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Multifractality of fine bubbles in turbulence due to lift
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We develop a theory of spatial distribution of fine bubbles in turbulence and confirm
it numerically. The bubbles are a few hundred microns in size and the considered value
of the turbulence’s strength is typical for oceans. The fluid applies a lift force on bubbles
that causes bubble clustering by acting in a direction perpendicular to the rise velocity and
the horizontal vorticity. We demonstrate that the centripetal attraction of bubbles to the
cores of vortices is negligible compared with this effect. The combined action of the lift
and the turbulence creates a continuum flow of bubbles distinct from the flow of the fluid
and identical to the Peddley-Kessler (PK) model of swimming phytoplankton cells in the
limit of strong gravitaxis. This allows one to derive a whole array of results by applying
the theory of this model, which is well developed in the limit. The similarity explains
the patchiness and clustering of bubbles in regions of downwelling flow; these properties
are understood for motile phytoplankton. The bubble clustering decreases the average rise
velocity, prolonging the time until the bubble’s rupture at the surface. We demonstrate
that bubbles form columnar structures characterized by a multifractal distribution with
the dimension deficit increasing as the eighth power of the radius. Fractal dimensions
are derived from the information dimension given by the Kaplan-Yorke formula. We also
provide some results for the shape-dependent PK model. We confirm the theory by direct
numerical simulations of the bubbles’ motion in Navier-Stokes turbulence.
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I. INTRODUCTION

Bubbles are ubiquitous in water and influence the physics and biology of oceans in many ways.
These include interactions with microorganisms, aeration, gas exchange with the atmosphere, mix-
ing, and production of stresses at the air-ocean interface by rupture. Collisions with microorganisms
can be critical for the healthy functioning of the ecosystems, causing oxygenation. They can also
be harmful, creating stresses on the organisms’ surfaces (see the review in [1] and the references
therein). Artificial aeration is well known for its beneficial ecological effects, including prevention
of fish kills due to low dissolved oxygen concentrations [2]. Ocean flows are typically turbulent,
which makes an understanding of bubbles’ behavior in turbulence practically relevant.

Bubble-laden turbulence has been studied for a long time [3–13]. The importance of the lift force
in the equation of motion of the bubble [14,15] was first recognized in [5]. Bubbles were found to
accumulate on the downward side of vortices due to this force. The accumulation implies a decrease
in the rise velocity of the bubble [7–9]. A segregation indicator was proposed to characterize the
particle distribution [10] and the Lagrangian acceleration statistics of the bubbles were measured
[13]. It was proposed that bubbles form multifractals similarly to light inertial particles that are
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trapped by vortex cores [11,12]. Recently, the behavior of bubbles in rotating turbulence was studied
numerically [16].

One of the main contributions of this paper is the demonstration that the centripetal attraction
of bubbles to the cores of vortices is negligible in the usually used equation of motion of the
bubble, which is dominated by the lift force. The familiar bubble clustering in the downflow
regions is solely due to the lift (cf. [7]). We prove that the equation of motion implies that fine
bubbles in dilute solution are distributed over a multifractal set characterized by a log-normal
coarse-grained concentration. This set is the attractor of the effective continuum dynamics of the
bubbles. The lift force pushes the bubbles in regions of downwelling flow. We provide formulas
for the fractal dimensions and the Lyapunov exponents in terms of the energy spectrum of Navier-
Stokes turbulence. The preferential concentration of bubbles in the regions of downwelling flow
is described by negative cross correlations of the vertical component of the turbulent flow with
the bubbles’ flow divergence and concentration. The cross correlation with the concentration also
determines the value of the negative turbulence correction to the average rise velocity of the bubble.
We provide the radial distribution function (RDF), which gives the probability of finding another
bubble at a given distance from the considered particle. The RDF determines the evolution of the
size distribution of bubbles due to their collisions and coalescence [17]. The predictions hold for
bubbles in Navier-Stokes turbulence and are validated by direct numerical simulations (DNSs).

The key observation underlying the above results is that after transients, the bubble’s velocity is
determined uniquely by the local flow and vorticity. This provides the bubbles’ counterpart of the
famous Maxey formula for the velocity of the weakly inertial particle [18]. However, in contrast with
the inertial particles, where there is a regime of large inertia in which the flow description breaks
down (see, e.g., [19–22]), here the flow description is valid over the whole range of validity of the
equation of motion. Remarkably, the bubble velocity coincides in form with the velocity of motile
phytoplankton cells (for example, H. akashivo considered in [23]) in the Pedley-Kessler (PK) model
in the limit of slow flow [23–26]. We find a one-to-one correspondence of parameters of motion for
these two problems. The rise velocity of the bubble corresponds to the swimming velocity of the cell
and the lift force corresponds to the gyrotactic term. Thus, we can apply the well-developed theory
of the steady-state behavior of motile phytoplankton in homogeneous turbulence to bubbles by
renaming the parameters. We observe that the correspondence is not sensitive to small refinements
of the equation of motion. These refinements could become necessary because the Reynolds number
of the perturbation flow is finite, and the theories involve phenomenological descriptions.

The theory of motile phytoplankton distribution in turbulence assumes that the velocity of the
phytoplankton cell is the sum of the local turbulent velocity and the swimming velocity of the cell,
as proposed by the PK model [23–27]. This swimming velocity is usually much smaller than the
velocity of the flow. This is why motile phytoplankton cells in turbulence can for some purposes
be treated as passive tracers similar to nonmotile species (for example, diatoms). In the steady
state, passive tracers would be distributed uniformly in a finite volume. However, the distribution of
motile phytoplankton is observed to be inhomogeneous [23,25]. This inhomogeneity is due to the
small swimming velocity, which constitutes a singular perturbation of the incompressible turbulent
flow of passive tracers. The motility, despite the fact that it is an active property of the cell, can in
limiting cases be “enslaved” by the turbulence. The particle velocity becomes a passive property that
is determined completely by the local flow and its first derivatives. Thus, the velocity, through the
flow and its derivatives, is a function of the particle position, allowing one to define the spatial flow
of the cells [23]. This flow is detached from the fluid and, in contrast to incompressible fluid flow, has
a small but finite compressibility. The accumulation of the effects of the compressibility with time
results in a spatial distribution that is multifractal rather than uniform. The distribution is supported
on a time-dependent attractor that can be described in detail using the theory of distributions of
particles transported by an arbitrary weakly compressible random flow [12,19] (see also [27]). This
was used to predict the fractal dimensions in [23]. The result for the dimensions was refined in
[26], where it was demonstrated that some of the observations of [23] in fact belonged to a different
regime (cf. [28]). Further predictions were also made in [26], including the demonstration that the
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mean turbulent velocity in the frame of the cell is negative. This provided a quantitative description
of the preferential concentration of microorganisms in downwelling flow. A study of nonspherical
gyrotactic microswimmers was performed in [27,28].

It must be stressed that the above phenomena occur at the smallest scales of turbulent flow: The
multifractality holds below the viscous scale of turbulence. On larger scales, the coarse-grained
concentration is constant in the steady state. The familiar paradigm where plankton’s concentration
is considered as a passive scalar mixed by turbulence applies. Collisions of particles occur on the
scale of particles and are often influenced appreciably by small-scale multifractality (see, e.g., [19]).

We stress that the validity of the PK model for the description of the motion of swimmers is
irrelevant for our results. We are simply using known results of the study of this mathematical model.
We confirm the correspondence by DNSs of the equation of motion of bubbles in turbulence.

Our work is in line with a whole array of recent works that derive from the observation that the
velocity of a certain small particle in turbulence is determined uniquely by its position. In this case,
the velocities of spatially close particles are almost equal and therefore one can introduce continuum
spatial flow of particles. This flow, in contrast with incompressible flow of fluid, is compressible,
leading to clustering of particles. The compressibility, however, is weak, allowing one to apply the
general theory of transport by smooth weakly compressible flow [12]. This theory was corroborated
in many cases, including inertial particles, tracers transported by surface wave turbulence, motile
phytoplankton cells, inertial particles under gravity, and phoretic particles [12,19,23,26,29–33].
Among the described cases, the case of motile phytoplankton stands out as it pertains to a living
organism. It would be interesting to consider whether other cases of clustering of living organisms
in turbulence can also be described within this framework. Clustering of flocking particles observed
in [34–36] is a possibility.

The next section is the core of this paper. We derive a reduction of the usual equation of motion
of an isolated bubble in turbulence. The reduction holds over the whole range of validity of the
equation and has the form of the reduced PK model. The PK model and its reduction are presented
in Sec. III. The reduced form is ready for application of the general theory of clustering in weakly
compressible flows, which is performed in Sec. IV. Section V reports the results of the DNS of the
original equation of motion of the bubble in Navier-Stokes turbulence. The results agree with the
predictions made by using the reduced equation of motion. In Sec. VI we provide a brief overview
and consider open questions.

II. REDUCTION OF A BUBBLE’S EQUATION OF MOTION

The equation of motion of a spherical bubble with radius a in an incompressible turbulent flow
u(t, x) is

v̇ = 3[∂t u + (u · ∇)u] − v − u − vg

τ
+ ω × (v − u) (1)

(see [7,8] and the references therein). Here v(t ) is the bubble’s velocity, ω = ∇ × u is the vorticity,
and vg = −2gτ is the bubble rise velocity in still fluid. The gravitational acceleration g is directed
along the negative z axis. The flow and its derivatives are taken at the position of the particle x(t ).
We assume that bubbles are rare in the flow and therefore both hydrodynamic interactions of the
bubbles and the bubbles’ reaction on the flow can be neglected (one-way coupling).

The range of validity of Eq. (1) is determined by the form of the lift force given by the last
term of the equation. It uses the lift force coefficient 0.5, which is valid at 1 ∼ Re � 100 (see
[7,8,14,15]). Thus, the Reynolds number Re = 2|v − u|a/ν of the flow perturbation caused by the
bubble is not small. Nevertheless, we use the linear form of the drag force, which is typical for the
small Re case. The effect of finite Re is described by introducing in the relaxation time τ = a2/6νr

the Reynolds-dependent numerical factor r = 1 + 0.15 Re0.687, where ν is the kinematic viscosity.
Somewhat different phenomenological descriptions of the drag are also possible (see [7,29] and the
references therein). The effective description of the drag applies at Re � 100, which includes the
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range of validity of the form of the lift force. We have r ∼ 1 over the whole range; however, 6r

appearing in τ can be of order 10 and must be retained in the estimates.
We used the form of the drag of rigid particles, where the fluid obeys the no-slip boundary

condition on the particle’s surface. This approximation is usually valid because the impurities
present in the fluid accumulate at the bubble’s surface, making it effectively rigid. Thus, experiments
demonstrate that the behavior of these bubbles is similar to that of rigid particles [37,38], and
bubbles in water in the size range 10–300 μm can be described as rigid [39]. Larger, clean, and
fully recirculating spheres that would violate the no-slip boundary conditions can occur; however,
they are not typical in the size range considered here (50–400 μm, discussed below) [39]. In those
cases where the rigidity assumption is violated, other forms of the drag force must be used; however,
this would not change the following conclusions much. Finally, as far as the form of the lift force
is concerned, the rigidity of the surface is less relevant because the force’s derivation relies only on
the condition of the zero normal component of the flow at the surface [14].

The remaining terms on the right-hand side (RHS) of Eq. (1) represent the fluid acceleration plus
the added mass effects and the buoyancy [7,8]. We use the form of the added mass term from [40]
that slightly corrects [41] (see [3]). The equation assumes that a is much smaller than the smallest
length of turbulence [42], the Kolmogorov scale η. Thus, the Stokes number St ≡ τ/τη = a2/6rη2,
measuring inertia, obeys St1/2 � 1. Here τη = η2/ν = √

ν/ε is the viscous time and ε is the energy
dissipation rate per unit volume of the fluid [42]. We conclude that the inertia of the bubble is always
small in the domain of validity of Eq. (1).

We demonstrate that the bubble’s drift velocity with respect to the flow v − u is approximately
given by the rise velocity in still fluid vg . Indeed, the drift is composed of vg and the inertial drift
velocity τ [∂t u + (u · ∇)u] ∼ Stη/τη that holds at small St and negligible gravity [18]. The order of
magnitude of the drift velocity is given by the larger of the two contributions, as can be confirmed
by considering the bubble’s velocity after transients

v(t ) − u[t, x(t )] = vg +
∫ t

−∞
exp

[
− t − t ′

τ

](
3[∂t u + (u · ∇)u][t ′, x(t ′)]

+ u[t ′, x(t ′)] − u[t, x(t )]

τ
+ ω[t ′, x(t ′)] × {v(t ′) − u[t ′, x(t ′)]}

)
dt ′, (2)

obtained by integrating Eq. (1). The last term in the integrand is St times smaller than |v − u| and
can be neglected. The resulting integral is of order Stη/τη. We observe that if we had Stη/τη � vg ,
then Re would be of order (a/η)St and could not be larger than one as required by the validity of
Eq. (1). We conclude that the necessary condition for the validity of the equation is vg � Stη/τη

and, correspondingly, v(t ) − u[t, x(t )] ≈ vg .
The constant drift velocity implies that the drag is linear in the particle velocity. Indeed, the

Reynolds number of the flow perturbation due to the bubble is constant, Re = 2avg/ν. This implies
that the r factor in the definition of τ is also constant. The drag is given by the constant relaxation
time τ = a2/6νr .

The validity of Eq. (1) depends on gravity: The equation breaks down in the zero-gravity limit.
This is because without gravity we cannot make the conditions of small inertia and nonsmall Re
consistent. The condition governing the magnitude of the gravity can be expressed in terms of the
dimensionless Froude number Fr = ε3/4/gν1/4. This number gives the ratio of the typical turbulent
acceleration ε3/4/ν1/4 and g and must be very small for the equation to be valid. Indeed, Re � 1
gives g � ν2/a3, where ν2/a3 can be written as (6r St)−3/2 times ε3/4/ν1/4. Because St1/2 � 1, we
conclude that g must be at least three orders of magnitude larger than the turbulent acceleration
Fr � 10−3.

The Reynolds number of the flow perturbation due to the bubble is determined uniquely by the
bubble radius, Re = 2ga3/3ν2r . Using the water viscosity ν = 10−6 m2/s, we find that the range
1 � Re � 100 corresponds to bubble radii from approximately 50 to 400 μm. This range of the radii
is smaller than the Kolmogorov scale for typical turbulent dissipation rates, ε 
 10−8–10−6 m2/s3,
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holding in the ocean. Indeed, the smallest η that is reached for ε 
 10−6 m2/s3 is approximately
1000 μm. We conclude that Eq. (1) applies to fine bubbles with a size of 50–400 μm. This range
overlaps significantly with the range of bubble sizes of 20–200 μm observed in the ocean [43,44].

We demonstrate that flow gradients in the frame of the bubble, ∇kui[t, x(t )], change due to the
sampling of different spatial regions of the flow by the rising bubble and not due to the temporal
evolution of turbulence. For the bubble that rises through the turbulent velocity field v(t = t0, x) at
a fixed time t0, the gradients change in its frame in the characteristic time τg = η/vg . Indeed, this
is the time during which the bubble crosses the spatial correlation length η of the turbulent velocity
gradients. This time is much smaller than the time τη of variations of gradients in the frame of the
fluid particle: τη/τg = 2 St/Fr = Reη/2a � 1. Considering now the motion of the bubble in the full
time-dependent flow, the gradients of the flow are conserved in the frame of the fluid particle over
times of order τg . However, during this time, the bubble would separate from the fluid particle by
the distance η and see a spatial region with different gradients. We conclude that the flow gradients
change over time τg in the frame of the bubble.

Remarkably, the arising hierarchy of timescales corresponds to the overdamped limit, which
allows us to reduce the equation of motion. The ratio τ/τg = Rea/12rη increases with Re.
Its maximal value of 1.8a/η is attained at Re = 100 and is much smaller than one. Thus, the
overdamped limit τ � τg � τη holds in the domain of validity of Eq. (1). Because τ is much
smaller than the time of variations of the term in large square brackets in Eq. (2), the integral is
determined by a small vicinity of t of order τ . It can be obtained using the Taylor expansion of the
integrand in t − t ′. We find

v(t ) ≈ u[t, x(t )] + vg + 2τ [∂t u + (u · ∇)u] − τ (v − u) · ∇u − τ (v − u) × ω. (3)

Iterating this once, we find that the motion of the particles can be described by smooth spatial flow:

dx
dt

= v[t, x(t )], v(t, x) = u(t, x) + vg − τvg × ω + 2τ [∂t u + (u · ∇)u] − τ (vg · ∇)u. (4)

This flow is the bubbles’ counterpart of Maxey’s [18] formula (5.7) for the flow vi of inertial
particles vi = u + v

p
g − τp[∂t u + (u · ∇)u] − τp(vp

g · ∇)u. Here v
p
g = gτp is the settling velocity

of the particle and τp is the Stokes time. The difference between the two formulas is the reversal
of the sign before the ∂t u + (u · ∇)u term in the last line of Eq. (4): The bubbles cluster in
vortices, but inertial particles cluster outside the vortices. This is readily seen by observing
that 2τ [∂t u + (u · ∇)u] contributes 2τ∇kui∇iuk to the flow divergence. Because ∇kui∇iuk is
approximately the difference between the local strain and the vorticity, the divergence 2τ∇kui∇iuk

is negative in vortices. Thus, the centripetal attraction of bubbles to the cores of the vortices is
described. Further, the difference between v and vi is the last vorticity term in Eq. (4) and has no
counterpart in inertial particles; it is considered below.

It is a well-established fact that because of the centrifugal acceleration, inertial particles cluster
in strain regions and light particles cluster in vortices. Thus, one might think that bubbles cluster in
vortices similarly to light particles (see, e.g., [12]). However, this is not the case. We consider the
full divergence of the flow defined in Eq. (4):

∇ · v = 2τ∇kui∇iuk − 2gτ 2∇2uz. (5)

The ratio of the last term in ∇ · v to the first one is St/Fr � 1. A similar ratio holds for the
corresponding contributions in the flow. We conclude that the 2τ [∂t u + (u · ∇)u] term in Eq. (4)
can be neglected, giving

v ≈ u + vg − τvg × ω = u + (τvgωy,−τvgωx, vg ), ∇ · v ≈ −2gτ 2∇2uz. (6)

We neglected the last term in Eq. (4) because corrections to v ≈ u + vg are small in terms of
absolute value. They are relevant only if they exhibit finite divergence, because that vanishes in
the leading order. The compressibility, however small it is, can bring an order-one clustering effect
over a long evolution time, which is why small terms with finite compressibility must be retained.
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(a) (b)

(c)

FIG. 1. Comparison of bubbles’ velocity from (a) the full equation of motion [Eq. (1)] and (b) the weak
form [Eq. (6)] and (c) the relative error between the two velocity fields defined by Eq. (7) in the same
homogeneous isotropic turbulence. Here St = 0.005 and Fr = 0.0005. Color contours denote the vorticity
component normal to the plane. Gravity acts downward and thus bubbles mostly rise. A bubble’s position
uniquely determines its velocity. Two velocity fields are identical even near strong vortices, confirming that the
centripetal attraction of bubbles to the vortex cores is negligible. Open symbols in (c) correspond to cases with
parameters outside the valid range 10−2(6r )3/2 > Fr St−3/2 or Re > 100, which will be discussed later.

The (vg · ∇)u term has zero compressibility and thus can be neglected. This can also be verified
directly from the formulas for density statistics in weakly compressible flows provided below.

We see from Eq. (6) that the centripetal attraction of bubbles to the vortex cores is a minor
effect in comparison with the much stronger effect of the lift force. That force produces a peculiar
compressible component of the flow that has no vertical component yet depends on the vertical
coordinate. Figure 1 confirms that the bubble velocities obtained by solving numerically the full
equation of motion (1) and the approximated equation (6) are identical in the overdamped limit.
The relative error E between the two bubble velocity fields illustrated in Fig. 1(c) is defined by

E ≡
√∑

j

∣∣va
j − vb

j

∣∣2

√∑
j

∣∣va
j

∣∣2
, (7)

where va
j and vb

j are a bubble’s velocity from the full equation of motion (1) and the weak form (6),
respectively. It clearly indicates that on average the error between the two velocity fields is below
2% of the mean magnitude of the velocity field.
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The existence of smooth bubbles’ flow in the domain of validity of Eq. (1), which is given by
Eq. (6), is the key result of our work. It immediately provides the reason for bubble clustering in
downwelling flow. We have

〈uz∇ · v〉 = −2gτ 2〈uz∇2uz〉 = 2gτ 2ε

3ν
, (8)

where the angular brackets denote spatial averaging. We used the fact that the isotropy of small-
scale turbulence implies that the work done by viscous forces −ν〈uz∇2uz〉 equals ε/3. Thus, the
vertical velocity in regions with negative ∇ · v is predominantly negative. Because regions with
∇ · v < 0 attract tracers of flow v, this demonstrates concentration in downwelling flow (see also
the calculation of the cross correlation of uz with the steady-state concentration below).

III. THE PK MODEL

The structure of the flow given by Eq. (6) is identical to the flow of spherical phytoplankton
cells in the reduced PK model. In this section we introduce the PK model and this reduction. We
also provide some results for aspherical cells that are outside the main scope of the paper, but are
however relevant for the conclusions in Sec. VI.

The motion of a spherical cell in the PK model is described by the equations [23,24,26,27]

dx
dt

= u[t, x(t )] + φ p̂(t ),
d p̂
dt

= k̂ − (k̂ · p̂) p̂
2ψ

+ ω × p̂
2

. (9)

The velocity is the superposition of the turbulent flow at the position of the cell and the swimming
velocity with constant magnitude φ. The swimming direction is described by the unit vector p̂ that
changes in time due to the interplay of gravitaxis and the rotation due to the local vorticity [24,45].
A reorientation in the vertical direction due to the gravitaxis is described by the first term on the
RHS, where k̂ is the unit vector in the upward direction and ψ is a constant timescale. In the absence
of the last term on the RHS, p̂ would relax to k̂ on a timescale of order ψ . The last term on the RHS
describes rotation with an angular velocity given by half the local vorticity w = ∇ × u.

We consider the overdamped limit where the gravitaxis dominates changes in the swimming
direction. This is the limit of ψ → 0 where ψ is much less than both the Kolmogorov time of
turbulence and the characteristic time η/φ during which the cells, drifting through the flow at
velocity φ, cross the Kolmogorov scale η (for details see [23,26]). In that limit in the leading order,
p̂ = k̂, and we can neglect the time-derivative term in the equation for p̂. Writing p̂ = k̂ + δ p̂, one
can readily obtain the correction δ p̂ = ψω × k̂. We find the reduced equation of motion [23]

dx
dt

= v[t, x(t )], v ≡ u + (φψωy,−φψωx, φ), (10)

where we defined the flow of the microorganisms v(t, x). This reduces to Eq. (6) on letting φ = vg

and ψ = τ . Thus, the theory for bubbles can be obtained by renaming the parameters of the theory
of phytoplankton in turbulence [23,26]. We provide the results of this translation in the next section.
Currently, we consider the possible role of the shape of the particles. This will only be needed in
Sec. VI.

Role of the shape

Here we briefly consider the PK model for aspherical cells. This is not very relevant for the
main course of this paper; however, it produces some results for this problem that are missing in
the literature. The impact of the shape is described by introducing the strain term in Eq. (9) (see
[24,27,28]):

dx
dt

= u[t, x(t )] + φ p̂(t ),
d p̂
dt

= k̂ − (k̂ · p̂) p̂
2ψ

+ ω × p̂
2

+ �[S p̂ − p̂( p̂S p̂)]. (11)
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The introduced last term describes the orienting action of the local strain described by the symmetric
component Sik of the tensor of velocity gradients ∇kui . The shape parameter � changes between
zero, for spheres, and one, for rods. The correction to the vertical motion in the overdamped
limit becomes δ p̂ = ψω × k̂ + 2ψ�[S k̂ − k̂(k̂S k̂)]. Thus, the reduced equation of motion in this
case is

dx
dt

= v[t, x(t )], v ≡ u + φ k̂ + φψ[ωy + �(∇zux + ∇xuz),−ωx + �(∇zuy + ∇yuz), 0].

(12)

This formula was obtained in [28]. The flow has a finite small compressibility ∇ · v = −φψ∇2uz +
φψ�(∇2

x + ∇2
y − ∇2

z )uz. A detailed study of the consequences is outside the scope of this work; see,
however, the case of � = 0 in the next section. Here we only provide several results that are missing
in [28]. It follows immediately from the theory of multifractal clustering developed in [12] that the
cells obeying Eq. (12) are distributed in space over a multifractal attractor with Hentschel-Procaccia
[46] generalized fractal dimensions D(k) = 3 − CKYk, where the Kaplan-Yorke codimension CKY

is

CKY = (φψ )2

2|λ3|
∫ ∞

−∞

〈[∇2uz(0) + �
(∇2

x + ∇2
y − ∇2

z

)
uz(0)

][∇2uz(t )+�
(∇2

x + ∇2
y −∇2

z

)
uz(t )

]〉
dt,

(13)

where λ3 is the third Lyapunov exponent of the fluid particles and the angular brackets denote the
usual different time correlation functions of turbulence (see also [19]). The quadratic dependence
on φψ was observed in [28]; here we provide the coefficient. The statistics of concentration n is
log-normal with the pair-correlation function 〈n(0)n(r )〉 = 〈n〉2(η/r )2CKY at r � η. One can readily
determine the average value of the vertical component of the turbulent velocity in the frame of the
cell. Using the approach of [26], we have

〈uz[t, x(t )]〉 = −
∫ 0

−∞
〈uz(0)∇ · v(t )〉dt = φψ

∫ 0

−∞
〈uz(0)∇2uz(t )〉dt + φψ�

〈
uz(0)

× (∇2
z − ∇2

x − ∇2
y

)
uz(t )

〉
dt. (14)

This average is negative; that is, the cells preferentially sample the regions of downwelling flow. For
� = 0, this was demonstrated in [26]; for � = 1 (rods), this can be seen by similarly applying the
considerations of [26] to

〈uz(t, x(t ),� = 1)〉 = 2φψ

∫ 0

−∞

〈
uz(0)∇2

z uz(t )
〉
dt. (15)

The sign of 〈uz(t, x(t ))〉 can also be seen to be negative in the intermediate cases 0 < � < 1. The
prediction of preferential concentration in downwelling flow agrees with the numerical simulations
of [28]. In contrast, [27] studied the expansion with respect to the Kubo number of the PK model
in a Gaussian single-scale random flow. Those authors found that at large � the preferential
concentration can be displaced to regions of upwelling flow. The simulations of [28] demonstrated
that this occurs for fast elongated swimmers. These swimmers have a large φ and cannot be
described by the overdamped limit. We will describe the role of shape in Sec. VI, returning for
the moment to the spherical case.

IV. APPLYING ONE-TO-ONE CORRESPONDENCE WITH THE PK MODEL

The flow of bubbles is weakly compressible: From Eq. (6), |∇ · v|/|∇v| ∼ τ/τg � 1. Thus, the
statistics and structure of bubbles’ concentration n(x) in the steady state can be described using the
theory of distribution of tracers in weakly compressible random flows [12] (see also [19,27,47]). In
this section we describe the application of the theory adopted for the problem at hand.
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From the general theory of smooth dynamical systems, we know that the steady-state concentra-
tion (the so-called natural measure) n(x) of bubbles obeying the first of Eqs. (4) and Eq. (6) is a
singular field. This field is supported on a multifractal attractor set X that changes continuously,
keeping its space-averaged properties intact (see, e.g., [48,49] and the references therein). The
problem of describing the set is generally unsolvable because it requires a detailed knowledge of the
probability density function of finite-time Lyapunov exponents [49]. However, in the limit of weak
compressibility (or weak dissipation in the language of dynamical systems), the problem admits
a universal solution that is independent of the details of the flow in much the same way that the
equilibrium statistical physics is independent of the details of microscopic interactions [12]. This
result was obtained in a fluid mechanics context and is unknown in the theory of dynamical systems
(cf. [48,50]).

If one solves the continuity equation

∂tn + v · ∇n = −n∇ · v (16)

with an arbitrary smooth condition in the remote past, e.g., n(t = −T ) = const, then in the steady-
state limit of infinite evolution time T → ∞ the steady-state concentration at t = 0 is nonzero
only on X. Because X has zero three-dimensional volume and

∫
n(x)dx is finite (providing the

total number of particles), the steady-state concentration (called the natural measure) resembles a
distribution of δ functions [48]. The spatial structure of fields of this type is studied using the finite
coarse-grained concentration field nε(x), which is finite in contrast to infinite or zero n(x):

nε(x) =
∫

|x′−x|<ε

n(x′)
3dx′

4πε3
. (17)

The concentration nε(x) is the mass mε(x) in a small ball of radius ε centered at x divided by the
ball’s volume. A rather simple result was demonstrated in [12]: The steady-state concentration nε is
given by the solution of Eq. (16), which is rendered finite by cutting the evolution time T at a finite
value t∗,

nε(x) = n0 exp

(
−

∫ 0

−t∗
∇ · v[q(t, x), t]dt

)
, (18)

where n0 is the mean concentration, q(t, x) is the time t position of the bubble that passes through x
at t = 0 (the Lagrangian trajectory of v), and the flow divergence ∇ · v is given by Eq. (6). The time
t∗ is determined by the following condition: Bubbles that are concentrated at t = 0 inside the ball
of radius ε at time −t∗ fill an ellipsoid whose largest dimension is the Kolmogorov scale η. Then
the mass inside the ball, which equals the mass of the initial ellipsoid, is given by the product of the
ellipsoid’s volume and n0. This is because at small compressibility the fluctuations of concentration
are strong only at the smallest scales and at scale η the concentration is uniform (see the details in
[12]).

The time t∗ can be written with the help of the so-called third Lyapunov exponent λ3. Lagrangian
evolution along the flow trajectories transforms a small ball with a size smaller than η into an
ellipsoid whose smallest dimension shrinks exponentially fast with exponent |λ3| (see [51,52]). One
finds that t∗ = |λ3|−1 ln(η/ε) (see [12]). The following is then readily seen from Eq. (18) [53],

lim
ε→0

ln nε(x)

ln(η/ε)
= − lim

t∗→∞
1

|λ3|t∗

∫ 0

−t∗
∇ · v[q(t, x), t]dt = −CKY, CKY ≡

∣∣ ∑3
i=1 λi

∣∣
|λ3| , (19)

where we introduced the backward-in-time sum of Lyapunov exponents

3∑
i=1

λi = − lim
t→∞

1

t

∫ 0

−t

∇ · v[q(t, x), t]dt, (20)

which is negative [54]. Here the limit is realization independent by application of the ergodic
theorem [50] to the backward-in-time flow. The sum gives the backward-in-time logarithmic growth
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rate of an infinitesimal volume of bubbles, and due to the weakness of compressibility, it coincides
with the forward-in-time sum [54]. The positive constant CKY introduced in Eq. (19) coincides with
the definition of the Kaplan-Yorke codimension [55] in the case of weak compressibility [29]. The
codimension is determined by the Lyapunov exponents λi (discussed below), which is why CKY is
also called the Lyapunov codimension. It is given by

CKY = 16g2τ 4
∫ ∞

0 E(k)k3dk∫ ∞
0 E(k)k dk

∼ 16 St4

Fr2 � c

(
a

η

)2

, (21)

where E(k) is the energy spectrum of turbulence, c > 10, and Fr � 10−2(a/η)3 (see [12,26] and
below). For a given flow, Fr is fixed and CKY ∝ a8, neglecting weak dependence via r . The
inequality CKY � 1 that holds due to the weakness of compressibility implies that X fills the space
quite densely. The mass contained in a ball of radius ε grows as mε(x) ∼ ε3−CKY [see Eq. (19)],
which is close to the growth law of smooth distributions mε ∼ ε3.

The limit in Eq. (19) is deterministic despite the fact that the bubbles are transported by the
random turbulent flow. This can be traced to a form of the law of large numbers. The concentration
decays to zero with the ball radius as εCKY . The formula holds for typical spatial points and does
not hold for points on the attractor. The latter are described by another deterministic limit, for the
information dimension, given by the Kaplan-Yorke formula [48,55]

lim
ε→0

ln nε

ln(η/ε)
= CKY, (22)

which holds for all x in X with the possible exception of points with zero total mass. This is
consistent with Eq. (18), as seen from

1

ln(η/ε)

∫
dx n(x) ln nε(x) = − 1

|λ3|t∗
∫ 0

−t∗
dt

∫
dx n(x)∇ · v[q(t, x), t] = CKY, (23)

where we observed that by mass conservation the last spatial integral can be written as
∫

d y n( y)∇ ·
v( y, t ) with y = q(t, x). We used the fact that an infinitesimal volume of tracers dV obeys
d ln dV/dt = ∇ · v (see [56]), so the average logarithmic growth rate of an infinitesimal volume
of particles

∑3
i=1 λi equals 〈n∇ · v〉/n0.

Despite the fact that the set X′ of points x on X for which Eq. (22) does not hold carries
zero mass,

∫
X′ n(x)dx = 0, and this set is not at all negligible in applications where ε is finite

due to a finite resolution scale. The reason is the intermittency of the statistics. The heart of
the multifractality is that the concentration field scales in the ball radius with a space-dependent
exponent

nε(x) = n0

(
ε

η

)ρ(x)

. (24)

It is readily seen from that Eq. (18) that ρ(x) has Gaussian statistics and therefore its probability
density function (PDF) Pε(ρ) obeys

Pε(ρ) =
√

ln(η/ε)√
4πDKY

(
η

ε

)−(ρ−CKY )2/4CKY

(25)

(see the details in [12,53]). Thus, the single point distribution of nε(x) is log-normal [see Eq. (24)].
Gaussian integration yields

〈
nk

ε

〉 = nk
0

√
ln(η/ε)√
4πCKY

∫ (
η

ε

)kρ−(ρ−DKY )2/4CKY

dρ 
 nk
0

(
η

ε

)CKYk(k−1)

. (26)

We see that because CKY � 1, we have 〈nk
ε〉 ≈ nk

0, unless ε is very small and/or CKY is not that
small. We see from Eq. (21) that the concentration fluctuations become strong for bubbles whose
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size is not very much smaller than η. At scales comparable to or larger than η, the coarse-grained
concentration is uniform and there is no clustering. The fluctuations can become significant at small
compressibility when compensated by the largeness of η/ε; cf. the similar situation for heavy inertial
particles (see, e.g., [19]).

Bubble clustering in the downward flow side of the vortices [3,8] is described by the cross
correlation 〈uzn〉, where the fields are taken at the same point. Using the results of [26], one readily
finds

〈uzn〉 = −π

2
〈n〉τ

∫ ∞

0
E(k)k dk. (27)

This implies that the average rise velocity of the bubble takes the negative correction 〈vz〉 =
vg − πτ

∫ ∞
0 E(k)k dk/2. This is found as the average of u in the bubble’s frame [26] (see also

[23,27,28,39]). The correction to vg is Fr times smaller than vg .
The above considerations were described in terms of the continuum description. We consider

their implications for the motion of discrete bubbles. A single bubble in the flow would be found
somewhere on the attractor, with nε(x) giving the probability of being in the ε vicinity of x. In the
case of two bubbles, the PDF of the distance r between the particles is given by the RDF g(r ) that
obeys

g(r ) = 〈n(0)n(r )〉
n2

0

=
(

η

r

)2CKY

, (28)

where it is readily seen that the scaling of 〈n(0)n(r )〉 in r coincides with that of 〈n2
r 〉 given

by Eq. (26) (see [12,19,29]). The RDF at distances comparable to or larger than η is constant,
manifesting lack of correlations of particles’ positions at those distances. For two particles in volume
�, the PDF of finding another particle at a distance r from one of the particles is g(r )/� and for
N + 1 independently moving bubbles the PDF is g(r )N/�. The RDF is used to determine the
collision kernel (see, e.g., [19]).

A deeper insight into the statistics of bubble clusters is obtained from the probability of finding
N bubbles in a ball of radius ε. The deviations of this probability from the Poissonian prediction
were used in an experimental study of bubble clustering [39]. The theoretical prediction for this
probability was derived in [57], where it was demonstrated that the probability is doubly stochastic
and given by a Poisson distribution with random intensity. The double stochasticity originates in the
two-step formation of fluctuations with N particles within a radius ε. First, the particles are brought
together from large distances under the scale η. The probability of this event is given by the Poisson
distribution of independent particles, because beyond η the bubbles’ motions do not correlate (or
rather there is no increase in correlations beyond those of independent particles; the bubbles are
in the same flow and their motions are correlated by the flow correlations in the inertial range).
The next independent step of formation of a cluster of N particles inside a ball of radius ε consists
of compression of the original volume with a size of order η inside the ball. The corresponding
distribution is not trivial, and here we provide only the results of [57] for the second and third
moments of the random number of particles Nε inside the ball of radius ε. Using 〈Nε〉 = 4πn0ε

3/3,
the second moment is

〈
N2

ε

〉 = 〈Nε〉2

(
η

ε

)2CKY

+ 〈Nε〉. (29)

This reduces to the Poissonian formula at nonsmall scales, for which (η/ε)2CKY ≈ 1. However,
at smaller scales, there is indefinite growth of deviations from Poissonicity. These deviations
quantify the clustering [57]. The continuum solutions provided previously are recovered in the limit
〈Nε〉 � 1. For the third moment, superposition of the power laws holds:〈

N3
ε

〉
〈Nε〉3

=
(

η

ε

)6DKY

+ 3

〈Nε〉
(

η

ε

)2CKY

+ 1

〈Nε〉2
(30)
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(see the detailed treatment in [57]). Using this approach, one can consider the void probability of
bubbles of a given size, which does not seem to be treatable in the continuum approach. Discreteness
results in nontrivial phenomena [57].

The steady-state statistics of the spatial distribution of bubbles described above is completely
determined by only one number: CKY. That number is derived from the Lyapunov exponents [see
Eq. (19)]. The exponents are interesting in their own right. These are defined [52] so that λ1, λ1 + λ2,
and

∑3
i=1 λi are the asymptotic logarithmic growth rates of an infinitesimal line, area, and volume

elements, respectively. In the leading order [26]

λ1τ = −λ3τ = π

16g

∫ ∞

0
E(k)k dk ∝ Fr, |λ2| � λ1. (31)

It is demonstrated in [26,29] that separation of infinitesimally close particles proceeds mainly
horizontally. The vertical rising motion of the bubble causes a zero Lyapunov exponent in
the vertical direction, similarly to how in time-independent systems displacement of the initial
condition along the velocity direction causes no exponential separation [50]. Thus, the vertical
component of the distance between the particles stays approximately constant. In contrast, the
horizontal component grows exponentially with the positive exponent λ1. Correspondingly, vertical
configurations of bubbles are quasistationary: If random transport by the flow brings the particles
above each other, they would stay in this configuration for much longer than in a similar horizontal
configuration. As a result, the bubbles are seen to form columnar structures in space (cf. [29,58] and
also [59]). For the sum of Lyapunov exponents [26] we have

3∑
i=1

λi = −πgτ 3
∫ ∞

0
E(k)k3dk, (32)

which is consistent with Eqs. (21) and (31).

V. NUMERICAL CONFIRMATION

In order to test the predictions, we performed a DNS of isotropic turbulence with laden bubbles.
The Navier-Stokes equation was numerically solved on 1283 grids using a spectral method in the
periodic cubic domain to describe homogeneous isotropic turbulence at Reτ = 67. The integral
length scale and the box size are 35η and 230η, respectively. The equation of bubble motion (1)
was solved simultaneously. The details are found in [29,58,60–64]. The Lyapunov exponents are
computed by releasing many pairs of particles. The initial distance between the particles is set to
10−8η and the change in distance between two particles, the area between three particles, and the
volume constructed from four particles are measured on the basis of Gram-Schmidt renormalization
for a period of 30τη after the transient period due to the arbitrary initial condition. There are 12 500
sets of pairs released in one flow field, and data are collected over a total of 15 flow fields.

The Lyapunov exponents λ1 and λ3 obtained from the DNS are compared with the theory in
Fig. 2(a). In complete agreement with the theory, the data for different Stokes numbers collapse on
the same curve in the range of validity of the model equation, 10−2(6r )3/2 � Fr St−3/2 � (6r )3/2.
The plots are log-log and they demonstrate that in all cases the power-law dependence on Fr
is captured well by the theory. By contrast, for the coefficients, the agreement with the theory
is limited. For instance, λ1τ ∝ Fr describes the observations well, in accordance with Eq. (31);
however, the proportionality constant differs from the prediction. We attribute this discrepancy
to inaccuracy in the calculation of the moment of the energy spectrum with limited resolution.
Deviations for large Fr might be caused by a numerical error in the prediction of small

∑
λi due to

the cancellation between λ1 and λ3 (λ1 
 −λ3 ∼ Fr).
The Kaplan-Yorke codimension computed from the DNS is displayed with the theoretical

estimates in Fig. 2(b). Agreement for 10−2(6r )3/2 � Fr St−3/2 � (6r )3/2, which is the range of
validity of Eq. (1) in terms of St and Fr, and even for the range outside the valid range is excellent.
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λ
τ

|λ
τ

(a) (b)

FIG. 2. Lyapunov exponents (a) λ1τ (closed symbols) and |λ3|τ (open symbols) and (b) Kaplan-Yorke
codimension, obtained from the DNS (symbols) compared with theoretical estimates [lines, Eqs. (31) and (21)]
for St = 0.005, 0.01, and 0.02. The Froude number and the Lyapunov exponents λ1τ and |λ3|τ are rescaled by
St3/2 so that the range of validity of the model equation, 10−2(6r )3/2 � Fr St−3/2 � (6r )3/2, is clearly shown.
Here CKY is compensated by St4 and then rescaled by St3 because the theory predicts CKY ∼ St4/Fr2 [Eq. (21)].
Open symbols in (b) correspond to cases with parameters outside the valid range 10−2(6r )3/2 > Fr St−3/2 or
Re > 100. The discrepancy for the upper rightmost point is due to τη/τg ∼ 5 violating τη/τg � 1. The inset of
(b) is provided for better reading of the value of CKY for the given St and Fr.

The factors that determine the difference of the coefficients of λi from the theoretical predictions
get compensated after the division and the theory holds.

In the range of validity of Eq. (1), the multifractal is quite dense in space, DKY � 1, and columns
formed by bubbles are weakly pronounced. We also considered parameters at the limit of validity
of the law of motion and of the theory, a/η � 1 and Re > 100. We found a strong multifractal

(a) (b)

FIG. 3. Snapshot of bubble distribution for St = 0.02 and (a) Fr = 0.0005 (Fr St−3/2 = 0.177, CKY =
0.222); (b) Fr = 0.0002 (Fr St−3/2 = 0.07, CKY = 0.845). The color contour denotes the vorticity. The arrow
below the colormap indicates the direction of gravity. The slightly slanted gravity direction is intentional to
avoid numerical artifacts due to periodicity of flow fields. The parameters of case (a) satisfy the valid range
10−2(6r )3/2(
 0.15) � Fr St−3/2 � (6r )3/2 (
15), while those of case (b) are slightly outside the valid range,
for which our theoretical prediction of the fractal dimension still shows good agreement with the simulation as
shown in Fig. 2(b). The columnar structure of the bubbles is more pronounced, and the bubble clusters are more
compressible as Fr decreases. Even for larger Fr, such a cluster is present, although it is not that pronounced.
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structure with the fractal dimension significantly less than 3, as described by the leftmost points
in Fig. 2(b). The bubbles form the columnar structure shown in Fig. 3(b) for parameters that
correspond to Re > 350 and a/η ∼ 0.6. These parameters magnify preferential concentration in
columns present in weaker form at Re ∼ 105 and a/η ∼ 0.5, where the fractal dimension is small
[Fig. 3(a)]. Theoretical formulas also work in these cases. The small error between the two velocity
fields from the full equation of motion (1) and the weak form (6) for the parameters outside the valid
range shown in Fig. 1(c) supports this. This implies, by asymptotic extension, that for bubbles with
a/η ∼ 1 and Re � 100 the fractality is strong and columns are robust. A quantitative description of
these ranges requires deriving the law of motion there.

VI. CONCLUSION

In this work we derived an equation of motion for isolated bubbles 50–400 μm in size in
turbulence. The equation is a reduction of the previously used model and holds for turbulence
parameters typical in the ocean. The equation of motion has the same form as the equation
for phytoplankton with a one-to-one correspondence of the motion parameters. We used this
to formulate our theory of bubble distribution, which we confirmed by a DNS of the original
nonreduced equation of motion of the bubble in Navier-Stokes turbulence.

Our reduction demonstrates that the centripetal acceleration of bubbles toward the cores of
vortices 2τ [∂t u + (u · ∇)u], which is present in the equation of motion because the bubbles are
light particles [11,12], is negligible in Eq. (4) in comparison compared with the lift term. The flow
produced by the lift force increases the concentration of bubbles in downwelling flow. These facts,
however, do not tell us anything about the correlation of the positions of the bubbles and vorticity.
In fact, the simulations of [23] indicated that the PK model increases the concentration of tracers in
vortex cores for laminar flow with a pair of counterrotating vortices. A similar increase has not been
reported for turbulence and is yet to be observed. In fact, the increase in the mean settling velocity
of heavy inertial particles in turbulence [59] would hint at a negative correlation between vorticity
and downwelling flow: Inertial particles that are found predominantly outside vortices spend more
time in downwelling flow. We could not find a theoretically calculable cross correlation between the
concentration and vorticity. The question demands further, probably numerical, work that is beyond
the scope of this paper.

Formation of bubble multifractals occurs by compression from the Kolmogorov scale to the
scale of the bubble [12,26]. Its characteristic time is τη ln(η/a), which does not exceed τη much.
Thus, fractal formation occurs at the Kolmogorov temporal and spatial scales. At these times, our
assumption that changes in the spherical shape of the bubbles can be disregarded is typically valid,
implying that bubbles’ multifractals are observable. For instance, the assumption of the spherical
shape was observed to be true in [39].

Our derivation here relies on the equation of motion, whose validity strongly limits the range of
the described parameters. The equation of motion employed requires the bubble size to be much
smaller than the Kolmogorov scale of turbulence. This limits the theory to the case of very small
Stokes numbers with St1/2 � 1. At the same time, the experimental data demonstrate that both the
preferential concentration and the change in the mean rise velocity are strongest at a Stokes number
of order one (see, e.g., [39]). This is similar to the inertial particles in turbulence where clustering is
also strongest at St ∼ 1 (see, e.g., [47]). Further progress requires an equation of motion for bubbles
with a size comparable to the Kolmogorov scale of turbulence, where the Stokes number is of order
one. The theory for this case is truly challenging due to the absence of scale separation between
the scales of the particle and of the flow. Once this equation is obtained, it would also allow one to
extend the range of the described Froude numbers. This is necessary to describe the change in the
mean rise velocity observed in experiments [39].

One of the most interesting questions raised by our work is how far the correspondence between
the motion of the bubbles and the PK model can be continued in terms of the parameters of the
bubbles’ motion. A consistent answer to this question requires the equation of motion of bubbles,
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which is not available today. However, new research questions arise if we assume as a working
hypothesis that the correspondence can be continued at least qualitatively. It is known that besides
the spherical shape considered here, the bubbles can also take the shapes of an ellipsoid and spherical
cap as the size and Reynolds number increase [39,65]. At the same time, it was demonstrated that for
the PK model, the change in the shape can bring about a qualitative change where clustering occurs
in the upwelling regions of the flow and not in the downwelling regions [27,28]. The correspondence
raises the question whether nonspherical bubbles could also cluster in the upwelling regions of the
flow. This intriguing question is left for future work.

The experimental studies of [39] measured the preferential concentration of bubbles via the
deviations of the PDF of the number of bubbles in a small volume from the Poisson distribution
that holds for randomly distributed particles. The theory of these deviations for arbitrary weakly
compressible flows was developed in [57]. The corresponding application of the theory to bubbles
using the continuum flow derived in this work is straightforward.

We stress that the obtained theory for the bubbles is independent of the accuracy of the PK
model for the description of phytoplankton. We use the solution of the PK equations irrespective of
their origin. For instance, the average rise velocity of the actual motile phytoplankton cells could
have corrections from inertial effects that the PK model disregards. Indeed, it was observed that
turbulence also changes the average vertical (sedimentation) velocity of nonmotile phytoplankton
microorganisms (see [66,67]). The effect was attributed mainly to the same inertial effects that
change the average sedimentation velocity of rigid spheres in turbulence [59].

The discovered correspondence allows one to apply to bubbles the results of observations of
phytoplankton in vortical motions [23] and density currents [68]. It also works in the opposite
direction: Our prediction and observation of columnar structures of bubbles implies that similar
structures must hold for phytoplankton. This exchange of data is possible as long as the validity of
the PK model in describing the considered species can be assumed.

The described predictions for bubbles’ distribution and movement in turbulence can be used for
more effective inclusion of bubbles in numerical simulations of the ecology of the turbulent ocean.
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