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The expected universality of small-scale properties of turbulent flows implies isotropic
properties of the velocity gradient tensor in the very large Reynolds number limit. Using
direct numerical simulations, we determine the tensors formed by n = 2 and 3 velocity
gradients at a single point in turbulent homogeneous shear flows and in the log-layer
of a turbulent channel flow, and we characterize the departure of these tensors from
the corresponding isotropic prediction. Specifically, we separate the even components of
the tensors, invariant under reflexion with respect to all axes, from the odd ones, which
identically vanish in the absence of shear. Our results indicate that the largest deviation
from isotropy comes from the odd component of the third velocity gradient correlation
function, especially from the third moment of the derivative along the normal direction of
the streamwise velocity component. At the Reynolds numbers considered (Re; = 140), we
observe that these second- and third-order correlation functions are significantly larger in
turbulent channel flows than in homogeneous shear flow. Overall, our work demonstrates
that a mean shear leads to relatively simple structure of the velocity gradient tensor. How
isotropy is restored in the very large Reynolds limit remains to be understood.

DOLI: 10.1103/PhysRevFluids.2.074602

I. INTRODUCTION

In three-dimensional turbulence, the rate of production of small scales by the flow, as well as the
energy dissipation, can be expressed in terms of third- and second-order correlations of the velocity
gradient tensor A (Agp = 9,up, Where u is the fluid velocity) [1,2]. This provides a very strong
motivation for investigating the statistical properties of A. Here, we focus on the correlation tensors
obtained by averaging n = 2 or n = 3 velocity gradients taken at a single point. These relatively low
moments are not very sensitive to the formation of very intense velocity gradients in high Reynolds
turbulent flows [3,4], a phenomenon which is not discussed in this work.

The tensors obtained from n = 2 and n = 3 velocity gradients measured at a single point can be
exactly determined in the simplified case of a homogeneous and isotropic turbulent flow [1,5]. The
expected universality of the small-scale velocity fluctuations when the Reynolds number, Re, is very
large [6] implies that the velocity tensor correlations should coincide with their isotropic forms in
the Re — oo limit. The aim of this work is to investigate, using direct numerical simulation (DNS)
results, the structure of the velocity gradient tensors in simple shear flows, namely in turbulent
channel flows (TCF) and in turbulent homogeneous shear flows (HSF). Whereas the practical and
fundamental interest in studying TCF is obvious [2,7], we stress that HSF provides an ideal setting
to investigate the influence of a large-scale shear on the small-scale properties of turbulence [8—11].
Recent studies actually point to similarities between TCF and HSF, in terms of the mechanisms
leading to formation and development of large-scale structures [12—14]. Higher moments of the
velocity gradient tensors have been investigated in TCF; see, e.g., Ref. [15]. The third moment
of the derivative of the streamwise velocity component, in the direction normal to the wall, d,u,
has received special attention in relation with the issue of small-scale isotropy [9,10,12,16]. This
quantity, which has been measured experimentally in HSF, points to a slower than anticipated decay
of anisotropy [16]. This property is reminiscent of the strong and persistent anisotropy found in the
case of a passive scalar mixed by a turbulent flow in the presence of a mean gradient. In this case,
numerical and experimental results indicate a skewness of the scalar gradient, parallel to the mean
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gradient, of order 1, independent of the Reynolds number [17-21]. A direct comparison between
TCF and HSF reveals similarities between the properties of the two flows, although at comparable
Reynolds numbers, Re; & 140, it was found that the skewness of d,u| was roughly two times larger
in the log layer of the TCF than in HSF [11].

We investigate here the full second- and third-order correlations of the velocity gradient tensor
in HSF and TCEF, defined as

—2, 1l =3, f1
Toprd" = (Qaitpdeug) and Ty = (duupdettade ), (1)

where the superscript flow denotes either TCF, HSF, or homogeneous isotropic turbulence (HIT)
flows. The modification induced by a mean shear on the velocity gradient correlation tensors,
defined by Eq. (1), are far more intricate than in the case of an axisymmetric flow, which can be
fully analyzed in terms of a small number of functions of the radial distance to the axis [22]. In the
TCEF, we restrict ourselves to the region which is far away from the wall, in the so-called log layer,

where the influence of the boundary is not too strong [2,7]. The number of different components of
7" can be simply estimated from the nine elements of A to be equal to 45 for n = 2 and 165

for n = 3; the incompressibility constraint reduces these numbers to at most 36 (92) independent

components for n = 2 (n = 3). The present work purports to analyze T as a tensor on its own
right, before investigating its particular components.

An obvious point of comparison for these tensors is provided by the simpler case of HIT. Forn = 2
and 3, these tensors have a simple form which can be explicitly written out. An important remark is
that these tensors depend only on a one-dimensional parameter: the mean value of X, (0,upd,up) =
(tr(AAT)) for n = 2, and (tr(S?)), where S is the symmetric part of A: S = %(A + AT). We recall
that (tr(AAT)) is, up to viscosity, equal to the dissipation rate of kinetic energy in the fluid, whereas

(tr(S®)) is up to an immaterial numerical factor the rate of production of small scales (vortex
stretching), for all the flows considered here. Dividing the tensors T by (tr(AAT)) and 7

by (tr(S?)) leads to dimensionless forms of the tensors, which can be compared to one another.

. . . . =, flow .

Parity considerations suggest decomposing the tensors 7"7" into even and odd components.
Elements of the tensors with at least one odd number of indices equal to 1, 2, or 3 should vanish
automatically in the presence of an isotropic forcing and may only be nonzero because of the

. . . oo = fl oo
anisotropic forcing (the shear). Decomposition 7"/ as the sum of an even and an odd contribution

. . =n.fl
is a very natural way to analyze the properties of 7"

Here, we quantify how anisotropic the flow is by comparing the structure of the second- and third-

order velocity tensors of the HSF and TCF with the corresponding HIT structures. In practice, we
simply do a straightforward least-square fit of 77" of the form T"7""" = % 7 + O flow,

The numerical results show that the dimensionless coefficient ¢ is equal to the ratio of the quantities
(tr(AAT), forn = 2, and (tr(S?)), for n = 3, corresponding to the two flows. The norm of ® provides

. . . . —=n,fl
a direct measure of the departure from isotropy. In addition, we can compare the deviation "/t

between different flows, in particular between TCF and HSF, performing again a least-square fit
analysis. This leads us to the conclusion that the general structures of ®-f/o¥ are very close to each
other for the two shear flows considered (HSF, TCF).

This article is organized as follows. The numerical data used in this work are briefly presented in

Sec. II. The structure of the tensors T”’HIT, for n = 2 and 3 in the case of HIT flows, as well as the

general method we used to process our shear flow data, are given in Sec. IIl. The lack of isotropy
. . . .= fl =n, [l =n,HIT
in turbulent shear flows is discussed in terms of the deviation, 0" f ow, between T flow and T"

in Sec. IV. These deviations are compared between HSF and TCF in Sec. V. We then discuss the

—mn, fl . .
components of the tensor 0" f ow, focusing on the largest ones; see Sec. VI. Last, we review and
discuss our results in Sec. VII.
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II. DNS DATA

The analysis presented in this work is based on the channel flow simulations [23] made publicly
available in the Turbulence Database from the Johns Hopkins University [24], on the one hand,
and on numerical simulations of HSF at two different (moderate) resolutions, carried out on the
workstations in the Physics Laboratory, and at the Pole de Simulation et de Modélisation Numérique
(PSMN) of the ENS Lyon, on the other hand.

We use here the standard convention and denote by x, y and z the coordinates in the streamwise,
normal to the wall, and spanwise directions, respectively.

The data used from the analysis of TCF is the same as in Ref. [11]. Briefly, the total height of the
channel is 2/, with & = 1. The streamline extent of the simulated domain is 87/, and the spanwise
extent is 3wh. The Reynolds number of the flow, based on the friction velocity at the wall, u, is
Re, = u.h/v =9.997 x 10%. As is customary, the velocity u, is defined in terms of the averaged
shear stress at the wall, 7, by u, = /27, /p, with p the fluid density. The distance to the wall is
denoted here by the dimensionless variable y™, defined by y* = yu,/v. In the flow studied here,
the center of the channel is at y* &~ 1000.

We recorded data in 20 planes parallel to the wall. In these planes, we saved the velocity gradient
tensor over a uniform grid of size Ax = Az = wh/200, covering the entire simulation domain
0 < x < 8rhand0 < z < 3mh, corresponding to 9.6 x 10° points per plane. We collected data at
10 different times, separated by a time interval of 2, so the data shown here correspond to an average
over ~107 data points. The quality of the statistics has been documented in Ref. [11].

In addition, we ran HSF simulations at resolutions 320 x 160 x 160 and 200 x 100 x 100,
corresponding to spatial domains of size 47 x 2w x 27, which correspond to a range of parameters
where HSF simulations are free from box effects and provide good models for shear-driven turbulence
[25]. The code was described in Refs. [10,12]. The Reynolds numbers of the flows are Re =
S(2m)? /v &~ 10* (respectively Re & 5.6 x 10%) at the highest (respectively lowest) resolution. The
flows are adequately resolved, with a value of the product k.1 = 1.3—1.4. The velocity gradients
were calculated on the collocation points, using spectral accuracy. The statistics were accumulated
over very long times: Ty, = 432 x S™! (respectively 720 x S~!) at the highest (respectively lowest)
Reynolds number, which corresponds to at least 10 bursts of the kinetic energy, recorded over the
whole system, according to the mechanisms described in Refs. [12,25]. We define here the Reynolds
numbers based on the Taylor microscale by using the velocity fluctuation and its derivative along
the streamwise direction: Re; = (uf) / [V {(d,u,)?)/?]. This corresponds to the Reynolds number
routinely measured in laboratory wind-tunnel experiment [9,16]. The values found here are Re; ~
145 and 120 for the two flows. The value of Re; is comparable to the value found in the TCEF, in the
range 200 < y* < 600; see Fig. 1(b) of Ref. [11].

In both HSF and TCEF, the velocity field is decomposed as a mean flow, U(y)e,, plus a fluctuation
term, u. Throughout this text, u refers to the fluctuation of the velocity field. In the TCF case, the
properties of the turbulent velocity fluctuations depend on the distance to the wall.

For the sake of completeness, we also investigated the velocity gradient tensor in HIT. To this
end, we used the data at Re; ~ 275, discussed in Ref. [26]. The data were accumulated over ~2
eddy turnover times.

To check the reliability of the results presented here, the analysis presented below was done both
with the entire dataset and repeated with only one half of it, corresponding to the first half of the runs.
The results presented below, obtained with the entire dataset, are found to differ only slightly from
those obtained with only half the dataset. In the following, we indicate how the data obtained with
the full dataset compare with those obtained with only half the dataset. Overall, these comparisons
give us confidence that the results presented here are very reliable.

III. METHOD OF ANALYSIS

In the rest of the text, X;, X, and X5 refer to the components of the vector X in the x, y, and
z directions, respectively. With this convention, the HSF problem, the fluctuation around the mean
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shear is d,u;. The second- and third-order correlations of the velocity gradient tensor in various
shear flows are defined by Eq. (1).

A useful starting point to study these correlation functions is provided by the simpler HIT case.
The comparison with HIT flows is particularly relevant, since turbulent flows at extremely high
Reynolds numbers are expected to recover isotropic properties. In this section, we briefly recall the
expressions for the second and results of direct numerical simulations (DNS) for HIT flows. We also
explain how we systematically compare various flows.

A. Second-order tensor

In a homogeneous and isotropic flow, the expression of the second-order tensor function,
(d,upo.-ug), can be simply obtained from elementary considerations [27]. Namely, the tensor can be
expressed only in terms of the Kronecker é tensor, and symmetry imposes that

Torl = (updettg) = Adueded + BSaadpe + Cupdea. )

We use the Einstein convention of summation of repeated indices throughout. Incompressibility
imposes that (d,u,0pu.) =0, so A+ B+ 3C =0. In addition, homogeneity imposes that
(0qupdpu,) = 0[1], which leads to A + 3B + C = 0. Last, the dissipation of kinetic energy is equal
to v(d,updaup) = €, which givesrise to 3A + B + C = 3% This leads to the explicit expression for
(0qupOctty):
T = 38@ s T2 with : T2 = (48,0800 — SabSed — Saadve)- 3)

The second-order moment velocity gradient tensor is therefore expressed in terms of only one-
dimensional quantity, e/v = (9,up0,up).

We note that only the elements of the tensor Tazb‘?dIT which contain an even number of 1, 2, and 3
among the indices are nonzero.

B. Third-order tensor

The third-order velocity gradient tensor, TS’HIT, can be expressed using similar principles [7].
The calculation, presented in the Appendix, leads to the relation

—3,HIT
T peder = (r(8¥) x Topluss. (4)

where S is the rate of strain tensor: S,;, = (d,up + Iput,)/2. As it was the case for the second-order
moment velocity gradient tensor, and as observed in Ref. [5], the third-order moment velocity gradient
tensor for a homogeneous, isotropic turbulent flow is expressible in terms of only one-dimensional
quantity, namely (tr(S?)). Namely, the tensor 73T reads

Toreier = {15 8abSeader — % [8ap(Beebay + Sepdae) + 8ca(Baedor + 8ardve) + Ser (Bacdpa + Saadye)]

+ 2 (8acde b 4 8acSarSeb + 8aadeed b + SadderSeb + SpeSaed fa + Spcdardea

+ 8pa8ced fa + Sbaderdea) + 758ef (BacOba — Saadoe) + 758cd(BacSor — SarShe)

+ 4—155ah(3ce5df — 8¢184e) — %(Eaheﬁdf + €abf€cde) — %(Gabcéefd + €abd€efe)

— %(ecdaeefb + €cav€era)}- )

The expression (5) shows that the components of be’z{;:f are automatically zero if the number of any

single index among (a,b,c,d,e, f) is odd.
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C. Comparison of turbulent shear flows with HIT flows

To estimate how close to isotropy the small-scale structure of the flow is, we compare
systematically the second and third moments of the turbulent velocity gradient tensor with their
form in the case of a homogeneous and isotropic flow. These tensors, Eqs. (3) and (5), depend on
only a one-dimensional parameter, with an otherwise completely determined structure.

To take advantage of this structure, for all flows considered, we determine the invariants
Cy = (dupd,up), and C3 = (tr(S?)), and divide the expressions of the second- and third-order
tensors, determined numerically, by C; and C3, respectively. In the TCF case, the dependence of the
turbulence properties on the distance to the wall, implies that both C, and C3 depend on y™. The
normalized expressions of these tensors T2//°% and T3 /1" are defined by

=2, flow =3, flow
T2,flow — and T3,flaw — ) (6)
<aaubaaub) (tr(s3))
With these definitions, T2/1 satisfies T/ = 1, whereas T>//" is constrained by a condition

expressing that (tr(S*)) = 1. The dimensionless expressions can be directly compared with those of
T2HIT and 73HIT Egs. (3) and (5), and with one another.

With a simple least square minimizing technique, we find the minimum of ||T"//°* — ¢ x
7"HT| 2 where ||.||* is the usual Euclidean norm: ||Tupcall®> = poq Tieq- This allows us to
estimate how close the tensor 7"/ is to 7"-HIT: The determined value of ¢ is such that 7" //°* =
¢ x THIT 1 @nflow where T"HIT and ©"/1°" are orthogonal to each other, and ||@"//"||2
provides a quantitative measure of how much 7" /%% differs from isotropy.

The symmetry of the problem suggests decomposing the tensors 77" and @"f1°v (n = 2, 3),
as a sum of an even part and an odd part. The even component, denoted @Z{,f low, corresponds to a
tensor with an even number of 1, 2, and 3 among all the indices. In a flow which is invariant under
all the symmetries x; — —x;, the tensor @™/ is necessarily even. Such a symmetry is implied by
isotropy.

The odd part, ®Z(’1f law, contains all the other elements of the tensor, with at least one odd number
of 1, 2, or 3 among all the indices. This allows us to write the decomposition:

Tn,flow — ;. % Tn,HIT + @Z\,/flow + @Z&‘);'low. (7)
In the presence of a shear, some components of ©//'”" may be nonzero, as we now explain.
Specifically, we write the velocity as U(x,)e; + u(x,t), where U(x,) is the mean flow (we recall
that 1 is the streamwise direction and 2 is the direction normal to the wall in the case of a turbulent
channel flow), and u(x,?) is the fluctuation, satisfying (u(x)) = 0, where the average here is taken
as a time average at any given point in the flow domain. It is straightforward to check that the
Navier-Stokes equations, written for the fluctuation u, are invariant under reflection in the spanwise
direction, characterized by both x3 — —x3 and u3 — —u3. This allows us to restrict ourselves to
solutions which are even in the spanwise direction, x3: In our problem, individual components of
the velocity tensor with an odd number of 1 and 2 indices may be nonzero, provided the number of
3 is even.
We note that the method used here to compare the second- and third-order correlation tensors with
homogeneous, isotropic flows can be readily generalized to compare different shear flows among
themselves. The corresponding notation will be specified later; see Sec. V.

IV. COMPARISON BETWEEN HOMOGENEOUS ISOTROPIC FLOWS AND SHEAR FLOWS

In this section, we systematically compare the second- and third-order velocity gradient
correlation tensors, following the decomposition (7). Before we proceed to the detailed analysis
of several flows, we notice that the coefficient ¢ in Eq. (7) was always found to be extremely close
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TABLE L. Norms of the deviations of 7>H5F and T3HSF a5 defined by Eq. (7) and normalized by || T>HT||
and ||T>HT||, respectively. The values shown here were obtained by using the full dataset; they differ from the
values obtained with half the dataset (as explained in Sec. II), by no more than 5%.

NOZESFI/IT> M) O™ /T OFFFII/NT>HT jleg ™ /1T
Re, =120 0.12 0.18 0.23 0.67
Re;, =145 0.083 0.15 0.18 0.58

to 1, so we simply denote the tensors of @3;{ low and ©"%/1°" as the deviations between the correlation

tensors and their homogeneous, isotropic predictions.

A. Numerical results with a homogeneous isotropic simulation

In this subsection, we present results obtained for an explicitly homogeneous isotropic flow at
moderate Reynolds number, as detailed in Sec. II, with the aim of testing the analysis applied in this
work.

In the decomposition given by Eq. (7), we find that the values of ¢ differ from 1 by at most
~0.2%, both for the second- and third-order velocity gradient correlation tensors.

In all cases, the deviations from the predicted correlation tensors, Eqs. (3) and (5), are
very small. More precisely, for the second-order correlation tensor, the norms of the dis-
crepances are ||@%HITrum |12 /| T2HIT)12 5 2 5 10~ and || @2 12/||T>HIT||2 ~ 4 x 1075, The

errors are slightly larger for discrepancies characterizing the third-order correlation tensor:

||@HITnum 12 /)| T3HIT|2 1.2 % 1072 and ||© ™™ |2/||T>HT||2 ~ 1.7 x 10~2. We have mon-

itored here all the possible components of the tensor @';;,HIT““““. The relatively large value of the

11O |12/ T>H1T |2 can be attributed in parts to terms of the form ((3,v;)?) (with a # b), which
are found to be surprisingly high. Quantitatively, the sum of the 6 corresponding terms was found
to account for more than 20% of the total norm of ||(~)(3,AHIT“”m|I2. The relatively large values of the
third moment of d,u; (a # b), in a flow which is expected to be statistically isotropic, are surprising.
They could conceivably be induced by a local shear at large scale, persistent for a time of the order of
the eddy turnover time. As already noticed [10], these large-scale gradients are sufficient to generate
large third moments of d,u;, (see also Ref. [18]). We note that these moments are appreciable in our
simulation, which is run only for approximately two eddy-turnover times. It is expected that these

moments would eventually average out to zero in a simulation run for a much longer time [28].

B. Numerical results with homogeneous shear flows

The results of the comparison between HSF and HIT are summarized in Table I. The corresponding
values of ¢ (not shown) are all extremely close to 1.

The deviations of the second-order correlation tensor from the homogeneous isotropic predictions
are relatively weak. The odd contribution, | |®§5HSF| |, is larger than the even one, | |®§'VHSF| | by roughly
50%. Both the odd and even components decay slightly when the Reynolds number increases,
possibly like Re;l, which is the prediction based on elementary arguments [29,30] and consistent
with previous numerical work [12].

In comparison, the deviations measured for the third-order velocity derivative correlation tensor
are much larger. The odd component is significantly larger than the even one, roughly by a factor
of 23, irrespective of the Reynolds number. The decay of ||®(3);1HSF|| /IIT*HT|| with the Reynolds
number is certainly slower than Re;l, and is possibly consistent with the power law Rek_l/ ? found
in Ref. [16].
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FIG. 1. The norm of the deviation from the HIT tensor, [|©%TF||/||T*HT|| (+ symbols) and
11OLEF11/11THIT|| (x symbols) for n = 2 (left panel) and n = 3 (right panel), as a function of the distance
from the wall y*. The center of the channel is at y* ~ 1000. The values shown here were obtained by processing
the whole dataset. Using only half the dataset, as explained in Sec. II, would result in differences of no more
than 5%.

C. Numerical results with turbulent channel flows

Over the entire channel flow, the values of ¢ in Eq. (7) differ from 1 by no more than a few
percent, even very close to the wall. The results for the norms of the deviations between the second-
and third-order velocity gradient correlation tensors and the isotropic predictions are presented in
Fig. 1, which shows the values of ||@%TCF|| and ||®" F|| (n = 1, 2), normalized by ||7"H7||,
and measured at several values of y* in a region, 100 < y* < 500 (the center of the channel is at
y* & 1000). The range of values of y* shown corresponds essentially to the so-called logarithmic
layer of the turbulent channel flow. In this region, the second-order (left panel) and third-order (right
panel) velocity gradient tensors deviate significantly more from the homogeneous and isotropic
predictions than the HSF flow; compare with Table 1.

Quantitatively, the deviations ®>TCF normalized by ||7>H!T||, shown in the left panel of Fig. 1,
are of the order of ~0.2, and decay slightly when y* increases. The odd component ||®(2);1TCF|| (x
symbols) is larger than the even component ||©2TF|| (4 symbols) only for y* > 200. The norms
of ®3TCF divided by ||T3HT|| are shown in the right panel of Fig. 1. The norm of the odd part of
the tensor @ TCF values of ||@%TCF||/||T"HIT|| very close to the wall are much larger than those
shown in Fig. 1, a simple consequence of the very strong influence of the boundary for y* < 100.

Numerically, the norm of ©2" normalized by [|T>M7||, [|©F||/||T>HT||, goes up to
values ~45 at y* = 1. For y* > 200, in comparison, as shown in the right panel of Fig. 1
(x symbols), the values of ||@2;1TCF

a value roughly <2 times larger than in HSF at Re; = 145. The values of ||®

(4 symbols in the right panel of Fig. 1) vary in relative value similarly to those of || ®2ATCF /11 T3HT).

Close to the wall, at y* = 1, the measured value is ~3. In the log layer, the values are ~0.3-0.4.
We notice that the values shown in Fig. 1 are also roughly <2 times larger than those found in the
case of the HSF.

Figure 1 and the discussion so far have been focused on the structure of the flow mostly in the
log layer of the channel, where the shear is significant. We end this subsection by noticing that,
at the center of the channel, at y* ~ 1000 (data not shown in Fig. 1), the odd components of the
deviations @g;iTCF vanish. In fact, the value of ||®:)'(’1TCF||2 is comparable to (in fact, even smaller
than) the values found when comparing a HIT DNS with the theoretical prediction, discussed in

/1| T3HT| are approximately constant and equal to 1.1,
3,TCF||/||T3,HIT||
(2%
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TABLE II. Comparison between the two HSFs at different Reynolds numbers. The notation refers to Eq. (9)
in the main text. The data shown here were obtained by processing the full dataset. The values of u., ., obtained
by processing only half the dataset (see Sec. II) differ by no more than 3%, whereas the small values of the
norms of the discrepancy ||W""SF|| differ by ~15%.

ev,od

s [ SF11 /| O] od 15 11/ 11055 )
n=2 0.72 0.078 0.80 0.051
n=3 0.77 0.14 0.86 0.080

Subsec. IV A. In comparison, the values of ||©”;TF||2 are found to be significantly larger than those
listed in Subsec. IV A: ||®§;TCF||2 ~ 102 and ||®2;TCF||2 ~ 8x1072.

V. COMPARISON BETWEEN HOMOGENEOUS SHEAR FLOWS
AND TURBULENT CHANNEL FLOW

Having explored in the previous section the magnitude of the deviations ®23 in the cases of HSF
and TCF, we now ask how similar the deviations of the second- and third-order velocity gradient
tensor from their predicted form in the case of a HIT flow, Egs. (3) and (5), are. Specifically, to

compare two flows, flows 1 and 2, we represent the tensor corresponding to flow 1, G)Z;{)lg wl n=1,
n, flow2

2) as a form proportional to © ;" 4

M n .
, plus a discrepancy, Wg, 4

®n,flawl — M:V’Od n, flow2 + Wi (8)

ev,od ev,od ev,od’

n

o od» hormalized with

and choose [, 4 to minimize the norm of the error, ||W[, ,||. The norm of ¥

TCF X o L . .
[1©%: oq |l, provides a quantitative measure of how close the deviations from isotropy in the two

flows considered are proportional to each other.

A. Comparison between two HSF at different Reynolds numbers

The comparison between the two turbulent HSF at Re;, = 145 and Re, = 120, shows that the
structures of the correlation tensors are in fact extremely similar. In the present subsection, we

distinguish the deviations ®ZQ,P(I)§1F between the two flows by specifying the Reynolds numbers in the

: HSF:Re120 , . HSF:Rel45
superscript: g, 4™ T (O 03

is based on the decomposition

) corresponds to Re; = 120 (Re; = 145). The present analysis

n,HSF;Reld5 __ »n n,HSF;Rel120
®ev,0d - I’Lev,od®ev,od + \Ijev,od- (9)

The values of the coefficients g, .4 and of the ratios |[Wg 4ll/] |®Z\',’}§1F;Rel45 ||, as defined by Eq. (9),
are shown in Table II. Numerically, the measured values of ,ugv’od are all less than 1, in the range

0.7-0.8. The small ratio between the norm of the discrepancy from the linear relation, ||¥” .||, and

ev,od
| | @ﬂ,HSF;ReMS

ev.od ||, see Table II, suggest that the tensors are close to being proportional to each other.

o . . HSF;Rel45 HSF;Re120
This justifies the observation that the values of p17,  satisfy 2, &~ |05 2" |/]|0% 3

(values in Table I). We notice that the values of p are larger for n = 3 than for n = 2, which is
consistent with the observation of a slower decay of the deviations from isotropy of the third-order
correlation functions already noticed [12].

In the rest of the text, we will only consider the HSF at Re; = 145, and simply denote the
deviation from the isotropic form of the tensor as @’;ﬁff .
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FIG. 2. Comparison between ©; " in the log-layer of the TCF with ®;'% (Re; = 145), for n = 2 (left
column) and n = 3 (right column). The coefficient u, defined in Eq. (8), is shown in the upper row, and the
norm of the discrepancy, \l':V‘il)iF, divided by ||©%"<"|| in the lower row. The errors are comparatively larger for
n = 3, especially for the even terms. The curves shown here were obtained by processing the full dataset. The
values of u, obtained with only half the dataset (see Sec. II) differ by no more than 5% from those shown in
the figure. The discrepancies ||¥":"5F|| also differ by less than ~5%, except at y* = 384 and y* = 512, where

ev,od
||\112&HSF|| was found to differ by 15% and 10%, respectively, from the indicated values.

B. Comparison between TCF and HSF

The comparison between the HSF at Re, = 145 and the TCE, in the log layer, is shown in Fig. 2,
for the second (left part) and third (right part) correlation function of the velocity gradient tensor.

The values of u, upper part of Fig. 2, generally vary little in the range 200 < y* < 500. This is
consistent with the notion that in the log layer, the properties of turbulence acquire some universal
character. The values of ug, 4 are all found to be ~2, pointing to a significantly larger deviation
from isotropy in the case of TCF than of HSF [11].

The relative discrepancies, ||\Wg, .41/ |®Z;1%F [|, shown in the bottom row of Fig. 2, are generally
low, ~0.15, except for the even component associated with the third-order correlation function of
the velocity gradient, which is as high as ~0.40.

VI. STRUCTURE OF THE THIRD-ORDER CORRELATION TENSOR

Table I and Fig. 1 show that the largest deviations from isotropy are those measured by the
third-order velocity gradient correlation tensor, 7>HSF and 73 TCF the deviations from the HIT

074602-9



ALAIN PUMIR

TABLE III. A subset of the components of the third-order velocity gradient correlation tensor with an odd
number of indices 1 and 2 (all terms with an odd number of 3 are zero by symmetry). The values are shown
for the HSF at Re; = 145 and for the TCF at y* = 256 and y™ = 512, which includes all the largest values
measured. With a few notable exceptions, these values do not vary much with y™ in the range considered and
are roughly ~1.8 times larger than in the HSF.

Individual components of @i;iHSF, @;ZJCF (x10)

Moments HSF TCF, y* = 256 TCF, yt =512
((Bu1)?) 2.83 5.98 5.57
((Bpu1)*d1us) —0.70 —131 —1.29
(0pu1(81u2)?) 0.40 0.85 0.91
((31u2)*) 0.25 —0.24 -0.29
(0pu1(81u1)?) 0.30 0.50 0.52
(9011 (D12)?) 0.24 0.48 0.50
(0pu1(d3u3)?) 0.18 0.40 0.41
(01u2(81u1)?) —0.07 —0.07 —0.10
(312 (u2)?) —0.02 —0.07 —0.09
(01u2(d3u3)?) 0.04 0.03 0.02
(Byu1 141 y2) -0.18 —0.30 —0.31
(82M182M283M3> —0.06 —0.16 —0.18
<82M133M331M1> —0.12 —0.22 —0.22
(01120111 02u7) 0.06 0.10 0.11
(81u282u283u3) —0.04 —0.02 —0.02
<81M233M331M1> 0.006 —0.01 —0.004
(0pu1(81u3)?) 0.33 0.50 0.60
(3011 (3u1)?) 1.06 1.84 1.72
(82%181”383141) —0.25 —0.41 —0.42
(aluz(alu;)z) —0.01 —0.01 —0.02
(D1u2(D3u1)?) -0.21 —0.38 —-0.34
(81%281”383141) 0.03 0.09 0.09
(0pu1(dau3)?) 0.87 1.51 1.60
(0pu1(83u2)?) —0.20 —0.11 0.03
<82M| 3214333142) —0.06 —0.08 —0.15
(01u2(8au3)?) —0.51 —0.86 —0.83
(01u2(d3u2)?) 0.19 0.04 0.01
(811423214333142) 0.24 0.34 0.36
(83u232u231u3) —0.18 —0.30 —0.27
(8214332M281M3) 0.14 0.29 0.24
(83u282u283u1) 0.32 0.48 0.45
<82M332M233M1> —0.29 —0.48 —0.41
(831428314331143) 0.17 0.24 0.22
<82M333M331M3) —0.18 —0.33 —0.29
(83M283M383M1> —0.25 —0.37 —0.34
<82M383M333M1> 0.29 0.49 0.40

predictions being approximately twice smaller for the latter than for the former in the log-layer of

the boundary layer. In this section, we focus on the largest components of @z;g and @ifff .

Tables IIT and IV, discussed in more detail in the following subsections, list some of the
components of the tensors @3;?: and ®ZdTeCf at y* =256 and y* = 512, including the largest
components measured numerically. As explained in Sec. II, we systematically compared the data
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TABLE IV. A subset of the components of the deviations of the third-order velocity gradient correlation
tensor with an even number of all indices, from the corresponding isotropic tensor. The values are shown for
the HSF at Re; = 145 and for the TCF at y™ = 256 and y™ = 512 as was the case for the tensors @3;,““ and
©2F; see Table III. The values for the TCF vary more with y* than in the case of the odd terms, consistent
with Fig. 1. The ratio between the values in TCF and in HSF is roughly 1.8.

Individual components of ®2%HF @3 TCF (% 10)

Moments HSF TCF, y*t = 256 TCF, yt =512
((Bup)?) —0.18 —0.37 —0.28
((Dur)?) 0.06 0.18 0.15
((33u3)?) 0.03 —0.007 —0.02
(0111 (01u2)?) —0.26 —0.44 —0.38
(01u1(81u3)?) —0.27 —0.49 —0.40
(Do (douy)?) 0.22 0.58 0.48
(0pu2(8au3)?) 0.11 0.41 0.31
(03u3(d3u1)?) 0.14 0.21 0.15
(8111 (1)) —0.14 —0.12 —0.10
(0111 (d3141)%) —0.14 —-0.25 —0.18
(0pu2(81u2)?) 0.13 0.11 0.17
(D212 (D3u2)?) 0.12 0.27 0.23
(03u3(01u3)?) 0.05 —0.05 —0.04
(03u3(8au3)?) 0.01 —0.05 —0.08
(82M181M181M2> 0.14 0.26 0.23
(831418114131143) 0.14 0.24 0.19
(8]l/l232u232u1) —0.13 —-0.24 —-0.20
(83M282M282M3> —0.08 —0.26 —0.20
(811438314333141) —0.06 —0.07 0.06
(9111 (dyu3)%) —0.12 —0.33 —0.21
(0111(83u2)?) —0.08 —0.36 —0.04
(0u2(313)?) 0.21 0.55 0.45
(Dour(d3u1)?) —0.08 0.02 0.02
(03u3(01u2)?) 0.13 0.35 0.26
(03u3(8au1)?) —0.09 —0.48 —0.40
(811428214381143) 0.01 —0.10 —0.05
(3]14233M231M3> —0.08 —0.30 —0.23
(821418114382143) —0.08 —0.02 —0.02
(3214133M182M3> 0.19 0.40 0.23

shown below, obtained with the full dataset, with the values obtained with only half the dataset. In
almost all cases where the absolute value of the listed component is larger than 0.1, the results were
found to differ in the second significant figure by no more than %1, very rarely by £2. The figure
indicated for very small coefficients (less than 0.1) were found in most cases to be unchanged when
using half the dataset, or to differ by at most 1 or 2 in only a very few cases. None of the signs of
the quantities listed in the table was found to change when processing only half of the data. This
analysis demonstrates that the data presented in Tables III and IV are reliable.
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A. Structure of G)i;iTCF, QiAHSF

Table I11 lists most of the elements of the tensor @.;'" and ®7"". The components are presented
per class of elements, deduced from one another by elementary symmetries. The components not
shown in Table III can actually be derived from those shown by using incompressibility: d,u, = 0;
they turn out to be small.

Table IIT shows that the components of @zaTCF vary relatively little in the TCF over the range
256 < y* < 512. This is consistent with the right panel of Fig. 1, which shows that the norm
||®(3);]1TCF || is essentially constant over this range (see the curve with the x symbols).

Among all the large terms listed in Table III, the largest values in HSF are smaller than the
corresponding ones in TCF at y* = 256 and y* = 512 by a factor ~1.8. This is manifestly consistent
with the value of x3; shown in Fig. 2. The ratios between the components in TCF and in HSF deviate
much more significantly from ~1.8 for some of the weaker components. Sign changes between
HSF and TCF components are observed for ((9; 1)) and (3u,(d3u2)?), which manifestly point to
differences between the two flows.

The largest of all the components shown in Table III is ((d,u,)*), which exceeds any of the other
components by a factor ~3. We recall that the term d,u; is the fluctuation around the mean shear,
dU, /dx,, and that the third moment ((82u1)3) has been used to investigate anisotropy in turbulent
shear flows [10-12].

Particularly significant is the sign of ((d,u;)*), which is identical to the sign of the mean shear,
dU, /dx,. This reflects the (partial) expulsion of the velocity gradients from large regions of the
flow [10,11]. In the related problem of a passive scalar, 6, in the presence of a mean scalar gradient,
() = G - x, it is well established that the distribution of the scalar gradient, V6, has a sharp peak at
V6 = 0. This points to a sharp expulsion of the gradients, which are manifested by the presence of
large regions of space over which the scalar is approximately constant. These regions are separated
by narrow regions, where large scalar jumps form [17-19], implying the formation of large gradients,
which in turn contribute to the odd moments of G - (V#), in particular to the skewness, which is
determined by the large-scale gradient, G. This effect is also seen, although in a weaker form, in
numerical simulations of HSF or TCF. In the flows considered here, the mean velocity gradient,
dU, /dx; is always positive, and the positive sign of ((d,u1)*) can be interpreted as a result of very
large positive fluctuations of d,u, resulting from extended regions of space where 9,(U; + u;) is
relatively small, separated by regions where 9,(U; + u) is much larger than the mean, d,U; .

The picture sketched above would suggest that quantities of the form (du(d,u,9,u;)) could be
dominated by positive fluctuations of d,u, suggesting a positive value of the moment (31 (d,15)?).
This is true for all terms with a = b, and for all terms with a # b, with the exception of the term
(811(d312)?) in HSF. This term turns out to be relatively small in TCF, and even to becomes positive
in TCF at y* = 512. The same considerations suggest that terms of the form (9,u(d,u;05u,)) have
the same sign as ((d,up0pu,)), which is negative when a # b. This is consistent with the expressions
listed in Table III. Last, we also notice that terms of the form (du;(d,u,0pu;)) for a # b all have
negative signs, as implied by the above considerations. Obtaining a more quantitative parametrization
of terms of the form (du;(d,upd.uy)) in terms of (d,upd.uy) does not appear to be simply
feasible.

Whereas the terms containing one or more terms of the form d,u; are the dominant ones, and have
a sign that can be understood with the help of the simple considerations above, the third moments
containing 0,u, are generally smaller than those with d,u,. In TCEF, the first set of components in
Table I11 indicates that the sign of ((du1)3~7(d,u2)") is (—1)”, generally indicating a sign difference
in the contributions of 9,1, (which tend to be positive) and of d;u, (which tend to be negative). This
empirical rule accounts for the sign of most of the terms of the form (9, u,(9,u »)?) in the table, with a
few exceptions. The difference in sign of ((d;u5)3) between TCF and HSF points to the quantitative
limitation of the empirical observation that (9;u;) generally provides a negative contribution to the
moments investigated here.
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3,TCF 3,HSF
B. Structure of @, ~—, O,

Table 1V lists several groups of coefficients of ®3H5F and @3,TF, which include all the largest
elements of ®%HSF. Namely, we separated all the nonzero elements of ®2H!T in several classes
of identical elements, which can be deduced from one another by a permutation of the indices
(1,2,3) (see the Appendix) and selected those for which one of the elements of this class is larger
than 1/100. Table IV systematically compares the results obtained for HSF with those obtained for
TCF for y* = 256 and y™ = 512. The values of ®%TF generally show a larger variation over the

range 256 < y* < 512, compared to the variation found for the components of @gaTCF shown in
Table I11. This is consistent with Fig. 1, which shows a small but visible variation of ||®3,TF|| over
the corresponding range of values of y™.

Overall, Table IV indicates that, consistent with the value of ,ug\, reported in Fig. 2, the ratios
between many of the coefficients shown in the table are close to ~1.8. This is particularly true for
the largest elements of the tensor. This proportionality relation does not hold so well for some of
the smaller coefficients. Some of the coefficients of ®2:5F differ from those of ®2;TF even by their
signs. The differences between the components of ©2TF and ~ ., ©3H5F tends to be systematically

larger than their counterparts for the odd components of ®. This certainly accounts for the fact that
|| Wey|| is roughly twice as large as ||Wqq]|; see the lower right panel of Fig. 2.

VII. DISCUSSION

To summarize, we have systematically investigated the structure of the second- and third-order
correlations of the velocity gradient tensor in elementary shear flows: HSF and TCF in the logarithmic
region. The comparison with the exact form of the tensors in the case of HIT provides an unambiguous
way to measure how the flow deviates from isotropy. In particular, our analysis allows us to identify
corrections to the HIT form of the tensor. Although the magnitude of these corrections depends on
the flow (TCF or HSF), the overall structures are very comparable. It is worth stressing here that the
largest discrepancy between the measured velocity tensors and their HIT counterparts comes from
the odd contribution to the n = 3 velocity gradient correlations (see the right panels of Fig. 1). The
corresponding structure is the one that turns out to be the most similar, in TCF and in HSF (see the
lower right panel of Fig. 2).

Interestingly, the largest of all the components of the odd contribution to the third-order
velocity derivative tensor is the one that corresponds to the third-order moment of du;, the
derivative of the streamwise component of the velocity in the normal direction. This quantity
had been investigated numerically [10-12,31] and experimentally [9,16], based on a possible
analogy with the observation of a skewness of the scalar gradient, which remains of order O(1),
independent of Re,, in the presence of a mean scalar gradient [17-21,32]. While the scalar
analogy was providing an enticing theoretical motivation, suggesting experimentally measurable
quantities, the results of the present study demonstrate that the third moment of d,u; is indeed
the most sensitive third-order moment to the presence of shear. Consistent with the ratio of
an overall factor ~1.7 between the odd part of the third-order velocity gradient tensor in the
TCF for 200 < y* < 600 and HSF, the skewness of d,u; was found to ~1.07 in TCF and 0.65
in HSF [11].

As it turns out, the Reynolds numbers in the log layer of the TCF and in the HSF are comparable,
Re; & 150. Comparing TCF and HSF at comparable Reynolds numbers leads already to interesting
conclusions. It has already been observed that the difference in the magnitude of the third moment
of the velocity gradient tensors is presumably due to the very different forcing. As suggested by
standard phenomenology, the notion that the flow integral scale in TCF a distance x, away from the
wall is &x; [2,7] suggests that the effect of the boundary may be felt throughout the log region of the
TCEF. On the other hand, the skewness of d,u; in HSF is known to decrease, albeit weakly, with Re;,
(likeRe; “, with o & 0.5). For obvious reasons, it would be interesting to study the dependence of the
low-order velocity gradient tensors considered here as a function of the Reynolds number. Although
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the even tensor OH5F and ®2:TF are generally smaller than their odd counterparts in the Reynolds
numbers considered here, it remains to be understood whether and how these terms decay as a

function of the Reynolds number. The limited comparison between ||®g’\*,HSF || at the two Reynolds
numbers may suggest a faster decay of ||©21SF|| than the one observed for ||@7;"F||. Convincing

evidence can only be provided by investigating HSF at higher Reynolds numbers. Although it is to
be expected that a systematic group theoretic analysis of the problem may be helpful [33], especially
in the case of a homogeneous flow, a precise calculation remains to be done. The decomposition of
the tensors ©" /1% as a sum of even and odd parts merely separates spherical harmonics with even
and odd eigenvalues / of the angular momentum operator. It is generally expected that the decay of
the tensors will be dominated by the lowest angular momentum (/ = 1 for the odd terms, and [ = 2
for the even ones). In the inhomogeneous case of TCF, where the role of the boundary may persist
even far away from the boundary, whether the skewness will stay constant or ultimately decay as in
the HSF case remains to be investigated.

It is enticing to compare the structure of the velocity gradient correlation tensor, uncovered in the
case of HSF and TCF in the logarithmic layer, with the structure obtained by shearing a homogeneous
isotropic flow. In practice, this can be done by applying the transformation induced by the mean
shear [34] to a numerical solution of the Navier-Stokes equations and deducing the velocity gradient
correlation tensors. This can be done in practice by using a simulation in a triply periodic domain (see
Ref. [19] for details) and applying a strain, S, over a time ¢, in the range 0 < St < 1. The deviations
® of the second- and third-order velocity gradient correlation tensors from the form expected in a
homogeneous, isotropic flow, defined using Eq. (7), grows linearly with the amount of stretching. The
structure of ®, however, does not indicate any close similarity with the one found in HSF and TCF.

The observation that the tensors of order n = 2 and n = 3 in HIT are completely characterized by
only one invariant makes our analysis unambiguous. Higher order tensors in HIT involve more than
one dimensional quantity, which may significantly complicate the analysis. As recently observed
[11], however, in the case n = 4, the ratios between the four invariant quantities that characterize the
velocity gradient correlations [5] seem to be independent of the flow. This property, which remains
to be more thoroughly understood, may make the analysis tractable also for the n = 4 order tensor.
Such an analysis may provide new insight into the production and formation of very large gradients
in the flows. The available experimental data in the case n > 4 [35] points to a rich structure, which
deserves further attention.
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APPENDIX

As done in Ref. [5], it is convenient to decompose the velocity gradient tensor A,, = 9,u;, Where
1 <a<3and1 < b < 3refer to the spatial coordinates, into symmetric and antisymmetric parts,
Sab = (Aub + Aba)/2 and Wy = EabcAbc: SO

aaub = Sap + Eubcw('/z' (Al)

The third moment (s,p,5c45.r) can be expressed as a function of a single dimensional quantity,
(tr(s%)), and of the (Kronecker) § tensor. Using the isotropy of the tensor s, one can write, in full
generality:

(sabscdsef) = Aaabacdaef + B[(Sab((sceadf + acffsde) + acd(aaefsbf + safabe) + aef((gacabd + sadabc)]
+ C(8acbaed fi + 8acbardeb + 8aabeed fb + Saadefdep + Obebaed fa
+ Sbcadfgea + 8bdace(sfa + de(scfgea)- (AZ)
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Constraints on the constants A, B, and C can be found by expressing the incompressibility of the
velocity field 0 _, 540 = O:

3
Z(saascdsef> = 3A80d82f + B[s(acefsdf + (Scdee) + 4(Scd52f] + 4C(8d65f6 + 8ceadf)

a=1

=GA+ 4B)86d66f +@B + 4C)(8d€5Cf + 8C€5df)7 (A3)

which immediately imposes that 3A + 4B = 3B + 4C = 0, and thus allows us to express (SapScqSes)
with only one number. To fully determine the tensor, we evaluate the trace of s3: (tr(s?)) =

Zu,b,c (SabSbeSca)
(tr(s®)) = 3A + 36B + 66C, (A4)
which leads to the final expression:

(SabScaser) = 35 (tr(s”)) X {38av8cader — [8ab(Bcedar + Serdae) + 8ca(Saeus + SarSpe)
+ ‘Sef(éacghd + (Sad(Shc)] + %(6(1C8d€8f}) + 8acadf8eh + 6adace8fb + Sadfgcf(seh
+ 6hc&ie‘sfa + 5bcadf6m + 6bdé‘ce(§fa + 5bd80f6m)}~ (AS)

In addition to the tensor (s,;ScaSer), one has also to consider quantities such as (sqpScq0.),
(Sapwcwy), and (w,wpw:). Under reflection, (x,y,z) — (—x,—y,—z), the tensor s remains
unchanged, whereas w — —w. Thus, in a flow that is invariant under reflection, only terms with
an even number of values of w, are nonzero. The only term to estimate is therefore (s,,w.wg). As
before, symmetry considerations impose that

(Sapwewq) = D8upbeq + E(8acpa + Suadpe)- (A6)

Incompressibility (3, <a<3Saa = 0) leads to 3D +2E = 0. The tensor can be conveniently
expressed in terms of stretching, (@ - s - w):

(Sapwcwa) = (@ -8 - w)[_%gabgcd + ll_o(sacgbd + 8446, (A7)
It remains to express the full tensor (9,u,,0.1440.u ¢). This can be done by using Eq. (Al):
(0qup0cttgdett p) = ((Sap + €aba®a/2)(Sca + €cap®p/2)(Ser + €crcwc/2))
= (SabScdSef) + %EcheefC(sawawC> + %EefceabA (Scawcwa)
+ L€aba€can (Serwawp). (A8)

By substituting the expressions for (supScqSer) and (sapwawp), Eqs. (AS) and (A7), into Eq. (A8)
gives

(04up0cttgdeu )
= 2(tr(s”)) X {38ap8cader — [8ab(Bcedar + Scpdae) + 8ca(Bacdps + Sardpe)
+ 8ef(8acOpa + Saadpe)] + %(SaCSde(Sfb + 8acBafdeb + 8aabced fb + Saaderden
+ 8pc8aed fa + Sbebardea + Sbadeed fa + Spaderdea)} + 35 (@ 8- @) X [—38er(8acpa — 8adBhe)
- %St‘d(sae‘sbf — 8ufBpe) — %Sab(‘sce‘sdf — 8¢84e) + %(eabeécdf + €abf€cde)
+ Y(€avc€era + €avd€ere) + A(€cdaer + €caveera)]- (A9)
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The two constants involved in the expression Eq. (A9) are in fact connected by the well-known
identity

3

Z <8avbabvcacva> = 07 (AIO)
a,b,c=1

which results from the homogeneity of the flow [1]. Elementary algebraic manipulations lead to

3
D (Bavpdpvedeva) = (tr(s)) + 3w -5 - ) (A1)

a,b,c=1
and hence to the well-known identity
(s w) = —%{u(s)). (A12)

Substituting Eq. (A12) into Eq. (A9) immediately leads to Eq. (5).
It is very elementary to see that only components of T;l;?dlzf with an even number of indices 1,

2, and 3 can be nonzero. The components of 7*HIT which involve only one of the three indices

are THHIT = 3. Those which involve two indices, a and b (a # b), are of the possible forms
T3.HIT

3HIT _ 4 3HIT _ 16 3.HIT _ 16 3HIT _ 2
Taabbb = ~705° Taaabab = 315> Tabbaba = 315> and Tagabba = 315+ Last, the components of
which involve three different indices, a, b, and ¢, with a # b, b # ¢, and a # c, are of the forms

3HIT __ 8 3HIT . 32 ~3HT _ 4 SHIT _ " 2 g3 HIT 7 8

aabbce — 105° Yaabcbe — T 315° Yaabech — T 315° tabbeca T35 abbcac — ~ 105°
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