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Linear damping is widely applied in experiments and fluid models to describe the large-
scale dissipation that absorbs upscale energy transfers in two-dimensional (2D) turbulence.
However, in many systems, it is not justified that linear damping is a good model and it is
hard to obtain the damping coefficient from directly measurable quantities. Based on the
forcing-scale resolving structure-function theory of homogeneous isotropic 2D turbulence
derived by Xie and Biihler [J. Fluid Mech. 851, 672 (2018)], we propose a procedure
that simultaneously obtains the magnitude of energy flux, the energy injection scale, and
the damping coefficient by fitting the measurable second- and third-order velocity structure
functions. Also, a test function based on the structure-function theory is proposed to justify
the form of linear damping on each scale. The validity of this procedure is tested against
data obtained from numerical simulations.

DOI: 10.1103/PhysRevFluids.5.094605

I. INTRODUCTION

Two-dimensional (2D) turbulence, which even though never realized in nature, has been studied
as a prototype that is closely relevant to physical systems such as the large-scale motions of the
atmospheric and oceanic flows (cf. Ref. [1]), thin-film flow (e.g., Ref. [2]) and bacteria-involved
flows (e.g., Ref. [3]). Under the assumption of homogeneity and isotropy, opposite to the three-
dimensional (3D) turbulence [4], energy is found to transfer upscales in 2D turbulence in an
infinitely large domain, accompanying with a downscale enstrophy transfer [5,6]. In the energy
inertial range, the energy spectrum follows the “5/3-law”, E (k) ~ k~>/3, while in the enstrophy
inertial range, the energy spectrum behaves like E (k) ~ k3 with a log-correction [7].

Same as the Kolmogorov [4]’s structure-function theory for 3D homogeneous isotropic turbu-
lence, relations linking the third-order structure functions with the energy and enstrophy fluxes
are obtained in the energy and enstrophy inertial ranges, respectively, for 2D turbulence [8-10].
The Kolmogorov-like theories are one of a few exact results that are obtained directly from
the Navier-Stokes equation, and they are essential for both theoretical study and data analyzing.
Recently, Xie and Biihler [11] obtained a universal expression for the third-order structure function
of 2D turbulence that expresses the two inertial-range results in one formula and the transition
between the two inertial ranges, the forcing scale, is also captured. The ability to capture the region
away from the classic inertial ranges makes this theory practically useful.

Because energy transfers upscale in 2D turbulence, to reach a statistically steady state, a
large-scale damping is required. The linear damping is widely used in numerical simulations (cf.
Ref. [12]), and it is used to model the damping effect due to the surrounding environment on fluid
systems, such as geophysical flows [13], thin-layer flow [14,15], and soap-film flow [16].
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The large-scale damping is expected to influence the large-scale flow. Smith and Yakhot [17]
find that when there is no large-scale damping, energy condensates at large scale in a finite-size
2D turbulence, and, finally, the energy accumulation stops due to the viscosity (cf. Ref. [18]). The
steady states of condensation can be vortices or jets, when weak large-scale damping presents,
Falkovich [19] find that the condensation states change depending on the domain geometry and the
damping form. Particularly, in the limit of weak forcing and dissipation, Bouchet et al. [20] apply a
quasilinear approach to calculate the shape of the large-scale condensation.

Linear damping also brings about a leading order influence to the enstrophy inertial range.
Contrast to the dimensional analysis, linear damping drives the energy spectrum in the enstrophy
inertial range to the scaling E (k) ~ k~3*+¢ with £ > 0 (cf. Ref. [1]). Nam et al. [21] explain the
extra exponent & as a result of the advection of small scales by large-scale strain, based on which
the relation between £ and the damping coefficient is obtained.

In natural systems, e.g., geophysical flow, and experimental setups such as thin-layer flow, we
may argue that the large-scale dissipation can be modelled by a linear damping based on the
theories of laminar flow. When the flow is turbulent, by assuming the form of linear damping we
may calculate the damping coefficient from the decay rate of the energy density in a free-decay
experiment; however, there is no existing theory justifying the validity of linear damping. So we
need a method which can use measurable quantities in a 2D turbulent flow to justify the form of
linear damping and to obtain the value of damping coefficient. The structure-function theory is
well suited for this target. The formulation in Ref. [11] implies that the dissipation effect can be
contained in an expression that links the second- and third-order structure functions, energy flux
and the forcing scale, which initiates this paper. The power of the structure-function theory is the
ability to justify the linear-damping form at each scale which is impossible from a global quantity
estimation.

Because condensation brings about inhomogeneity and anisotropy to 2D turbulence, in this paper,
to apply the structure-function theories we focus on the case where the linear damping is strong
enough that the condensation is suppressed. In Sec. II we show the derivation of the theory for
structure functions; then, in Sec. III based on the theory we propose a data analyzing procedure
and justify the procedure using data obtained from a controlled numerical simulation. Finally, we
summarize and discuss our results in Sec. IV. We provide the details of a numerical simulation with
a single forcing scale in Sec. 11, and in the Appendix we present a case with two distinctive forcing
scales to show the ability of our procedure.

II. STRUCTURE-FUNCTION THEORY FOR TWO-DIMENSIONAL TURBULENCE

We consider forced-dissipative incompressible two-dimensional flow described by the following
governing equations:

du—+u-Vu=—-Vp—(—1)aV 2y — (=1)’vWV»u +F, (1a)
V.u=0, (1b)

where u = (u, v) is the 2D velocity vector, the uniform density has been absorbed in the pressure
p, and F is a random body force. Here the dissipation terms contain both hyper- and hypoviscosity
which are used to model physical processes and are widely applied in numerical simulations. The
hypo- and hypoviscosity, & and v, are both positive and the coefficients a and b are both positive.

The random force F is prescribed to have zero mean and is homogeneous in space and stationary
in time. Therefore

Fx,t)=0 and F(x1,t1)-F(x2, ) =C(xy —x1, — 1), ()

with the covariance function C. Here the overbar denotes a statistical averaging, and x; and ¢; (i =
1, 2) denote two locations and time.
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The random force and the governing equations (1) imply that the turbulent flow has a zero mean,
i.e.,u = 0, and is spatially homogeneous. Therefore the covariance

wxp, 1) u(xy,t) =u-u, €))

depends only on the displacement vector x = x, — x;. Homogeneity also implies that the spatial
derivatives with respect to the different spatial variables, x, x;, and x;, obey the following relation:

V==V, =V, 4

Multiplying u; with the governing equation (1) evaluated at x;, adding the conjugate equation,
and taking ensemble averaging (e.g., Refs. [22,23]) we obtain the Kdrman—Howarth-Monin (KHM)
equation

2 @) = 3V -V = [~(=1)aV ¥ — (=)'vWNarm,; + P, 5)

which is an exact statistical equation with variables that only depend on the displacement vector x
and time ¢. Here the power input term is

P(x,t) = 5(ui-F2+Fy -uy) (6)
and
PO,1)=u-F=c¢ )
defines € as the energy injection rate. The third-order structure function vector V is
Vix,t) = |Sul®su (8)

with du = u, — u; the velocity difference between the velocity measured at two points x, and x;.
In the procedure of deriving the KHM equation (5) we have used the incompressibility condition
(1b) to to express V.

In a statistically steady state, the KHM equation (5) becomes

V-V =4[(-1)*aV 2 + (= 1)vVuru; — 4P, 9)

which provide us a relation that links the third-order structure function, second-order structure
function, and the external energy injection.

Especially, taking the displacement to zero, i.e., x = 0, the nonlinear term relating to the third-
order structure function is zero and the steady KHM equation recovers the total energy balance

| V%) 4+ v|V?u|? = P(0) = e. (10)
Subtracting (10) from the steady KHM equation (9) we obtain

V.-V = 4[(=1)aV 2 4 (= larms — 4|V Ul + v|VPul?) — 4P + de. (11)

It is discussed in Ref. [11] that due to the upscale energy transfer in 2D turbulence we need to
the subtraction of energy equation in the derivation of the expression of the third-order structure
function in the limit of infinite Reynolds number.

Since in the nonlinear term the third-order structure function is a vector, it is not easy to directly
use the steady KHM equation (9) alone to obtain the expression for V. Under the assumption of
isotropy, the statistical vector fields are functions of the distance of the two measured point, r = |x|,
particularly, for the third-order structure function we obtain

V =V()# where F=->. (12)
r

We can express the scalar function V by

V = du; + Supduz., (13)
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where E and Su; Su? are the longitudinal and transversal third-order structure functions, respec-
tively. Here

Sup =6u -+ and dSu; = du-n, (14)
where 7 is an unit vector satisfying # - 2 = 0. Isotropy and incompressibility also imply the relation
-y d—

Supduz = ——8u’. 15
Lo 3dr " (15
As to the second-order structure function, we obtain
8ul?(r) = 8u? + 8i2.. (16)
The incompressibility condition implies that
T d 5
duy = E(V(SML), a7
leading to
— . ) 1 d 2% 2 o)
2(142 - u1~u2) = |bul* = —d—(r 8uL) =V. (rSuL). (18)
rdr

Thus, if the large-scale dissipation is a linear damping, i.e., a = 0, the steady KHM equation (11)
becomes

V- (V4 20r8i) = 4= 1 vV — 4v|Vou|’ — 4P + 4e, (19)

where the effect of linear damping is absorbed in the divergence.
If the external forcing is white-noise in time and centered at wavenumber |k| = k7, we obtain

P = GJ()(kfr), (20)

where Jj is the Bessel function of the zeroth order.
When focusing on the scale away from the small viscous scale, which can be estimated as [, =

3/ 6)6072, we may ignore the v-dependent term in (19), after integrating once we obtain
— 4e
V = —2ar8u% + 2er — k—Jl (kyr). 21
!

The expression (21) is the theoretical foundation of this paper and it was mentioned but not fully
explored in Ref. [11]. This expression is convenient for practical use because it directly links the
measurable second- and third-order structure functions with no spatial derivatives, which potentially
increase error when applied to measured data. As to the impact of small-scale dissipation, we
may also express it as a function of measurable second-order structure function, but due to the
unavoidable spatial derivative we prefer not to tackle it directly.

III. DATA ANALYSIS PROCEDURE

To present our procedure of justifying the form of linear damping and detecting the damping
coefficient, we run a numerical simulation of 2D turbulence. The numerical simulation uses a
Fourier pseudospectral method with 2/3 dealiasing in space, a resolution 512 x 512 of a doubly
periodic domain [0, 27] x [0, 27], and a fourth-order explicit Runge—Kutta scheme in time, in
which the nonlinear terms are treated explicitly and linear terms implicitly using an integrating
factor method. We take the forcing wavenumber to be ky = 32. We add a linear damping with
a =0 and a hyperviscosity with b = 3 to dissipate energy transferred to large and small scales,
respectively, and therefore the turbulence system reaches a statistically steady state so we can use
our theoretical expression. We take @ = 0.01 and v = le — 13 such that /, ~ 150.
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FIG. 1. A snapshot of the vorticity field in the statistically steady state and the energy spectrum.

In Fig. 1 we show a snapshot of the vorticity field in the statistically steady state and the energy
spectrum. The energy spectrum shows a Kolmogorov K~>/3 spectrum between the large-scale
dissipation wavenumber and the forcing wavenumber, corresponding to the energy inertial range,
and it shows a K~ spectrum at the enstrophy inertial range. Here the K—* spectrum is steeper
than the theoretical K3 prediction may due to the small resolution of the current simulation (cf.
Ref. [12]) or the impact of the linear damping [1].

Our theory presented in the previous section is derived under the assumption of isotropy, so we
first check the isotropy of third-order structure function using the relation (15). The result is shown
in Fig. 2, where we compare the directly measured transversal structure function Suy du? against
the ones that are reconstructed from the longitudinal third-order structure function using (15). The
structure functions measured in both x and y directions are checked. We find that in the region
bounded by the two vertical dashed lines the four curves are well coincided, which implies the

Isotropy check

FIG. 2. Isotropy check of the third-order structure functions. The structure functions measured in x and
y directions are in blue and red, respectively. The directly measured structure functions and the reconstructed
ones are shown in solid and dashed-circle lines, respectively. The two vertical dashed lines indicate the isotropic
region bounded in between.
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FIG. 3. Curing fitting and detected energy injection. The vertical dashed lines are the same as the one
shown in Fig. 2. Here “+4V” denotes the positive part of the structure function V and “—V”” means the minus of
the structure function when its value is negative. “+Vj,”” marks the positive part of the fitted structure function.
Note that in the present situation, the fitted structure function has no negative part.

isotropy, and therefore we make use of the data in this region to check the form of linear damping
and to detect the damping coefficient.

The expression of structure functions (21) is derived based on the assumption that the external
forcing is only centered at a single wavenumber k. However, in a realistic experiment or mea-
surement we do not know the forcing scale beforehand and the energy injection scale is important
information to be detected. Thanks to the linearity of inverse Laplacian in the step of solving (21)
from (19), we can expression the structure-function relation with multiple forcing wavenumbers as

N
V = —2arSurdu; +2r —» ﬁjl (kyjr), (22)
o ki

where ¢; are the energy injections at forcing wavenumber k;. And for consistency € = Z[;/:] €.

In Fig. 3, we show the least-square fitting of third-order structure function using expression (22)
and the detected energy injection rate at different wavenumbers. From numerical data, we obtain
the measured distance of two points, the second- and third-order structure functions, and we assume
that there is potential energy injection at each forcing wavenumber corresponding to the measured
distance ky = 27 /r, so the coefficients to be obtained are o, €, and €;. Due to the isotropy check, we
only fit the data in the region bounded by the two vertical dashed lines shown in Fig. 2. The left panel
shows a good match between the measured data and the theoretical fitting. From the right panel, we
find that our procedure well captures the energy injection scale: The maximum of detected energy
injection is at the wavenumber k = 32, which is consistent with the prescribed forcing wavenumber.
The small nonzero energy injection at large wavenumbers (small scales) are detected due to the error
from the influence of small-scale hyperviscosity, which we do not resolve in our expression (22).
These artificial energy injections are beyond k, = 150, which is consistent with the invalid region
of our theoretical result (21).

In Table I, we compare the prescribed coefficients and the ones detected by fitting (22). The
prescribed energy injection rate € = 1.25 x 10~* is directly calculated because the external forcing
is white-noise in time. And, theoretically, ) _ € j and €; (ks = 32) should have the same value as €.
The fitted ) €; is larger than the prescribed value due to the influence of small-scale dissipation,
which also brings about an error in detecting the forcing scale: The €; shown in the right panel
of Fig. 3 has small but nonzero values in the neighbor of k; = 32, so the detected €;(k; = 32)
is smaller than the prescribed value. The detected €, which corresponds to upscale energy flux (cf.
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TABLE I. Comparison of the coefficients prescribed and fitted values in the expression of (22). Here
€j(k; = 32) denotes the energy injection rate at wavenumber k = 32.

€ Y€ €;(k; =32) o
Prescribed 1.25 x 1074 1.25 x 10~ 1.25 x 107* 0.01
Fitted 1.19 x 10~* 1.44 x 107* 1.16 x 107* 0.0093

Ref. [24]), is close to the prescribed value, which implies that the influence of small-scale dissipation
is confined to a local small-scale region in our fitting procedure. Finally, our detected linear damping
coefficient matches well the prescribed value with a less than 10% relative error.

We have obtained a value of linear damping coefficient from our expression (22), where the
large-scale damping is assumed to be a linear damping. However, this assumption needs to be tested
against data at different scales, which shows the power of the structure-function theory. To test the
form of linear damping we define the function

A

et

E 1, (23)

where

4e;
2er— YV k) =V
Ar) = L

1 , (24)
2réu;

with V is the measured third-order structure function, and oge is the detected linear-damping
coefficient. If the linear damping is a good model, our theory (22) implies that E(r) should be
around zero.

The testing function E captures how well the linear damping approximates the damping effect.
The relation (22) implies that the third-order structure function V is impacted by three effects:
finite-scale effect of linear damping, large-scale energy dissipation, and the energy injection. Here
the last two effects are certain, but the first effect is not sure because we want to know if the linear
damping is a good form. In the perspective of fitting V, (22) implies that we choose a basis consists

of ré ui, r, and Jy (ksr), and we know that the last two functions are appropriate because these forms

are derived from equations for any damping form, but we are not sure if r8u? is a proper function.
Thus, the testing function E describe the relative error brought about by using the linear damping.
We plot the function E in Fig. 4, we find that E is close to 0, indicating that linear damping is a
proper form. Our theoretical expression (22) is derived by ignoring the small-scale hyperviscosity
effect [cf. (19)—(21)], so the magnitude of E decreases as r increases (<1%), i.e., away from the
viscous scale /,,.

Finally, in Fig. 5, we check the robustness of our procedure by varying the end point of the fitting,
which may use data in the region that are not obviously isotropic based on the check in Fig. 2. We
find that as long as the end point is smaller than r ~ 1 the detected « is reasonably good with an
error less than 15%. As a comparison, the right vertical dashed line in Fig. 2 is around r = 0.2. We
find in the left panel of Fig. 3 that r & 1 corresponds to the sign change of third-order structure
function V, which should not exist in an infinite-domain 2D turbulence [11]. The negative V could
result from the domain size effect: Since the simulation is taken in a doubly periodic box, when
the scale is comparable with the box size, which is 27 in this simulation, isotropy condition cannot
hold.
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FIG. 4. Checking the form of linear damping using function E. The zero dashed line is plotted as a
reference.

IV. SUMMARY AND DISCUSSION

In 2D homogeneous isotropic turbulence, applying the theory for structure functions that captures
the inertial range, forcing scale, and linear damping, we propose a procedure that can detect
the forcing scale and energy injection, can justify the form of linear damping, and can quantify
the damping coefficient. Since the structure-function theory is derived under the assumption of
homogeneity and isotropy, the first step of this procedure is to check the isotropy from different
components of third-order structure functions measured in different directions; then we can deter-
mine the analyzable data range satisfying the isotropy assumption. So in the next step, we fit these
analyzable data by the theoretical expression (22) using the least square to obtain the forcing scale,
energy injection distribution, and the damping coefficient. Our last step is justifying the damping
form by plotting the test function (24) with the fitted coefficients. We tested our procedure in a
numerical simulation of 2D turbulence.

Other large-scale damping forms can also absorb upscale energy transfer to saturate the 2D
turbulence to statistically steady states, such as the hypoviscosity with a > 0, but in this paper, we
focus on the case of linear damping, which simplifies the damping resolved theoretical expression

Damping coefficient

0.03 T 1 T
0.012 [ !
L 0.011
0.025
0.01 .\
002 0.009 f/
3 0.015
- N
0.01 P
0.005 - —%— adetected -
——arprescribed
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102 107! 10°
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FIG. 5. The dependence of detected linear damping coefficient on the end point of data used for fitting.
The horizontal red line denotes the prescribed «. The inset zooms in the rectangle region in the main figure.
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FIG. 6. Curing fitting and detected energy injection. In the right panel the black dots denotes the wavenum-
ber and strength of the prescribed energy injection.

(21) to a form with no spatial derivative. This property is particularly useful for measurements
since the spatial derivatives tend to amplify the error of measured data. For the same reason, we do
not include small-scale dissipations in our calculation due to their usually associated high spatial
derivatives. Also, because the condensation breaks the assumption of homogeneity and isotropy,
our method is restricted to the situation where the linear damping is strong enough to prevent the
existence of condensation.

In deriving the effect of external forcing, we assumed that the external force is white-noise in
time; however, this assumption is not always applicable to the realistic scenarios. So the forcing
information detected in our procedure should be understood as an equivalence of a temporal white-
noise forcing.

We want to note that even though we focus on the 2D turbulent dynamics, our method should
also work for 3D turbulent flows given 2D measurement. For example, the atmospheric and oceanic
flows are thought to be governed by rotating stratified turbulence, which shows a combined feature
of 2D and 3D turbulence with a simultaneous bidirectional energy transfer to both large and small
scales [25]. Since our expression (21) can be generalized to capture bidirectional energy transfer:

— 4e
V = —2aréu + 2e,r — k—J1 (ksr), (25)
f

where €, is the upscale energy transfer magnitude and therefore the downscale energy transfer mag-
nitude is € — €, [26]. So given measured structure function, we could access whether linear damping
is an appropriate form for the large-scale damping in the atmospheric and oceanic turbulence.

The assumption of homogeneity and isotropy is the main barrier to applying the present pro-
cedure to general situations. To solve this problem several directions are worth exploring, e.g., we
can extend the technique of forcing and dissipation resolved structure-function theory to turbulence
with shear (cf. Ref. [27]) or when the external forcing has a prescribed anisotropy. For the latter
case, we may consider an angle average (cf. Ref. [28]). Another barrier is compressibility. In the
Kolmogorov-like theories, the incompressibility is needed to express the nonlinear terms as neat
expressions of third-order structure functions, but the structure-function theory for compressible
turbulence is much more complicated [29], it is a future direction to study whether we can obtain
the information of damping in compressible turbulence.
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FIG. 7. Checking the form of linear damping using function E. The zero dashed line is plotted as a
reference.

APPENDIX: CASE WITH TWO FORCING SCALES

In this section we present the damping coefficient and energy injection detection in a 2D
turbulence with external forcing centered around two wavenumbers, kr; = 16 and ks, = 48, with
energy injection rates €; = 4.2 x 1073 and €; = 1.4 x 1073, respectively. Because the total injected
energy is larger than that applied in the simulation shown in Sec. III, we take the linear-damping
coefficient as « = 0.04, which is larger than that set in the simulation shown in Sec. III.

In Fig. 6, we show the least-square fitting of third-order structure function using expression
(22) and the detected energy injection rate at different wavenumbers. We find that even though
our procedure detects a slightly wider energy injection range the energy injection scales are well
captured. Also, the detected energy injection around wavenumbers ky; = 16 and kp, =48 are €; =
4.3 x 1073 and €, = 1.4 x 1073, respectively. This indicates that our procedure well captures the
energy injection magnitude.

We justify the form of linear damping in Fig. 7. The detected linear-damping coefficient is o =
0.0424, which is within 6% error compared with the prescribed value o = 0.04. Similarly to the
simulation shown in Sec. III, at small scale the magnitude of E is relatively large due to the impact
of small-scale dissipation, and as the scale becomes larger, the magnitude of E decreases (<1%).
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