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Propulsion through fluids is a key component in the life cycle of many microbes, be it
in development, infection, or simply finding nutrients. In systems of biomedical relevance,
this propulsion is often through polymer suspensions that endow the fluid with complex
non-Newtonian properties, such as shear-thinning and viscoelastic behavior. Due to the
complexity of three-dimensional (3D) non-Newtonian modeling, two-dimensional (2D)
undulatory propulsion has recently been extensively studied as a means of garnering
physical intuition for these systems. However, while streamlines, swimming speeds, and
swimmer trajectories are strikingly similar in 2D and 3D Newtonian calculations, behavior
in non-Newtonian fluids depends upon flow derivatives, such as the shear rate, which are
radically different. Taking shear thinning as an example rheology, prevalent in biological
fluids such as physiological mucus, this Rapid Communication demonstrates how failing
to account for this difference can misguide our understanding of 3D non-Newtonian
swimming.

DOLI: 10.1103/PhysRevFluids.2.081101

I. INTRODUCTION

Microscale undulatory swimming is a key component of many important biological processes,
such as mammalian reproduction [1] and Lyme disease infection [2], the most commonly reported
vector-borne illness in the United States. Through waving a slender tail (flagellum), undulatory
swimmers such as sperm generate propulsive force [3—5] which results in forward motion [6].
In both of these examples, as with other biomedically relevant systems, the microswimmer must
progress through a non-Newtonian fluid, physiological mucus [7] for the sperm, and the mammalian
dermis for the spirochete.

In 1951, Taylor initiated the fluid dynamical study of undulatory propulsion by demonstrating
that a two-dimensional (2D), infinite sheet could swim by propagating a traveling wave along its
body [8]. A year later, Taylor extended this 2D analysis to an infinite cylinder undergoing planar
undulations [9]. Subsequently, a variety of Newtonian fluid studies were undertaken that led to
the development of slender body theory [3,5,10] and its algebraic approximation resistive force
theory [4,5], while additional studies incorporated nonlocal interactions between the flagellum and
swimmer bodies [11], boundary features [12,13], and the elastohydrodynamics of the undulating
flagellum [14—18].

Owing to the biomedical importance of non-Newtonian undulatory propulsion, there has recently
been an extensive research program to understand the effects of non-Newtonian rheology upon
undulatory propulsion. Barring a few exceptions [19,20], these studies have typically been 2D; they
include computational studies in shear-thinning fluids with finite elements [21,22], finite volume
methods [23], immersed boundary simulations in viscoelastic fluids [24,25], and a significant number
of asymptotic studies utilizing Taylor’s swimming sheet approach to study shear-thinning [26],
viscoelastic [27-30], two-fluid [31], yield-stress [32], and transversely isotropic fluids [33], as well as
liquid crystals [34]. The non-Newtonian aspects of these flows typically depend upon flow derivative
quantities, such as the shear rate or normal stresses. This dependence motivates the question as to
whether these 2D flow derivatives are representative of those in equivalent three-dimensional (3D)
models, and whether any differences qualitatively affect the non-Newtonian flow.

This Rapid Communication will focus upon the effects of differences in flow derivative calculation
for microscale undulatory swimming in shear-thinning rheology, an important non-Newtonian
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behavior that has been observed in physiological mucus [35]. Recent 2D computational studies
[21-23] have concluded that gradients in fluid viscosity, creating a corridor of thinned fluid
surrounding the swimmer, are key to understanding the effects of shear thinning on swimmer
velocity. Similarly, Gémez et al. [36] found that a “confinement effect” arising from a corridor of
thinned fluid surrounding an artificial bacterial swimmer was responsible for a significantly enhanced
velocity in shear-thinning fluids. Since this corridor of thinned fluid arises from local fluid shear,
it is thus critical to understand the shear rates of the surrounding flow. However, the form of these
shear rates is dramatically different for 2D vs 3D undulatory swimmers, owing to the inability of
the fluid to “flow over” a 2D sheet.

Equations of flow

For shear-rate-dependent fluids at microscopic scales, flow dynamics is well modeled by the
generalized Stokes flow equations,

V. [uew)]=Vp, V.-u=0, e)=Vu+Vu, (1)

for fluid velocity u, pressure p, and viscosity p. For Newtonian fluids, the viscosity u is constant,
but for rate-dependent fluids, w is a function of the shear rate, y = /e(u) : €(u)/2. Thus, inaccurate
calculation of flow derivatives can lead to incorrect viscosity fields or “fake ws,” which can misguide
our understanding of non-Newtonian rheological effects.

For shear-thinning fluids, such as physiological mucus, the viscosity dependence upon the shear
rate may be modeled by the Carreau law [37],

B(Y) = too + (1o — foo)[1 + (Ap)* 1D/, 2)

where (1o, Lo are the fluid viscosity at zero and infinite shear rates, respectively, and the time
constant A and power-law index n affect the speed of the monotonic decrease from g to (oo as
shear rate y increases. In dimensionless form, the viscosity is given,

w(¥) = w5 + (1 — o[l + (Cuy)* "=, 3)

and we see that the important parameters are n, the viscosity ratio iy = [4oo/ o, and Carreau number
Cu = wA, for flagellar waveform angular frequency w.

Thus for shear-thinning, as with most non-Newtonian fluids, flow dynamics depends nonlinearly
upon the flow velocity derivatives, and as such it is important to choose a model which accurately
represents these derivatives. However, in the following argument we will neglect this nonlinear
flow feedback and consider Newtonian base cases in 2D and 3D, which can give an approximate
indication of the “zeroth-order” behavior [38] of the non-Newtonian system. Our justification for
this approach in the case of shear-thinning runs as follows:

(1) For certain biological systems of interest, the wave amplitude is comparatively small; for
instance, the wave amplitude of the nematode worm C. elegans is approximately a tenth of the
wavelength [39].

(2) The first- and second-order solutions for a waving sheet in a shear-thinning fluid are identical to
the Newtonian case, irrespective of the extent of shear-thinning rheology, with changes to propulsive
velocity only appearing at fourth order in amplitude [26].

(3) Indeed, for large-amplitude 2D simulations of a waving sheet in shear-thinning fluid, the
shear rate is well approximated by the small-amplitude Newtonian solution for a range of viscosity
parameters [23].

(4) A scaling law for power expenditure in shear-thinning fluids derived by Li and Ardekani
[23] in their 2D work, which relies on the flow shear rate being largely insensitive to the
degree of shear-thinning rheology, has subsequently been verified experimentally by Gagnon and
Arratia [40].

Thus, differences between shear rates as calculated via small-amplitude Newtonian models can give a
good qualitative understanding of realistic systems involving shear-thinning rheology. Our argument
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FIG. 1. (a) Second-order shear rate of flow around a swimming sheet, showing maximum shear “off” the
swimmer surface. Flow streamlines are shown in white. (b) First-order shear rates as a function of distance
from the swimmer in the plane of beating for the flow around a cylinder with radius @ = 0.05 and a sheet, with
small-amplitude undulations b = 0.2. (c) Effective viscosity relative to i as a function of distance away from
the sheet and filament for models approximating a nematode swimming in 300 ppm xanthan gum solution [40],
with A = 1.2 s, n = 0.7, and beat frequency f = 2 Hz, so that Cu = 4w A ~ 15.

thus begins with Taylor’s classic results for the flow surrounding a small-amplitude swimming sheet
[8] and a comparable waving cylinder [9]: In the 2D case, the shear rate takes a maximum away
from the swimmer, whereas in the 3D case this maximum is on the swimmer. This difference in
the underlying Newtonian case has, to good approximation [23], viscosity in a shear-thinning fluid
changing from thick to thin to thick moving away from the swimmer in 2D, and simply thin to thick
in 3D; the 2D model results in a spurious understanding of the 3D viscosity field, and in particular
the pseudoconfinement effect discussed by Li and Ardekani [23] and demonstrated experimentally
by Gémez et al. [36].

II. RESULTS

A. Small-amplitude modeling

For a swimming sheet, we prescribe the centerline kinematics z = s, y = bsin(s — t), for s €
(0,27). The flow velocity to first order is then [8]

v=>b(1+y)e Y cos(s —t), w = bye ”sin(s — 1), )

and the 2D shear rate y = [2w? 4+ (wy + v.)* + 2v§]1/ ? whereupon substitution of the flow velocity
derivatives reveals the somewhat surprising result that the first-order shear rate y is independent of
position s,

y =2bye, yy,=2be7(1-y)=0, =y,=1 &)

Thus, at first order in 2D, the shear rate is zero on the swimmer, increases to a maximum, and
then decays exponentially, with the maximum located at y,, a distance of one wave number of the
swimmer traveling wave. This result is essentially unaffected at second order, where for convenience
we examine the square of the fluid shear rate,

y2 = 4b*[y*e ™ 4+ 2by(2y — e ¥ sin(s — 1) + b*e P (4y* — 4y + 1)], (6)

and looking for the maxima with respect to y we still see the maximum in the y direction for fixed
s “off” the swimmer at y = 1, with global maxima over the wave crests and minima over wave
troughs corresponding to the thickened “plugs” of fluid visible in viscosity fields simulated by both
Montenegro-Johnson et al. [22] and Li and Ardekani [23], as well as in recent work in Bingham
fluids [32]. The second-order shear rate is plotted (along with streamlines) in Fig. 1(a).
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For an infinite cylinder of small radius a undergoing the same centerline kinematics, the flow
velocity on the plane of the beating is given by [9,20]

u=>hbcosp[ArK (r) + BK>(r) + CKo(r)], (7a)
v =>bsing[BK,(r) — CKy(r)], (7b)
w = bcosp[ArKo(r) + (B + C — A)K(r)], (7¢)

for K; modified Bessel functions of the second kind, with

29 —1
= (Ko(a) " aKl(a)[% e I’?:EZ;])
_ Aa Ki(a) _ 1 — AaK(a)/2
2 K@ T K@
We make the comparison with the 2D shear rate in the plane of beating ¢ = 0, r = y, where by
symmetry [41] the shear rate is y = [2u§ + wf + 2(v¢/y)2]1/2. Since

(®)

uy = b[AK (y) + AyK|(y) + BK3(y) + CK{(y)], (9a)
wy = b[AKo(y) + AyK((y) + (B + C — A)K{(y)], (9b)
vy = D[BK>(y) — CKo(y)], (9¢)

with the derivatives given by

Ky(y) = —Ki(y). Ki(y)=—Ko(y) — Ki(»)/y.
Ky(y) = =Ki(y) — K2(»)/y, (10)

we can calculate y for a range of flagellum radii, for which we see that the maximum value of the
shear rate is clearly on the flagellum itself [Fig. 1(b)].

The stark contrast between the cylinder and the sheet shear rates is shown in Fig. 1(b). Not only are
the maxima located at different distances from the body, but the maximum shear rate is significantly
higher for the cylinder. The simple explanation is that fluid may “flow around” the cylinder but
not the sheet, giving a very large out-of-plane contribution to the shear rate at the boundary in 3D,
despite the fact that the 2D and 3D models produce similar flow streamlines in the plane of beating
and similar swimmer trajectories.

Under the assumption that the Newtonian and non-Newtonian shear rates are approximately
equal [23,40], we can examine the difference in viscosity fields between a 2D sheet and a 3D
cylinder exhibiting the same kinematics. Vélez-Cordero and Lauga [26] noted that rheological data
of shear-thinning fluids typically indicated that 1o > [t~, SO that to a reasonable approximation,

() = [1 4 (Cuy)*"=V/2, (11)

where p is normalized by the zero shear rate viscosity. For nematode worms in 300 ppm xanthan
gum solutions [40], . = 1.2 sand n = 0.7, while the beat frequency is around 2 Hz, giving a Carreau
number Cu = 4 A =~ 15. Based upon the shear rates in Fig. 1(b), the relative viscosity of such a
fluid as a function of the distance from the swimmer is shown in Fig. 1(c). The difference between
the 2D and 3D swimmers is dramatic; at the surface of the cylinder, the viscosity is approximately
five times less viscous than the sheet, and the fluid returns to 90% of the zero shear rate viscosity at
a distance of 1.2 for the cylinder compared to 2.8 for the sheet. As Gagnon and Arratia [40] note,
power expenditure in a shear-thinning fluid is approximately proportional to the fluid viscosity, and
as both Li and Ardekani [23] and Gémez et al. [36] note, swimming may be enhanced, for fixed
kinematics, via pseudowall effects of being in a channel of thinned fluid, so that calculations of power
expenditure and swimming enhancement are likely to be inaccurate if 2D modeling is employed.

081101-4



RAPID COMMUNICATIONS

FAKE pus: A CAUTIONARY TAIL OF SHEAR-THINNING ...

(a) (b) (c) (d)

U

time (s) time (s)

o

arclength (mm)

FIG. 2. Numerical fitting of swimmer kinematics. Curvature of an example swimmer as (a) extracted from
microscopy data and (b) fitted to Eq. (12). (c) The experimentally extracted waveform in the body frame is
shown next to the numerical waveform (d) achieved through integrating the fitted curvature (b) twice.

B. Nematode worm modeling, 2D vs 3D

Does this effect persist for finite-length swimmers? We generate a smooth-time representation of
the planar beating of C. elegans by fitting the experimentally extracted [40,42] curvature «(s,t) of
the worm’s body to the function [25]

Kk(s,t) = [c1 — cas][cos[wt + c3m (L — s) + c4]], (12)

where w is the angular frequency of the swimmer beat, s is the length along the swimmer from the
head, ¢ is time, and L is the length of the swimmer. Fitting is performed using the Matlab routine
LSQCURVEFIT, which solves nonlinear curve fitting in a least-squares sense.

The swimmer curvature is shown in comparison to the numerical fit in Fig. 2(a). This curvature
is then integrated with respect to arclength to give the body centerline tangent angle with respect to
the head, ¥ (s,?), and integrated again to provide the waveform x.(s,#) [Figs. 2(b) and 2(c)] in the
“body frame,” where the head neither rotates nor translates,

L L L
W(s,t) =/ k(s,t)ds, Xx.(s,t) =/ t(y)ds, u.(s,t) =/ wn(W)ds,
0 0 0
t = [cos ¢, siny,0]T, n=[—siny,cosy,0]T, (13)

where the body frame velocity u, is obtained by differentiating the centerline with respect to time.

We model the swimmer as a line distribution of regularized Stokeslets in 2D [43] and 3D [44].
For a regularized driving force located at x, ¢.(r)f, and any point in the flow domain y, we have in
the two-dimensional regularized Stokeslet,

3
3¢ )

@) = L ori=yi—x, ri=ri+é,
2mr?
1 €re + 2€2 ririlre + 2€]
S = —|(—68;|In €) — — dE kel : 14
Yoo A < j[ (re +€) r2+er. + Felre + €]? (14)
and the three-dimensional regularized Stokeslet,
15¢* 8ij(r* +2eH) + rir;
3D/ _ 2_ 2., 2 3D __ 9ij il
w, (r) = 87{}"67’ re=r"+e€", Sij = 87_”3 . (15)

The flow velocity u(xg) at a point X, is then given as a line integral of Stokeslets S(x.,X() weighted
by the unknown force per unit length f that the swimmer exerts upon the fluid. To find this unknown
force, we discretize the swimmer into N elements E; with constant force per unit length [45],
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FIG. 3. (a) Logarithm of the shear rate log,,y of flow surrounding a 2D sheet and 3D filament where
kinematics have been fitted to experimental data of C. elegans centerline swimming. This finite-length solution
displays similar characteristics to the first-order infinite solutions Fig. 1(b) and (b) the effective viscosity fields
associated with these shear rates in 300 ppm xanthan gum solution [40], showing striking differences.

yielding the matrix system

N
u(x;)+U+x0 AR = ij/ S(x;,x;)ds, (16)

j=1 J

for x; ; the element centroids. The unknown swimming translational and angular velocities U, £2 are
found by specifying that the swimmer exerts zero net force and torque on the fluid.

Figure 3(a) shows the shear rates at a particular instance during the nematode worm beat cycle for
a 2D (left) vs 3D (right) model. Aside from very high shear rates at the worm head and tail, we see that
the essential features of the small-amplitude solution persist; the 2D sheet generates lower shear near
the sheet, takes its maximum “off” the sheet, and decays considerably more slowly than the 3D shear
rate. This difference is manifest in the effective viscosity arising from such a shear rate. Under the
same assumptions and conditions applied to Fig. 1(c), the 2D vs 3D fluid viscosity surrounding the
finite-length worm is shown in Fig. 3(b). As with the small-amplitude solutions, the relative effective
viscosity drops to around 0.2p for the cylinder, although the sheet drops significantly lower. The
distance at which the fluid reaches zero shear rate viscosity, however, remains significantly lower in
the 3D vs 2D case, as with Fig. 1(c), demonstrating a strong confinement effect in 3D, as noted by
Gomez et al. [36], which is not present in the 2D modeling.

C. Power expenditure scaling law

Despite the fact that the functional forms of the shear rate in 2D and 3D are radically different,
Li and Ardekani [23] recently derived a scaling law based upon the 2D model which has been
experimentally verified by Gagnon and Arratia [40] for (3D) nematode worms exhibiting planar
swimming in shear-thinning fluids. In light of the above, we now briefly explain this agreement.

The scaling law was derived based upon the assumption used herein, verified by numerical
calculation, that the flow shear rate driven by undulatory swimming in shear-thinning fluids is
approximately equal to that in Newtonian fluids. The experimental validation of Gagnon and Arratia
[40] indicates that this assumption is also valid for 3D, and so we have the ratio of shear thinning to
Newtonian power Ps/Py = [, uly1*dV/ [, |y|*dV, so that

Ps [yl + 0 = p)(1 +Cu? p2)*= V2] p 2V
PN fv |)’|2dv '

7)
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and replacing y with a “typical value” yr [23], this equation may be written

Pg Lo\ (n—=1)/2
=2 = (=) = (= (1 et 7))
N

1 — Ps/Py

1 =1—(14+Cu? )" "2 (18)
- Hs

which is the more general form of the scaling law verified experimentally by Gagnon and Arratia
[40]; in short, this law is only dependent upon the dimensionality of the problem if the typical shear
rate Yy is estimated from an analytical solution, leading to the 3/8 constant derived for the 2D case
by Li and Ardekani [23] but not required by Gagnon and Arratia [40] due to the availability of
experimental data.

III. DISCUSSION

Undulatory propulsion through non-Newtonian fluids is a biomedically relevant problem that
continues to captivate many research groups internationally. Strong qualitative agreement between
trajectories simulated in 2D and 3D Newtonian fluids suggests that 2D modeling in non-Newtonian
fluids should provide a basis for understanding the 3D problem, however, dramatic differences in
flow derivative fields such as the shear rate show that the translation of 2D non-Newtonian intuition
should be handled with care.

This argument was applied specifically to the case of undulatory swimming in shear-thinning
fluids. Experimental [36] and numerical [23] evidence suggests that shear-thinning rheology
affects undulatory propulsion via the effective viscosity of the surrounding flow, through a
pseudoconfinement effect of a corridor of thinned fluid. In small-amplitude 2D studies, this effect is
reversed, with the shear rate taking its maximum “off” the swimmer. At large amplitude in 2D this
thinned corridor can return [22,23], albeit with a likely different form to the 3D case, which may
explain why these studies find enhanced swimming speed whereas Vélez-Cordero and Lauga [26]
found no swimming enhancement for an inextensible sheet. Interestingly, the dramatic speed-up
predicted by Refs. [22,23] and demonstrated experimentally for an artificial bacterial swimmer
[36] is not observed in C. elegans [42]. Two possible reasons for this are (1) difficult to detect,
rheology-dependent kinematic changes in the worm, and (2) the fact that in the planar beating case,
out-of-plane fluid thinning is likely to be significantly less than in-plane thinning, in effect creating
a “thinned wafer” of fluid in contrast to a thinned tube [36]. This provides a strong motivation for
the extension of the viscoelastic cylinder framework developed by Fu et al. [19,20] to shear-thinning
rheology as an avenue of future study.

This work has focused on shear-thinning rheology, however, it is important to note that flow
derivative quantities arise when examining the effects on microscale propulsion of most other
non-Newtonian fluids, such as yield-stress fluids [32] via the stress, viscoelastic fluids via polymer
stress distribution [25], and nematic liquid crystals [34]. While 2D modeling remains important,
particularly for artificial microswimmers such as Diller’s swimming sheet [46], addressing how
this difference affects our understanding of 3D non-Newtonian swimming for these rheologies is a
critical issue for future studies, providing incentive for the development of new asymptotic theories
as well as 3D simulations.
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