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Binary fluids are present in a wide variety of systems at microscales, such as microfluidic
devices containing drops, fluids with air bubbles trapped in them, and devices designed
to mix fluids or to make two fluid substances react. Microfluidics devices are often,
intentionally or unintentionally, subject to pulsatile forces due to the passing of drops. We
demonstrate that when a binary fluid is subject to a pulsatile forcing, the compressibility
of the lower viscosity phase is so important that it is able to generate resonances in the
dynamic permeability of the whole system. This implies that the flow amplitude of a
binary-fluid system in a zero-mean flow could be optimized at certain frequencies. The
dynamic permeability is a powerful concept to describe the dynamics of the system, in
the regime where the flow and the pressure gradient are related linearly in the frequency
domain. We find two regimes for the frequency at which the resonance occurs: one
dominated by a characteristic frequency of the system, related to the compressibility of the
lower viscosity phase; and another one dominated by a more complex frequency, involving
both the characteristic viscous frequency of the lower viscosity phase and a characteristic
frequency related to the compressibility. In order to guide potential experiments, we
calculate relevant quantities for two sets of binary fluids in standard microfluidic setups.
Our calculations imply that for systems of typical microfluidic dimensions, involving
a compressible fluid, the existence of the compressibility-induced resonance has to be
contemplated for a correct description of the dynamics.

DOI: 10.1103/PhysRevFluids.5.064201

I. INTRODUCTION

The ability to control the flow of immiscible fluids in channels at micrometer scales is of
fundamental importance for a wide range of applications in biological, medical sciences, physics,
engineering and chemistry [1–6]. In particular, the use of a continuous flow of droplets or slug
arrays has received increasing attention due to the precise control of chemical and biochemical
reactions that they allow for. In such arrays, each slug behaves as an individual reaction chamber
of submicron volume, independent from the other slugs [7–10]. One of the main advantages of this
method over continuous two-phase bulk flow is to reduce the dispersion of the reagents over the
channel length, since each section of the microchannel corresponds to a specific moment of the
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FIG. 1. Sketch of the system simulated: An immiscible binary fluid, displaying a viscosity contrast
�η = (η1 − η2)/(η1 + η2) (with η2 < η1) in a Hele-Shaw cell is driven by a periodic forcing. The blue arrow
represents the periodic forcing imposed over the whole fluid system. The red arrows at each extremity on the z
axis show where the periodic boundary conditions (PBCs) are applied.

kinetic process [11,12]. However, even in slug-based reactions, the slow mixing between reagents is
an issue, which is overcome by using specific channel geometries, such as winding channels or ribs
[11,13]. Another way to achieve this purpose has emerged recently, which is the use of time pulsing
or oscillatory flows, potentially coupled to a continuous flow [14–17].

Oscillatory flows in microfludics are also present intentionally or unintentionally in many
microfluidics devices involving drops [18]. An efficient way to characterize the linear response of a
fluid to a pulsatile pressure gradient is to use the dynamic permeability, a response function which
quantifies the resistance to flow to each of the modes present in the pressure gradient. This function
contains information about the fluid-confining media system, since it depends on fluid properties,
channel geometry, elasticity, and the fluid interaction with the solid walls [19–24]. If the fluid [21] or
the channel [22,25] exhibits an elastic behavior, the system dynamics can be profoundly modified.

While the dynamics of a Newtonian fluid flowing in one direction in rigid microchannels can be
described analytically by solving the Navier-Stokes equations with a limited number of assumptions,
the case of an immiscible binary fluid presents a higher level of complexity, due to the interplay
between the two fluids and the interface.

In this paper, we study the pulsatile dynamics of a binary Newtonian compressible fluid in
a rectangular microchannel, a situation that is relevant in many microfluidic devices involving
drops [26], bubbly liquids [26–28], or bubbles [29,30]. We show that, in a regime where the
compressibility of the fluids is irrelevant, often encountered in systems of drops, the framework
of the dynamic permeability, originally derived for a single Newtonian noncompressible fluid,
still holds for a binary fluid, provided that we compute the dynamic permeability using effective
physical parameters. In other words, we find a quasiuniversal curve for the dynamic permeability
of binary fluids, of different compositions, provided that we use a volume weighted viscosity in the
description. We then unveil the existence of a resonant behavior due to the compressibility of the
less viscous fluid, which leads to a sharp increase of the flow amplitude, relative to the steady state.
We find that, at resonance, the lowest viscosity fluid behaves almost as if the other fluid, and the
interface, did not exist. The importance of our results is that they enable the optimization of the flow
magnitude in a zero-mean-flow binary-fluid system.

For our study, we use the lattice-Boltzmann method as described in Ref. [31], which has proved
to be efficient to describe the dynamics of two fluids [32–34] and of flows in porous media [35,36].
This method is coupled to a phase-field model, that allows us to implement the viscosity contrast
between the two fluids. We study a wide range of channel characteristics and compute parameters
of standard microfluidic devices in order to show that the effects that we find are relevant to actual
microfluidic experiments.

II. MODEL

We study a system that consists of two immiscible fluids of different viscosities in a rectangular
microchannel of thickness, b, that is driven by a single-mode periodic forcing, �F (t ) = F0 cos(ωt )k̂,
identical at each point of the system. Figure 1 shows a sketch of the system. The total length
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occupied by the fluids is L = L1 + L2, where L1 is the length occupied by the fluid of larger viscosity
and L2 the length occupied by the fluid of lower viscosity. We write the volume fraction of each fluid
as x1 = L1/L and x2 = L2/L.

The governing equations of the system, with local density ρ, local velocity �v, and local viscosity
η, are the equations of continuity and momentum conservation, namely,

∂ρ

∂t
+ �∇ · (ρ�v) = 0, (1)

ρ

(
∂�v
∂t

+ (�v · �∇ )�v
)

= −�∇� − �∇Pρ + η∇2�v + �F (t ). (2)

In order to describe the binary mixture, these equations are coupled to a phase field model for an
order parameter φ, which varies continuously from one phase to the other. Its dynamic equation is
given by

∂φ

∂t
+ (�v · �∇ )φ = M∇2μ. (3)

The chemical potential μ and the tensor � are functions of the local value of φ and its gradients.
Their expressions are given in Eqs. (A3) and (A4) respectively. The term �∇� takes a nonzero value
only at the interfaces, and accounts for the Young-Laplace pressure [37,38]. The term Pρ in Eq. (2)
accounts for compressibility effects. We consider that pressure is related to the local value of the
density, through Pρ = c2

s ρ, where cs = 1/
√

3 is the velocity of sound. The local viscosity in Eq. (2)
depends on the order parameter as η(�r) = η1 + φ(�r)−φ1

φ2−φ1
(η2 − η1) [39], that is, it depends on the

phase at position, �r. With these considerations, we have a set of three coupled equations for ρ(�r, t ),
�v(�r, t ), and φ(�r, t ), given by Eqs. (1)–(3). Details of the lattice-Boltzmann method, as well as details
of the coupling between the phase field model and the momentum conservation equation, are given
in Appendix A.

As described in Appendix A, the model could consider different wetting interactions between the
fluids and the wall. Here we choose to work with neutral wetting, that is, with wall properties such
that there is no energetic preference of the wall for either of the fluids. This implies a contact angle
of 90◦ between the fluid interface and the solid substrate. We also choose a large mobility (M = 10).
In this way, the motion of the triple line at the wall follows closely the one of the interface at the
center of the channel, minimizing the effect of the former on the latter [40–42]. This allows for
the deformation of the interfaces, but limits the interpenetration of the two fluids [43]. We show
in Supplemental Material a typical example of the deformation of the interfaces [44]. We set the
surface tension to keep large capillary numbers Ca (ranging from 0.1 to 10), in order to reduce the
capillary effect and keep the Laplace pressure negligible. Finally, we enforce a no-slip boundary
condition for the velocity at the walls. We consider a simulation box of dimensions X × b × L in
the x, y, and z directions respectively, with X = 3. We fix periodic boundary conditions on the x and
z directions, corresponding to a channel of width and length much larger than its thickness, b.

For the simulations presented in this paper, the magnitude F0 of the driving force is low enough
to avoid any turbulent behavior: the maximum Reynolds number in our simulations is Re = 1.
Also, since our forcing is oscillatory, during half of the cycle the less viscous fluid pushes the more
viscous one. We could therefore expect all sorts of complex situations. All simulations are carried
out in a regime of frequencies and forcing amplitudes where we observe periodic deformation of
the interface, avoiding the development of instabilities.
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III. CHARACTERIZATION OF THE BINARY FLUID DYNAMICS

For a single fluid of viscosity η, in a rigid channel, the generalized Darcy’s law in the frequency
domain, subject to an external periodic driving force F̂ , reads

〈v̂(z)〉 = K̂ (ω)

η
F̂ , (4)

where 〈v̂(z)〉 is the fluid velocity, v̂z(y, z), averaged over the microchannel height, K̂ (ω) is the
dynamic permeability of the system, and ω is the frequency. Hats (ˆ) denote quantities in the
frequency domain. The analytical expression of K̂ (ω), for a single fluid of viscosity η and density
ρ, between two parallel plates [45,46], is

K̂ (ω) = − η

iωρ

⎡
⎣1 −

tan
(

b
2

√
iωρ

η

)
b
2

√
iωρ

η

⎤
⎦, (5)

where i = √−1. Equation (5) reduces to the stationary value of the dynamic permeability, K0 = b2

12 ,
in the limit ω → 0.

Following the formalism described in Ref. [47] for a single sinusoidal mode of the form F (t ) =
F0 cos(ωt ), the average velocity 〈v〉 in time domain can be written as

〈v(t )〉 = F0

η
[ReK̂ (ω) cos(ωt ) + ImK̂ (ω) sin(ωt )], (6)

which in turn can be expressed as

〈v(t )〉 = v0(ω) cos(ωt − 	), (7)

where v0, which we get from the numerical integrations as the amplitude of the periodic velocity, is
given by v0 = F0|K|

η
. 	 is the phase difference between the periodic force F (t ) and the velocity. In

this way, the real and imaginary parts of the dynamic permeability can be written as

ReK̂ (ω) = v0(ω)η

F0
cos(	). (8)

ImK̂ (ω) = v0(ω)η

F0
sin(	).

In order to use a similar framework for a binary fluid, we need to compute the dynamics of the
velocity in both fluids. We introduce an effective viscosity, ηeff , given by

ηeff = x1η1 + x2η2, where x2 = L2/L = 1 − x1. (9)

In what follows, we will consider two different expressions for the dynamic permeability: Kphase
i ,

useful to characterize each of the phases; and Kchannel, useful to characterize the whole system.
Kphase

i , where i = 1 stands for the more viscous phase and i = 2 stands for the less viscous phase,
is calculated with Eqs. (8) using the velocity v0 = v

phase
i , averaged over one of the two phases, as

v
phase
i = 1

bLi

∫ b

0

∫
Li

vz(y, z) dy dz, (10)

and 	, calculated as the phase difference between v
phase
i and the periodic force F (t ). Kchannel is

calculated with Eqs. (8) using the velocity v0 = vchannel, averaged over the whole channel, as

vchannel = 1

bL

∫ b

0

∫
L
vz(y, z) dy dz, (11)

and 	, calculated as the phase difference between vchannel and the periodic force F (t ).
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FIG. 2. Real part (full lines) and imaginary part (dashed lines) of the dynamic permeability Kphase
2 of the

less viscous phase. We have considered three different volume fractions: x2 = 0.25, 0.5, and 0.75. The system
size has been set as L = 384, b = 22, the viscosity of the outer phase has been set equal to η1 = 0.1, and the
viscosity contrast has been set equal to �η = 0.75. The amplitude of the forcing was set as F0 = 3.55 × 10−7.
We have checked that the same results are obtained when halving or doubling the amplitude of the forcing,
ensuring we work in the linear regime. (a) The permeability was calculated using the viscosity η2 and the
frequency was normalized by the viscous frequency ωη2 . (b) The permeability was calculated using the effective
viscosity ηeff and the frequency was normalized by the effective viscous frequency ωηeff . In the Supplemental
Material we show the deformation of the interface for x2 = 0.50 and ω = ωηeff /2 [44].

We also define a non-dimensional viscosity contrast, as

�η = η1 − η2

η1 + η2
. (12)

IV. RESULTS

Figure 2(a) shows the dynamic permeability, Kphase
2 , in the lower viscosity phase as a function

of the frequency of the driving force. The figure shows three curves, for three different systems,
having different volume fractions x2 of the low viscosity phase; the smaller the value of x2, the
smaller the size of the low-viscosity-phase slug. The dynamic permeability has been normalized by
the steady state value for a single fluid, K0 = b2

12 . The frequency has been normalized by the viscous
frequency, ωη2 = 2πη2

ρb2 . For each of the curves, that, as expected, are different, since they describe
different systems, we observe the well-known behavior for a single fluid [28,48,49]; namely, at low
frequencies, the fluid response is in phase with the driving force F (t ) (the imaginary part of the
response has a value close to zero), and the real part of Kphase

2 has a plateau, in a log-log scale. For
larger frequencies, the real part decays and the imaginary part increases as a function of frequency.
At frequencies larger than the frequency at which the real and the imaginary parts cross each other,
the imaginary part also decays as a function of frequency. In the figure, we can see that the low
frequency value of the permeability is specific to each value x2; the larger the size of the low
viscosity slug, the larger the value of the low frequency permeability. We have verified that, for
a single fluid of viscosity η2, the low frequency value of the normalized permeability is equal to 1.
We also observe that the crossing frequency is specific to each value x2. In addition, we observe a
peak at frequencies close to ω/ωη2 	 50, whose precise location depends on x2.

In Fig. 2(b) we show the same curves Kphase
2 /K0 using the effective viscosity introduced in

Eq. (9), and a frequency normalized by the effective viscous frequency, ωηeff = 2πηeff

ρb2 . By doing
so, we find a quasiuniversal curve that makes the permeability of the different systems coincide
in a wide frequency range that includes the crossing frequency of the real and imaginary parts.

064201-5



JULIEN LOMBARD et al.

FIG. 3. Magnitude of the dynamic permeability of the less viscous phase, |Kphase
2 (ω)|. We have considered

here different phase lengths L2, with η1 = 1.0, η2 = 10−2, and x1 = x2 = 0.50. The channel thickness has been
set as b = 10. The amplitude of the forcing was set as F0 = 1.2 × 10−6. We have checked that the same results
are obtained when halving or doubling the amplitude of the forcing. (a) The permeability was calculated using
the viscosity ηeff and the frequency was normalized by the viscous frequency ωηeff . (b) The permeability was
calculated using the effective viscosity η2 and the frequency was normalized by the effective viscous frequency
ωη2 . The black dashed lines show the magnitude of the dynamic permeability given by the analytical expression
in Eq. (5) for single fluids of viscosity ηeff (a) and η2 (b).

The parameter ω/ωηeff plays the role of a square Womersley number [50], adapted to the case of a
binary fluid. Below the unit value of this number, there is a quasisteady behavior, for which the fluid
velocity is practically in phase with the imposed forcing [51]. For large values of this number, the
velocity is out of phase with the forcing.

For many fluidic systems, Fig. 2(b) provides a quasiuniversal curve for a binary fluid when the
compressibility of the fluids is irrelevant; that is, when the frequency associated with compressible
effects is much larger than the viscous frequency. However, this curve is quasiuniversal and not
universal since the value of the dynamic permeability at low frequencies is slightly dependent on
the value x2, and the shoulder position at large frequencies depends of the volume fraction x2. These
details should not prevent us from appreciating that the framework of the dynamic permeability,
originally developed for a single fluid, allows one to deeply simplify the dynamic description of
a binary fluid, which is an otherwise very complex system, provided that it is made in terms of
an effective viscosity and an associated effective viscous frequency. Figure 2(b) shows that in
the regime where compressibility is irrelevant the scaling relation K/K0 = f (ω/ωη ) produces a
universal behavior [48,49] for a binary fluid, only if the viscosity used in the calculation of K and
ωη is the effective viscosity given in Eq. (9). The parameters K0 and ωηeff scale the real and imaginary
parts of K not only in the low- and high-frequency limits, but also in the whole crossover region
[28].

We now focus on a very different regime, where the compressibility of the low viscosity phase
is relevant. For this regime, Kphase

2 presents resonances. We found that a density contrast between
the two phases is not necessary to observe resonances: all the results presented below hold in the
presence or absence of a density contrast. We focus on the less viscous phase where the resonance
can lead to a dramatic increase of the amplitude of fluid flow.

In Fig. 3 we consider the dynamic permeability Kphase
2 in the case of a very strong viscosity

contrast (η1 = 1.0 and η2 = 10−2) for different lengths L2, b = 10, and x1 = 0.50. Figure 3(a)
shows the dynamic permeability computed using the effective viscosity ηeff . For L2 larger than 12,
all of the curves present a maximum at a certain frequency which we call the resonance frequency.
We clearly see that the position of the resonance frequency depends on the length L2: the larger the
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FIG. 4. Magnitude of the dynamic permeability at the resonance frequency |Kr | = |Kphase
2 (η2, ωr )|, com-

puted from the viscosity in phase 2, as a function of ωr/ωη2 . We show here the results for all the values of b
and L considered in the simulations. The black dashed line shows the magnitude of the dynamic permeability
given by the analytical expression in Eq. (5) for a single fluid of viscosity η2.

system size, the smaller the resonance frequency and the larger the magnitude of the permeability
Kphase

2 at resonance, |Kr |. In the case studied here, we reach values of |Kr | up to 50 times the
stationary value K0 for L2 larger than 2500. This means that flow amplitude at resonance is up
to 50 times the steady state flow. For this regime, in which compressibility is relevant, ηeff does not
make the curves collapse as when compressibility is irrelevant; in fact, a description in terms of η2

allows for a clearer understanding of the underlying physics.
Figure 3(b) shows the dynamic permeability Kphase

2 computed using the viscosity η2 as a function
of the driving frequency normalized by ωη2 . For frequencies larger than the resonance frequency,
or approximately equal to it, the dynamic behavior follows grosso modo the one of a single fluid of
viscosity η2, indicated by a black dashed line. This implies that the presence of the high viscosity
fluid is not affecting the dynamics of the low viscosity one. In other words, at frequencies larger
than the resonance frequency, the low viscosity fluid does not feel the resistance imposed by the
high viscosity fluid. In fact, a plot of the permeability at resonance versus the resonance frequency
follows closely the curve for a single fluid of viscosity η2, particularly for values of ωr/ωη2 < 1, as
shown in Fig. 4, for several viscosity contrasts and several system sizes.

Figure 5, for the dynamic permeability for the whole channel, |Kchannel|, shows that the dynamics
caused by the resonance of the low viscosity fluid is inherited by the average dynamics of the whole
system. This implies that the compressibility of the low viscosity phase causes the binary fluid as a
whole to have resonances at certain frequencies for which the amplitude of the velocity is maximum.
In other words, the flow amplitude of a binary-fluid system in a zero-mean flow could be optimized
if one chooses the driving frequency to be the one that puts the system at resonance.

V. ORIGIN OF RESONANCE

We now wish to study how the resonance frequency ωr varies for different sets of viscosities and
for different channel thicknesses, in terms of a dimensionless characteristic frequency of the system.
One natural characteristic frequency of the system is the one at which standing waves are generated
in an unconfined cavity, ωU

comp = πcs/L2 [52–54]. Another one is the viscous frequency ωη2 , given
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FIG. 5. Magnitude of the dynamic permeability of the whole channel, |Kchannel(ω)|. We have considered
here different phase lengths L2, with η1 = 1.0, η2 = 10−2, and x1 = x2 = 0.50. The channel thickness has been
set as b = 10. The amplitude of the forcing was set as F0 = 1.2 × 10−6. The permeability was calculated using
the viscosity ηeff and the frequency was normalized by the viscous frequency ωηeff . The black dashed line shows
the magnitude of the dynamic permeability given by the analytical expression in Eq. (5) for a single fluid of
viscosity ηeff .

by the viscous resistance of phase 2. We therefore chose to use ωU
comp/ωη2 as a nondimensional

frequency to analyze our results. We expect two different regimes:
(i) The compressibility regime, ωU

comp/ωη2 
 1, in which the resonance should be controlled by
the ability of the fluid to be compressed.

(ii) The viscous regime, ωU
comp/ωη2 � 1, in which the resonance should be controlled by the

viscosity of phase 2.
Figure 6 shows, with symbols, the resonance frequency ωr for different sets of viscosities (a)

and for different channel thicknesses (b). We can clearly observe two distinct limiting regimes,
at small and large values of the dimensionless frequency ωU

comp/ωη2 . In between these regimes,
there is a crossover region where two phenomena compete to determine the exact location of the
resonance. Note that in both regimes the compressibility effects are important, since they are causing
the resonance to exist. So, the viscous regime should not be confused with the regime of Fig. 2,
where the compressibility is irrelevant.

Figures 6(a) and 6(b) show that for very large values of ωU
comp/ωη2 (above 100) we get the

expected behavior ωr/ω
U
comp ≈ 1. However, for values of ωU

comp/ωη2 below 100 we observe a
deviation of the data towards lower resonant frequencies.

Confinement of a viscous fluid affects not only the damping of acoustic waves, but also their
propagation velocity [55,56]. Based on Kirchhoff’s expression [52,57], we can account for it by

writing an effective sound velocity c′
s, in terms of the sound velocity cs, as c′

s = cs(1 − α
√

ωη2
ωU

comp
),

where α is a coefficient that accounts for the confinement. With this, we can write a frequency
at which standing waves are generated in a confined cavity, ωC

comp, in terms of the one at which

standing waves are generated in an unconfined cavity, as ωC
comp = πc′

s/L2 = ωU
comp(1 − α

√
ωη2

ωU
comp

).

We have found that a value of α = 1/
√

π [58] gives a very good agreement with the simulations.
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FIG. 6. ωr/ω
U
comp as a function of ωU

comp/ωη2 , where ωη2 is the viscous frequency calculated in phase 2
and ωU

comp = πcs/L2 is the frequency at which standing waves are generated in an unconfined cavity. (a) We
consider a unique channel thickness b = 22. The symbols stand for the volume fractions and the colors for the
viscosities of both phases. For each set of parameters x2, η1, and η2 we consider a large range of lengths L.
(b) We consider here x1 = 0.50 and a constant viscosity contrast �η = 0.75, and vary η2 and b. For each set of
b and η2 we consider a large range of lengths L. The dashed lines show the results of the fits at large frequency
[ωC

comp/ω
U
comp, Eq. (13)] and low frequency [“Fit low frequency,” Eq. (14)].

We therefore plot
ωC

comp

ωU
comp

given by

ωC
comp

ωU
comp

= 1 − 1√
π

(
ωU

comp

ωη2

)− 1
2

. (13)

with black dashed lines in Figs. 6(a) and 6(b). These curves show that the decrease in the value of
the resonance frequency can be explained by the confinement of the fluid.

For the viscous regime (ωU
comp/ωη2 � 1), Fig. 6(a) shows that the decay of ωr/ω

U
comp follows a

power law with a fixed exponent of −1/2, but with a prefactor dependent on the viscosity contrast.
Figure 6(b) shows that varying the channel thickness does not change this power law. For low values

of
ωU

comp

ωη2
the expression

ωr

ωU
comp

= �η
1
4

(
πωU

comp

2ωη2

)−1/2

(14)

gives a very good agreement with the simulation results. This can be seen by looking at the three
dashed straight lines in Fig. 6(a) and the dashed straight line in Fig. 6(b) plotted from Eq. (14).
For a very large viscosity contrast, �η 	 1, Eq. (14) gives ωr/ω

U
comp = (πωU

comp/2ωη2 )−1/2, which
represents an upper bound for ωr .

We have also found a universal curve on which all our simulation data fall, independently
of the values of channel thickness, viscosities, and system lengths. This curve is obtained by
introducing a new dimensionless frequency, given by the ratio of ωC

comp and a more complex
frequency ωint involving the interplay of the viscous frequency, the frequency associated with
unconfined compressibility and the viscosity contrast. The expression of ωint is given by:

ωint = �η1/4

√
2

π
ωU

compωη2 . (15)
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FIG. 7. ωr/ωint as a function of ωC
comp/ωint for different viscosity contrasts �η. We show here, with

symbols, the results obtained for all the sets of parameters used in our simulations, which include different
values of b, L, and x2. The dashed black line describes the resonant behavior in the viscous regime, ωr = ωint ,
while the dashed green line shows the resonant behavior in the compressibility regime, ωr = ωC

comp.

The universal curve can be seen in Fig. 7 where, in addition to the simulation results displayed
with symbols, two dashed lines are plotted. These lines are given by ωr

ωint
= 1 for the viscous regime

and by ωr
ωint

= ωC
comp

ωint
for the compressibility regime.

In conclusion, we find that the resonance frequency follows a universal curve that at low values
of ωC

comp/ωint is strongly dependent on the dynamic interaction between the two phases, and that at
large values of ωC

comp/ωint is dominated by the compressibility of the confined fluid.

VI. A GUIDE TO POTENTIAL EXPERIMENTS IN A STANDARD MICROFLUIDIC SETUP

In the first part of Sec. IV, we found that, for ωC
comp 
 ωηeff , compressibility is irrelevant. We then

proved that, when ωC
comp < ωηeff , compressibility is relevant and generates resonances. We find that

the transition between these two regimes depends on the more precise value of the nondimensional
quantity ω∗

c = ωC
comp/3ωηeff .

In the second part of Sec IV, we found that the magnitude of the dynamic permeability
at resonance, |Kr |, depends on the length L2 for ωr � ωη2 . On the other hand, for ωr < ωη2

the permeability at resonance |Kr | is independent of the system length. Since in these regimes
ωr 	 ωcharac, there is a nondimensional frequency ω∗

s = ωcharac/ωη2 that characterizes the transition
between the two resonant regimes. The expressions of these two nondimensional frequencies are

ω∗
c = ωC

comp

3ωηeff

= ρb2cs

6ηeffL2

[
1 −

√
2η2L2

πρb2cs

]
,

ω∗
s = ωcharac

ωη2

= �η1/4

√
ρb2cs

πL2η2
. (16)

Each of these expressions will give a value for the length, L2, of the low viscosity slug: one for the
transition between the regime where compressibility is relevant and the regime where it is irrelevant,
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given by Lc = L2(ω∗
c = 1), that is,

Lc = 2πρb2cs

η2
[
1 +

√
1 + 12πηeff

η2

]2
; (17)

and another one, within the compressibility regime, that indicates when the permeability at
resonance, |Kr |, depends on L2 and when it does not. This one is given by Ls = L2(ω∗

s = 1), that is,

Ls = ρb2cs

πη2

√
�η. (18)

In order to guide potential experiments, we report the values of Lc and Ls allowing ω∗
c = 1 and

ω∗
s = 1 and the corresponding resonance frequencies, for two binary fluids:

(i) Water/air (ρw = 1000 kg/m3, ηw = 0.001 Pa s, ρa = 1 kg/m3, ηa = 10−6 Pa s, cs = 350
m/s, �η = 0.99).

(ii) Mineral oil/bubbly water with a 0.1 volume ratio of air (ρmo = 850 kg/m3, ηmo = 0.03 Pa s,
ρbw = 1000 kg/m3, ηbw = 10−3 Pa s, cs = 50 m/s, �η = 0.94) [18,59–61].

We consider a microchannel of height b = 55 μm. We set the length of the more viscous slug
to be L1 = 3 cm. From Eqs. (17) and (18), we can now estimate the transition lengths and the
corresponding characteristic frequencies [Eq. (16)].

For the water/air binary fluid, we find Lc = 0.02 cm and Ls = 34 cm. Compressibility is
relevant for any value L2 > Lc, and the resonance would be observed for driving frequencies ω <

9.85 × 105 Hz. The transition to a dynamic permeability at resonance, independently of the system
size, would be reached for L2 > Ls, which would lead to resonance frequencies ωr < 330 Hz.
Considering the typical system lengths employed in microfluidics [62], only the regime for which
the dynamic permeability at resonance depends on the system size would be observable for a
water/air binary fluid. In these calculations we consider a purely isothermal situation, for which the
correction to the sound velocity originates in the confinement of the fluid. In Appendix B, we give
an expression for the frequency associated with compressibility of a confined fluid in an adiabatic
situation; that leads to critical lengths and frequencies similar to the ones computed here.

For the mineral oil/bubbly water binary fluid, we find Lc = 0.08 cm and Ls = 4.6 cm. Compress-
ibility is relevant for L2 > Lc, and the resonance would be observed for driving frequencies ω <

2.9 × 104 Hz. The transition to a dynamic permeability at resonance, independently of the system
size, could be reached for L2 > Ls, which would lead to frequencies ωr < 330 Hz. For the mineral
oil/bubbly water binary fluid, the two resonant regimes could, in principle, be experimentally
observed.

For the two cases presented here, the onset for the relevance of compressibility, corresponds to
very short lengths L2 and very large frequencies. This implies that, for most of the systems involving
a compressible fluid, the existence of the compressibility-induced resonance cannot be neglected.

VII. CONCLUSIONS

We have presented a complete description of the dynamic response of a binary fluid under
a single-mode periodic forcing. For incompressible fluids or when the compressibility effects
are negligible, namely when the frequency associated with the compressibility is larger than the
effective viscous frequency, the dynamics of the binary fluid is equivalent to the one of a single fluid
computed with an effective viscosity. In the opposite case, the ability of the less viscous fluid to be
compressed allows for a resonance to arise. When this occurs, the low viscosity fluid behaves as if
it were alone for driving frequencies ω � ωr . We report the resonant frequency and magnitude of
the dynamic permeability at resonance, as a function of the ratio of two parameters: the frequency
associated with the compressibility, that accounts for confinement, and a more complex frequency,
that involves both the viscous frequency and the frequency associated with the compressibility.
The competition between these two characteristic frequencies gives rise to two regimes. In order to
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guide potential experiments, we report at which system sizes and frequencies, within the actual
capabilities of standard microfluidic experiments, our predictions could be confirmed, for two
different binary fluids. Our calculations suggest that the onset of system sizes where compressibility
is relevant is very small, implying that for most microfluidic devices the resonant behavior induced
by compressibility has to be considered for a correct description of the dynamics.
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APPENDIX A: DETAILS OF THE MODEL

To describe the two immiscible fluids, we introduce an order parameter φ that relates to the local
variation of concentration between the two bulk phases. The free energy of the binary fluid F[φ] is
written as a functional of the local order parameter φ(r):

F[φ] =
∫

V

(
W (φ) + ε

2
( �∇φ)2

)
dV +

∫
S

Vs(φs) dS. (A1)

W (φ) = B
φ4

4
+ A

φ2

2
, (A2)

where we consider a thermodynamic contribution to the free energy via the double-well potential
W (φ) and a square-gradient term that quantifies the energetic cost of the interface between the two
phases. The second integral of Eq. (A1) controls the fluid-solid interaction [31]. In this paper we
focus on the effect of the viscosity contrast and keep Vs = 0, which discards any preferential wetting
of any of the two fluids and corresponds to a contact angle of 90◦.

The order parameter varies between two extreme values corresponding to the bulk equilibrium
concentrations at coexistence across an interfacial diffuse region. Those values are controlled by
the parameters A, B, and ε. We consider the symmetric case A = −B = −1, which gives the
equilibrium values φeq = ±√−A/B = ±1, the interface thickness ξ = √−ε/2A, and the surface
tension

√
−8εA3/9B2 = √

8εB/9. In all the simulations presented in this paper, the two phases are
completely demixed; we deliberately chose an energy barrier large enough to assure so. We keep
the surface tension σ = 1.8 × 10−4 and the interface thickness identical in all our simulations. We
use ξ = 2.83, so that the interface spans over more than one lattice node.

From the expression of the free energy, we get the local chemical potential and pressure tensor:

μ = δF
δφ

= Bφ3 + Aφ − ε∇2φ. (A3)

�αβ =
[

3

4
Bφ4 + 1

2
Aφ2 − εφ∇2φ − 1

2
ε| �∇φ|2

]
δαβ + ε(∂αφ)(∂βφ). (A4)

This leads to the equation for the advection and diffusion of the order parameter,

∂φ

∂t
+ (�v · �∇ )φ = M∇2μ, (A5)
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and to the local force applied to the fluid due to the presence of the fluid-fluid interface,

Fφ
α = −

∑
β

∂β�αβ. (A6)

The contact line can move following the diffusive term in Eq. (A5). According to a large amount
of literature [63–68] there is a solid basis that diffuse interface approaches lead to a realistic
description of the motion of a contact line; such is the case of our diffuse interface model, for
which the motion of the contact line can be controlled by the mobility parameter M.

As mentionned above, we use the lattice-Boltzmann method (LBM) to solve the dynamics of the
system. To do so, we introduce a velocity distribution function fi, the temporal evolution of which
is described by the discretized Boltzman equation:

fi(�r + �c1, t + 1) − fi(�r, t ) = − 1

τ (�r)

(
fi − f eq

i

) + Ft
i (�c1, t ). (A7)

We use a discretization on space and time. The velocity vectors �ci join the different nodes of a
cubic lattice. We consider a set of 19 velocity vectors in three dimensions, in the so-called D3Q19
model [69]. Equation (A7) is solved in two steps. During a collision step, described by the right-
hand side of Eq. (A7), the distribution functions are relaxed to their equilibrium values while an
external forcing is applied. The athermal LBM has long been shown to preserve satisfactorily the
Galilean invariance [70–72] in the low Mach number limit (we use Mach numbers Ma < 0.1 in all
the simulations). This property is also enforced by the multirelaxation time approach that we use to
perform the collision step [73].

The periodic forcing is applied through a single-mode body force term �F (t ) = F0 cos(ωt ) �ez. This
external body force adds to the local contribution from the binary fluid �Fφ [Eq. (A6)], which gives
the distribution Ft

i (t ) when projected over the velocity set �ci. We introduce a local dependence of
the viscosity on the order parameter: η(�r) = η1 + φ(�r)−φ1

φ2−φ1
(η2 − η1) [39]. Then, the local relaxation

time τ (�r) is related to the local viscosity by η(�r) = ρc2
s (τ (�r) − 1

2 ). During a second step, each of
the post-collision distribution functions fi is advected in the direction of the associated velocity �ci,
as described in the left-hand side of Eq. (A7).

The hydrodynamic variables are recovered through the moments of the distribution functions fi.
The local density and momentum are given respectively by ρ = ∑

i fi and ρ�v = ∑
i fi �ci. The LBM

intrinsically accounts for the fluid compressibility, which leads to an additional term in the equation
of conservation of the momentum [Eq. (A9)] given by the gradient of the thermodynamic pressure
Pρ = c2

s ρ, where ρ is the local fluid density and cs = 1/
√

3 is the sound velocity.
Together with Eq. (A5), this gives a set of equations for the local dynamics of the fluid and order

parameter out of equilibrium:

∂ρ

∂t
+ �∇ · (ρ�v) = 0. (A8)

ρ

(
∂�v
∂t

+ (�v · �∇ )�v
)

= −�∇� − �∇Pρ + η∇2�v + �F (t ). (A9)

We consider a simulation box of dimensions X × b × L in the x, y, and z directions respectively.
We fix periodic boundary conditions on the x and z dimensions, which corresponds to a channel of
width much larger than its thickness b. In all the simulations we take X = 3. The velocity profiles
obey a no-slip and impenetrability condition set by �v(y = 0) = �v(y = b) = �0. The no-slip and no-
penetration boundary conditions at the solid boundaries are enforced using the bounce-back rules
as described in Ref. [31].
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APPENDIX B: EXPRESSION OF THE CHARACTERISTIC FREQUENCY ASSOCIATED
WITH THE COMPRESSIBILITY OF THE FLUID IN ADIABATIC MOTION

The lattice-Boltzmann method we use is limited to purely isothermal situations, for which the
resonance frequency in the regime dominated by compressibility can be described by ωr = ωC

comp,

with ωC
comp = ωU

comp(1 − 1
π

√
ωη2

ωU
comp

). Since we cannot consider adiabatic motion in our simulations,

we can at least use an analytical expression in the literature to obtain a characteristic frequency
of a confined fluid during an adiabatic process, ωCA

comp, and estimate how much this value would
change our predictions, as a guide to potential experiments. From the speed of sound reported in the
literature [57], we can obtain

ωCA
comp = ωU

comp

(
1 − 1√

π

√
ωη2

ωU
comp

− 1√
π

√
ωadiab

ωU
comp

)
, (B1)

where the characteristic adiabatic frequency ωadiab depends on the adiabatic index γ , the thermal
conductivity κ , and the specific heat capacity Cv:

ωadiab = 2π
κ (γ − 1)2

γ ρCvb2
. (B2)

We repeat the estimations of Sec. VI for the water/air binary mixture, using ωadiab, with γ = 1.4,
κ = 0.026 W/(m K) and Cv = 718 J/(kg K) (for air). We get ωadiab = 1368 Hz, a value which
is larger than ωη2 = 330 Hz. We found in Sec. VI that compressibility is relevant for any value
L2 > Lc = 0.02 cm and driving frequencies ω < 9.85 × 105 Hz. These values are almost identical
when using ωCA

comp instead of ωC
comp in Eqs. (16) and (17): the relative change when taking into

account the adiabatic correction is 2% on the value of Lc, and 0.01% on the value of the frequency
at which the compressibility becomes relevant.
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