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Spontaneous instability in internal solitary-like waves
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The onset and growth of shear instability in large-amplitude internal solitary-like waves
propagating in a quasi-two-layer stratification is studied using high-resolution direct
numerical simulations with a spectral collocation method. These waves have a minimum
Richardson numbers of approximately 0.08 and a length ratio LRi/Lwave between 0.80
and 0.88, where LRi is the length of high shear region with a local Richardson number
Ri < 0.25 and Lwave is the half-width of the wave. In the wave with LRi/Lwave ≈ 0.88, the
onset of instability occurs spontaneously without interacting with any externally imposed
physical noise. When LRi/Lwave � 0.86, the onset of instability is limited by viscous
effects, so that criteria for the onset also include the Reynolds number of the flow field and
the amplitude of the external noise. In the wave with LRi/Lwave ≈ 0.85, the spontaneous
instability is possible only when the Reynolds number is sufficiently large, whereas in the
wave with LRi/Lwave ≈ 0.80, instability does not grow spontaneously but must be triggered
by perturbations of finite amplitude. For instabilities triggered by externally imposed noise,
the amplitude of the noise has a crucial influence on their growth, whether such noise is
in the form of random perturbations or normal-mode disturbances. On the other hand,
the importance of non-normal growth decreases as the length ratio LRi/Lwave increases
and as the amplitude of perturbations increases. In the wave with LRi/Lwave ≈ 0.88,
further perturbing the flow field with sufficiently large perturbations leads to the growth
of instability on the upstream side of the wave’s crest, a result close to the optimal transient
growth, even though the perturbations are in the form of normal-mode disturbances.
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I. INTRODUCTION

Internal solitary and solitary-like waves (ISWs) are commonly observed in stably stratified fluids
such as the Earth’s atmosphere and oceans [1]. Due to the balance between nonlinear steepening
and dispersive spreading, these waves may propagate over a long distance without substantially
changing form, at least in a constant background environment. Nevertheless, as the waves move
through a varying environment, they may change their shape gradually, hence possibly becoming
unstable. While the propagation of ISWs provides a means for energy transport over large distances,
the breaking of ISWs due to instabilities developed during the wave propagation can result in
significant energy dissipation and localized turbulent mixing. In open waters, the onset of shear
instability along the pycnocline, which occurs when the wave-induced horizontal velocity shear
across the wave crest is sufficiently large, plays a fundamental role in the breaking of ISWs [2–7].
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For inviscid, stratified parallel shear flows, a well-known criterion for determining the linear
stability involves the gradient Richardson number Ri, defined by

Ri = N2

(∂U/∂z)2
, (1)

where N is the buoyancy frequency and U is the horizontal velocity in the background. It measures
the strength of the stratification relative to the velocity shear in a parallel flow. A sufficient condition
for the flow to be linearly stable is that the local Richardson number exceeds the critical Richardson
number 0.25 throughout the flow [8,9]. However, Ri < 0.25 is a necessary but not sufficient
condition for instability.

For ISW-induced current across the wave crest, the onset of shear instability is complicated by the
finite horizontal extent of the wave and the fact that the ISW-induced current is not an exact parallel,
shear flow. As evident in experimental [3] and numerical [4,5] studies, a much lower Richardson
number of approximately 0.1 is required for the onset of instability. Additionally, the length of
the unstable region (i.e., the region near the wave crest in which Ri < 0.25) relative to the half-
width of the ISW must be greater than 0.86 (or 0.8 [5] for a different stratification) in order for the
perturbations to amplify to finite amplitude before leaving the wave.

In numerical studies reported in the literature, the instability is typically triggered by perturbing
the flow field with small-scale, finite-amplitude perturbations along the pycnocline upstream of
the waves. The source of perturbations can be either numerical noise [4] or externally imposed
forcing [5,7]. As a result, the onset of instability is in fact dependent on the properties of the initial
perturbations. For example, linear stability analysis based on the Taylor-Goldstein equation suggests
that, in order for the initial perturbations to develop into instabilities, the temporal growth rate,
when multiplied by the time taken by a disturbance to propagate through the unstable region, must
exceed 5 [2–4], while the spatial growth rate, when multiplied by the length of the unstable region,
must exceed 4 [5]. However, as we pointed out earlier, an ISW-induced current across the wave
crest is not necessarily a horizontal parallel flow, and thus the stability predicted by the Taylor-
Goldstein equation, which assumes a horizontal parallel flow in derivation, may not be accurate.
More recently, Passaggia et al. [7] investigated the transient growth of instabilities that originated
from the “optimal initial disturbances,” which are disturbances that have a maximum growth rate
in a given ISW-induced background environment. Such disturbances can maximize their energy
growth when passing through the particular ISW-induced background. The authors showed that the
optimal disturbances induce a much larger growth rate compared to disturbances based on normal-
mode theory, such that the onset of instability is possible in ISWs that are stable to normal-mode
disturbances.

Regardless of the methods used for triggering the instability in ISWs, spontaneously generated
instability has not been documented in the past literature. In the current paper, we will demonstrate
that, for certain ISWs, the onset of spontaneous instability is in fact possible. We will further show
that the onset of instability depends not only on the Richardson number-related properties of the
waves but also on the Reynolds number of the flow field. For waves in which spontaneous instability
does not occur, we will show that the instability can still be triggered by perturbing the initial
velocity field. Finally, for waves in which spontaneous instability does occur, we further perturb the
flow field with either random perturbations or normal modes. We show that in these cases noise can
lead to instabilities that have a much larger growth rate, similarly to those found in Passaggia et al.
[7] by perturbing the ISWs with optimal disturbances.

The remainder of the paper is organized as follows. The problem is formulated in Sec. II. The
simulation results are presented in Sec. III, with Sec. III A focusing on the evolution of the sponta-
neous instability in a particular case, Secs. III B and III C discussing the viscous and diffusive effects
on the onset of spontaneous instability, and Secs. III D and III E discussing simulations in which
instability is triggered by external perturbations. Finally, Sec. IV concludes the findings of this
work.
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II. PROBLEM FORMULATION

A. Governing equations and numerical method

We consider a right-handed Cartesian coordinate system in two dimensions, with the origin fixed
at the lower left corner of the computational domain. The x axis is directed to the right along the
flat bottom, and the z axis points up toward the surface. Along the x axis, we define the upstream
direction to be the direction of wave propagation (i.e., right) and the downstream direction to be the
reverse direction (i.e., left).

Numerical simulations presented in this paper were carried out using the numerical model
described and validated in Subich et al. [10]. The governing equations of the model are the
incompressible Navier-Stokes equations under the Boussinesq and rigid lid approximations [11],
given by

Du
Dt

= −∇p − ρgk̂ + ν∇2u, (2a)

∇ · u = 0, (2b)

Dρ

Dt
= κ∇2ρ, (2c)

where u = (u,w) is the velocity field, ρ is the density field, p is the pressure field, g is the
acceleration due to gravity, ν is the kinematic viscosity, and κ is the molecular diffusivity. As is
the common practice under the Boussinesq approximation, the equations are in dimensional form,
except that the density ρ and the pressure p are scaled by the reference density ρ0. The effect of
the Earth’s rotation is neglected. For all simulations, periodic boundary conditions are used in the
horizontal direction, and free-slip boundary conditions (and Neumann condition for density) are
used at the top and bottom boundaries.

The model employs a spectral collocation method [12], which yields highly accurate results
at moderate grid resolutions. Nevertheless, in the simulations presented here, we employed high
resolution in order to ensure that the thin pycnocline and any instabilities developed near it are
well resolved. As appropriate for the boundary conditions, the Fourier transform is applied in the x

direction, whereas the Fourier sine or cosine transform is applied in the z direction depending on
the variable of interest. For time stepping, an adaptive third-order multistep method is used, where
viscous and diffusive terms are solved implicitly, and pressure is computed via operator splitting.

B. Model setup and initialization

We consider a channel of length L = 4 m and depth H = 0.2 m with a flat bottom and focus
on flows in a quasi-two-layer stratification with a dimensionless density difference �ρ = 0.01, for
which the Boussinesq approximation can be safely adopted. The background density profile, scaled
by the reference density ρ0, is given by

ρ̄(z) = 1 − 0.5�ρ tanh

(
z − z0

d

)
, (3)

where z0 is the location of the pycnocline and d is the half-width of the pycnocline. For all
simulations, we set z0 = 0.18 m and d = 0.005 m. For simplicity, we do not consider the effect
of a background current.

Each simulation is initialized with a single mode-1 ISW, computed by solving the nonlinear
eigenvalue problem known as the Dubreil-Jacotin-Long (DJL) equation [13,14]. Without the
presence of a background current, the flow is stationary in a reference frame moving with the wave,
and the DJL equation takes the form

∇2η + N2(z − η)

c2
η = 0, (4)
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TABLE I. Parameters of ISWs. Here, Lwave is the half-width of the wave measured according to the formula
Lwave = xR − xL, where xR and xL satisfy the equation utop(xR ) = utop(xL) = 0.5umax with utop being the
horizontal velocity profile along the inviscid top boundary, and LRi is the length of the unstable region in
which Ri < 0.25.

|η|max c umax umin Lwave LRi

Wave (m) (m/s) (m/s) (m/s) (m) Rimin (m) LRi/Lwave

Small 0.0812 0.0680 0.0612 −0.0569 0.93 0.085 0.75 0.801
Medium 0.0826 0.0680 0.0614 −0.0582 1.23 0.083 1.04 0.851
Large 0.0837 0.0680 0.0614 −0.0594 1.51 0.082 1.33 0.884

with the boundary conditions η(x, 0) = η(x,H ) = 0 and η(x, z) → 0 as x → ±∞. In this equa-
tion, η(x, z) is the vertical displacement of the isopycnal relative to its far-upstream location, c is
the nonlinear wave propagation speed, and N2 is the square of the buoyancy frequency defined by

N2(z) = −g
dρ̄

dz
. (5)

The DJL equation is equivalent to the full set of stratified Euler equations in a reference frame
moving with the wave, where no assumption with respect to the nonlinearity of fluid flow is made.
Hence, solutions of the DJL equation are exact solitary wave solutions in the inviscid limit. For
large-amplitude waves, these solutions have been shown to be different from wave forms predicted
by weakly nonlinear theories, such as the Korteweg–de Vries (KdV) equation [15,16]. In particular,
solutions to the KdV equation have a much smaller horizontal length scale compared to the solutions
of the DJL equation, along with a different vertical structure, especially for the vertical profile of
shear. Were solutions of the KdV equation used as initial conditions in the simulations reported
below, the primary waves would not maintain their initial form on the timescales shown.

The DJL equation is solved numerically using the method described in Dunphy et al. [17]. The
algorithm is based on the variational scheme developed in Turkington et al. [18], which seeks a
solution iteratively that minimizes the kinetic energy, subject to the constraint that the available
potential energy (APE) is held fixed. The APE measures the amount of potential energy that can be
converted into kinetic energy and is specified a priori while other wave parameters are determined
implicitly by the algorithm. For the stratification used in this work, large-amplitude ISWs are
broadening (or conjugate-flow) limited [19]. In this case, the waves may flatten and broaden, while
the wave amplitude (measured by the maximum isopycnal displacement |η|max), the propagation
speed c and the maximum wave-induced horizontal current umax all approach asymptotic limits
with umax < c. The wave-induced flow in the center of such waves is horizontally uniform and is
said to be conjugate to the upstream flow.

We consider three broadening limited ISWs, whose parameters are given in Table I. For each
wave, the wave’s crest is centered at x = 2 m initially. With the left and right boundaries located
at x = 0 and 4 m, respectively, this setup ensures that all components of the wave-induced velocity
vanish at the left and right boundaries. In Table I, the gradient Richardson number Ri is defined by

Ri = −gρz

u2
z

, (6)

with subscripts denoting partial derivatives. Based on the analysis of Bogucki and Garrett [20], the
Richardson number in ISWs is determined by the layer thickness, the pycnocline thickness, and
the wave amplitude. By fixing the layer thickness (determined by z0) and the pycnocline thickness
d and having similar wave amplitudes, we are able to obtain a minimum Richardson number that
is approximately the same for all waves. This value, Rimin ≈ 0.08, is significantly smaller than the
critical Richardson number 0.25 and is also smaller than 0.1 that is required for the presence of shear
instability in ISWs [5] (though Passaggia et al. [7] suggests that it is not a hard limit). Additionally,
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TABLE II. List of simulations. In the case labels, the leading letter indicates the wave being examined, and
the letter “P” (“F”) indicates that the noise is in the form of random perturbations (normal modes). Cases with
“F” have a different setup and will be discussed in Sec. III E.

ν κ Re ReS ε Billow
Simulation (10−6 m2/s) (10−7 m2/s) (103) (102) ReB Sc (m/s or m) Nx × Nz formation

Simulations performed with the small ISW
SR5 1 2 4.97 3.06 12.4 5 0 4096 × 256 No
SR10 0.5 1 9.94 6.12 24.8 5 0 4096 × 256 No
SR5P-4 1 2 4.97 3.06 12.4 5 1 × 10−4 4096 × 512 Yes
SR5P-3 1 2 4.97 3.06 12.4 5 1 × 10−3 4096 × 512 Yes
SR5F-3 1 2 4.97 3.06 12.4 5 2 × 10−3 8192 × 512 No

Simulations performed with the medium ISW
MR5 1 2 5.07 3.07 12.7 5 0 4096 × 256 No
MR10 0.5 1 10.14 6.14 25.4 5 0 4096 × 512 Yes

Simulations performed with the large ISW
LR5 1 2 5.14 3.07 12.8 5 0 4096 × 256 Yes
LR10 0.5 1 10.28 6.14 25.7 5 0 4096 × 512 Yes
LR5S1 1 10 5.14 3.07 12.8 1 0 4096 × 256 Yes
LR5S20 1 0.5 5.14 3.07 12.8 20 0 8192 × 512 Yes
LR5P-4 1 2 5.14 3.07 12.8 5 1 × 10−4 4096 × 512 Yes
LR25P-4 0.2 0.4 25.70 15.35 64.2 5 1 × 10−4 8192 × 1024 Yes
LR5P-3 1 2 5.14 3.07 12.8 5 1 × 10−3 4096 × 512 Yes
LR5F-4 1 2 5.14 3.07 12.8 5 5 × 10−4 8192 × 512 Noa

LR5F-3 1 2 5.14 3.07 12.8 5 1 × 10−3 8192 × 512 Yes

aNo billow formation on interaction with normal modes, though billows are formed initially as a result of the
spontaneous instability.

the ratio LRi/Lwave of the three waves ranges from 0.80 to 0.88, which contains the threshold of
LRi/Lwave = 0.86 determined in Fructus et al. [3] and Barad and Fringer [4].

C. Parameter space

Table II gives a list of the simulations discussed in this paper. For the majority of cases, the DJL
equation is solved on a coarse grid of size 512 × 256 (in the x and z directions, respectively), and the
solution is then interpolated onto a finer computational grid of size (at least) Nx × Nz = 4096 × 256
using the cubic interpolation method. This computational grid gives a horizontal and vertical grid
spacing of (at most) 9.7 × 10−4 m and 7.8 × 10−4 m, respectively. Most of these simulations are
studied in two dimensions, except for the case “LR5” for which three-dimensional simulation has
also been performed. In this simulation, the domain has a width Ly = 0.1 m, with periodic boundary
conditions applied in the spanwise direction. The grid size in the spanwise direction is Ny = 256,
which gives a grid spacing of 3.9 × 10−4 m.

While ISWs obtained by solving the DJL equation are inviscid phenomena, in our simulations
viscous and diffusive effects are not neglected, since the waves studied here are on the laboratory
scale. For computational efficiency, however, the free-slip boundary conditions are used at the top
and bottom boundaries. This is because for a model that is spectral in all directions, as our model
is, the adoption of no-slip conditions requires the Chebyshev discretization [12] in the vertical
direction. While this is helpful in resolving the thin boundary layers, it clusters points near the top
and bottom boundaries and thus significantly reduces the size of possible time steps. Instead, the
free-slip conditions allow us to discretize the domain into equally spaced grid points in the vertical
direction by using the Fourier sine or cosine transforms. These equally spaced grid points give a
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relatively higher resolution at the center of the water column, where significant stratification and
velocity shear is present. In fact, cases with no-slip conditions have been tested but no differences
in terms of instability onset and instability characteristics were observed. The choice of free slip
boundaries would have to be revisited were the topic of interest to be the onset of shear instability
in ISWs that are breaking limited [21,22].

We note that there are a variety of Reynolds number definitions available in the literature. Here,
we choose to present three of them in Table II. The first one, Re, is defined by

Re = |η|maxumax

ν
, (7)

which is relevant to the length and velocity scales set by the ISWs. The second one, ReS , is the shear
Reynolds number, defined in terms of the shear layer thickness by

ReS = dumax

ν
. (8)

Literature on the effect of viscosity on shear instability [23,24] suggests that instability growth is
slowed by viscosity when ReS < O(100) and prevented entirely when ReS < O(10). While these
criteria provide a useful guide for determining instability growth in a parallel shear flow, instability
in an ISW-induced flow is a much more complicated phenomenon. In fact, Table II suggests that ReS

does not provide a clear indication of billow formation, implying that for ISW-induced flows relying
solely on ReS could be misleading. In order to relate the shear layer thickness and the instability to
the bulk ISW scale, we also introduce the buoyancy Reynolds number, ReB , which is defined by

ReB = Re Fr2
h, (9)

where Frh is the Froude number. Following Maffioli and Davidson [25], we take Frh as the ratio of
relevant vertical scales to horizontal scales for the instability. Based on results described below, we
estimate

Frh ∼ lv

lh
= Lstratification

Lbillow
= 0.005

0.1
= 0.05. (10)

While these estimates are analogous to those presented by Maffioli and Davidson [25], the physical
situation is quite different, as they studied decaying stratified turbulence while we study the onset
of instability. In Sec. III B, we shall show that under certain conditions the onset of instability in
ISWs can be limited by the viscous effect, even though a value of ReB � 1 implies that viscous
dissipation is unimportant in determining the large-scale dynamics such that the ISWs themselves
are not profoundly changed by viscosity.

Also in Table II, the Schmidt (or Prandtl) number Sc is defined by

Sc = ν

κ
, (11)

which measures the strength of the momentum diffusivity relative to the mass diffusivity. In
Sec. III C, we will discuss the effect of varying the Schmidt number on the viscous adjustment
of ISWs and the onset of instability.

In Table II, simulations without “P” or “F” in their labels are initialized without external
perturbations. Among these cases, the small wave is always stable while the large wave is always
unstable. The medium wave is conditionally stable, and the key factor for determining its stability
is the Reynolds number. In some simulations (those with the letter “P” in their labels), velocity
perturbations in the form of additive white noise are applied to the initial flow field. These
perturbations have a small but finite amplitude, measured by ε (in meters per second) but have
no preferred direction or spatial structure. Table II shows that, with the presence of perturbations,
instability can also be triggered in the small wave which is otherwise stable. For cases with “F” in
their labels, perturbations are in the form of free waves, or normal modes, instead of white noise,
and ε measures the amplitude of density perturbation (in meters) instead of velocity perturbation.
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FIG. 1. (a) Density and (b) horizontal velocity fields of the large wave at t = 0 s. The velocity in (b) is
measured in meters per second. The Richardson number contours (black) have values of 0.1 (inside) and 0.25
(outside). The wave’s crest is indicated by the dashed lines (white).

These cases have a different setup and will be discussed in detail in Sec. III E. Finally, note that the
terms “small,” “medium,” and “large” are relative, and the amplitude of all waves considered in this
work are in fact large relative to the thickness of the upper layer.

D. Stratified shear instability

The classical linear theory suggests that the behavior of perturbations in an inviscid parallel shear
flow is governed by the Taylor-Goldstein equation [11], which reads as

d2φ

dz2
+

[
N2(z)

(cp − U )2
+ d2U/dz2

cp − U
− k2

]
φ = 0, (12)

with the boundary conditions φ(0) = φ(H ) = 0. In this equation, U (z) is the background horizontal
velocity (i.e., the ISW-induced horizontal velocity across the wave’s crest in our simulations), k

is the wave number of disturbances, and cp is the (complex) phase speed of disturbances. The
eigenfunction φ(z) characterizes the vertical structure of the velocity field (e.g., the wave-induced
horizontal velocity is proportional to dφ/dz). The stability of the flow is determined by cp such that
if the imaginary part of cp is nonzero, then any finite-amplitude disturbances will grow exponentially
with respect to time, until the nonlinear effect becomes dominant. This leads to the onset of shear
instability in a stratified parallel shear flow. The Richardson number criterion states that if Ri > 0.25
throughout the flow, then the imaginary part of cp is guaranteed to be zero [8,9]. The converse
is not necessarily true, however. That is, Ri < 0.25 does not necessarily indicate the onset of
instability. Also, note that the linear stability theory discussed here describes an idealized situation
and thus provides only a rough guide for phenomena observed in this work. It does not preclude
the existence of other mechanisms (e.g., non-normal growth [7]) that may trigger the instability in
a more complicated situation (e.g., ISW-induced current).

III. SIMULATION RESULTS

A. Base case

We shall first consider the case labeled as “LR5” in Table II, which will be referred to as the “base
case” hereafter. The initial density and horizontal velocity fields of this case are plotted in Fig. 1.
The Richardson number contours shown in this figure suggest that the local Richardson number is
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FIG. 2. Shaded density contours showing the evolution of shear instability in the base case at four different
times. Detail of the billows in (b) is shown in Fig. 3.

significantly less than 0.25 and even 0.1 over the entire wave crest, creating a region that is highly
susceptible to instability. Away from this region, ρz and uz both vanish, and the interpretation of Ri
is physically irrelevant.

An impression of the evolution of shear instability in the base case can be gained from the density
field shown in Fig. 2. The figure shows that the finite-amplitude manifestation of shear instability
takes the form of Kelvin-Helmholtz billows (detail shown in Fig. 3), which grow as they propagate in
the downstream direction in a reference frame moving with the wave. These billows reach their full
size over the downstream portion of the wave and then break down into smaller scale disturbances
as they leave the wave. After the initial billows leave the wave, no further billowing is observed in
the high shear region, implying that the wave becomes stable again.

For the base case, a three-dimensional simulation has also been performed. Previously, Barad
and Fringer [4] studied the onset of shear instability in ISWs using three-dimensional simulations

FIG. 3. Zoomed-in view of Fig. 2(b), showing detail of the billows at t = 20 s.
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FIG. 4. Three-dimensional volume plots showing the density field in the base case at (a) t = 22 s,
(b) t = 24 s, and (c) t = 26 s.

and showed that the primary instability remains two dimensional, even though the secondary,
three-dimensional instabilities that occurred thereafter can lead to strong dissipation and mixing.
Hence, they concluded that the two-dimensional approach is valid for investigating the overturns and
breaking at the early stage of instability growth. In the present work, the three-dimensionalization
of the flow field is visualized in Fig. 4, which shows volume plots of the density field from t = 22 s
to 26 s. The figure shows that most billows remain two dimensional in the early stage of the onset
of instability and that most of the spanwise structures in the flow field are found at the back of the
wave when the billows break down into smaller-scale disturbances. This means that the onset of
instability itself is unaffected by three-dimensional effects, consistent with results for the idealized
case of parallel, stratified shear flow [26], as well as past studies of ISW-induced flow [4].

We note that, regardless of the model being employed, it is impossible to avoid the numerical
noise and dissipation completely. This means that all numerical studies of instabilities essentially
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FIG. 5. Density contours showing the billow formation in the cases [(a)–(c)] LR5 and [(d)–(f)] LR10.

report a combination of their seed, the inherent instability, and their numerical dissipation. For
example, Barad and Fringer [4] used an adaptive mesh refinement technique to resolve the small-
scale features on the field scale, and the instabilities were excited by the numerical errors at the
cell boundaries. In the present work, given the high accuracy of the spectral collocation method, the
numerical model employed has less inherent numerical dissipation than most other models.

In the initial flow field, though, there are several potential sources of noise. First, as an iterative
method, the algorithm used for solving the DJL equation approximates the exact solitary wave
solution until a certain threshold error tolerance (10−4 or 0.01% of |η|max in the present work) is
reached. Second, the interpolation of the DJL solution from the coarse grid to the fine grid also
introduces some noise. In fact, we have solved the DJL equation for the large wave to a tolerance
level of 10−5 directly on a 8192 × 1024 grid and used this highly accurate solution as the initial
condition without any interpolation to run the base case again on this finer grid. Nevertheless, the
onset of shear instability occurs, and the results are almost identical to those shown earlier.

Finally, a third source of “noise” is the adjustment of the background state and the wave due to
the diffusion of momentum (viscosity) and density (diffusivity). While the bulk parameters of ISWs
such as the propagation speed and wave half-width do not change in any measurable way during
this adjustment, it is possible that the more subtle features of the instability onset may be changed.
This topic will be explored in detail in Sec. III C.

B. Reynolds number variations

While the assumption of inviscid fluid flows is justified in the field situation [5], viscous effects
can be important on the laboratory scale. On the scale of ISW propagation, viscous adjustment alters
the wave in a way such that it can develop slight asymmetry about its crest and slow down during its
propagation [7], whereas on the scale of the shear layer, the presence of viscosity stabilizes the fluid
flow such that the critical Richardson number at the onset of instability decreases with the Reynolds
number [23].

To illustrate the Reynolds number effect on the onset of instability in the large wave, in Fig. 5 we
compare the density fields in the cases LR5 and LR10 at three different times. The two simulations
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FIG. 6. Same as in Fig. 5 but for the cases [(a)–(c)] MR5 and [(d)–(f)] MR10.

are initialized from the same initial conditions, except that the case LR10 has a viscosity ν = 5 ×
10−7 m2/s and a diffusivity κ = 1 × 10−7 m2/s. It thus has a higher Reynolds number (doubled
from that in LR5) but the same Schmidt number. To better resolve smaller scale features that may
appear with a higher Reynolds number, the resolution of LR10 is also doubled from the case LR5
in the z directions. Figure 5 clearly shows that instability in the case LR10 grows much faster,
with billows becoming fully developed at t = 18 s. In the mean time, secondary instabilies are also
starting to develop at the edge of the billows located at x = 2.5 and 2.6 m.

For the medium wave, Fig. 6 suggests that Reynolds number becomes crucial in determining the
onset of instability. This figure gives a comparison of the flow fields in the cases MR5 and MR10
at three different times. Again, by reducing the viscosity by a half, the Reynolds number in MR10
is doubled from that in MR5. The figure shows that with a higher Reynolds number, MR10 has
billow formation visible at the downstream portion of the wave (though these billows have much
smaller spatial dimensions), whereas with a lower Reynolds number, MR5 does not. This implies
that viscous effects can limit the onset of instability. We note that for the medium wave the ratio
LRi/Lwave is slightly below the threshold LRi/Lwave = 0.86 [3,4]. Our results thus suggest that this
criterion is not an absolute limit, but that for waves near this threshold the Reynolds number can
determine the onset of instability.

Figure 7 provides a quantitative measurement of the onset of instability in the four cases
discussed above by measuring the time series of the maximum vorticity. For the large wave, Fig. 7(a)
shows that the maximum vorticity in the case LR10 is much larger than that in the case LR5. It also
shows that in the case LR10, the increase of maximum vorticity starts earlier and lasts longer. For
the medium wave, Fig. 7(b) shows that in the case MR10 there is a small instability event near
t = 20 s, whereas in the case MR5 there is no instability at all. This is a clear indication that the
onset of instability is highly dependent on the Reynolds number, since a higher Reynolds number
can lead to more billowing, which is a sign of a stronger and more persistent instability.

While all of the simulations discussed above are performed on the laboratory scale, fluid flows
on the field scale are typically associated with much larger Reynolds numbers. Therefore, the
implication of the Reynolds number variations is that, on the field scale, spontaneous instability
is in fact more likely to occur, assuming the wave is large enough.
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FIG. 7. Time series of the maximum vorticity of the flow fields in the cases (a) LR5 (blue) and LR10 (red)
and (b) MR5 (blue) and MR10 (red).

C. Schmidt number variations

We have also studied the effect of varying the Schmidt number on what is termed “viscous”
adjustment of ISWs and the onset of instability. We note that the typical Schmidt number of water
is in excess of 500 when stratification is salinity controlled and roughly 7 when stratification
is temperature controlled. Nevertheless, literature reporting “direct numerical simulations” often
adopt a value of Sc at the order of unity [7,27,28], since the adoption of physically relevant Sc
requires unattainably fine grids for resolving the sharp density interfaces. In the present work, we
instead adopt a value Sc = 5 in most simulations, except for the cases LR5S1 and LR5S20, which
have Schmidt numbers Sc = 1 and Sc = 20, respectively. The reason for choosing this particular
value is illustrated in Fig. 8. The figure shows the horizontal velocity, density, and Richardson
number profiles across the large wave’s crest at t = 0 s and 10 s in the cases LR5S1, LR5,
and LR5S20. Here the location of the wave’s crest xcrest is determined according to the formula
xcrest = 0.5(xR + xL), where xR and xL satisfy the equation utop(xR ) = utop(xL) = 0.5umax with
utop being the horizontal velocity profile along the inviscid top boundary. In all of the three cases,
we vary the Schmidt number by varying the diffusivity κ while keeping the viscosity ν fixed.
Figure 8 shows that while the horizontal velocity at t = 10 remains similar in all three cases,
the density, and hence the Richardson number, are affected by the Schmidt number. With Sc = 1,
the Richardson number profile at t = 10 is similar to that at t = 0, except for a slight increase
in the minimum Richardson number. With Sc = 5 and 20, however, there is an upward shift
of the location of the minimum Richardson number at t = 10, such that the vertical structure of
the Richardson number profile is different from its initial state. This indicates an offset between
the centers of the shear layer and the density interface, similarly to the background state that
leads to the asymmetric Holmboe instability [29]. Figure 8 thus suggests that diffusive effects
play an important role in the “viscous” adjustment of ISWs and that the value Sc = 1 is not
the best choice in direct numerical simulations. Instead, higher Schmidt numbers should be
adopted, and sensitivity to the Schmidt number should be tested for each phenomenon being
simulated.
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FIG. 8. Wave profiles as functions of z across the large wave’s crest in LR5S1 (red), LR5 (green), and
LR5S20 (blue) at t = 10 s and for the initial wave at t = 0 s (black).

In terms of the onset of shear instability, however, varying the Schmidt number at O(1) does not
change the nature of primary instability fundamentally [30–32], at least for flows with a moderate-
to-high Reynolds number (typically Re � 103). The main effect of increasing the Schmidt number
in shear-induced mixing includes changing the nature of secondary instabilities [33] which have a
much smaller length scale than the primary instability and increasing the turbulent mixing induced
by three-dimensional motions [34]. Figure 9 shows the detail of one particular billow in the cases
LR5S1, LR5, and LR5S20 at t = 20 s. The diffusive effects can be clearly seen in this figure,
particularly in Fig. 9(a), and the comparison of cases with different Schmidt numbers is similar to
that shown in Fig. 2 of Rahmani et al. [34]. Figure 9 also shows that in all cases the billows have
the same spatial structure and growth rate and that they are equally mature at this particular time.
This suggests that, while the mixing efficiency of the instability is affected by the Schmidt number,
the onset of instability does not depend on the Schmidt number.

D. Instability triggered by random perturbations

For the small wave, the cases SR5 and SR10 are not shown because no spontaneous instability
is generated. Nevertheless, when velocity perturbations (in the form of additive white noise) are
applied to the initial field, the wave develops an instability. Figure 10 shows the density fields of

FIG. 9. Density contours showing detail of the billows in the cases (a) LR5S1, (b) LR5, and (c) LR5S20 at
t = 20 s.
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FIG. 10. Same as in Fig. 5 but for the cases [(a)–(c)] SR5P-4 and [(d)–(f)] SR5P-3. Note that we have
varied the x axis for each panel in order to show the billow formation.

the cases SR5P-4 and SR5P-3 at three different times. In the case SR5P-4, velocity perturbations
have an amplitude of ε = 10−4 m/s, equivalent to 0.2% of the maximum wave-induced horizontal
velocity. In this case, overturning of the density field can be seen in Fig. 10(c), though none of the
billows are able to develop fully before leaving the wave. On the other hand, velocity perturbations
in the case SR5P-3 have an amplitude ε = 1 × 10−3 m/s, which is an order of magnitude larger
than that in SR5P-4. As a result, overturning starts at as early as t = 5 s. By the time t = 15 s, the
billows have already reached their mature size and started to interact with each other. Moreover, the
deformation to the pycnocline in this case also appears stronger than that in the case LR5 (shown in
Fig. 2).

For the large wave, we further perturbed the initial velocity field in the cases LR5P-3 (with an
additive white noise of amplitude 1 × 10−3 m/s), LR5P-4, and LR25P-4 (1 × 10−4 m/s). Figure 11
shows that, in addition to the Reynolds number, the formation of billows and the growth of instability
also depends on the amplitude of the initial perturbations. The fastest growing instability is found in
the case LR5P-3, which has billows already formed by the time t = 6 s. In contrast, fewer billows
are formed in LR5P-4 at t = 12 s and in LR5 at t = 20 s. In the case LR25P-4, perturbations have
an amplitude that is the same as those in LR5P-4, but the Reynolds number of the flow field is 5
times larger (and the resolution is also doubled in both x and z directions). Figure 11(b) suggests
that this results in a much larger growth rate of the instability, such that the billowing occurs much
earlier. From Figs. 11(a) and 11(b), we can also notice that in the cases LR5P-3 and LR25P-4, some
of the billows are formed in front of the wave crest, whereas in the other two cases the billows are
formed behind the wave crest. This result is similar to the observation of Passaggia et al. [7], where,
by perturbing the ISWs with optimal disturbances, billow formation in front of the wave crest is
also found.

We performed a linear stability analysis by extracting the background profile along the crest of
the large wave at t = 0 s and using it to solve the Taylor-Goldstein equation (12) for 19 different
wavelengths ranging from 0.02 to 0.2 m. The largest growth rate associated with each of these
wavelengths is plotted in Fig. 12(a). The figure shows that the wavelength that yields the fastest-
growing disturbances is approximately 0.06 m and that the growth rate decreases as the wavelength
increases. This result agrees with our observation in Fig. 11, in the sense that the billows in the case
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FIG. 11. Density contours showing the onset of instability in four different cases. Note that we have varied
the x axis and the plot times for each panel in order to show the same maturity billows. The dashed lines
indicate the locations of the wave’s crest.

LR5P-3 are approximately 0.06 m apart from each other and grow fastest. In contrast, billows in
the cases LR5P-4 and LR5 are farther away from each other and thus grow much slower. Therefore,
the linear stability theory is able to successfully predict the growth rate of the instability from the
wavelength of the disturbances.

However, the linear theory fails to explain the reason why the wavelength, and hence the growth
rate, of the instability is dependent on the amplitude of the initial perturbations. To answer this
question, we shall note that wave motion described by the Taylor-Goldstein equation is essentially
an inviscid phenomenon, while the main effect of viscosity in a shear flow, as discussed earlier, is
to stabilize the flow through diffusive type damping [23]. In particular, the strength of diffusive
type damping grows as wavelength decreases. This can be visualized from the comparison of
Figs. 11(b) and 11(c), which suggests that, with a smaller Reynolds number, disturbances have a
larger wavelength and the instability grows slower, even though the amplitude of perturbations is the
same in both cases. On the other hand, when the amplitude increases, the resulting billows become
more energetic, and hence disturbances with a smaller wavelength are less likely to be damped out
by the viscosity. Therefore, increasing the amplitude of the initial perturbations has a similar effect
to increasing the Reynolds number of the flow field, in the sense that it allows disturbances with a
smaller wavelength to manifest and thus increases the growth rate of the instability.

As a comparison, the growth rate of disturbances in a background environment extracted from
the small wave is plotted in Fig. 12(b). This plot is very similar to Fig. 12(a), except that the growth
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FIG. 12. Growth rate of waves of disturbance as a function of wavelength, in a background environment
extracted from (a) the large wave and (b) the small wave.

rate is slightly smaller for each given wavelength. The reason for the similarity is that ISWs for this
stratification are broadening limited. In other words, the density and horizontal current profiles along
the waves’ crests are very similar, since they both approach the so-called conjugate flow asymptotic
limit [19]. The difference in the growth rate in the parallel flow theory is then due only to the small
difference in the minimum Richardson numbers. However, differences in the simulations are also
influenced by the much larger change in LRi, as shown in Table I. One further implication of our
simulations and the linear stability analysis is that if the growth rate can be sufficiently increased,
then instability can be triggered even if the ratio LRi/Lwave is below the threshold value of 0.86
proposed in Fructus et al. [3] and Barad and Fringer [4].

E. Instability triggered by normal-mode disturbances

While the previous discussion illustrates the importance of amplitude effect in random pertur-
bations, it does not preclude the contribution of non-normal growth [7]. In fact, it has not been
determined in the previous literature if a random perturbation would also excite non-normal growth.
To explore this issue, we designed a different set of experiments, labeled “SR5F-3,” “LR5F-4,” and
“LR5F-3” in Table II. The setup of these simulations is different from that described in Sec. II but
similar to that of ISW short-wave interaction in Xu and Stastna [35]. As demonstrated in Fig. 13, the
overall length of the domain is extended to L = 8 m, with a packet of free waves, or normal modes,
centered at x = 6 m. These waves are computed as normal modes in the linear theory, instead of

0 1 2 3 4 5 6 7 8
0

0.05

0.1

0.15

0.2

FIG. 13. Schematic diagram of the model setup for ISW-free wave interaction.
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FIG. 14. Density contours showing the interaction of the ISWs with normal modes.

random perturbations. In each of these simulations, the ISW propagates to the right and interacts
with the wave packet during an overtaking collision. The wavelength of these free waves is chosen
to be 0.06 m, based on the results shown in Fig. 12, while the amplitude of these waves varies from
5 × 10−4 m to 2 × 10−3 m, as indicated by ε in Table II.

Figure 14 shows the density fields at t = 60 s in these three simulations. For the case SR5F-3,
Fig. 14(a) shows that the small wave does not develop an instability when interacting with the free
waves. Note that in this case the free waves have an amplitude of 2 × 10−3 m, equivalent to 1%
of the total depth or 10% of the upper layer thickness. For amplitude past this range, nonlinearity
is significant and the perturbations should no longer be considered a normal mode. This result is
consistent with Passaggia et al. [7], who showed that only the optimal perturbation can grow below
the threshold LRi/Lwave = 0.86. Since the interaction of the small wave with random perturbations
does lead to the onset of instability (shown in Fig. 10), this suggests that random perturbations may
be able to project onto the optimal perturbation to excite non-normal growth.

In the cases LR5F-4 and LR5F-3, free waves have amplitudes of 5 × 10−4 m and 1 × 10−3 m,
respectively. Figure 14(b) shows that the interaction of the large wave with free waves that have a
relatively smaller amplitude does not lead to the onset of instability, either. Figure 14(c), however,
tells a different story. In this case, the onset of instability and the growth of billows can be clearly
seen. This suggests that whether shear instability in ISWs can be triggered by free waves is highly
dependent on the amplitude of these waves. Moreover, billows in this case are formed on the
upstream side of the wave’s crest. In fact, comparison to Fig. 11 shows that the instability in the
large wave triggered by free waves is remarkably similar to that triggered by random perturbations.
We note that the structure of the normal modes before the interaction (not shown here) is completely
different from that of the optimal perturbation in Passaggia et al. [7]. Our results thus suggest
that while non-normal growth is evident in random perturbations, the amplitude is a much more
important factor in determining the onset of instability, whether the noise is in the form of random
perturbations or normal modes.

IV. DISCUSSION AND CONCLUSIONS

In the present work, numerical simulations were performed using a spectral colocation method
[10] to study the onset of shear instability in ISWs. The spectral accuracy of the numerical
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model combined with the high resolution adopted in the simulations guarantees that the numerical
noise and numerical dissipation in the simulations is minimized. We explored the onset and
growth of instability around criteria proposed in the past literature [3–5], including a minimum
Richardson number Rimin < 0.1 and a length ratio LRi/Lwave > 0.86. We showed that the latter
is not an absolute limit, but that for waves near and below this threshold the onset of instability
is also determined by the Reynolds number of the flow field and the amplitude of the external
noise.

For the large wave (Rimin = 0.082, LRi/Lwave = 0.884), the onset of shear instability occurs
spontaneously (i.e., without interacting with any externally imposed physical noise). The instability
takes the form of Kelvin-Helmholtz billows, which are formed behind the wave’s crest and then
propagate in the downstream direction in a reference frame moving with the wave. The instability
remains two dimensional at the early stage of its growth, until the billows break down as they leave
the downstream portion of the wave. For the medium wave (Rimin = 0.083, LRi/Lwave = 0.851), the
onset of instability is limited by viscous effects, such that the spontaneous instability is possible only
when the Reynolds number is sufficiently large. For the small wave (Rimin = 0.085, LRi/Lwave =
0.801), instability must be triggered by external perturbations of finite amplitude.

We studied the viscous and diffusive effects on the onset and growth of instability by varying
the Reynolds number and the Schmidt number. We found that a larger Reynolds number leads to a
stronger and more persistent instability and that near the threshold LRi/Lwave = 0.86, the Reynolds
number can in fact determine the onset of instability. The Schmidt number, on the other hand,
does not determine the onset of instability, though it can affect the mixing efficiency. Nevertheless,
diffusive effects play an important role in the “viscous” adjustment of ISWs, implying that numerical
studies should consider Schmidt numbers higher than the typically adopted value Sc = 1 and that
sensitivity to Schmidt number should be tested for phenomena being simulated.

We also found that the amplitude of the external noise plays an important role in triggering the
instability, whether such noise is in the form of random perturbations or normal-mode disturbances.
For the small wave, instability can be triggered by an additive white noise (but not normal-mode
disturbances), even though its length ratio LRi/Lwave is below the threshold 0.86. This suggests
that random perturbations may be able to excite non-normal growth. For the large wave, further
perturbing the flow field with sufficiently large perturbations leads to an instability with a much
larger growth rate, such that billowing can occur in the upstream side of the wave’s crest. This is
observed when the externally imposed noise is in the form of normal-mode disturbances as well,
implying that the importance of non-normal growth decreases as the length ratio LRi/Lwave and
the amplitude of perturbations increase. The results thus suggest that growth ahead of the wave
crest does not require an “optimal perturbation” which may not be easily realizable in nature and
that results close to the optimal transient growth discussed in Passaggia et al. [7] can be achieved
without the full variational theory for the form of the perturbations.

Although in this paper we focused on the early stage of the instability growth, for the base
case the simulation was performed for an extended period of time. The Hovmöller diagram in
Fig. 15 illustrates three instability events as the wave propagates. To produce this diagram, we first
computed the high-pass-filtered density field by filtering out the 15 lowest wave numbers in both
x and z directions in the Fourier space at each time step. We then took the vertical averages of the
high-pass-filtered density field for all time steps and combined them together into a periodic domain
moving with the wave. The figure shows that, with the application of periodic boundary conditions,
perturbations left behind the wave earlier in time are able to seed a new instability when interacting
with the wave, allowing for the repeated onset of instability. In particular, the second instability
event occurring between t = 60 s and t = 100 s is the strongest and most persistent. During this
period of time, disturbances are found over the entire wave crest.

These results suggest that for large-amplitude ISWs in the field, for which the Reynolds number
is expected to be high enough so that the onset of instability is not affected by it, a key component
of instability onset is the amplitude of disturbances found upstream of the ISW. Indeed, given the
complexity of the coastal ocean environment it is quite likely that instabilities at the field scale are
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FIG. 15. Hovmöller plot of the vertically averaged, high-pass filtered density field of the base case, in a
periodic domain moving with the wave. The dashed line indicates location of the wave’s crest.

driven almost entirely by finite-amplitude disturbances upstream of the ISW. We note, however, that
most of our results were obtained from two-dimensional simulations. While the primary instability
we have studied is two dimensional, the secondary instability occurred thereafter could develop into
a fully three-dimensional state, leading to strong dissipation and mixing. This means that repeated
onset of instability shown in Fig. 15 could be affected by the amount of mixing that takes place
due to the first instability event. For future work on this topic, three-dimensional effects should be
examined in detail before any quantitative conclusions can be made.

In the present work, all waves being examined have similar properties except for the length ratio
LRi/Lwave. Carr et al. [6] showed that other properties, such as wave steepness and wave amplitude,
can all have a crucial influence on determining the onset of instability and the characteristics of
billows. For future work on this topic, the effect of background stratification should be considered.
By varying the stratification, waves of different properties (including minimum Richardson number)
can be obtained. For waves that are breaking limited, the wave-induced current across the crest
is not horizontally uniform [21,22], implying that criteria for the onset of instability could be
more complicated. Moreover, the formation of a recirculating core and the presence of the viscous
boundary layer in the case of ISWs of elevation could also affect the onset and growth of instability.
The effect of a nonconstant background current could also be investigated. This is because waves in
a shear background current could have a profile across their crests that is completely different from
those in a zero or constant background current [13].
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