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Numerical simulations are used to explore the use of flow-induced flutter of a membrane
as a mechanism for effective mixing at inertial microscales. A simple two-dimensional
model of mixing in a channel is employed and fluid-structure interaction modeling with
an immersed boundary method-based solver is used to explore the flow physics, flutter
dynamics, and scalar mixing of these flutter mixers. The performance of the mixers is
characterized in terms of a mixing index and a nondimensional head loss, and the effect
of Reynolds and Schmidt numbers, as well as the membrane length on these performance
indices, is examined. Simulations indicate that flow-induced flutter is capable of signif-
icantly enhancing mixing for channel Reynolds numbers as low as 15 and the relatively
low associated pressure loss might make these flutter mixers a viable alternative for such
applications.
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I. INTRODUCTION

Mixing enhancement at the so-called inertial scale Reynolds numbers, i.e., O(1) < Re < O(100)
[1], has wide ranging applications in both chemical and biomedical engineering. Recent interest
in this arena has been driven by the development of lab-on-a-chip (LOC) devices, micro-total-
analysis systems («TAS) and other low-cost, field-deployable, chemical, or biological microfluidic
devices [2-8]. These microfluidic devices involving either analysis or synthesis in biological or
chemical applications, often require fast mixing. However, high-throughput assays require increased
operational flow rates, which increases Reynolds and Péclet numbers, thereby reducing transverse
molecular transport. On the other hand, the Reynolds number of these flows remain too low to
take advantage of mixing due to turbulence or other intrinsic fluid-dynamic instabilities (e.g.,
vortex shedding). The challenge then is to create devices which can accomplish efficient mixing
without relying on these mechanisms. Within this context, inertial micromixers may be categorized
as “active” or “passive.” Active mixing involves addition of energy beyond the pumping power
required to move the fluid and may be in the form of pressure perturbations [9-11], or mechanical
[12,13], electromagnetic [14,15], acoustic [16,17], or piezoelectric energy [18], as well as many
other approaches. Active mixers introduce spatial and temporal variations into the flow which
enhance mixing. This approach can be very effective, but it adds significant complexity, which
increases cost and decreases system reliability.

Passive mixers require no external forcing, but instead, use only the energy of flow (i.e., pumping
power) to induce mixing. The use of complex channel paths (curved, sinusoids, zig-zags, and square
wave shapes, etc.) is a common passive mixing technique [6,19,20]. Other devices such as the
so-called chaotic advection mixers use obstacles to introduce complex, spatially varying velocity
gradients into the flow as a way to enhance mixing [21]. While these passive mixers have a simpler
design, they usually underperform compared to active mixers [3,22]. This is because these passive
mixers are always “static” and do not introduce any temporal fluctuations into the flow. Furthermore,
these passive mixers also incur large pressure losses, and this manifests as increased pumping power
as well as higher channel pressures, both of which are undesirable in microfluidic systems (3).
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FIG. 1. Schematic diagram of the computational domain (not to scale) showing the geometry and boundary
conditions.

In the current paper, we explore an approach to inertial micromixing that exploits flow-induced
flutter of membranes to enhance mixing. These “flutter mixers” may be considered passive in that
they do not require any energy input beyond the pumping power that drives the flow. However, their
effect is akin to active mixers in that they introduce complex spatial as well as temporal fluctuations
into the flow. These flutter micromixers have several desirable traits: first, the flutter instability
occurs over a wide range of Reynolds numbers relevant to inertial micromixing and their mixing
performance improves with increasing Reynolds number; second, the structural parameters (density
and elasticity) of the fluttering element can in principle be chosen to optimize the flutter for a given
mixing application; third, the device complexity should be lower than active mixers; and finally,
as will be shown, significant mixing enhancement can be accomplished with a relatively small
attendant pressure loss.

Our previous study examined the use of membrane flutter in channels to enhance heat transfer
in heat-sinks appropriate for electronic cooling applications [23-25]. The Reynolds numbers for
these applications are typically O(1000) or higher [23] where membrane flutter is guaranteed,
although the simulations did show sustained flutter at a Reynolds number of 50. Past experimental
work on flapping flags, membranes, and filaments has also been at O(1000) or higher Reynolds
numbers (see Refs. [26-33]) and a significant number of computational modeling studies have
even employed inviscid models [34—42] which neglect the effect of fluid viscosity. Even modeling
studies employing viscous flow models have mostly focused on Reynolds number of O(100) or
higher [43—45]. Thus, much of the previous work is not directly relevant to the inertial micromixing
regime where Reynolds numbers extend down from O(100) to O(10) and viscous effects are much
more significant.

The current paper focuses on flow-induced membrane flutter in the O(10—100) Reynolds number
regime that is relevant for inertial micromixing and provides a detailed description of the flutter
dynamics, flow features, and mixing. We employ flow simulations in a simple two-dimensional (2D)
model of an inertial scale micromixer and examine the effect of key parameters such as Reynolds
and Schmidt numbers, as well as reduced velocity and confinement ratio on the flutter dynamics,
flow or vortex features, pressure losses, and mixing quality. We also explore strategies for extending
downwards the range of Reynolds number for which such mixers could be used.

II. COMPUTATIONAL MODEL

A. Configuration and governing equations

As shown in Fig. 1, we investigate the mixing enhancement associated with flow-induced flutter
of a flexible membrane in a 2D channel of width W, length 10W and with a mean flow velocity U.
The membrane has length L and is placed on the center-line of the channel a distance W downstream
of the entrance. This fluid-structure-scalar multiphysics system exhibits two-way coupling between
the fluid and structure and one way coupling between the fluid and the scalar. The typical channel
widths at which such flutter mixers could be fabricated and operated range from O(100) to
0O(1000) pm, and the continuum approximation and no-slip conditions are acceptable at these scales
[46]. The flow is assumed to be governed by the incompressible Navier-Stokes equations. The
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membrane, which is assumed to be inextensible, is governed by the Navier equations expressed
in terms of the position vector X and the tension ¢ of the membrane; and the scalar ¢ is governed
by an advection-diffusion equation. The system’s governing equations in the nondimensional form
are as follows:
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For the fluid governing Egs. (1) and (2), u is the velocity field, ¢ is time, p is pressure, and
Re is the Reynolds number defined as Re = UW/v where U is the mean inlet velocity, W is the
characteristic length given by the width of the channel, and v is the dynamic viscosity of the
fluid. Furthermore, f is a forcing function associated with the fluid-structure interaction penalty
method, which will be discussed in a following section. For the scalar equation (3), ¢ is the scalar
concentration ranging from 0 to 1, and Sc is the Schmidt number defined as Sc = v/D where D
is the mass diffusivity of the scalar. Equations (4) and (5) govern the position and tension of the
membrane. The key nondimensional parameters governing the structure are the mass ratio M* and
reduced velocity U* :

L
mr="= vr=uL |2, (6)

In the above, k; is the bending rigidity. m; is the excess mass per unit length according to m, =
m,, — prAs where m,, is the mass per unit length of the membrane, p is the density of the fluid,
and Ay is the cross-sectional area of the membrane. For the cases studied here, A; — 0 (the limit of
a thin element), so m; ~ m,,. F is the force density induced by the element on the surrounding fluid
associated with the fluid-structure interaction penalty forcing method. Equation (5) is a Poisson’s
equation for the tension derived as described in Huang et al. [43] by applying an inextensibility
constraint defined as (X/ds) - (0X/ds) = 1 to Eq. (4).

B. Parameters and boundary conditions

In this study, the range of Reynolds numbers based on the channel width W extends from 10 to
200 and Sc was varied in large increments from 1 to 1000. Three membrane lengths were studied:
L=W/2,L =W, and L =2W. Based on prior work on confined flapping membranes [24] M* and
U™ were chosen as 0.5 and 15, respectively, for the initial set of simulations so as to generate large
amplitude flutter at these Re numbers. Later sections of the paper explore flags with different lengths
as a way to modulate U* and confinement ratio. The final range of the nondimensional parameters
in the current study is as follows:

Re: 10—200; M*:0.25—1.0; U*:7.5-30; L/W:0.5-2.0; Sc: 1—1000.

The developing flow in the channel has a uniform inlet boundary condition u(0,y,t) =1,
Dirichlet no-slip boundary conditions on the sidewalls, Neumann boundary conditions at the
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outflow, and an initial value of u(x,y, 0) = 1 everywhere. The leading edge of the membrane is
fixed and the trailing edge is free, with the corresponding boundary conditions being

0X

X = X, 35 =[1,0] ats=0 (leading edge: fixed), (7)
s

M=y =0 at s=L (trailing edge: free), ®)

where M is the bending moment along the membrane. The membrane is initially deflected slightly
(by a 2.5° angle to the incoming flow) to accelerate the attainment of stationary state. Verification
studies have been performed to ensure that the dynamics are not sensitive to this small initial
perturbation. The inlet boundary condition for the velocity is U = 1 and the initial condition for
the scalar field ¢ is as follows:

¢=00<y<W/2 (bottom half of channel),
¢=1W/2 <y<W (top half of channel). 9)

C. Numerical method

The governing equations were solved using the in-house code ViCar3D which uses a second-
order fractional step method on collocated Cartesian grids [47]. The second-order Crank-Nicolson
fully implicit scheme is used for convective and diffusion terms and the Pressure Poisson equation is
then solved with the biconjugate gradient (BiCGSTAB) scheme [48]. Further details of the method
can be found in Mittal et al. [47] and Seo et al. [49] and validation and benchmarking for flow-
induced flutter problems can be found in Shoele and Mittal [24,50].

Given that the immersed boundary method used in this study has been described in previous
publications [24,50,51], only a brief summary of the method is included here. The membrane’s
velocity U(s, ) and coupling force density F(s, ¢) are translated to the fluid’s velocity u(x, ) and
coupling force density f(x, ¢) using delta functions according to the following:

U(s, 1) = / u(x, 1)é[x — X(s, 1)] dx, (10)
QF

f(x,t):/ F(s, 1)8[x — X(s, 1)] ds, (11)
r

where QF is the fluid domain, I" is the surface of the membrane, and § is the Dirac-delta function. To
create this coupling force, a penalty method is used [52]. The fluid and structure solutions are first
calculated independently; following this the new penalty momentum force is calculated using two
sets of points along the membrane. The first set of points are the structure’s Lagrangian grid points
and the second set are massless virtual points which follow the local fluid velocity. The penalty
momentum force F(s, ) can then be characterized as a spring-damper system that “connects” the
two sets of structure points according to the following equation:

U? .
F(s.1) = —K,"—[(X = X) + pA1(@ - )] (12)
where K, is a large penalty constant, § is penalty constant, and At is the computational time step.
Based on a prior sensitivity analysis [51], these parameters were chosen as K, = —10°, 8 = 150,

and dt = 1.0 x 10~*. The massless fluid following points’ positions and velocities are X and U
which are computed from the current and previous fluid velocities as

dX

— =U,1), f](s,t)z/ u(x, 1)8[x — X(s,1)] dx. (13)
dt .
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The fluid-structure-scalar equations are discretized and solved following prior work in
Refs. [24,51]. The fluid and scalar equations are solved on uniform Cartesian grids in a 10W
x W domain with dx = dy = 0.008W resulting in 1280 x 128 grid points. Uniform grids were
chosen to resolve the large gradients in the scalar field at high Schmidt numbers. The membrane
grid employs 80 points which provides high resolution for the structural dynamics. Results from
the grid convergence study are provided in the Appendix. The simulations were run for roughly 10
flow-through times [0(10°%) time steps] and statistics accumulated over the last four flow-through
times.

D. Data analysis and performance metrics

To systematically evaluate the performance of these membranes, the mixing effectiveness as
well as the loss of mechanical energy must be quantified. Mixing has been quantified by a variety
of metrics in the past [53-55], and here we use the so-called mixing index (M), which is defined at
a given streamwise location as

_ o(x)? v _ 9
Mx)=1- - where o (x) = W s [p(x, ) — m(x)]" dy (14)

max

is the standard deviation, ¢ is the scalar field ranging from O to 1, ¢,, is the mean of the field and
Omax 18 the maximum deviation in the scalar field, which occurs at the inlet. Thus, the mixing index
M is just the normalized variance of the scalar concentration and it ranges from O to 1 with M =0
indicating totally unmixed flow and M = 1, complete mixing.

The loss in mechanical energy is estimated by computing the nondimensional head (H) and
corresponding head loss (H L) through the channel:

H(x) " 1 2 * * *
2 =f [P(x,y)+ Su (x,y)] dy; HL*(x)=H"(0) — H"(x). (15)
,OU 0 2

H*(x) =

III. RESULTS

The results are organized as follows: we first present the effect of Reynolds number on the
performance of the flutter mixer; this is followed by an examination of the effect of membrane length
and mass diffusivity on the mixing performance. Finally, we compare the performance of the flutter
mixer to a conventional “post” mixer and provide an overview of the performance comparisons for
all the cases.

A. Effect of Reynolds number

The goal of this study is to investigate the mixing performance of these flutter mixers at inertial-
microscale Reynolds numbers and we initially examined the flutter characteristics for a membrane
with length L = W/2 over the Reynolds number range from 25 to 200, which is relevant for inertial-
scale micromixing applications.

The Schmidt number for this study is fixed at 100, which lies squarely within the range of
Schmidt numbers relevant for these applications (3). Figure 2 shows the motion envelopes of the
membrane as well as the trailing-edge amplitude and Strouhal number as a function of the Reynolds
number. The plot shows that the amplitude is nearly zero at Re = 25; low-amplitude flutter is seen
at Re = 37.5 and substantial flutter is observed for Re = 50 and beyond. The flutter amplitude
exhibits an asymptotic behavior with Reynolds number, with the amplitude only growing from about
Ymax/W = 0.285 to 0.33 between Re = 100 and 200, indicating a saturation of the flutter behavior
of this configuration with increasing Re number. The frequency of flutter (f,,) as characterized by
the Strouhal number (St,, = f,,W/U) is nearly constant at a value of about 0.66 for cases with
substantial flutter amplitude.
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FIG. 2. Flapping amplitude and Strouhal number vs Reynolds number, measured from the maximum y
component of the tip position.

Figure 3 shows contours of spanwise vorticity for four selected cases and these show that for
Reynolds numbers beyond 100, the essential features of the vortex topology include the rolling
up of the shear layers on the membrane and shedding of compact vortices into the wake. These
vortices arrange themselves in an inverse Kdrmédn vortex street, wherein the counter-clockwise
rotating vortices are above the clockwise rotating vortices. Such vortex streets are typically seen
in thrust generating flapping foils [56]. The literature on flapping membranes and flags seems to
indicate that confinement changes the resulting vortex street from a standard Karmén street to an
inverse Karman street. This is discussed directly in Alben [36] where they show a reverse Karman
vortex street for confined flags using an analytical vortex sheet method over a range of confinement
ratios. Similarly, the previous work of Shoele and Mittal [24] found inverse vortex streets over a
wide range of flutter amplitudes for Re = 400 for a range of confinement ratios. In contrast, other
papers [43—45] examining unconfined flapping membranes showed that, at least for the periodic
flapping regime, the membrane creates a standard Kdrman vortex street. For the Reynolds number
of 50, the vortex rollup is not clearly visible, although individual counter-rotating vorticity is still
shed in the wake at each half of the flapping cycle. These vortices seem to dissipate rapidly in the
near wake. For the lowest Reynolds number of 25, there is no vortex shedding in the wake of the
membrane, which is observed to remain stationary.

The characteristics of the scalar field (shown in Fig. 3) reflect the underlying vortex topology. For
the Re = 50 case, the vortex shedding is quite weak and the primary perturbation to the scalar field
comes directly from the movement of the membrane. This movement generates nearly sinusoidal
deformation of the scalar interface in the near wake of the membrane and as this deformed interface
advects downstream, it is stretched along the streamwise direction due to the strain rate associated
with the parabolic flow profile. This stretching is beneficial for mixing since it increases the interface
length and sharpens the scalar gradients, thereby facilitating diffusive mixing.

For Reynolds number of 100 and higher, two factors significantly accelerate the mixing process.
First, with a larger flapping amplitude, the perturbations in the scalar field generated directly by the
membrane motion are larger. Furthermore, and more importantly, the compact vortices shed at the
end of each half-stroke entrains scalar from one side of the channel and advect it to the other side.
It is also observed that in addition to the continuous downstream stretching of the interface due to
the parabolic velocity field, the shed vortices continue to entrain mass thereby further enhancing
the deformation of the scalar interface. This, of course, further accelerates the process of diffusive
mixing. Thus, the flutter mixers are expected to continue to perform well beyond Reynolds numbers
of 200, although intrinsic three-dimensional (3D) effects likely become important at these higher
Reynolds numbers.

054501-6



ENHANCED MIXING AT INERTIAL MICROSCALES ...

S o0 |
- T, -

FIG. 3. Contour plots of spanwise vorticity (top) and scalar concentration (bottom) for L = W/2 membrane
at Reynolds numbers of 25, 50, 100, 200. The images to the left of the contour plots show the motion envelopes
for the membrane through one cycle.

Considering the plot for head loss in Fig. 4, it is clear that the flapping membrane accounts for a
noticeable increase in head loss. However, it will be shown later that these losses are significantly
smaller than those associated with another typical mixing enhancement method [57], which is
discussed in a later section. This increased head loss is in principle associated with the viscous
drag on the membrane, as well as the energy associated with the flapping of the membrane, and the
vortex structures created by the membrane. However, it is also noted that the head loss for the flutter
mixer rapidly establishes a linear increase downstream of the membrane with a slope that matches
that of the empty channel case. This implies that the kinetic energy (or dynamic pressure) term
contributes very little to the increase in head loss, and almost all the head loss is associated with an
increase in the static pressure. Interestingly, the increase in the static pressure is still significant for
the Re = 25, case which did not exhibit flutter, suggesting that the viscous drag on the membrane
is the dominant factor contributing to the additional pressure loss.

B. Effect of membrane length and minimum effective Reynolds number

The lack of flutter at Re = 25 for the L = W/2 case is not entirely surprising since it is known
that viscous effects tend to damp the fluid-elastic instability [58] and increase the critical reduced
velocity at which flutter occurs. From the viewpoint of establishing the operational range of these
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FIG. 4. Plots of time averaged mixing index (left) and head loss (right) as a function of downstream location
for the L = W/2 cases. The solid lines are the flapping membrane cases, and the dashed lines are the empty
channel baseline cases for comparison. Only three selected cases are shown in the head loss plot. The shaded
vertical bands represent the region occupied by the membrane.

mixers, it is useful to determine the lower limit of Reynolds numbers for which these micromixers
can work. The reduced velocity can be rewritten as U* = U (L/t)/ps/E where ¢ is the thickness of
the membrane and E is Young’s modulus. This suggests that the reduced velocity for a membrane
could be increased for a given Reynolds number by either increasing the length or reducing the
thickness of the membrane. The same could be accomplished by reducing the elastic modulus
or increasing the density of the membrane material. Here we explore the simple and more easily
realizable strategy of increasing the membrane length and have simulated two additional cases
with L = W and 2W at the low Reynolds numbers (Re < 25). It should be noted that increasing
the membrane length also increases the confinement (i.e., L/W). Since increase in confinement is
known to reduce the critical U* for flutter [36], this should further promote the flutter tendency of
the confined membrane.

Figure 5 includes the flutter amplitude for these cases and we note that minimum nonzero flutter
amplitudes are ypn. /W = 0.14 at Re = 20 for the L = W case and yy,.x /W = 0.28 at Re = 15 for
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FIG. 5. Flutter amplitude (ym.x/W) and envelopes for the L = W/2, W, and 2W cases for low Reynolds
numbers.
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FIG. 6. Spanwise vorticity (w,) and scalar concentration (¢) for the L = 2W, Re = 15 case.

the L = 2W. Thus, the longest membrane flutters with a significantly larger amplitude at Re = 20
than the L = W/2 case reached even at Re = 200.

Figure 6 shows the spanwise vorticity and scalar field for the L = 2W Re = 15 case, which is the
lowest Re number where flutter was observed in this study. It is noted that the overall features are
quite similar to those for the L = W/2 membrane at Re = 50 wherein no compact vortices are shed,
and the only mixing enhancement is due to the initial sinusoidal deformation of the scalar interface
and the subsequent stretching by the parabolic flow profile.

Figure 7 summarizes the overall performance of the various cases examined in the current study
at Sc = 100. In this figure we plot the mixing index at the exit of the mixer (x/W = 10) against
the total nondimensional pressure loss. The plot clarifies the trends in the mixer performance of
this system for various Reynolds numbers and membrane lengths. For the empty channel, mixing
occurs exclusively due to molecular diffusion and the mixing index increases slowly with decreasing
Reynolds number (at fixed Schmidt number). Even at the lowest Reynolds number, the mixing index
only reaches about 0.3 at the end of the channel. In contrast, for the channel with the flag (L = W/2),
the mixing index rises rapidly with Reynolds number and reaches a peak of 0.78 at Re = 150. This
confirms that advective effects dominate the mixing process in the flutter mixer. The flutter mixer
with L = W has a mixing index at Re = 25 that is nearly the same as that for L = W/2 and Re = 50,
although the pressure loss is nearly twice the value. Also, the Re = 20 case for this membrane sees
only marginally better mixing than the corresponding empty channel, while incurring a 30% larger
head loss. Finally, the L = 2W case exhibits significant flutter and associate mixing enhancement
down to a Reynolds number of 15, although the associated pressure losses are quite significant.

Given the increase in pressure drop associated with increasing membrane length, other strategies
such as reducing the thickness or changing the material properties of the membrane could,

— - -Empty
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FIG. 7. Performance comparison in terms of pressure drop and mixing index for the various cases studied
in this paper. The Reynolds number for each case is noted on the plot. The point corresponding to the cylinder
is discussed in a later section.
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Sc=1000

FIG. 8. Contour plots show instantaneous snapshots of the scalar concentration field ¢ for Sc = 1, 10, 100,
1000.

in principle be explored. All of these strategies would likely not increase the pressure drop
significantly, but might be challenging from a materials selection and/or fabrication viewpoint.
Exploration of these strategies is outside the scope of the current study.

C. Effect of Schmidt number

Mass diffusivities may vary over a large range in micromixing applications (3), and it is therefore
useful to examine the effect of variations in this property on the performance of the flutter mixers.
For this study, we fix the Reynolds number to 200 and vary the Schmidt number (Sc) from 1 to
1000. Figure 8 shows snapshots of the scalar field at Sc = 1, 10, 100, and 1000 (3). The observed
behavior of the scalar is as expected: the flapping and vortex shedding only depends on the Reynolds
number and is therefore the same for all these cases. However, the higher relative mass diffusivities
at the lower Schmidt numbers (Sc = 1, 10) leads to stronger diffusive mixing across the scalar
interfaces produced by vortex shedding and convection of the shed vortices. The Sc = 100 and
1000 cases exhibit nearly identical scalar patterns indicting that beyond about Sc = 100, the mixing
is dominated by advection, at least within the channel length examine here.

The plot of the time-averaged mixing index in Fig. 9 provides a more quantitative measure of the
effect of Schmidt number. Since the head loss depends only on the Reynolds number, its variation
remains the same as that shown in Fig. 4. For the empty channel, the mixing performance increases
significantly with reduction in Schmidt number due to the increase in mass diffusivity. For the
flutter mixer with Sc = 1.0, the scalars are almost fully mixed (M = 0.99) by x/W = 10, whereas
for the highest Schmidt number of 1000, M = 0.65 at x/W = 10, which significantly exceeds the
corresponding value for the empty channel (M = 0.02). Overall, for the Sc = 1, 10, 100, and 1000
cases, the flutter mixer improves the mixing index by factors of 1.4, 4.1, 11.7, and 37.1, respectively,
over their respective baselines. Thus, the introduction of the membrane significantly enhances the
mixing performance for every case explored here.

D. Comparison with bluff-body-induced mixing

To better understand the performance of the flutter mixer, it useful to compare it with other
passive mixers. However, since there are so many different passive mixer designs [3,5,6,8], it is
difficult to establish a systematic approach to this comparison. In the current study, we choose
to compare the flutter mixer to a mixer that employs a bluff-body to induce vortex shedding and
mixing. Such mixers (sometimes called “post” micromixers) have been proposed before [57] and
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FIG. 9. Plots of time-averaged mixing index vs downstream location for Re = 200 and Sc = 1, 10, 100,
1000. Shaded areas depict the extent of the membrane.

the advantage of comparing with these mixers is that both use vortex formation and shedding as the
primary mechanism for enhanced mixing.

The cylinder in the channel introduces the additional parameter (d /W), where d is the cylinder
diameter. In the current study, we have simulated flow for d/W = 0.25, 0.50, and 0.75 for Re = 200
and Sc = 100. No vortex shedding is observed for the smallest and largest cylinders at this Re
number. For the smallest cylinder, the diameter-based Reynolds number Re; = (d U/v) is 50 and
this is close to the critical Reynolds number for vortex shedding. For the largest cylinder, the flow
and the vortex shedding instability is likely damped by the severe confinement effect of the channel
walls [59]. The case with d/W = 0.50, for which Re; = 100, does generate vortex shedding
and provides data for comparison with the flutter mixer. Fortunately, this diameter is also quite
comparable to the amplitude of the fluttering membrane with L = W/2 at this Reynolds number,
and this further facilitates the comparison between the two cases.

Figure 10 shows the contour plots depicting the vortex shedding and scalar mixing for this mixer,
and these can be directly compared to the corresponding plots in Fig. 3. It is clear that although
both cases exhibit vortex shedding, the vortex topology and scalar transport are quite different. In
particular, while the membrane sheds vortices near the outer walls of channel and forms an inverse
vortex street (counterclockwise vortices on top and clockwise vortices on the bottom) where the shed
vortices convect along the outer walls, the cylinder generates a conventional Karman vortex street
with the vortices convecting near the centerline of the channel. A consequence of this difference
in the vortex topology is that the wake vortices of the element are more effective in inducing a
downward advection of the scalar from the wall into the core of the fluid. In contrast, the cylinder
wake vortices primarily perturb the scalar field near the channel centerline and only have a marginal
effect on the scalar concentration in the vicinity of the channel walls.

From a quantitative perspective (Fig. 10), the flutter mixer outperforms the post mixer both in
terms of mixing and head loss by a significant margin. The flutter mixer shows a rapid increase in
mixing between x/W = 2 and 4, whereas the cylinder mixer has a very slow increase in mixing
index in this region (note that for this plot, we ignore the region with the cylinder where the mixing
index is not meaningful). Consequently, the mixing index for the cylinder at x/W = 10 is only 0.26,
which is about 2.8 times smaller than that for the flutter mixer. Furthermore, while the additional
head loss for the flutter mixer at the outlet was 0.65, the additional head loss for the cylinder is
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FIG. 10. Comparison of a cylinder and the L = W/2 membrane case with snapshots of (a) the spanwise
vorticity w, (b) the scalar field ¢, as well as plots of the (c) the average mixing index and (d) the head loss for
the Re = 100, Sc = 100 cases.

1.76, which is 2.7 times higher than the flutter mixer. This is in line with the fact that bluff-bodies
are associated with a significant drag, whereas the fluttering element is fairly streamlined and is
associated with an overall lower magnitude of total drag. This difference in performance is clearly
seen in the scatter plot seen in Fig. 7 , wherein the post mixer at Re = 200 shows better mixing than
the empty channel, but underperforms significantly compared to the flutter mixer and also generates
significant pressure loss. Thus, in summary, flow-induced flutter is a significantly more effective
mixing mechanism than bluff-body vortex shedding.

IV. SUMMARY

Computational modeling has been used to explore the fluid dynamics and mixing performance
of an inertial-scale micromixer where mixing is enhanced by the flow-induced flutter of an elastic
membrane. Simulations show that significant flutter and flutter-induced enhancement of mixing
is achievable at channel Reynolds number as low as 15 and the mixing performance improves with
Reynolds number. The enhanced mixing is associated with the shedding of vortices from the trailing-
edge of the fluttering membrane and the organization of these vortices into an inverse Karmén vortex
street that generates significant cross-stream advection of the scalar and highly complex interfaces
across which diffusive mixing can occur. The mixing mechanism in these flutter mixers is found to
be effective over a large range of mass diffusivities. Comparison of the flutter mixer with a “post”
micromixer that employs bluff-body induced vortex shedding for mixing shows that the flutter mixer
generates significantly higher mixing with much lower pressure loss.

The current work also has limitations. First, the geometric model of the mixer is very simple
(a straight channel) and two-dimensional. Actual micromixers have ductlike channels where three-
dimensional flow effects are significant. Furthermore, three-dimensionality could potentially affect
the flutter of the elastic element and the flow field. While previous investigations have shown that the
flutter instability of such membranes is robust to 3D effects [25,58,60,61], it is worthwhile to explore
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this using 3D computational models. This is currently being done, and results will be reported in
the future.
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APPENDIX: GRID CONVERGENCE

The flow solver in ViCar3D has been extensively validated [47,49]. Furthermore, the FSI model
used in this study has been benchmarked in multiple papers [24,50,51]. However, additional
tests have been conducted for the Re = 200, Sc = 100, and L = W/2 case to demonstrate grid
convergence for the current problem. First, the default resolution was chosen according to prior
work such that dx = dy = 0.016, ds = 0.012, and d¢ = 0.0001 (1280 x 128 fluid points and 80
points on the membrane). Then the fluid resolution in each direction and the structure resolution
was increased by a factor of 1.5, leading to a total of 2.25 times more fluid points (1920 x 192 fluid
points). Concurrently, the temporal resolution was doubled to df =5 x 107>, The mixing index
and head loss were computed and compared between the two grids; the head loss saw almost no
change (<0.1%), and this was expected as the baseline resolution was based in our previous studies
of a similar configuration [24]. The mixing index also changed by at most 3% in the channel at
the higher resolution, indicating that the simulations on the baseline grid are also quite adequately
converged.

[1] H. Amini, W. Lee, and D. Di Carlo, Inertial microfluidic physics, Lab Chip 14, 2739 (2014).
[2] H. A. Stone, A. D. Stroock, and A. Ajdari, Engineering flows in small devices: Microfluidics toward a
lab-on-a-chip, Annu. Rev. Fluid Mech. 36, 381 (2004).
[3] N. Nguyen and Z. Wu, Micromixers—A review, J. Micromech. Microeng. 15, R1 (2004).
[4] L. Capretto, W. Cheng, M. Hill, and X. Zhang, Micromixing within microfluidic devices, in Microfluidic,
Topics in Current Chemistry, edited by B. Lin (Springer, Berlin, Heidelberg 2011), Vol. 304.
[5] C. Lee, C. Chang, Y. Wang, and L. Fu, Microfluidic mixing: A review, Intl. J. Mol. Sci. 12, 3263 (2011).
[6] C.Lee, W. Wang, C. Liu, and L. Fu, Passive mixers in microfluidic systems: A review, Chem. Eng. J. 288,
146 (2016).
[7]1 J. Zhang, S. Yan, D. Yuan, G. Alici, N. Nguyen, M. E. Warkiani ef al., Fundamentals and applications of
inertial microfluidics: A review, Lab Chip 16, 10 (2016).
[8] G. Cai, L. Xue, H. Zhang, and J. Lin, A review on micromixers, Micromachines 8, 274 (2017).
[9] I. Glasgow and N. Aubry, Enhancement of microfluidic mixing using time pulsing, Lab Chip 3, 114
(2003).
[10] Q. Xia and S. Zhong, Liquid mixing enhanced by pulse width modulation in a Y-shaped jet configuration,
Fluid Dyn. Res. 45, 025504 (2013).
[11] A. Afzal, and K. Kim, Convergent—Divergent micromixer coupled with pulsatile flow, Sensors Actuators
B 211, 198 (2015).
[12] K. S. Ryu, K. Shaikh, E. Goluch, Z. Fan, and C. Liu, Micro magnetic stir-bar mixer integrated with
parylene microfluidic channels, Lab Chip 4, 608 (2004).
[13] V. V. Khatavkar, P. D. Anderson, J. M. den Toonder, and H. E. Meijer, Active micromixer based on
artificial cilia, Phys. Fluids 19, 083605 (2007).
[14] M. H. Oddy, J. G. Santiago, and J. C. Mikkelsen, Electrokinetic instability micromixing, Anal. Chem. 73,
5822 (2001).

054501-13


https://doi.org/10.1039/c4lc00128a
https://doi.org/10.1039/c4lc00128a
https://doi.org/10.1039/c4lc00128a
https://doi.org/10.1039/c4lc00128a
https://doi.org/10.1146/annurev.fluid.36.050802.122124
https://doi.org/10.1146/annurev.fluid.36.050802.122124
https://doi.org/10.1146/annurev.fluid.36.050802.122124
https://doi.org/10.1146/annurev.fluid.36.050802.122124
https://doi.org/10.1088/0960-1317/15/2/R01
https://doi.org/10.1088/0960-1317/15/2/R01
https://doi.org/10.1088/0960-1317/15/2/R01
https://doi.org/10.1088/0960-1317/15/2/R01
https://doi.org/10.3390/ijms12053263
https://doi.org/10.3390/ijms12053263
https://doi.org/10.3390/ijms12053263
https://doi.org/10.3390/ijms12053263
https://doi.org/10.1016/j.cej.2015.10.122
https://doi.org/10.1016/j.cej.2015.10.122
https://doi.org/10.1016/j.cej.2015.10.122
https://doi.org/10.1016/j.cej.2015.10.122
https://doi.org/10.1039/C5LC01159K
https://doi.org/10.1039/C5LC01159K
https://doi.org/10.1039/C5LC01159K
https://doi.org/10.1039/C5LC01159K
https://doi.org/10.3390/mi8090274
https://doi.org/10.3390/mi8090274
https://doi.org/10.3390/mi8090274
https://doi.org/10.3390/mi8090274
https://doi.org/10.1039/B302569A
https://doi.org/10.1039/B302569A
https://doi.org/10.1039/B302569A
https://doi.org/10.1039/B302569A
https://doi.org/10.1088/0169-5983/45/2/025504
https://doi.org/10.1088/0169-5983/45/2/025504
https://doi.org/10.1088/0169-5983/45/2/025504
https://doi.org/10.1088/0169-5983/45/2/025504
https://doi.org/10.1016/j.snb.2015.01.062
https://doi.org/10.1016/j.snb.2015.01.062
https://doi.org/10.1016/j.snb.2015.01.062
https://doi.org/10.1016/j.snb.2015.01.062
https://doi.org/10.1039/b403305a
https://doi.org/10.1039/b403305a
https://doi.org/10.1039/b403305a
https://doi.org/10.1039/b403305a
https://doi.org/10.1063/1.2762206
https://doi.org/10.1063/1.2762206
https://doi.org/10.1063/1.2762206
https://doi.org/10.1063/1.2762206
https://doi.org/10.1021/ac0155411
https://doi.org/10.1021/ac0155411
https://doi.org/10.1021/ac0155411
https://doi.org/10.1021/ac0155411

AARON RIPS AND RAJAT MITTAL

[15] C. Tai, R. Yang, M. Huang, C. Liu, C. Tsai, and L. Fu, Micromixer utilizing electrokinetic instability-
induced shedding effect, Electrophoresis 27, 4982 (2006).

[16] D. Ahmed, X. Mao, J. Shi, B. K. Juluri, and T. J. Huang, A millisecond micromixer via single-bubble-
based acoustic streaming, Lab Chip 9, 2738 (2009).

[17] H. Van Phan, M. B. Coskun, M. Sesen, G. Pandraud, A. Neild, and T. Alan, Vibrating membrane with
discontinuities for rapid and efficient microfluidic mixing, Lab Chip 15, 4206 (2015).

[18] W. Cui, H. Zhang, H. Zhang, Y. Yang, M. He, H. Qu et al., Localized ultrahigh frequency acoustic fields
induced micro-vortices for submilliseconds microfluidic mixing, Appl. Phys. Lett. 109, 253503 (2016).

[19] S. Hossain, M. A. Ansari, and K. Kim, Evaluation of the mixing performance of three passive
micromixers, Chem. Eng. J. 150, 492 (2009).

[20] A. Afzal and K. Kim, Passive split and recombination micromixer with convergent—Divergent walls,
Chem. Eng. J. 203, 182 (2012).

[21] A. D. Stroock, S. K. Dertinger, A. Ajdari,I Mezié, H. A. Stone, and G. M. Whitesides, Chaotic mixer for
microchannels, Science 295, 647 (2002).

[22] Z. Wu and N. Nguyen, Convective—Diffusive transport in parallel lamination micromixers, Microfluidics
Nanofluidics 1, 208 (2005).

[23] F. Herrault, P. A. Hidalgo, C.-H. Ji, A. Glezer, and M. G. Allen, Cooling performance of micromachined
self-oscillating reed actuators in heat transfer channels with integrated diagnostics, in IEEE 25th
International Conference on Micro Electro Mechanical Systems (MEMS) (IEEE, Piscataway, NJ, 2012).

[24] K. Shoele and R. Mittal, Computational study of flow-induced vibration of a reed in a channel and effect
on convective heat transfer, Phys. Fluids 26, 127103 (2014).

[25] A. Rips, K. Shoele, A. Glezer, and R. Mittal, in 2017 33rd Thermal Measurement, Modeling &
Management Symposium (SEMI-THERM) (IEEE, San Jose, CA, 2017), pp. 36-39.

[26] J. Zhang, S. Childress, A. Libchaber, and M. Shelley, Flexible filaments in a flowing soap film as a model
for one-dimensional flags in a two-dimensional wind, Nature (London) 408, 835 (2000).

[27] M. J. Shelley and J. Zhang, Flapping and bending bodies interacting with fluid flows, Annu. Rev. Fluid
Mechanics 43, 449 (2011).

[28] D. Kim, J. Cossé, C. H. Cerdeira, and M. Gharib, Flapping dynamics of an inverted flag, J. Fluid
Mechanics 736, R1 (2013).

[29] S. Taneda, Waving Motions of Flags, J. Phys. Soc. Jpn. 24, 392 (1968).

[30] C. Eloy, R. Lagrange, C. Souilliez, and L. Schouveiler, Aeroelastic instability of cantilevered flexible
plates in uniform flow, J. Fluid Mech. 611, 97 (2008).

[31] H. Ait Abderrahmane, M. P. Paidoussis, M. Fayed, and H. Dick Ng, Nonlinear dynamics of silk and mylar
flags flapping in axial flow, J. Wind Eng, Indus. Aerodyn. 107-108, 225 (2012).

[32] D. Dessi and S. Mazzocconi, Aeroelastic behavior of a flag in ground effect, J. Fluids Structures 55, 303
(2015).

[33] S. C. Gibbs, A. Sethna, I. Wang, D. Tang, and E. Dowell, Aeroelastic stability of a cantilevered plate in
yawed subsonic flow, J. Fluids Structures 49, 450 (2014).

[34] S. Alben, The flapping-flag instability as a nonlinear eigenvalue problem, Phys. Fluids 20, 104106 (2008).

[35] S. Alben, Optimal flexibility of a flapping appendage in an inviscid fluid, J. Fluid Mech. 614, 355 (2008).

[36] S. Alben, Flag flutter in inviscid channel flow, Phys. Fluids 27, 033603 (2015).

[37] S. Alben and M. J. Shelley, Flapping States of a Flag in an Inviscid Fluid: Bistability and the Transition
to Chaos, Phys. Rev. Lett. 100, 074301 (2008).

[38] M. Argentina and L. Mahadevan, Fluid-flow-induced flutter of a flag, Proc. Natl. Acad. Sci. USA 102,
1829 (2005).

[39] A. Kornecki, E. H. Dowell, and J. O’Brien, On the aeroelastic instability of two-dimensional panels in
uniform incompressible flow, J. Sound Vibration 47, 163 (1976).

[40] C.Eloy, C. Souilliez, and L. Schouveiler, Flutter of a rectangular plate, J. Fluids Structures 23, 904 (2007).

[41] O. Doaré, M. Sauzade, and C. Eloy, Flutter of an elastic plate in a channel flow: Confinement and finite-
size effects, J. Fluids Structures 27, 76 (2011).

[42] T. Theodorsen, General Theory of Aerodynamic Instability and the Mechanism of Flutter (US National
Advisory Committee for Aeronautics, Langley, VA, 1935).

054501-14


https://doi.org/10.1002/elps.200500900
https://doi.org/10.1002/elps.200500900
https://doi.org/10.1002/elps.200500900
https://doi.org/10.1002/elps.200500900
https://doi.org/10.1039/b903687c
https://doi.org/10.1039/b903687c
https://doi.org/10.1039/b903687c
https://doi.org/10.1039/b903687c
https://doi.org/10.1039/C5LC00836K
https://doi.org/10.1039/C5LC00836K
https://doi.org/10.1039/C5LC00836K
https://doi.org/10.1039/C5LC00836K
https://doi.org/10.1063/1.4972484
https://doi.org/10.1063/1.4972484
https://doi.org/10.1063/1.4972484
https://doi.org/10.1063/1.4972484
https://doi.org/10.1016/j.cej.2009.02.033
https://doi.org/10.1016/j.cej.2009.02.033
https://doi.org/10.1016/j.cej.2009.02.033
https://doi.org/10.1016/j.cej.2009.02.033
https://doi.org/10.1016/j.cej.2012.06.111
https://doi.org/10.1016/j.cej.2012.06.111
https://doi.org/10.1016/j.cej.2012.06.111
https://doi.org/10.1016/j.cej.2012.06.111
https://doi.org/10.1126/science.1066238
https://doi.org/10.1126/science.1066238
https://doi.org/10.1126/science.1066238
https://doi.org/10.1126/science.1066238
https://doi.org/10.1007/s10404-004-0011-x
https://doi.org/10.1007/s10404-004-0011-x
https://doi.org/10.1007/s10404-004-0011-x
https://doi.org/10.1007/s10404-004-0011-x
https://doi.org/10.1063/1.4903793
https://doi.org/10.1063/1.4903793
https://doi.org/10.1063/1.4903793
https://doi.org/10.1063/1.4903793
https://doi.org/10.1038/35048530
https://doi.org/10.1038/35048530
https://doi.org/10.1038/35048530
https://doi.org/10.1038/35048530
https://doi.org/10.1146/annurev-fluid-121108-145456
https://doi.org/10.1146/annurev-fluid-121108-145456
https://doi.org/10.1146/annurev-fluid-121108-145456
https://doi.org/10.1146/annurev-fluid-121108-145456
https://doi.org/10.1017/jfm.2013.555
https://doi.org/10.1017/jfm.2013.555
https://doi.org/10.1017/jfm.2013.555
https://doi.org/10.1017/jfm.2013.555
https://doi.org/10.1143/JPSJ.24.392
https://doi.org/10.1143/JPSJ.24.392
https://doi.org/10.1143/JPSJ.24.392
https://doi.org/10.1143/JPSJ.24.392
https://doi.org/10.1017/S002211200800284X
https://doi.org/10.1017/S002211200800284X
https://doi.org/10.1017/S002211200800284X
https://doi.org/10.1017/S002211200800284X
https://doi.org/10.1016/j.jweia.2012.04.021
https://doi.org/10.1016/j.jweia.2012.04.021
https://doi.org/10.1016/j.jweia.2012.04.021
https://doi.org/10.1016/j.jweia.2012.04.021
https://doi.org/10.1016/j.jfluidstructs.2015.03.006
https://doi.org/10.1016/j.jfluidstructs.2015.03.006
https://doi.org/10.1016/j.jfluidstructs.2015.03.006
https://doi.org/10.1016/j.jfluidstructs.2015.03.006
https://doi.org/10.1016/j.jfluidstructs.2014.05.006
https://doi.org/10.1016/j.jfluidstructs.2014.05.006
https://doi.org/10.1016/j.jfluidstructs.2014.05.006
https://doi.org/10.1016/j.jfluidstructs.2014.05.006
https://doi.org/10.1063/1.3000670
https://doi.org/10.1063/1.3000670
https://doi.org/10.1063/1.3000670
https://doi.org/10.1063/1.3000670
https://doi.org/10.1017/S0022112008003297
https://doi.org/10.1017/S0022112008003297
https://doi.org/10.1017/S0022112008003297
https://doi.org/10.1017/S0022112008003297
https://doi.org/10.1063/1.4915897
https://doi.org/10.1063/1.4915897
https://doi.org/10.1063/1.4915897
https://doi.org/10.1063/1.4915897
https://doi.org/10.1103/PhysRevLett.100.074301
https://doi.org/10.1103/PhysRevLett.100.074301
https://doi.org/10.1103/PhysRevLett.100.074301
https://doi.org/10.1103/PhysRevLett.100.074301
https://doi.org/10.1073/pnas.0408383102
https://doi.org/10.1073/pnas.0408383102
https://doi.org/10.1073/pnas.0408383102
https://doi.org/10.1073/pnas.0408383102
https://doi.org/10.1016/0022-460X(76)90715-X
https://doi.org/10.1016/0022-460X(76)90715-X
https://doi.org/10.1016/0022-460X(76)90715-X
https://doi.org/10.1016/0022-460X(76)90715-X
https://doi.org/10.1016/j.jfluidstructs.2007.02.002
https://doi.org/10.1016/j.jfluidstructs.2007.02.002
https://doi.org/10.1016/j.jfluidstructs.2007.02.002
https://doi.org/10.1016/j.jfluidstructs.2007.02.002
https://doi.org/10.1016/j.jfluidstructs.2010.09.002
https://doi.org/10.1016/j.jfluidstructs.2010.09.002
https://doi.org/10.1016/j.jfluidstructs.2010.09.002
https://doi.org/10.1016/j.jfluidstructs.2010.09.002

ENHANCED MIXING AT INERTIAL MICROSCALES ...

[43] W. Huang, S. J. Shin, and H. J. Sung, Simulation of flexible filaments in a uniform flow by the immersed
boundary method, J. Comput. Phys. 226, 2206 (2007).

[44] L. Zhu and C. S. Peskin, Simulation of a flapping flexible filament in a flowing soap film by the immersed
boundary method, J. Comput. Phys. 179, 452 (2002).

[45] B. S. H. Connell and D. K. P. Yue, Flapping dynamics of a flag in a uniform stream, J. Fluid Mech. 581,
33 (2007).

[46] D. C. Tretheway and C. D. Meinhart, Apparent fluid slip at hydrophobic microchannel walls, Phys. Fluids
14, L9 (2002).

[47] R. Mittal, H. Dong, M. Bozkurttas, F. M. Najjar, A. Vargas, and A. von Loebbecke, A versatile sharp
interface immersed boundary method for incompressible flows with complex boundaries, J. Comput.
Phys. 227, 4825 (2008).

[48] C.Zhu, J. H. Seo, V. Vedula, and R. Mittal, A highly scalable sharp-interface immersed boundary method
for large-scale parallel computers, in 23rd AIAA Computational Fluid Dynamics Conference (AIAA,
Denver, CO 2017) p. 3622.

[49] J. H. Seo and R. Mittal, A sharp-interface immersed boundary method with improved mass conservation
and reduced spurious pressure oscillations, J. Comput. Phys. 230, 7347 (2011).

[50] K. Shoele and Q. Zhu, Leading edge strengthening and the propulsion performance of flexible ray fins,
J. Fluid Mech. 693, 402 (2012).

[51] K. Shoele and R. Mittal, Energy harvesting by flow-induced flutter in a simple model of an inverted
piezoelectric flag, J. Fluid Mech. 790, 582 (2016).

[52] D. Goldstein, R. Handler, and L. Sirovich, Modeling a no-slip flow boundary with an external force field,
J. Comput. Phys. 105, 354 (1993).

[53] P. V. Danckwerts, The definition and measurement of some characteristics of mixtures, Appl. Sci. Res A
3,279 (1952).

[54] D. Liscinsky, B. True, and J. Holdeman, Experimental investigation of crossflow jet mixing in a
rectangular duct, in 29th Joint Propulsion Conference and Exhibit (AIAA, Monterey, CA, 1993).

[55] N. Kockmann, T. Kiefer, M. Engler, and P. Woias, Convective mixing and chemical reactions in
microchannels with high flow rates, Sensors Actuators B 117, 495 (2006).

[56] H. Dong, R. Mittal, and F. M. Najjar, Wake topology and hydrodynamic performance of low-aspect-ratio
flapping foils, J. Fluid Mech. 566, 309 (2006).

[57] S. R. Deshmukh and D. G. Vlachos, Novel micromixers driven by flow instabilities: Application to post-
reactors, AIChE J. 51, 3193 (2005).

[58] K. Shoele and R. Mittal, Flutter instability of a thin flexible plate in a channel, J. Fluid Mech. 786, 29
(2016).

[59] M. Sahin and R. G. Owens, A numerical investigation of wall effects up to high blockage ratios on
two-dimensional flow past a confined circular cylinder, Phys. Fluids 16, 1305 (2004).

[60] W. Huang and H. J. Sung, Three-dimensional simulation of a flapping flag in a uniform flow, J. Fluid
Mech. 653, 301 (2010).

[61] D. Dong, W. Chen, and S. Shi, Coupling motion and energy harvesting of two side-by-side flexible plates
in a 3D uniform flow, Appl. Sci. 6, 141 (2016).

054501-15


https://doi.org/10.1016/j.jcp.2007.07.002
https://doi.org/10.1016/j.jcp.2007.07.002
https://doi.org/10.1016/j.jcp.2007.07.002
https://doi.org/10.1016/j.jcp.2007.07.002
https://doi.org/10.1006/jcph.2002.7066
https://doi.org/10.1006/jcph.2002.7066
https://doi.org/10.1006/jcph.2002.7066
https://doi.org/10.1006/jcph.2002.7066
https://doi.org/10.1017/S0022112007005307
https://doi.org/10.1017/S0022112007005307
https://doi.org/10.1017/S0022112007005307
https://doi.org/10.1017/S0022112007005307
https://doi.org/10.1063/1.1432696
https://doi.org/10.1063/1.1432696
https://doi.org/10.1063/1.1432696
https://doi.org/10.1063/1.1432696
https://doi.org/10.1016/j.jcp.2008.01.028
https://doi.org/10.1016/j.jcp.2008.01.028
https://doi.org/10.1016/j.jcp.2008.01.028
https://doi.org/10.1016/j.jcp.2008.01.028
https://doi.org/10.1016/j.jcp.2011.06.003
https://doi.org/10.1016/j.jcp.2011.06.003
https://doi.org/10.1016/j.jcp.2011.06.003
https://doi.org/10.1016/j.jcp.2011.06.003
https://doi.org/10.1017/jfm.2011.538
https://doi.org/10.1017/jfm.2011.538
https://doi.org/10.1017/jfm.2011.538
https://doi.org/10.1017/jfm.2011.538
https://doi.org/10.1017/jfm.2016.40
https://doi.org/10.1017/jfm.2016.40
https://doi.org/10.1017/jfm.2016.40
https://doi.org/10.1017/jfm.2016.40
https://doi.org/10.1006/jcph.1993.1081
https://doi.org/10.1006/jcph.1993.1081
https://doi.org/10.1006/jcph.1993.1081
https://doi.org/10.1006/jcph.1993.1081
https://doi.org/10.1007/BF03184936
https://doi.org/10.1007/BF03184936
https://doi.org/10.1007/BF03184936
https://doi.org/10.1007/BF03184936
https://doi.org/10.1016/j.snb.2006.01.004
https://doi.org/10.1016/j.snb.2006.01.004
https://doi.org/10.1016/j.snb.2006.01.004
https://doi.org/10.1016/j.snb.2006.01.004
https://doi.org/10.1017/S002211200600190X
https://doi.org/10.1017/S002211200600190X
https://doi.org/10.1017/S002211200600190X
https://doi.org/10.1017/S002211200600190X
https://doi.org/10.1002/aic.10591
https://doi.org/10.1002/aic.10591
https://doi.org/10.1002/aic.10591
https://doi.org/10.1002/aic.10591
https://doi.org/10.1017/jfm.2015.632
https://doi.org/10.1017/jfm.2015.632
https://doi.org/10.1017/jfm.2015.632
https://doi.org/10.1017/jfm.2015.632
https://doi.org/10.1063/1.1668285
https://doi.org/10.1063/1.1668285
https://doi.org/10.1063/1.1668285
https://doi.org/10.1063/1.1668285
https://doi.org/10.1017/S0022112010000248
https://doi.org/10.1017/S0022112010000248
https://doi.org/10.1017/S0022112010000248
https://doi.org/10.1017/S0022112010000248
https://doi.org/10.3390/app6050141
https://doi.org/10.3390/app6050141
https://doi.org/10.3390/app6050141
https://doi.org/10.3390/app6050141

