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The motion of a spherical particle undergoing electrophoresis in weakly inertial or
viscoelastic shear flow is quantified via asymptotic analysis. We are motivated by several
experimental studies reporting cross-streamline migration of electrophoretic colloids in
Poiseuille microchannel flow. Specifically, particles migrate in a Newtonian liquid to the
center (walls) of a channel when their electrophoretic velocity is in the opposite (same)
direction to (as) the flow. Here, we calculate that weak fluid inertia causes a leading-
order cross-streamline lift force of magnitude 5.50¢|¢|a®pyE*® /i for electrophoresis
along the velocity axis of an unbounded simple shear flow, where ¢ and a denote
the particle zeta potential and radius, respectively; p, u, and ¢ are the fluid density,
viscosity, and permittivity, respectively; y is the shear rate of the ambient flow; and
E* is the strength of the imposed electric field. This force acts to propel the sphere to
shear streamlines that, in a frame translating with the particle, are directed reverse to
the electrophoretic motion, which is consistent with the above-mentioned experiments.
Other recent experiments have observed migration of electrophoretic particles in Poiseuille
flow of a viscoelastic polymer solution: the migration direction is opposite to that in
a Newtonian liquid. Here, we calculate a leading-order cross-streamline lift force of
magnitude 7.07(1 — 3.33W, /W, )¢e|¢ |aW,y E* /u for electrophoresis in simple shear flow
of a second-order fluid, where ¥, and W, are the first and second normal stress coefficients,
respectively. The lift is toward streamlines moving in the direction of electrophoresis
for W, /W, < 0.3 (a reasonable assumption for polymeric liquids, where W, and W, are
negative and positive, respectively), which is consistent with the experiments. Finally, an
estimation of the magnitude of the lift forces and associated drift velocities further suggests
that the cumulative effect of weak instantaneous inertia or viscoelasticity is responsible, or
at least contributes appreciably, to the observed migration.
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I. INTRODUCTION

A rigid sphere translating along an ambient unidirectional flow of a Newtonian liquid does
not experience a transverse, or “lift,” force at zero Reynolds number. The absence thereof means
that the sphere has no tendency to migrate across streamlines of the flow. Fluid inertia leads to
cross-streamline migration at nonzero Reynolds number, as illustrated in the seminal work of Segré
and Silberberg [1,2], who observed that neutrally buoyant spheres in a tube Poiseuille flow gather
at a radial distance of 0.6 of the pipe radius from the centerline. Those experiments inspired a
flurry of asymptotic analyses to calculate inertial lift forces at small particle-scale Reynolds number,
for neutrally buoyant or nonneutrally buoyant spheres in bounded or unbounded flows. A good
classification of such studies, in terms of the channel-scale Reynolds number of the flow, is provided
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FIG. 1. Streamlines due to a sphere translating at zero Reynolds number in an otherwise quiescent fluid:
the top (bottom) half shows streamlines for an electrophoretic (forced) particle. The flows are axisymmetric
about the direction of translation U.

in table 1 of Hogg [3]. Calculations of cross-streamline migration in viscoelastic liquids at zero
Reynolds number have also been performed; see Leal [4,5] for reviews covering work in this vein
up to 1980. Typically, the limit of weak viscoelasticity is analyzed [6—10], such that the fluid stress
is a small departure from Newtonian. Leshansky et al. [11] have demonstrated tunable viscoelastic
focusing of particles in microfluidic channels arising from cross-streamline forces.

Recent experiments have reported cross-streamline migration of electrically charged particles
under an applied voltage and ambient flow field. For example, Kim and Yoo [12] observed
that negatively charged polystyrene spheres migrate to the center of a tube as they undergo
electrophoresis in the opposite direction to Poiseuille flow of a Newtonian fluid. Further experiments
by this group demonstrated that inward migration also occurs in a rectangular microchannel [13].
Cevheri and Yoda [14,15], Yuan et al. [16], Li and Xuan [17], and Lochab et al. [18] showed
that the direction of migration is switched by reversing the direction of the applied electric field.
That is, a particle migrates to the center(walls) of the channel when its electrophoretic velocity
is in the opposite(same) direction to(as) the Poiseuille flow. The switching of direction is not
captured by dielectrophoretic [19,20] or electroviscous [21,22] mechanisms of cross-streamline
migration, which exclusively predict repulsion from a wall. Fluid inertia has been claimed to be
responsible [12,13,16]: while typical channel-scale Reynolds numbers are small, 0(0.01 — 0.1), it
is established that inertial forces can be used to manipulate particles in microfluidic devices [23].
It has been further suggested [13,16] that theories for inertial migration of nonneutrally buoyant, or
“forced,” particles can rationalize this phenomenon. This is incorrect, for the following reason. At
small Reynolds number the velocity disturbance due to a forced particle decays as 1/r (r being the
distance from the particle center) at distances large compared to its characteristic linear dimension
and small compared to any inertial length scale or bounding wall that screens the disturbance. In
contrast, an electrophoretic particle is “force-free” in that there is no hydrodynamic force exerted
on the charged particle and the diffuse (counterion) charge cloud surrounding it [24]. The size of
the cloud, characterized by the Debye length, is typically much smaller than the particle size for
colloids in aqueous electrolytes at milli-molar (or higher) concentration. Consequently, the velocity
field around an electrophoretic particle is fundamentally different (Fig. 1): in particular, the velocity
disturbance decays as 1/r3 at large distances for a uniformly charged particle in an unbounded fluid
[25]. Recent experiments [17] have also observed migration of electrophoretic particles in shear
flow of a viscoelastic polymer (PEO) solution. The migration direction is opposite to what is seen
in Newtonian liquids. Predictions for migration of a forced particle in viscoelastic flow [7-10] are
not applicable, again due to the different flow profile around an electrophoretic particle.
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Therefore, the goal of the present work is to calculate the cross-streamline lift force on an
electrophoretic particle in weakly inertial or viscoelastic shear flow. We consider a uniformly
charged, spherical particle undergoing steady electrophoresis in an unbounded, steady simple shear
flow. This is obviously a simplification of the relevant experiments, in which the observed migration
is likely influenced by the channel walls and curvature of the Poiseuille flow. Nonetheless, our
model problem will indeed predict a lift direction that is consistent with the experiments, suggesting
that inertial or viscoelastic forces are relevant to the observed migration. In Sec. II we recap the
electrophoresis of a particle in a Newtonian electrolyte at zero Reynolds number. In Secs. III
and IV we calculate the lift force on an electrophoretic particle in weakly inertial and weakly
viscoelastic (i.e., second-order fluid) shear flow, respectively. A comparison of our calculations
against experimental observations is made in Sec. V. The article is concluded with a discussion in
Sec. VL.

II. RECAP OF ELECTROPHORESIS AT ZERO REYNOLDS NUMBER

Consider the electrophoresis of a neutrally buoyant, uniformly charged, rigid, dielectric particle
under a steady, uniform electric field in an unbounded Newtonian electrolyte at zero Reynolds
number. The steady translational velocity of the particle is found from the requirement that
hydrodynamic and electric forces on it sum to zero. A significant simplification occurs in the limit
where the Debye length is small compared to particle size. Here, the “effective surface” enclosing
the particle and the charge cloud is indistinguishable from the actual particle surface when viewed
at distances comparable to the particle size. Thus, the electric stress generated by the applied field
acting on the cloud is replaced by a “slip” boundary condition for the fluid velocity on the effective
surface [24]. The slip velocity vy = —m.E, where E is the electric field at the effective surface,
and m, = e¢ /u is the electro-osmotic mobility, in which ¢ and p are the permittivity and viscosity
of the electrolyte (assumed constant), respectively, and ¢ is the zeta potential of the particle (also
assumed constant). Therefore, at zero Reynolds number the fluid flow outside the effective surface,
Sp, is governed by the Stokes equations

uViv—Vp=0, V.v=0, (1)
v=U+wxr+v,on S, vand p— 0 as |r| - oo, 2)

where r is the position vector measured from the center of the particle, and v and p are the velocity
and pressure fields. The pressure is defined up to an additive constant for an incompressible fluid;
thus, we state that p attenuates at large distances. The translational and angular velocities of the
particle, U and w, respectively, are determined from the conditions of zero hydrodynamic force
(F™) and torque (L¥) on S,

FH=/6-ndS=O, and LH=/r><o-ndS=O, 3)
s, S,

where n is the outward unit normal to S,, and 6 = —pl 4+ u[Vv + (Vv)"] is the hydrodynamic
stress tensor, in which I is the identity tensor and the superscript 7 denotes a transpose. The
conditions Eqgs. (3) signify that the “thrust” provided by the slip velocity is balanced by the “drag”
due to particle translation. Therefore, the particle is hydrodynamic force-free in the thin-cloud limit;
there is zero electric force on the effective surface enclosing the cloud and true particle surface,
since together they have no net charge. (This statement does not hold in bounded or semibounded
domains, such as electrophoresis near a wall, where a nonzero, dielectrophoretic type, electric force
exists normal to the wall and must be balanced a net hydrodynamic force [19].) The situation is
essentially different for a forced particle, where a net hydrodynamic force is required to balance the
external body force, e.g., due to gravity for sedimentation.
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FIG. 2. Definition sketch for an electrophoretic particle in unbounded simple shear flow.

Smoluchowski solved Egs. (1)—(3) for a spherical particle to obtain U = m,E* and @ = 0,
where E* is the applied electric field. Morrison [25] proved that Smoluchowski’s result is, in
fact, valid for a particle of arbitrary shape provided that m, is constant and polarization of the
cloud is negligible [24]. Furthermore, Morrison [25] showed that the velocity field outside S, is
irrotational and decays like 1/r° at large distances, as opposed to 1/r for a forced particle, which
has implications for inertial cross-streamline migration. Consider a sphere (of radius a) moving
along the streamlines of an unbounded simple shear flow, where U denotes its translational speed
relative to the shear streamline passing through its center. Saffman [26] solved this problem for a
forced particle using matched (i.e., inner-outer) asymptotic expansions at small Reynolds numbers,
considering shear as the dominant mechanism for inertial screening of the velocity disturbance
caused by the particle. Said screening occurs on the “Saffman length” Ls = (u/py)'/? = aRe; /2,
where p is the fluid density and y is the shear rate, and Re; = pya?/u is the Reynolds number of
the shear. Therefore, the velocity disturbance is O(Ua/Ls = URe!/?) in the outer region beyond
Lg, where inertial and viscous are comparable. This outer disturbance field forces a singular first
inertial correction to the velocity field in the inner region (i.e., on the scale a) of O(U Rei/ 2), which
yields a lift force of O(uaURe!/?), to leading order. In contrast, the velocity disturbance due to
an electrophoretic particle is O(Ua® /L3 = U Re?/?) in the outer region, which means that the first
inertial velocity field in the inner region is regular and O(U Rey); hence, the leading-order lift force is
O(naURey). This conclusion is valid for a particle of arbitrary shape; we calculate the leading-order
lift for a sphere next.

III. ELECTROPHORETIC MIGRATION IN INERTIAL SHEAR FLOW

Consider an electrophoretic sphere in an ambient simple shear flow v*°(x) = I'*™® - x, where I'*®
is the transpose of the constant velocity gradient tensor and x is the position vector from the origin O
in a laboratory frame. Take Cartesian coordinates x, y, and z corresponding to the flow, gradient, and
vorticity directions, respectively, for which I'*® = §%° + @, where $*° = (y/2)(e.e, + eye,) is
the ambient rate of strain tensor, ° = (y/2)(e.e, — e,e,) is the transpose of the ambient vorticity
tensor, and e; denotes a Cartesian unit vector in the i direction. The sphere translates at velocity
U = m,E*™ and rotates at angular velocity w. Figure 2 is a sketch of the problem for the case
of particle translation along the streamlines of the shear, as relevant to the experiments discussed
in Sec. I; however, our analysis below will be valid for an arbitrary direction of translation. The
problem in the laboratory frame, with velocity field denoted by v, is governed by the Navier-Stokes
equations

0
MVZv—Vp:p<8—;)+v~Vv>, V.-v=0, 4)
v=U+wx[x—x,0)]+v; on |x —x,)| =a, 5
v— v°(x) and p— 0 as |x —x,(t)| = oo, (6)
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where x,(t) is the position of the particle centroid at time ¢, and v, = %(nn —1I) - U is the electro-
osmotic slip velocity on the sphere [24]. We wish to calculate the hydrodynamic force F on the
particle, the y component of which corresponds to a lift that would cause cross-streamline migration
of an unconstrained particle. The angular velocity @ is determined from the requirement that the
particle is torque free.

We adopt a comoving frame translating with U, in which the velocity field, denoted u, is
steady, and the flow at large distances approaches —U + I'™® - r 4+ v*°(0), where r = x — x,,(¢).
Here, v*°(0) is the velocity of the streamline through the centroid r = 0; for unbounded simple
shear one can take v*°(0) = 0 without loss of generality. There exists a constant pressure gradient
—pI'* - U in the comoving frame, to ensure that the far-field flow is a solution to the Navier-Stokes
equations [27]. Hence, we define the disturbance velocity and pressure fields in the comoving
frameasu’' =u — I -r+ U and p' = p+ pr - T™ - U. The problem is cast in dimensionless form
by normalizing distance by a; ambient velocity gradient and the angular velocity of the particle
by y; electrokinetic slip velocity, particle translational velocity, and disturbance velocity field by
U = m,E*®, where E* = |[E®|; and pressure and stress by uU/a (and thus force by uUa). The
dimensionless disturbance problem reads

Vi —Vp = Re,(u' - Vu' — U-Vu)+ReT® -u/'+ T -r)-Vu'], V-u'=0, (7)
W =0wxr—T%r +U+u, on r=1, (8)
u —0and p— 0 as r — oo, 9)

where all variables in Eqgs. (7)—(9) are dimensionless, and u; = %(nn I U is the slip velocity,

in which U is a unit vector in the direction of particle translation. In Egs. (7)-(9), O = ya/U, and
Re, = pUa/u and Re; = pya®/u are Reynolds numbers based on the electrophoretic velocity and
ambient shear, respectively, both of which are small in experiments.

In Stokes flow (Re, = Re; = 0) the velocity field is a superposition of the flows due to the
phoretic motion (u(]p, say) and the imposed shear (Qu,), which are [24,28]

, 1 rr .
uy, = F(3r—2—1).U, (10)
§°.r 5 1\ (rr: 8%)r
uE)S:— r5 —ﬁ<1—r—2>—r2 . (11)

There is no pressure field associated with the (irrotational) electrophoretic Stokes flow, pj, , = 0; the

shear generates a pressure Qp)|,, where p, = —5rr : $°°/r. The flows Egs. (10) and (11) yield zero
net force on the particle. The particle rotates at one-half of the vorticity of the ambient shear, @y =
—Le.. The electrophoretic flow is O(Re}/?) in the outer region r = O(Re; '/?), meaning that the first
inertial correction to the inner region (r = O(1)) can be determined via the regular expansions

u' = uj, + Quj, + Re,Qu + Reau), + O(Re])?), (12)
P = Qpj, + Re,p), + Re,0p) + Reyp), + O(Re?), (13)

where the O(Re/?) error arises from matching with the outer region. The velocity expansion
Eq. (12) cannot contain terms solely dependent on Re,, since the irrotational flow u{)p is a
solution to the Navier-Stokes equations with an inertial (“Bernoulli”) pressure Re,p) »» Where
p/lp = —%[(lA] - uap) N u{)p)]. Since u{)p is an even function of position r, so too is p’lp. Hence,
this pressure distribution cannot generate a net force. Likewise, the O(QRe;) terms cannot generate
lift, because they are only due to the shear flow around the particle. Thus, it is the O(Rey) velocity
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and pressure fields that generate the leading-order lift force. Inserting Eqs. (12) and (13) into
Egs. (7)—(9) we find that these fields satisfy the inhomogeneous Stokes flow problem

Viuy, —Vpl, =fi,. V-uj, =0, (14)

), =wyxronr=1, uj; >0 and p};, > 0 as r > oc. (15)
Here, wy; is the O(Rey) angular velocity of the particle, and the forcing
fi=up - Vug, +ug, - Vo, —U - Vg + T -, + (T -r) - Vug,. (16)

The far-field condition in Eq. (15) should be interpreted as the O(Re;) inner velocity and pressure
fields matching to a null outer solution at this order.
The O(Re;) force on the particle is

4 A
Fﬁz?”rw.UJr/ o), -nds, (17)
r=I1

where the first term is due to the pressure gradient in the comoving frame, and o/, is the O(Rey)
disturbance stress. To compute F* one could, in principle, first determine o), from the solution of
Egs. (14) and (15) and then perform the surface integral in Eq. (17). However, we can obviate this
tedious calculation via the reciprocal theorem, which relates the O(Re;) velocity and stress fields to
those of an “auxiliary” Stokes flow in the same domain, with velocity & and stress &, via the integral
identity

/u’”-FI-ndSvL/u/”-de:/12~0’1,-nd5+/17'f/11dvﬁ (18)

where f}, Eq. (16) and f are the body force densities in each flow. The surface integrals in Eq. (18)
are over the sphere and a “bounding” surface that encloses the fluid volume V. The auxiliary flow
is chosen to be that due to a sphere translating at velocity V in the absence of a body force density
(f = 0), forwhichit = H - V,and & -n = —3V at r = 1, where [28]

H—3 1+l I+3 1 1\rr (19)
T 4\r 33 a\r r)r¥
It is readily shown that the integrals over the bounding surface vanish as the radius of that surface is
taken to infinity. Thus, Eq. (18) returns

/ a/”-ndSz—/H~f/”dV. (20)
r=I1

Therefore, to compute F ﬁ now requires evaluation of a volume integral, whose integrand involves
H and the known flows u;,, Eq. (10) and ug, Eq. (11). The quantity H - f1; decays as 1/r* at
large distances; the integral is convergent. The volume integral is evaluated using the tensor algebra
software recently developed in Ref. [29]; our code is provided in the Supplemental Material [30].
The final result is

Fll = n(gﬂw - ESW) 0= %(%exey - 7eyex> 0. @1
Evidently, the strain and rotation of the shear combine with the electrophoretic motion to generate
lift. A discussion of Eq. (21) is deferred to Sec. V. One could also utilize the reciprocal theorem to
calculate wq;, but that will not be pursued here: note that the value of w;; does not affect the result
Eq. (21), because the surface velocity at O(Re;) is a solid-body rotation Eq. (15). This simplification
does not occur for a body (phoretic or forced) with a mobile interface, such as a drop or a bubble,
for which the surface velocity is not simply a solid-body rotation.
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IV. ELECTROPHORETIC MIGRATION IN VISCOELASTIC SHEAR FLOW

Here, we calculate the migration of an electrophoretic particle in a weakly viscoelastic shear flow
at zero Reynolds number. Our hypothesis is that the cross-streamline drift seen in recent experiments
[17] is driven by normal stress differences, which are generically known to cause migration in
the opposite direction to inertial forces. Those experiments used PEO solutions; typically, such
polymeric liquids have a positive first normal stress coefficient W}, and a smaller, negative second
normal stress coefficient W,. We model the polymer stress as a second-order fluid, which is a
reasonable assumption as the channel Weissenberg number reported in Ref. [17] is less than unity.
Therefore, the polymer stress is [4]

9
aP=\IJI(VvT-S+S-Vv—8—f—v-VS>+4\IIZS-S. (22)

The fluid flow in the laboratory frame again obeys Eqs. (4)—(6), except that the inertial terms in
the momentum balance are replaced by —V - 6. The problem is cast in dimensionless form using
the normalizations in Sec. III. Therefore, the dimensionless momentum balance for the disturbance
problem in the comoving frame is

Vi —Vp =Wi,V-[u-VS ~U-VS ~S -Vu' — (Vi)' -§ —aS -§]
—Wi,V.[28%.8 42§ -8 +§5 -@°—-Q@%.§+8°.Q - .8
+(@T*-r)- VS +a(§ -85+ 8% .5, (23)
where " and Q' are the disturbance rate of strain and vorticity tensors. In Eq. (23), Wi, =
WV,U/pna and Wiy = W,y /u are Weissenberg numbers based on the particle velocity and shear

flow, respectively, and o = 4W,/W,. The boundary conditions on Eq. (23) are, as before, Egs. (8)
and (9). We pose the expansions

u' = ugy, + OQuy, + Wipu', + Wi Qu' + Wiy, + -, (24)

P = 0pj, + Wi,ppy, + WisOp' + Wigpy, + -+, (25)

in which the next higher-order terms are quadratic in Wi, and Wi,.

As in the inertial case, it is the O(Wiy) velocity and pressure fields that generate the first
contribution to the lift force, F{j = [_, o/, - nS. These fields satisfy the inhomogeneous Stokes
flow problem Egs. (14) and (15), where f, is now a “viscoelastic body force” given by f), =
—V -g,, where

gy =0 VS) —u), VS) —uj - VS, + Sy, - Vi, + Sp, - Vug, + (Vupy,)' - S,
+ (Vup) - Sp, + a(Sh, - Soy + b, - So,) + 285, - S +28% -8, +Sp, -
— %8, — (T -r)- VS, +a(S;, - S +85%-5,), (26)

where S, and S, denote the rate of strain tensors of the Stokes flows u and uj,, respectively.

Therefore, Eq. (20) can be used to evaluate the surface integral for F%, with f/, determined from
Eq. (26). Note that H - ', now decays as 1/r at large distances. The volume integral in Eq. (20) is
again evaluated on the computer [30], and the final result is

9 10 w .9 10 w .
Fl = 7”(1 - ?\p—?>s°° U = T”(l - ?W—T>(exey +ee)-U. (27)

Only the straining component of the shear contributes to the lift force. This is in contrast to a forced
particle, for which the lift force in a second-order fluid is dependent on the strain and rotation of the
shear [7,8,10]. To verify Eq. (27), in the Appendix we provide an alternative computation of the lift
force for a so-called “Weissenberg fluid” with W, /¥ = —1/2.
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FIG. 3. Migration directions for an electrophoretic particle in inertial or viscoelastic shear.

V. COMPARISON TO EXPERIMENTAL OBSERVATIONS

We now compare the predictions from Secs. III and I'V to experiments [12—17], focusing on those
of Li and Xuan [17] who observed migration in Newtonian and polymeric liquids. We first discuss
the Newtonian case. For particle motion along the shear flow, U = e,, Eq. (21) yields a dimensional
leading-order lift force, say Flift . of

Fllft

inertial

7
_Tﬂ jUaRe,e,. (28)

For U > 0 corresponding to electrophoresis along +e,, this force is directed along —e,, i.e., to shear
streamlines that move opposite to the electrophoretic motion in a frame translating with the particle
(Fig. 3). This is consistent with the experiments, which report migration to the channel walls when
the electrophoretic velocity is in the same direction as the Poiseuille flow. Conversely, for U < 0
(28) predicts migration to streamlines moving with the particle, consistent with the observation of
particle focusing to the channel center when the electrophoretic velocity opposes the Poiseuille flow.
Further, substituting the definitions of U and Re; into Eq. (28) yields the magnitude of the lift force

i el¢|a’ py EX
|F}nﬂmal| ~5.50 w ’ (29)

which corresponds to a migration speed
F!ift .
|U11f1 _ ‘ inertial ~ 0.29

el¢la’ py E™
1nert1al| - 6JT[L(I w .

2

(30)

Li and Xuan [17] used polystyrene spheres of a = 5 um in a Newtonian buffer whose properties
we take as & = 7.08 x 1071°F/m, u = 1073 Pas, and p = 997kg/m>. The zeta potential of
the particles was not reported, so we assume a typical value ¢ = —50mV. The channel has
a rectangular cross section of width w = 50 um, depth d = 100 um and length / = 2cm, and
sustains a volumetric flow rate Q = 25 ul/h. Hence, following [17] we estimate the shear rate as
¥ =20/(w*d) = 55.6 /s. The electric field applied is E* = 300 V/cm. This yields from Egs. (29)
and (30) |FIft . | ~40.6fN and [U . | ~ 0.42 um/s. Hence, it takes a time w/|U . | ~ 118
for a particle to migrate from the center of the channel to the wall. The residence time of a particle
in the channel as it is convected along by the Poiseuille flow is [/(Q/wd) & 15s. Therefore a
particle would migrate around 13% of the center-to-wall distance distance during its residence.
The cross-stream distribution of particles is quite uniform at the start of the channel (see Fig. 3 in
Ref. [17]); hence, this amount of migration would yield a modest accumulation of the total particle
population to the walls. Nonetheless, these estimates, allied with our correct prediction of the lift
direction, suggest that inertial forces are relevant to the migration in Newtonian liquids seen by Li
and Xuan [17] and other studies [12-16].
Now we consider the viscoelastic case. For U = e, Eq. (27) yields a dimensional leading-order
lift force of
Fllft

viscoelastic " 4

o (1 10%2) awie 31)
- aWige,.
3w, )P y
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ForU > Oandif W, /¥, < % the lift is toward streamlines moving in the direction of electrophore-
sis, which is consistent with the inward migration observed by Li and Xuan [17] in PEO solutions.
Recall, in polymeric liquids W, is negative and relatively small in magnitude compared to the
positive Wy; hence, the proviso W,/W; < % is reasonable. For U < 0 we predict migration to
the walls, again in agreement with the experiments. Substituting the definitions of U and Wi, into
Eq. (31) yields the magnitude of the lift force

i Uy el |al y E
‘Fliif:coelaslic| ~ 707<1 - 333\[’_1>—M s (32)
and migration speed
ift |Flviif:coelas ic| \I,Z 8|§|\IIIVEOO
U asic] = S W* ~ 0.38(1 — 3'33_1>—u2 , (33)

which, interestingly, is independent of the particle size. Unfortunately, a value for W, is not reported
in Ref. [17]; we proceed simply by assuming W,;/W¥; = 0. Further, following Ref. [17] we take
W = 2iu, as predicted by the Oldroyd-B model in simple shear, in which the relaxation time A =
1.5ms and polymer viscosity u, = 1.3 x 1073 Pass. This value of 1, is obtained as the difference
of the zero shear viscosity for a 1000ppm PEO solution (2.3 x 1073Pas) and a pure buffer
solution (1 x 1073 Pas) reported in Refs. [17,31], respectively. Thus, ¥ = 3.9 uPa s%. The flow
rate Q = 125 ul/hr, which gives y = 277.8/s. The electric field applied is again E*° = 300 V/cm.
An electrophoretic mobility value of 1.2 x 1078 m?/V s was reported for these experiments; hence,
we take the quantity €|¢|/u as equal to this value. Therefore, we estimate |F life | = 13.8 pN

viscoelastic
and [U' .| & 63.6 um/s, which are much larger than in the inertial case. In fact, this migration
speed would allow a particle to migrate essentially the entire center-to-wall distance during its
residence in the microchannel. Therefore, it is plausible that the migration observed in Ref. [17]
is due to viscoelastic forces arising from normal stress differences of the polymeric suspending

fluid.

VI. DISCUSSION

The migration of an electrophoretic particle in a weakly inertial or viscoelastic simple shear
flow has been analyzed. Predictions for the direction of cross-streamline lift of a particle that
translates along the velocity axis of the shear are in agreement with recent experiments [12—17].
The estimated magnitudes of the lift forces further support the idea that the cumulative effect of
weak instantaneous inertia or viscoelasticity is responsible, or at least contributes significantly, to
the observed migration. Admittedly, our analysis has neglected factors that are likely important
in the experiments, including particle-particle and particle-wall interactions (both hydrodynamic
and electric); the nonuniform shear-rate of the Poiseuille flow; and the shape of the microchannel
cross-section. Our simple calculation is therefore of quantitative value when: (i) the particle is not
close to the wall; (ii) the particle volume fraction is small compared to unity, as in the experiments
of Ref. [17], for example; (iii) the particle is not close to the center of the channel (where the
shear rate vanishes); and (iv) the characteristic width of the cross-section is large compared to
the particle radius (so that the flow is linear on the scale of the particle). Relaxing each of these
restrictions deserves attention in future modeling work. Further experimental work could test the
drift velocity scalings in Sec. V: namely, that the inertial drift velocity is proportional to a?, while the
viscoelastic drift velocity is independent of radius. The former scaling suggests that the combination
of electrophoresis and inertial shear flow might be exploited for size-sensitive particle separation in
microfluidic devices.

The above restrictions (i)—(iv) have, in fact, been partially relaxed in two recent articles from
Choudhary et al. [32,33]. In the first [32], a rigid sphere undergoing electrophoresis in Poiseuille
flow of a Newtonian fluid between infinite, planar, parallel walls was examined. The direction of
electrophoresis is parallel to the streamlines of the ambient flow. The authors use the reciprocal
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theorem, following the procedure laid out by Ho and Leal [34], to calculate the cross-streamline
force of the particle at small Reynolds number and for a small ratio of the particle radius to
the gap between the walls. When the particle is sufficiently away from the walls and center of
the flow, such that restrictions (i) and (iii) hold, they calculate a force equal to —%MU aReqe,,.
Note, this result corresponds to Eq. (4.7) in their paper, which we have cast into our notation.
The scaling, O(UaRe;), and direction of their lift force is consistent with our result Eq. (28);
however, the coefficients, namely, 77” in our case and % in theirs, are unequal. The reason for the
difference is unclear. In the second paper [33], the same geometric setup is considered, but now the
Poiseuille flow is of a second-order fluid at zero Reynolds number and small Weissenberg number.
Equation (7) in that article gives an expression for the cross-streamline migration speed when wall
effects are negligible. Additionally, if the curvature of the Poiseuille flow is ignored [corresponding
to taking y = 0 in their Eq. (7), or, equivalently, imposing restrictions (iii) and (iv)] their migration
speed is given by —ﬁ(l + %)U Wi;. Again, we have cast this result into the present notation.
The scaling of their migration speed, O(U Wiy), is consistent with our result Eq. (33); however, the

coefficients are unequal: i.e., we have a coefficient %(1 — 130\;1'1 2) compared to their —ﬁ(l + %).

Since |W, /W] < 0.1 for most polymeric fluids [35], their migration direction is opposite to ours:
that is, they predict a particle in a polymeric liquid to migrate to the center (walls) of a channel when
its electrophoretic velocity is in the opposite (same) direction to (as) the flow. Their prediction is
consistent with experiments presented in their article on 2.2-um-diameter polystyrene spheres in
a 250 ppm PEO solution. In contrast, Li and Xuan [17] observed migration of 10-um-diameter
polystyrene spheres in a 1000 ppm PEO solution in a direction consistent with our calculations.
Here, it is worth reiterating that our result for the lift force for arbitrary W, /W, (27) is consistent
with an independent calculation for W, /W = —1/2 in the Appendix. Choudhary et al. [33] claim
that the discrepancy between the two sets of experiments is due to additional viscoelastic effects,
beyond the second-order fluid model, being operative at the larger polymer concentration. They
suggest that a theoretical study of electrophoretic migration in viscoelastic shear using a constitutive
equation with normal stress differences and shear thinning, e.g., Oldroyd-B or Giesekus, could shed
light on the matter. This issue certainly deserves further attention.

We focused on electrophoresis along the direction of the shear flow, as relevant to the experiments
that motivated the present study. However, our analysis is valid for an arbitrary direction of
electrophoretic translation. For instance, for electrophoresis along the gradient of the shear, U = ey,

the leading-order dimensional inertial force from (21) is Fiftt — ~ U7, UgRe,e,, such that the

inertial 24

sphere ‘leads’ the ambient shear streamline passing though its center by a velocity FIt . /6w ua ~
%U Reye,. In the viscoelastic case, from Eq. (27) the lead velocity is N%(l — 130; 2 U Wige,. To
the present level of approximation, namely, from Eqgs. (21) and (27), the motion of the sphere
is unaffected for the “cross-shear flow” configuration in which electrophoresis occurs along the
vorticity axis of the shear, U = e.. In the inertial case, the leading-order force on the particle should
be O(uUaRe¥?) and, by symmetry, directed solely along e, thereby modifying the velocity at
which the sphere travels orthogonal to the plane of shear. This nonanalytic dependence originates
from the leading-order velocity disturbance in the inertially dominated outer region far from the
particle. An explicit calculation (i.e., to obtain the coefficient of the O(uUaRe/?) term) would
follow Saffman’s approach [26], where the finite-sized sphere is replaced by a singular forcing in
the outer region, in which the velocity disturbance is governed by an Oseen-type equation with
shear as the dominant inertial effect. The essential difference is that for electrophoresis the forcing
corresponds to a potential dipole, as opposed to a Stokeslet for Saffman’s forced particle. In the
viscoelastic case, Einarsson and Mehlig [10] have recently analyzed the motion of a forced sphere
in an Oldroyd-B fluid at small Wi, and Wi,. (Note that our Wi, is equivalent to twice their Deborah
number De, and our Wi is equivalent to twice their Weissenberg number Wi.) For a cross-shear
flow, their equation 68 shows that the leading-order modifications to the force on the particle are
o(unU aWif) and O(uU aWif), again solely along e,. The same is expected for an electrophoretic
particle; there can be no nonanalytic dependencies on Wi and Wi, since weak viscoelasticity is
a regular perturbation, as opposed to the singular nature of weak inertia. However, given the lack
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of relevant experimental data for electrophoresis in inertial or viscoelastic cross-shear flow, we will
not pursue detailed calculations here.

It is instructive to examine the differences between an electrophoretic and forced particle in terms
of “lift tensors” for the migration of each. That is, from Eq. (21) the force on an electrophoretic

particle in inertial shear flow can be written as Fip = —6maulLip - U, where the lift tensor
11
0 —gz O
Lp=Re| 2% 0 0 (34)
0 0 0

to leading order in Rey, with an O(Ref/ 2) error. Here, the i Jj component of Lip gives the force in
the i direction due to translation in the j direction. A forced particle in inertial shear is subject to a
hydrodynamic force Fz = —6w pa(l + Lig) - U, where

0.0735 0.944 0
Lir =Re!/?| 0343 0.27 0 (35)
0 0 0.577

is the leading-order lift tensor, which is obtained from equation 5.28 of Ref. [36]. The main
difference between the electrophoretic and forced particle is that the inertial lift force is O(Re; /%)
larger in the latter case. This occurs because of the longer-range velocity disturbance caused by
a forced particle, which appears as a Stokeslet at large distances (a slow 1/r velocity decay), as
opposed to the potential dipole disturbance due to an electrophoretic particle (a rapid 1/r* decay).
Mathematically, the O(Rei/ 2) inertial lift on a forced particle (35) originates from the flow in the
inertially dominated outer region (r = O(Res’l/ %)), whereas (34) for an electro-phoretic particle
arises due to weak inertial effects in the viscously dominated inner region (r = O(1)).

In a second-order fluid, the lift force on an electrophoretic particle is Fyp = —6mualLvyp - U,
where from Eq. (27)

0 -1 0
10w
Lo = owi(1- 2% -1 0o o (36)
8 /|, X

In contrast, a forced particle in a second-order fluid is acted upon by a hydrodynamic force Fyg =
—6m pa(l + Lyg) - U, where

01 0
1 2w
Ly = 7 Wi <1+?2> L0 0)+|-2 0 0}]. (37)
0 0 0

This expression for Ly is obtained from Eqs. (4.5a) and (4.5b) in Ref. [7] along with the errata
to that article [8]. Here, the lift on an electrophoretic and forced particle is O(Wiy) to leading
order, originating from viscoelastic stresses on the scale of the particle r = O(1). The lift tensor
for an electrophoretic particle is symmetric, whereas the lift tensor for a forced particle is neither
symmetric or antisymmetric. This is because only the strain of the ambient shear affects the lift
on an electrophoretic particle, while the strain and rotation of the shear contribute to the lift on
a forced particle. First, consider a forced particle moving along the streamlines of shear, U = e,.
Equation (37) predicts that a lift force 2(1 - ZW—‘I'IZ)JT nalUWige, is exerted on the particle, which is
in the same direction as an electrophoretic particle Eq. (31), since W, /W is negative for polymeric
fluids. Second, consider a forced particle moving along the gradient axis of shear, U = e,. Equation
(37) predicts that the partlcle translates relative to the shear streamline passing through its center at
a velocity equal to ——(1 + 2% )U Wige,. Given that |V, /W] is typically small compared to unity,
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the particle should therefore “lag” behind the ambient shear. In contrast, we have predicted above
that an electrophoretic particle would ‘lead’ the ambient shear.
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APPENDIX: COMPUTATION OF THE VISCOELASTIC LIFT FORCE FOR ¥, /¥, = —1/2.

Here we compute the lift force on an electrophoretic sphere in shear flow of a second-order
fluid for W, /W, = —1/2, as a verification of Eq. (27). To that end, let py and vy denote the
(dimensional) pressure and velocity fields, respectively, belonging to an incompressible, Newtonian,
zero-Reynolds-number flow. For W, /W, = —1/2 the same velocity field along with a modified
(“viscoelastic”) pressure, py, satisfy the zero-Reynolds-number flow of a second-order fluid, where

= (9 +v-V 1S S (A1)
= - —+4+0v- - — : s
pv PN 20\ 31 PN ) N N

where Sy is the Newtonian rate of strain tensor [35]. Switching to a comoving frame and adopting
the normalization scheme in Secs. III and IV, Eq. (A1) reads in dimensionless form

Py = py — AWi,I* . r — IWi,U + Luy) - Vp),
— [3WipS)y : Sy + 108 1 8% + IWiy(Sy : S + Sy : Sy)], (A2)

where all variables in Eq. (A2), and henceforth in this Appendix, are dimensionless. The Newtonian
disturbance velocity and pressure fields are uy = ug, + Qug, and py, = QOpj,, respectively. The
viscoelastic pressure generates a force on the sphere given by

Fy = —/ pynds. (A3)
r=1
Thus, only terms of p|, that are odd in r contribute to F'y; we denote these terms as p"’,“ﬂ, and from
the definitions of #’ and p), we find
Py = Wi [(O — ug,) - Vipos — (So, © Sty + Sty 2 S0,) — (S0, : 8+ 8% :50,)].  (A4)
Hence, the force is

Fy = _/ Pt ds = 127Wi s - 0, (AS)
r=1

where the last equality is obtained via evaluation of the surface integral on the computer [30]. The
above result matches Eq. (27) for W, /¥, = —1/2.
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