable wavelength throughout the cascade.
Lines with empty symbols in Fig. 3(a) show the rivulet length in time for the configuration with
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FIG. 3. Time evolution of finger dynamics for the case £,/W = 0.85 [Figs. 2(e)-2(h)]. (a) Length of main
rivulets ¢; (empty square), secondary rivulets ¢;; (empty triangle), and tertiary rivulets ¢;; (empty circle).
Wavelength of main rivulets A; (filled square) and secondary rivulets Aj; (filled triangle). (b) Rim profile at
the spanwise center at different streamwise positions, from left to right: x/L = 0.001, 0.02, 0.06, 0.1, 0.15.
Filled red circles mark the position of maximum and minimum film thicknesses.

£./W = 0.85. The first couple of rivulets (square) accelerates and then reach a constant velocity
value, almost when the second couple (triangle) and the last (central) finger (circle) appear. The
time evolution of all three flow structures is similar but shifted. Lines with filled symbol represent
the distance between the twin rivulets forming the first (square) and the second (triangle) couple.
This distance decreases at initial stages. This behavior is explained by the pattern depicted in the
rightmost panels of Fig. 2, where the two lateral rivulets diverge next to their roots. However, when
the rivulet velocity reaches a constant value, the distance no longer varies.

Figure 3(b) shows the time evolution of the film thickness profile at the center of the domain
(z/W = 0.5) for different streamwise positions. As expected, the ridge becomes thicker and nar-
rower as it flows down the plane driven by gravity. This is shown by the red filled circles, which
mark the position of maximum and minimum film thicknesses for each streamwise position. The
capillary ridge anticipates the passage of the waveless film, whose thickness corresponds to the
Nusselt value. Small deviation from this limit should be expected due to the presence of an active
gas phase, which exerts a shear stress on the liquid film and thus modifies the velocity profile within
the liquid (Lavalle et al. [35]). The rightmost line shows the film thickness profile when the capillary
ridge destabilizes into the central finger.

1. Influence of inertial effects and film thickness effects

In this section, we investigate the effect of the Reynolds number on the overall finger pattern.
However, varying the Reynolds number entails the variation of the film thickness too, as Re; and A
are linked through the Nusselt equilibrium condition (10) and (11).

In order to decouple the inertial effects from the film thickness effects, we have employed another
working liquid (fluid B of Table I). Using fluid A and fluid B allows us to maintain the film thickness
fixed while varying the Reynolds number and vice versa.

First, we consider the configurations depicted in Figs. 4(a) and 4(c). Here, while the film
thickness is unchanged, the Reynolds number varies from 1.2 to 28.3 by changing the working
liquid [fluid A for Fig. 4(a) and fluid B for Fig. 4(c)], while keeping almost constant the capillary
and the Bond numbers.

From Figs. 4(a) and 4(c), the inertial effects strongly influence the general flow pattern, although
the average wavelength is similar. Particularly, the decrease in film width is less pronounced for
Re; = 28.3 [Fig. 4(c)], as also observed by Lan et al. [19]. Indeed, the film restriction is governed
by the competition of surface tension effects, which tend to center the film, against inertial effects
and weight of the lateral rim, which promote the film stretching.

124001-8



RIVULET CASCADE FROM FALLING LIQUID FILMS ...

:EE?

(@)

@% i @ﬁ%’

FIG. 4. 3D view of a liquid film down a vertical plate. (a) Fluid A: Re; = 1.2, hy = 0.60 mm, €,/hy =
116.7, t* = 29.3. (b) Fluid A: Re; = 30, hg = 1.76 mm, £,/hy = 39.8, t* = 29.3. (¢) Fluid B: Re; = 28.3,
hy = 0.60 mm, £,/hy = 116.7,t* = 75.8.

Comparing Figs. 4(b) and 4(c) allows us to analyze the film thickness effects. Here, while
the Reynolds number is almost unchanged, the film thickness is different due to the change of
working liquid [fluid A for Fig. 4(b) and fluid B for Fig. 4(c)]. We observe that the film thickness
effects also play on the overall finger pattern. The decrease in film width is weaker at high film
thickness [Fig. 4(b)]. This is due to the greater thickness of the lateral rim, which fosters the
film stretching together with inertia, against surface tension effects. The configuration at high A
[Fig. 4(b)] exhibits another interesting feature: only the lateral rivulets develop, as the twin central
rivulets are overwhelmed by the displacement of the waveless film behind the front contact line.

B. Mechanism for width restriction and rivulet cascade

Figure 4(c) clearly shows the presence of two characteristic regions in the falling film: (i) The
uniform (waveless) film behind the front contact line, which flows in the direction of gravity. Here,
the viscous stresses balance the weight of the film, and their resulting balance leads to the Nusselt
velocity profile (11). (ii) The lateral rim, which forms due to the film restriction, and which collects
the liquid from the upcoming flow. We analyze the equilibrium of the lateral rim in the direction
perpendicular to the contact line, governed by the balance of capillary forces, which tend to promote
the width restriction, and of gravity (i.e., rim weight) and momentum flux carried by the uniform
film, which both tend to keep the film straight and the lateral rim vertical. Since the velocity U,
of the lateral contact line is very low, we can suppose that the viscous stresses do not play in the
equilibrium of the rim along the direction perpendicular to the lateral contact line. We have verified
this for two limit cases (Re = 1.2 and Re = 30) by quantifying the gravity term (pgsin ¥, where
Y is the angle between the side contact line and the vertical; see Fig. 5) with respect to the viscous
drag in the direction normal to the contact line (uU,;/ hfim, where Ay, is the thickness of the lateral
rim). This ratio can be formulated in terms of the dimensionless group Boyy, sin ¢ /Ca,;, where

Bovim = p18himy " (19)

IV

. waveless film

--------

dry plate B=m/2

FIG. 5. Sketch of a falling film with side contact lines and of the lateral rim (zoomed area).
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is the Bond number based on h;,. Given that Boypy sinyy/Ca,; is much larger than unity
(BOyim sin ¥ /Ca.; =~ 20 for the scenario Re = 1.2, and Boyj, sin ¥ /Ca.; =~ 8 for the scenario Re =
30), the viscous stresses in the direction perpendicular to the lateral contact line are much smaller
than the rim weight.

To identify the mechanism responsible for the width restriction, we consider the balance of forces
acting on the rim along the normal direction to the side contact line (Fig. 5). Following Sebilleau
et al. [36], the balance of forces reads

2 h
y(1 —cosf) = p;gSsinyr + B ,Ozgz 9 sin 2, (20)
Vi

where S is the surface of the rim (Fig. 5). The rim surface S can be expressed as the area of a circular
segment, i.e., S = R?(0 — sin 0 cos ). Here, R is the radius of curvature of the rim, which is related
to the maximum rim height Ay, through the relation

Iiim = R(1 — cos 6), 2n

under the assumption that the rim shape can be approximated by a circular segment (Fig. 5).
Equations (20) and (21) hold for all contact angles: 0 < 0 < 7.
In dimensionless form, and by expressing S and R as a function of €, the balance of forces (20)
reads
6 — sinf cos O
(1 —cos9)?

Equation (22) can be solved in ¢ as a function of Re Bo. However, neither Boy;,, nor 6 are known. It
turns out that the rim height A, is roughly uniform along the streamwise direction. For all simulated
cases with 0 = 82.5°, we have hin/ho = 2 for fluid A whereas Ay, /ho =~ 2.5 for fluid B, which
allows us to express Boyin, as a function of Bo. The contact angle 8 in Eq. (22) must be computed
by employing the dynamic contact angle model (8). For this, the capillary number Ca,; based on
the lateral contact-line velocity U,; must be evaluated. Two regimes are identified: (i) Static lateral
contact line, for which Ca,; >~ 0. This is the case of fluid B. (ii) Dynamic lateral contact line, for
which Ca,; can be evaluated by fitting the DNS data. This is the case of fluid A.

Before fitting the DNS data, we attempt to find the relation between Ca,; and Re Bo. When Re Bo
is large (>20), Eq. (22) mainly gives the equilibrium between the capillary term and the momentum
carried by the film:

2
(1 — cosb) = Bosim sin ¢ + gRe Bosin wz. (22)

2
(1 —cosf) ~ gReBo sin 2. (23)
From the inset shown in Fig. 6(b), we recover that sin /> ~ (Re Bo)™*3. As a consequence, for
0 — m (the dynamic angle 6 > 150° in our cases), Eq. (23) simplifies to
62 ~ (ReBo)'/. 24)

By using the Cox-Voinov model (8) to express 6, and by neglecting, as a first approximation, 6, with
respect to the term in Ca,; (this is a valid approximation for large Re Bo), one obtains

Ca’/> ~ (ReBo)'/?, (25)

which leads to the relation Ca,; ~ (Re Bo)!/2.
We have verified that the curve that fitted best with the DNS points yielded a dependence of the
form

Ca, = 0.04v/Re Bo — 0.025. (26)

This is represented in Fig. 6(a), which also shows the variation of Ca (based on the undisturbed film
velocity Up) as a function of Re Bo (dashed line). This scales as (Re Bo)?/> given that Ca ~ h(z) and
Re ~ K [Eqgs. (10) and (11)]. Therefore, Ca/Ca, ~ (ReBo)~!/10,
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FIG. 6. (a) Capillary number based on the contact-line velocity as a function of Re Bo: DNS results (circle);
fit curve: 0.04+/Re Bo — 0.025 (solid thick line). Dashed line: capillary number based on Uj. (b) Angle ¥ made
by the decrease in film width in a falling film of partially wetting fluid (6; = 82.5°) as a function of Re Bo,
obtained via Eq. (22) (black solid line: fluid A; red solid line: fluid B). Filled circles mark the DNS results
(black: fluid A; red: fluid B). The dashed line indicates the viscous-capillary limit [Eq. (22) without inertial
term and with 6 = 6;] whereas the dotted line the purely inertial limit [Eq. (22) with Ca,; = Ca]. Inset shows
the log-log plot of sin 2 as a function of Re Bo for fluid A.

By employing the relation (26) into the dynamic model (8) for fluid A, and Ca.; = 0 for fluid B,
Eq. (22) can be finally solved numerically. The variation of ¥ as a function of Re Bo is shown
in Fig. 6(b). The agreement between the model (22) (solid lines) and the corresponding DNS
results (filled circles) for fluid A (black) and fluid B (red) is good for all values of Re Bo. In the
same graph, we have also represented two additional curves for fluid A: (i) the inertia-dominated
regime, obtained by solving Eq. (22) by employing Ca in the Cox-Voinov model (8), as if the side
contact line advances with Uy (dotted line); (ii) the purely capillary/viscous regime, obtained by
solving Eq. (22) without the inertial term, in line with Podgorski et al. [37], and by employing
0 = 6, (dashed line). We note that the latter captures the decrease in film width only for small
values of Re Bo, whereas the purely inertial model works well only for large values of Re Bo. Thus,
employing the contact-line model (26) into the Cox-Voinov model (8) allows us to correctly predict
the decrease in film width i for all Re Bo.

Finally, the inset in Fig. 6(b) shows that sin y> scales as Re Bo~>/? at large Re Bo. As described
earlier, this dependence justifies the use of the relation (26).

The combination of width restriction and mass conservation induces the acceleration of liquid
towards the center. This is responsible for the formation of the first couple of rivulets on the sides,
which initiates the cascade. Figure 7 shows this mechanism into play, by representing snapshots
of velocity magnitude field [Figs. 7(a)-7(c)] and spanwise velocity field [Figs. 7(d)-7(f)] for the
scenario with £,/W = 0.85 [Figs. 2(e)-2(h)]. Figures 7(a) and 7(d) show the two lateral fingers
forming due to the acceleration of liquid in the spanwise direction. At this stage, the cascade
takes place as follows (for simplicity we describe only the left half of the domain): further to
the development of the first lateral finger, the liquid is prone to flow therein. This is shown, for
instance, in Fig. 7(d), where a blue region forms next to the red one and grows in intensity with time
[Fig. 7(e)]. Then, a new region of opposite spanwise velocity (red) takes place, as shown in Fig. 7(f).
Meanwhile, a stagnation zone forms next to the lateral fingers [white area in Figs. 7(a)-7(c)]. This
creates regions of different velocity at the front contact line which is the basic mechanism for the
formation of additional fingers [3,16], thus feeding the cascade.

We now identify the role of the spanwise velocity in the destabilization of the first couple
of rivulets. For the scenario with ¢,/W = 0.85 [Figs. 2(e)-2(h)], we evaluate the Young-Laplace
equation at two representative spanwise positions, e.g., at the center of the domain (z/W = 0.5) and
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FIG. 7. Top view of a liquid film of fluid A down a vertical plate at Re; = 2.92, 6, = 82.5°, and £,/W =
0.85 [same case as Figs. 2(e)-2(h)]. Snapshots of the velocity field along the plane xz. (a)—(c): Module of
velocity. (d)—(f): Normalized spanwise velocity.

next to the border (z/W = 0.905), as shown by vertical dashed lines in Fig. 8:

Pr— Dg = Y 27

R’
where R is the radius of curvature given by Eq. (21). 3D effects are negligible even at the border
representative position.

Figure 8(a) represents the pressure field along a yz plane next to the inlet (x/L = 0.008). The
pressure is greater at the border (index b) than at the midpoint (index c) position, for which R|;, < R|,
following Eq. (27). Given that 6|, >~ 6|, as depicted in the two insets of Fig. 8(a) (where tics
correspond to 0.5 mm), it follows from Eq. (21) that Ay |p < Amax|c, Which is clearly not the case.
This inconsistency suggests that the spanwise velocity within the film plays a role here. This is

confirmed by the analysis of dimensionless numbers, for which We = ponzhoy“ = 0.12 while
Ca = 0.04. By including inertia effects into the Eq. (27) one obtains
Y I,
Pr—pg =t S (28)
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FIG. 8. Front view (at the position x/L = 0.008) of a liquid film of fluid A down a vertical plate at Re; =
2.92,0, = 82.5°,and £./W = 0.85 [Figs. 2(e)-2(h)] at #* = 1.63. (a) Pressure field. (b) Field of 1/20;u?. Insets
show the film thickness profile and A« at the spanwise positions identified by dashed lines. The abscissa has
been compressed by 3.4 times for visibility purposes.

The dynamic contribution 1/2p0;u” to the pressure is represented in Fig. 8(b). The effect of the
liquid acceleration at the border makes the term y /R smaller, and thus h,,,x greater. For instance,
at the border we have p; — p, = 62 Pa, 6 = 125°, and 1/2p;u*> = 4.44 Pa. The analysis of these
data gives hyax = 1.62 mm from Eq. (27) and hpax = 1.75 mm from Eq. (28), which is closer to
the numerical value 1.85 mm shown in the inset of Fig. 8. We may thus conclude that the velocity
at the border (and particularly the spanwise component w) within the film plays a great role for the
lateral destabilization.

IV. WAVELENGTH SELECTION

We now study how the general topology of the flow changes with inlet width, contact-line
perturbations, and contact angle. For this, we employ the fluid A for its richer dynamics, as the
dynamic contribution to the contact angle is not negligible (Sec. Il B). We are particularly interested
in number and length of the observed rivulets, as well as in the wavelength selection with respect
to the prediction of linear stability. Specifically, we compare the average distance between the
rivulets resulting from our simulations to the linear stability results obtained via the lubrication
approximation [16,38].

According to this, the most unstable wavelength A, is defined as

ho

K e 29)

)‘-max =

where « is a constant which was determined experimentally by Johnson et al. [8] (x = 13.9), by
Silvi and Dussan [5] (x = 17), by Huppert [4] (¢ = 18), and through linear stability analysis under
the lubrication approximation by Troian et al. [38] and by Kondic and Diez [16] (k = 14). By way of
linear stability analysis in the lubrication approximation one can also recover the cutoff wavelength
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FIG. 9. Effect of width-to-height ratio £, /hy att = 0.27 s (t* = 29.3) on the finger dynamics of a film of
fluid A flowing vertically at Re; = 2.92, Ca = 0.04, with 6, = 82.5°. (a) Dimensionless primary wavelength
A /hg (filled square), secondary wavelength Aj;/hy (filled triangle), tertiary wavelength A,y /ho (filled circle),
average wavelength A (filled diamond). The horizontal lines mark the most unstable wavelength (dashed line)
and cutoff wavelength (dash-dotted line) from linear theory (Troian et al. [38]). (b) Dimensionless primary
rivulet length ¢;/L (empty square), secondary rivulet length ¢;,/¢, (empty triangle), tertiary rivulet length
£111/¢; (empty circle). The number at the top of each graph indicates the number of observed rivulet whereas
the vertical dotted lines mark their threshold.

(the shortest unstable wavelength) as

ho

)\.C = COW 5 (30)

where w = 7 for Troian et al. [38] and w = 8§ for Kondic and Diez [16]. However, we emphasize
that Egs. (29) and (30) are obtained by solving the linear stability problem based on the long-
wave approximation, whereas the numerical simulations employed in this work make use of the full
Navier-Stokes equations.

A. Influence of varying the inlet width

We start by investigating the effect of varying the width-to-height ratio £, /ho by varying £,. The
liquid inlet width has been varied in the range £,/W = (0.4-0.98), thus ¢,/hy = (49.4-121.2). All
other control parameters remain unchanged: fluid A, Re; = 2.92, Ca = 0.04, 8 = 90°, 6, = 82.5°.

Figure 9 shows the effect of the inlet width on rivulet length and distance at a given time (t* =
29.3). The case £,/hy = (55.6, 105.1, 121.2) corresponds to the scenario depicted in the rightmost
panels of Fig. 2.

In Fig. 9(a) the primary wavelength Ay, i.e., the tip-to-tip distance between the first-forming
rivulets, grows linearly with the inlet width (filled square). In fact, the decrease in film width is
unchanged when varying the inlet width; thus the lateral rivulet distance follows the variation of the
inlet. For sufficiently wide liquid inlet (¢,/W > 0.65), a couple of central rivulets form as a result of
the cascade development, as described in the previous section. Their wavelength A;; also increases
linearly with the inlet width (filled triangle) with a similar slope as A;. A further increase of the inlet
width (£;/W > 0.9) leads to the formation of a new couple of central rivulets, whose wavelength
Ay again increases with the same behavior (filled circle). The final number of observed rivulets is
specified by the number at the top of the graph.

In order to compare the wavelength selection with the prediction of linear instability, we have also
represented the most unstable (dashed line) and the cutoff (dash-dotted line) wavelength from linear
theory (Troian et al. [38]), i.e., Egs. (29) and (30). It turns out that the average distance between the
observed fingers (filled diamond) falls within the unstable branch predicted by the linear instability
for all the simulated cases.
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FIG. 10. 3D view of the flow dynamics at t* = 22 of a vertical film of fluid A with Re; = 7.3, Ca = 0.07,
0, = 82°,and €, /hy = 63.6. Effect of the contact-line perturbation € cos(2w kz/¢;):k =0(a); k =1 (b);k =2
©sk=3sk=4(@sk=50;k=06(g).

In Fig. 9(b), the length of the first (square), second (triangle), and third (circle) couple of rivulets
is shown as a function of the inlet width at a given time. While the length of the first couple of
rivulets is unaltered, the length of the second and third couple is slightly modified by the inlet width
variation.

B. Influence of contact-line shape perturbations

We now study the role of contact-line shape perturbations on the general flow dynamics. We
aim at investigating whether the wavelength selection is modified by the initial perturbation of the
contact line. For a perturbation composed of more than one mode, which would model the noise
of an experiment, the observed pattern follows the most unstable wavelength [10]. In this section,
we instead apply a single-mode sinusoidal perturbation and compare the resulting wavelength to
linear stability predictions. The application of a single-mode perturbation can also be achieved
experimentally, as in Lerisson et al. [39] for inverted falling films.

For all simulated cases, we have fluid A, Re; = 7.3, Ca = 0.07, 6, = 82°, and £,/hy = 63.6. In
this scenario, the most unstable wavelength predicted by linear stability analysis iS Apax = 25.5 mm
from Eq. (29), whereas the cutoff wavelength is A, = 12.3 mm from Eq. (30). Given that the width
of the inlet gap is £, = 0.07 m (7/8 of the entire domain width), it turns out that the liquid inlet is
comparable to the typical pattern distance, €,/ Anax = 2.75.

We distinguish eight types of initial conditions by forcing the contact line with a single-mode
perturbation of the form € cos(27 k z/¢;), where € = 0.9 hy is the amplitude and k = (0, 6). The
eighth type of initial condition is obtained by applying a phase shift at the configuration with k = 4,
i.e., ecos(8mw z/L, + x) with x = /2.
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TABLE III. Rivulet number n and ratio of the imposed wavelength A; = £,/k to Apax and A..

k n/k }‘i/}‘max )‘i/)Lc
0 2.75 5.5

1 2 2.75 5.5

2 1 1.37 2.75
3 1 0.92 1.83
4 1 0.69 1.37
5 1 0.55 1.1

6 0.67 0.46 0.92

We start by discussing the seven configurations without phase shift. Figure 10 shows the 3D flow
dynamics for the perturbations corresponding to k = (0, 6). Three regimes are identified depending
on the imposed wavelength A; = £,/k (see also Table III): (i) When A, < A; < Amax [Figs. 10(d)—
10(f)], the number of rivulets is consistent with the initial perturbation, as roots and tips are in
phase with the contact-line perturbation, represented in blue at the top of each panel. Therefore,
when the perturbation wavelength is shorter than the most unstable wavelength .« (scenarios
k =4 and k = 5), the system does not select the wavelength A,,, or a combination of A, and A;,
but simply follows the perturbation. (ii) When A; < A, [Fig. 10(g)], the perturbation wavelength is
shorter than the cutoff wavelength .. As a result, the system no longer follows the initial condition
and evolves in a state with two central rivulets and two longer rivulets on the sides. (iii) When
A > Amax [Figs. 10(a)-10(c)], the pattern is characterized by the formation of two lateral rivulets
and a central advancing ridge. These results are summarized in Table III. We can thus conclude
that despite the perturbation of the contact line, the two lateral rivulets always develop first, then
the others. Interestingly, when the perturbation wavelength is slightly larger than A, the rivulet
cascade is suppressed, in the sense that all the central rivulets form at the same time and progress
simultaneously [Fig. 10(f)].

Among the scenarios with varying spanwise wave number perturbations, we now identify the
case where the amplification of the contact-line instability is the greatest. For this, Fig. 11(a) shows
the spatial growth rate, defined as the maximum film thickness at a given position (xo, zo) in time:
hmax = max[h(xo, 20, t)], where zy always coincides with the initial perturbation tip closer to the
center of the domain. The inset shows how the maximum is computed: for a given zg, x¢ is varied as
xo/L = j0.01x/L, with j = (0, 10); for each xq, hnax corresponds to the maximum film thickness
in time. Precisely, the inset shows the maximum film thickness at the positions x/L = 0.05 and
x/L = 0.1 for the case k = 4. The configurations with the maximum growth rate are those with k =
3 (up-pointing triangle) and k = 4 (down-pointing triangle), for which the perturbation wavelength
;i is closer to Apax (see third column of Table III). Also, the scenario with k = 6 (cross) for which
A; < A, (fourth column of Table III) has a small growth rate. However, the case without perturbation
(plus) is the one with the weakest growth rate, suggesting that perturbing the contact line has a
beneficial effect regardless of the perturbation wavelength.

Further, we are interested in identifying the contact-line perturbation that is more inclined to
promote the best plate covering. For this, we evaluate the root velocity of the lateral rivulets by
representing the root length ¢, in time (see Fig. 1 for the definition of ¢,). Figure 11(b) shows that
the growth of ¢, is exponential in time until * = 22. This is the time chosen for representing the
3D pattern in Fig. 10. The inset of Fig. 11(b) shows the temporal growth rate of ¢, as a function
of the perturbation wave number k. Here, we have compared, for each configuration, the imposed
wavelength against the observed wavelength. When A; is comprised between A, (solid vertical
line) and A, (dashed vertical line), the observed wavelength matches the imposed one. This cannot
be satisfied when A; < XA, (gray cross), where coarsening occurs and the observed wavelength falls
between X, and X.. Finally, when A; > A, rivulet coarsening might also occur [Fig. 10(c)] and the
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FIG. 11. Growth rate of the perturbation for a vertical film of fluid A with Re; = 7.3, Ca = 0.07, 6; = 82°,
and ¢;/hy = 63.6. (a) Dimensionless maximum film thickness max[A(x, zo, t)] for different streamwise posi-
tions (zo always coincides with the initial perturbation tip closer to the domain center) by varying the spanwise
wave number: k = 0 (plus), kK = 1 (square), k = 2 (circle), k = 3 (up-pointing triangle), k = 4 (down-pointing
triangle), k = 5 (empty diamond), kK = 6 (cross). The inset shows how Ay, is computed at two different
streamwise positions. (b) Time evolution of the root displacement by varying the initial forcing of the contact
line as € cos(2w kz/¢;). k = 2 (circle), k = 3 (up-pointing triangle), k = 4 (down-pointing triangle), k =5
(empty diamond), k = 0 (plus), k = 1 (square), k = 6 (cross). The inset shows the exponential growth as a
function of 2k /¢.. Here, the solid vertical line marks the most unstable wavelength, whereas the dashed line
marks the cutoff wavelength.

observed wavelength is closer to the maximum wavelength. We conclude this section by evaluating
the effect of an applied phase shift to the initial perturbation of the contact line. For this, we consider
the configuration with k = 4 [Fig. 10(e)] and apply a perturbation of the form € cos(2m kz/¢, + x),
with x = /2. Figure 12 compares the time evolution of the finger dynamics with and without
phase shift. The applied phase shift is characterized by an inflection point at the left and right
boundaries of the liquid inlet. Figure 12 shows coarsening in the configuration with phase shift
where the perturbed contact line is concave in the vicinity of the inflection point. Here, the liquid
structure growing at the boundary merges with the first-forming rivulet, causing the formation of a
larger finger which progresses slower than the others (first and second panels from the left). This
lateral finger eventually catches the central rivulets (third panel from the left) and then overtakes
them to chase its twin (rightmost panel).

C. Influence of contact angle

In this section, we discuss the role of the contact angle on the film stability. For this, we first
consider the configuration shown in Figs. 2(1)-2(1), i.e., the case with fluid A, Re; =2.92, Ca =
0.04, £./hy = 121.2, and 6, = 82.5°. For this case we have studied three additional contact angles:
6, = (40°, 120°, 160°). We have found that the cascade and the number of the observed rivulets is
not affected by the contact angle. Indeed, all the new studied cases show six rivulets, which develop
from a side-to-center cascade of three couples. This is shown in Fig. 13. However, the contact angle
has an effect on the average wavelength . Table IV shows that A decreases with increasing 6;. This
is mainly due to the decrease in film width, which is more pronounced for high values of 6; (last
column of Table IV), finishing by reducing the distance between each couple of rivulets.

D. Summary of wavelength selection

In this section we discuss the wavelength selection results for all the simulated cases with fluid
A. By neglecting the decrease in film width, we aim at establishing whether the distance between
fingers matches the most unstable wavelength predicted by linear theory, despite the fact that the
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FIG. 12. Snapshots of the contact-line dynamics in a vertical film of fluid A at Re; = 7.3, Ca = 0.07,
0, = 82°, and €. /hy = 63.6. Influence of phase shift in the perturbed initial condition (represented in the inset
of the leftmost panels, whose amplitude is intentionally not to scale): € cos(2w kz/£, + x) with x = 0 (top)
and x = 7 /2 (bottom). Time evolution of finger dynamics from left to right: t* = 11; * = 13.3; r* = 17.7;
t*=22.

instability develops in cascade and that the film is not in contact with sidewalls. This condition can
be expressed as

£
n—1= , (31)
)“max
where n is the number of observed rivulets. By replacing Am,x with Eq. (29), we can write
£,(3Ca)!/3 1
po GG (32)

ho K

Figure 14 summarizes the number of observed rivulets for all the considered scenarios. Symbols
refer to our DNS results, whereas lines represent the prediction of several models: Johnson ef al.

(b)

FIG. 13. 3D dynamics at t* = 27.7 of a falling film of fluid A down a vertical plane (Re; = 2.92, Ca =
0.04, €, /hy = 121.2). Effect of varying the contact angle: 6, = (40, 82.5, 120, 160)° from left to right.
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TABLE IV. Rivulet number n, observed wavelength and width restriction by varying the contact angle.
Scenario of Figs. 2(i)-2(1): fluid A, Re = 2.92, Ca = 0.04, ¢, /hy = 121.2.

0, (deg) n A (mm) Aqr (mm) Aqqp (mm) A/ Amax W (deg)
40 6 77 42 17 0.7 33
82.5 6 75 41 16 0.65 45
120 6 67 40 15 0.58 52
160 6 62 36 14 0.54 79

[8] (green line), Troian ef al. [38] (black line), Silvi and Dussan [5] (red line), Huppert [4] (blue
line). We have also represented the cutoff wavelength (dashed line) (Kondic and Diez [16]). The
simulated cases differ from each other either by varying £,/hy (empty square), or by varying Re;
and Ca (all remaining symbols). It turns out that all simulated cases generate rivulets which separate
each other more than the cutoff wavelength and in line with the prediction of linear instability.

V. CONCLUSIONS

By employing 3D direct numerical simulations, we have studied a falling film of partially wetting
fluid down a vertical plane in the presence of air. We have focused on conditions where the film is
not in contact with sidewalls. In this configuration, two contact lines develop at the sides and the
film width decreases due to the effect of surface tension (Lan ef al. [19], Thoraval et al. [20]). We
have demonstrated that accounting for inertia in the balance of forces in the normal direction to the
contact line is essential to correctly predict the decrease in film width, particularly when Re Bo > 2
[Fig. 6(b)].

1 1 1 1 | 1 1 1
20 25 30 35 40 45 50 55 60

¢, (3Ca)3)hg

FIG. 14. Number of observed rivulets for all simulated cases with fluid A and comparison with linear
stability predictions of several models: Johnson et al. [8] (green line), Troian et al. [38] (black line), Silvi and
Dussan [5] (red line), Huppert [4] (blue line); the dashed line marks the cutoft wavelength (Kondic and Diez
[16]); results of simulated cases are represented by symbols: scenarios with inlet width varied (empty square);
scenario Re; = 30 (down-pointing triangle); scenario Re; = 15 (up-pointing triangle); scenario Re; = 7.3 (k =
0, 1, 2 filled circle; k = 3 empty circle; k = 4, 6 filled diamond; k = 5 empty diamond); scenario Re;, = 1.2
(filled square); scenario Re; = 6.47 (plus).
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The width restriction causes the liquid to accelerate toward the center. As a consequence, two
twin rivulets develop at the sides. The liquid is prone to flow within the rivulet and generates a
stagnation zone at the front advancing contact line (Fig. 7). This is the beginning of a new contact-
line instability which triggers the formation of a new couple of twin fingers (if the distance between
the lateral fingers is large enough). This feeds the instability mechanism again and activates the
finger cascade (Fig. 2).

By applying an initial sinusoidal shape perturbation of the contact line, the rivulet cascade is
suppressed when the wavelength of the imposed perturbation is slightly larger than the cutoff
wavelength predicted by linear instability. In this case, all the central rivulets appear at the same
time and develop simultaneously by exhibiting the same length [Fig. 10(f)]. Nevertheless, applying
an initial perturbation of the contact line fosters the instability growth rate [Fig. 11(a)] and the
speed of the rivulet roots [Fig. 11(b)]. We have also identified three regimes: (i) if the perturbation
wavelength A; lies between A, and Ap,, the number of observed rivulets is consistent with the
perturbation [Figs. 10(d)-10(f)]; this is no longer the case when (ii) the perturbation wavelength is
shorter than A, [Fig. 10(g)] and when (iii) is greater than A« [Figs. 10(a)-10(c)].

However, even though the fingering instability follows a cascade and the film is not attached to
the sidewalls, for all the simulated scenarios, the selected wavelength (average distance between
rivulets) is in agreement with the unstable band predicted by linear stability results obtained via the
lubrication approximation [16,38]. In particular, the shortest attainable distance between observed
rivulet is always larger than the cutoff wavelength (Fig. 14).

Nevertheless, the average wavelength is affected by inertia and by film thickness. Indeed, for
large Reynolds number and for large film thicknesses, the decrease in film width is less pronounced
and, as a result, the average wavelength between the external rivulets is larger (Fig. 4). The same
behavior occurs also at low contact angles (Fig. 13).
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APPENDIX: VALIDATION OF JADIM IN THE SPREADING FILM SCENARIO

In order to validate the numerical code JADIM in the spreading film configuration, we start
by performing a mesh grid sensitivity analysis. We consider one representative case studied in
this work, i.e., the scenario of Figs. 2(i)-2(1). Here, a vertical film of partially wetting fluid (fluid
A in Table I) falls on a vertical wall at Re; = 2.92, Ca = 0.04, 6, = 82.5°, £,/hg = 121.2. The
computational domain is 0.1 m long (L), 0.006 m high (H), and 0.1 m wide (W).

The chosen reference grid is composed of 3.2 x 10° uniform cells (200 x 80 x 200 along x, y, z).
With reference to Eqgs. (10) and (11), the employed grid provides 12 cells within the waveless film
thickness. For all studied cases, we always ensure having at least 12 cells within the waveless film,
at least 6 cells within the rivulet width, and at least 20 cells within the rivulet thickness. Since the
domain height is much smaller than the domain length and width, and given that we employ at least
12 cells in the waveless film, the use of cubic cells would be too challenging for computational
resources. We therefore employ elongated cells for which A, = A, > A,. For this representative
case, we have A, = A, = 6.7 A,. With the mesh grid sensitivity analysis, we have studied also the
effect of the cell elongation.
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TABLE V. Grids employed for the convergence analysis shown in Fig. 15 and values of the most important
parameters (t* = 24.4): distance between rivulets A; and A, rim thickness /i, rivulet thickness A, and length
Ly, Toot length ¢,, width restriction angle W, capillary number of the lateral contact line Ca,,.

Mesh 10™°Neeyy Ay/z/Ay Ay (mm) Ay (mm) Ay (mm) hg, (mm) £y, (mm) £, (mm) W (deg) Cay
1 1.28 10.6 72 44 1.31 5.27 455 7.1 40  —0.027
2 32 6.7 75.5 43 1.23 4.83 32.2 7.2 41 —0.023
3 8 42 76 43 1.25 4.67 29.1 75 42 —-0.023
4 20 2.7 76 43 1.21 4.58 26.2 7.6 44 —0.023
5 492 1.7 76 43 1.19 448 26.0 7.6 45 —0.023
6 40 5.4 76 43 1.21 475 26.1 7.4 43 —0.023

All the grids employed in this analysis are listed in Table V. From mesh 1 to mesh 5, we have
gradually increased the number of cells by 2.5 times, keeping A, fixed and decreasing A, and A,
simultaneously. Thus, from mesh 1 to mesh 5, the elongation of the cells is less pronounced. In
addition to these five grids, we have studied one additional grid (mesh number 6 in Table V) by
doubling the number of cells in the y direction with respect to the mesh 4. This last mesh allows us
to analyze the effect of the cell elongation.

Figure 15(a) shows the top view of the falling film. All grids, except the coarsest mesh (mesh
1), provide a similar pattern, in particular in the region before the front ridge. This is shown in
Fig. 15(b), which depicts the front view of the advancing rim [view along the horizontal line in
Fig. 15(a)]. However, achieving convergence for the rivulet speed is much harder (the coarser the
grid, the quicker the rivulet): a proper convergence is obtained only with 20 x 10° cells (mesh 4).
This is shown in Fig. 15(c), which depicts the rivulet along the vertical dashed line in Fig. 15(a).
Here, mesh 4 (green line) and mesh 5 (black line) provide full convergence. Nevertheless, we have
collapsed, by shifting the time, the rivulets resulting from different grids in Fig. 15(d). This gives
the shape of the rivulet when it passes by the same streamwise position: a satisfactory agreement is
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FIG. 15. Grid dependence analysis showing a falling film of fluid A down a vertical wall (Re; = 2.92,
Ca = 0.04, 6, = 82.5°, €,/hy = 121.2) at t* = 24.4. Comparison of six different meshes, whose details are
given in Table V. (a) Top view (cut in the plane xz at y = 0.0005 m). The dashed lines mark the cuts shown in
panels (b) and (c). (b) Front view [cut in the plane yz at x/L = 0.09, horizontal line in panel (a)]. (c) Side view
of the lateral rivulet [cut in the plane xy at z/w = 0.88, vertical line in panel (a)]. (d) Side view of the rivulet
shown in panel (c) at the moment where they are at the same position. Mesh 1 gives inconsistent results and
therefore is not shown in panels (b), (c), (d).
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TABLE VI. Wavelength of the instability as a function of inclination angle 8 and Reynolds number Re;,
for a film of fluid B as defined in Johnson ef al. [8] and 6; = 47°. Comparison between experimental results of
Johnson et al. [8], defined here as 1, and our average wavelength A from DNS.

B (deg) Re; Ca Ay (mm) A (mm)
90 0.13 0.020 20+ 5 16.7
90 0.51 0.049 21+5 18.2

observed for all grids, suggesting that is harder to achieve convergence for the rivulet speed rather
than the rivulet shape.

Finally, the analysis of mesh 6 serves to discuss the effect of the cell elongation. We have doubled
the number of cells of mesh 4, i.e., the coarser grid providing full convergence, by doubling the
number of cell in the y direction only. From the analysis of Figs. 15(a) and 15(c), mesh 6 (purple
line) lacks in capturing the correct rivulet width while captures well the rivulet thickness, although
it has more cells than mesh 4 in the y direction and the same number of cells along x and z.

Table V lists the most important parameters used in the paper. Meshes 2—6 give similar results
in terms of the general flow dynamics, except for the rivulet length, whose convergence is achieved
starting from mesh 4. In particular, the reference grid (mesh 2 in Table V and red line in Fig. 15)
captures well the distance between rivulets (A; and Aj;), as well as the width restriction and the
movement of the lateral contact line (¢ and Ca,;). Also, since the qualitative behavior of the general
dynamics is still well captured, we can conclude that the reference simulation is a good compromise
between accuracy of results and computational cost. As a result, all simulated cases throughout the
paper are characterized by the same cell size (A,, A,, A;) as the reference grid.

We now move to the validation of the code JADIM by studying the rivulet wavelength, defined
as the distance between rivulets. We compare our numerical results with the experimental data by
Johnson et al. [8], who measured experimentally, among the others, the wavelength of the instability
as a function of Re; and 8. The working liquid is the fluid B in Johnson ez al. [8] (80% water-glycerin
mixture). The imposed contact angle is 6; = 47°. We have focused on two configurations, whose
parameters are listed in Table VI. In order to eliminate the effect of the side contact lines, we have
performed these two simulations with a larger computational width (W = 0.2 m) and by forcing the
liquid film to touch the sidewalls. By doing so, £, = W. No contact-line perturbation is applied.

The average rivulet distance A resulting from our DNS data is listed in Table VI, which shows a
good agreement with the experimental analysis, Eq. (29). Figure 16 depicts the 3D view of the liquid
film for the scenario at Re; = 0.13 (first line in Table VI). The formed fingers are characterized by
nonuniform lengths, as observed also by Johnson et al. [8]. The small computational domain, which
can accommodate only some wavelengths, certainly plays a role on this.

FIG. 16. 3D view of a falling film with sides attached to the lateral walls down a vertical plane (0.1 m long
and 0.2 m wide) at Re; = 0.13.
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FIG. 17. Falling film spreading on a vertical wall: Re; =266, Ca = 0.015, 6, = 30°, £, = 7.62 cm.
(a) Width restriction from our DNS. The dashed line marks the plane located at 10 cm from the inlet, where
the film thickness profile is computed in (b). The arrow indicates the flow direction. (b) Film thickness profile.
Comparison of our DNS (solid line) with Lan et al. [19] (dashed line: numerical; square: experimental).

To conclude the validation section, we analyze a situation where the film is not attached to the
lateral walls. This is a feature of all the simulated cases throughout the paper. We compare our
numerical results of the decrease in film width to the experimental and numerical work of Lan
et al. [19]. In their Fig. 13, the authors show the measured and simulated film thickness for several
different conditions by employing water surfactant as working fluid. We have reproduced the case
of their Fig. 13(b) (top): B = 90°, Re; = 266, Ca = 0.015, 6; = 30°. The imposed inlet width is
£, = 7.62 cm. Figure 17(a) shows the film flow and the width restriction from our simulation. The
dashed line, located at 10 cm from the inlet, marks the position where the film thickness profile is
computed in Fig. 17(b). Here, we have also represented the experimental (square) and numerical
(dashed line) data of Lan er al. [19]. The agreement in film width, thickness, and lateral ridge
thickness is good. In particular, the lateral ridge thickness from our DNS is closer to the experimental
data than the numerical curve of Lan et al. [19].
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