
PHYSICAL REVIEW FLUIDS 2, 044602 (2017)

Enhanced azimuthal rotation of the large-scale flow through stochastic
cessations in turbulent rotating convection with large Rossby numbers
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We present measurements of the azimuthal orientation θ (t) and thermal amplitude δ(t)
of the large-scale circulation (LSC) of turbulent rotating convection within a large Rossby
number range 1 � Ro � 314. Results of θ (t) reveal persistent rotation of the LSC flow
in the retrograde direction over the entire Ro range. The rotation speed ratio remains a
constant of 0.13 ± 0.01 for 10 � Ro � 70, but starts to increase with increasing Ro when
Ro > 70. We identify the mechanism through which the mean retrograde rotation speed
can be enhanced by stochastic cessations in the presence of weak Coriolis force and show
that a low-dimensional stochastic model, with essential refinements to account for the
effect of turbulence stress, provides accurate predictions of the observed LSC dynamics
and interprets its retrograde rotation.
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I. INTRODUCTION

Turbulent convection in the presence of rotation occurs in a variety of natural flows in the
atmosphere and the oceans [1]. Large-scale coherent flows often exist in these geophysical fluid
systems and play crucial roles in their turbulent heat and mass transport. Examples include the
thermohaline circulation in the oceans [2] and the tropical atmospheric circulation (the Hadley cell)
[3]. The canonical framework to study turbulent convection flow is the Rayleigh-Bénard convection
(RBC) system, i.e., a horizontal fluid layer heated from below and cooled from above [4,5]. In
turbulent RBC, thermal plumes that emanate from the thermal boundary layers (BLs) are organized
spontaneously into a large-scale circulation (LSC) (see, e.g., [6–9]). Laboratory experiments reveal
that the LSC survives under the influence of modest rotations if the ratio of the buoyancy and Coriolis
forces, expressed in the Rossby number (Ro), is greater than one [10,11].

A prominent dynamical feature of the LSC in turbulent rotating RBC in cylindrical samples
is the azimuthal rotation of its polar circulation plane with nearly a constant velocity [8,10–14].
Developed from the fluid momentum equations, one-dimensional theoretical models suggested that
when the LSC flow rotates steadily in the azimuthal direction, the Coriolis force, which accelerates
the LSC rotation, is balanced by the viscous drag from the kinetic BLs [10,13]. These models
predicted a constant retrograde rotation speed ω close to the sample rotating rate �. The model
prediction was shown to be in reasonable consistency with the experimental measurements of ω

(open circle, Fig. 1) when the LSC azimuthal rotation is driven by the earth’s Coriolis force with
� = �Esinφ [13]. Here �E = 7.3 × 10−5 rad/s is the earth’s rotating rate and φ is the latitude.
Experiments [10–12,15,16] with deliberate rotations (but with � � 100�E) reported LSC rotation
speeds ω about one order of magnitude less than � (closed symbols, Fig. 1). Moreover, conflicting
results of ω > � had been reported in other experiments in the presence of the earth’s rotation
[14,17]. Although controversial results of the LSC rotation were obtained, these experimental studies
revealed, from different perspectives, a variety of azimuthal dynamics of the LSC (such as cessations
and erratic rotations) that has not been accounted for in the aforementioned one-dimensional models
[10,13]. Our understanding of the fundamental dynamics of the large-scale flow in rotating turbulent
convection is far from complete.
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FIG. 1. Results for the LSC rotation speed ratio γ = ω/� as a function of Ro: closed circles, data from [11]
with Pr = 4.38 and Ra = 1.8 × 1010 (red), Ra = 8.97 × 109 (black), and Ra = 2.25 × 109 (blue); diamonds,
data from [12] with Ra = 2.9 × 1011 and Pr = 8.4; triangles: data from [10] with Ra = 1.1 × 109 and Pr = 6.37;
open circle, data from [13] with Ra = 8.9 × 1010, Pr = 4.38, and � = �E ; squares, this work; and dashed
line, theoretical prediction of γ from [13] when Ra = 8.24 × 109 and Pr = 4.38. The error bars indicate the
fluctuations of ω over 24 h. The inset shows examples of θ (t) as functions of time for Ro = 13.1 (red),
Ro = 18.2 (orange), Ro = 39.4 (green), Ro = 59.0 (magenta), and Ro = 236 (blue).

In this paper we present measurements of the LSC orientation θ (t) and thermal amplitude δ(t)
in a large Ro range 1 � Ro � 314. In the low-Ro range, results of the LSC rotation speed ratio
γ agree well with existing experimental data. In the large-Ro range, we observe that θ̇ can be
largely enhanced due to intense accelerations during small-amplitude events (cessations) and report
an unanticipated increase of γ when Ro � 70. The phenomenon of cessation-enhanced azimuthal
velocity has been interpreted recently by a stochastic LSC model [18–20] that describes the diffusive
motion of θ (t) and δ(t). Since cessation events, normally defined by a relatively small threshold of δc,
were commonly assumed to be rare, this model has not accounted quantitatively for the contribution
of the azimuthal displacements during cessations to the long-term net rotation of the LSC. Our
experimental data show that, depending on δc, the azimuthal displacements of cessations may play
an important role in determining ω. We further elucidate that the stochastic model [18–20], with
essential refinements to account for the effect of turbulence stress, can provide accurate predictions
of the observed LSC dynamics and interprets its retrograde rotation.

II. EXPERIMENTAL SETUP

The experiment was performed using an apparatus described before [15,16]. We used a cylindrical
sample with a height L = 24.0 cm and an aspect ratio of 1.00. The sample was filled with deionized
water at a mean temperature of 40.00 ◦C. The Rayleigh number Ra ≡ αg	T L3/κν = 8.24 × 109

and the Prandtl number Pr ≡ ν/κ = 4.38 remained constant. Here α, ν, and κ are the thermal
expansion coefficient, the viscosity, and the thermal diffusivity, respectively, and 	T is the applied
temperature difference. The bottom plate of the sample was made of oxygen-free high-conductivity
(OFHC) copper (type TU1). It had a thickness of 35.0 mm and a diameter of 285.7 mm. From its
bottom side a central area of 242.5 mm diameter was covered uniformly by parallel straight grooves,
interconnected by semicircles at their ends. A main heater made of resistance wires was epoxied into
the grooves. Seven thermistors were installed in the bottom plate, one at the center and the other six
equally spaced on a circle 210.0 mm in diameter. The heater was operated in a digital feedback loop
in conjunction with these thermistors to hold the bottom-plate temperature constant. Temperature
inhomogeneity on the plate was less than 1% of 	T during experiments.
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The top plate was also made of OFHC copper with dimensions similar to the bottom plate. It
consisted of a double-spiral water-cooling channel. To maintain a constant top-plate temperature,
circulating coolant was driven into the channel by a refrigerating circulator. Although the double-
spiral channels had been designed to provide a uniform temperature over the entire top plate, when
coolant passed through the channel, its temperature increased slightly as it absorbed heat from the
plate. A temperature difference still appeared crossing the top plate where it was coolest (warmest)
near the inlet (outlet). To improve the temperature homogeneity, the coolant flow speed was first
accelerated by a fluid pump up to 18 l/min before entering the channel. The entire fluid-circulation
system including the circulator, the fluid pump, and the accessories was thermally isolated from the
ambient temperature. The temperature stability of the circulating coolant remained at 0.01 K. With
this improvement the temperature inhomogeneity over the whole top plate was reduced to about
0.01	T .

The sample had a 4-mm-thick Plexiglas sidewall. Eight thermistors, equally spaced azimuthally
in the horizontal midplane of the cell, were placed in the sidewall. We measured the temperature
of each thermistor Ti and fitted them with the function Ti = T0 + δ cos(iπ/4 − θ ), i = 1, . . . ,8.
Following this experimental protocol [8], we determined the LSC thermal amplitude δ and the
azimuthal orientation θ of its circulating plane.

The sidewall was surrounded by a concentric thermal side shield made by 3-mm-thick aluminum.
The side shield had an inner diameter of 400 mm, with a separate coolant circuit epoxied to its outer
side. Thermal insulation materials (e.g., low-density foams) filled in the volume between the sidewall
and the shield. When coolant from a thermal bath flowed through this circuit, the temperature of the
side shield remained constant with a stability of 0.01 K. During the experiment, thermal protection
towards the sidewall was provided when the side-shield temperature was kept at the mean fluid
temperature of the sample.

The convection cell was mounted on a rotary table with high-quality performance for slow-rotating
experiments. Before the experiment the sample was leveled by adjusting three supporting legs, using
a cross-test level with a precision of 0.02 mm/m placed on the top surface of the top plate. The
horizontal surfaces of the top plate and bottom plate and the Plexiglas sidewall were all finely
machined; their thickness was uniform at all azimuthal orientations with an accuracy of 0.05 mm.
We can thus be sure that the entire sample was leveled to better than 0.001 rad. Another set of
heavy-duty leveling screws was placed at the base of the rotating table. When tuning these screws,
we adjusted the rotating axis of the table to be accurately parallel to the gravity. The rotating velocity
of the table � was selected within (7.8 × 10−4,0.1) rad/s, so Ro ≡ √

αg	T/L/2� covered the
range 1 � Ro � 314 [see Appendix A for detailed information about the accuracy and stability of
�(t)].

III. RESULTS AND DISCUSSION

A. General features of the LSC azimuthal motion and its mean retrograde rotation velocity

Over the entire Ro range studied, retrograde rotation of the LSC plane was observed that led
to a linear decrease of θ in time. Figure 1 shows the time series of θ (t) for several Ro. When
Ro increases the mean rotating rate ω = |〈θ̇〉|, determined through linear fits to the traces of θ (t),
decreases monotonically. The ratio of the LSC rotation speed γ = ω/� is depicted as a function
of Ro. We observe a complicated Ro dependence of γ in the range 1 � Ro � 10 that agrees with
previous works [11,12]. In the range of 10 � Ro � 70, ω appears to be proportional to �, yielding
γ = 0.13 ± 0.01 independent of Ro. When Ro � 70, γ gradually increases and reaches a value of
0.42 for Ro = 314. This Ro corresponds to the slowest sample rotating rate � ≈ 10�E we applied.
The result from [13] with � = �E is shown by the rightmost circle.

Figure 2 shows a long time series of θ (t) for Ro = 236. A mean retrograde rotation speed
of ω = 0.36� is observed in this example. We find that a broad spectrum of the LSC azimuthal
dynamics contributes to the net rotation and determines ω. Over large time scales of hours θ (t)
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FIG. 2. (a) Long time series of θ (t) for Ro = 236. (b) Time series of both θ (t) and δ(t) during cessations.
Sections in the time series with δ larger (smaller) than δc = 0.5δ0 are shown in blue (red). The vertical dashed
line in (b) indicates the moment when δ is minimum. (c) Conditional mean 〈|θ̇ |δ〉 as a function of δ/δ0. Here
θ̇ is determined by the angular change of θ within a time interval of dt = 4.06 s. The straight line indicates
〈|θ̇ |δ〉 = θ̇0(δ/δ0)β with θ̇0 = 5.3 × 10−3 rad/s and β = −1.16.

appears to rotate steadily at a nearly constant velocity. In a short time scale of minutes the LSC
orientation undergoes meandering motion that resembles Brownian motion (see the discussion of
Fig. 3). Moreover, there are occasional violent accelerations in θ (t) (shown in red) that lead to
large instantaneous azimuthal velocities of up to 600 times 〈θ̇〉. These fast reorientation events
occur intermittently, accompanied a decrease of the LSC amplitude δ that typifies cessation events
[8] [Fig. 2(b)]. The relationship between the instantaneous azimuthal velocities θ̇ and δ can be
quantitatively presented by the conditional expectation 〈|θ̇ |δ〉, i.e., the time average of θ̇ for a given
value of δ. As depicted in Fig. 2(c), 〈|θ̇ |δ〉 increases when δ decreases and can be best represented
as 〈|θ̇ |δ〉 = θ̇0(δ/δ0)−1.16.

FIG. 3. Probability distribution functions (PDFs) of the azimuthal displacement 	θ for given amplitudes
δ with Ro = 236. Dashed lines show the Gaussian fit to data. The inset shows diffusivity Dθ as a function of
δ/δ0. The solid curve shows a power function Dθ = D0δ

−2 with D0 = 5.2 × 10−5 rad2 K2/s.
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B. Diffusive properties of the LSC azimuthal motion

The enhanced azimuthal rotation velocity θ̇ when δ is small implies that the LSC rotational inertia
in its circulating plane plays an important role in determining its azimuthal rotation. To interpret
this phenomenon, we develop a Langevin equation from the Navier-Stokes equation to describe the
motion of θ (t) in the presence of rotations [15,16,18,20]:

θ̈ = − δ

δ0τθ̇

θ̇ + δ�

δ0τθ̇

+ fθ̇ (t). (1)

Here the azimuthal fluid acceleration, expressed in θ̈ , is given by its rotational inertia with a damping
time scale τθ̇ = L2/2ν Re and the Coriolis force. In addition, δ0 = 〈δ〉 is the mean amplitude. The
background turbulent fluctuation is modeled by a δ-correlated Gaussian noise term fθ̇ , which has
zero mean and an autocorrelation 〈fθ̇ (t1)fθ̇ (t2)〉 = 2�θ̇δ(t1 − t2).

Equation (1) suggests that when δ decreases, the inertial damping δθ̇/δ0τθ̇ becomes smaller so
the LSC plane is accelerated by the turbulent fluctuations and moves more freely in the azimuthal
direction. Here we examine the angular displacement 	θ (ts) = θ̃ (t + ts) − θ̃(t) of the detrended
LSC orientation θ̃(t) = θ (t) − 〈θ̇〉t and determine the conditional probability distribution P (	θ,δ)
using the time series θ (t) with δ restricted to the range (δ − 0.1δ0,δ + 0.1δ0). Figure 3 shows the
results of P (	θ,δ) for several δ with a time interval ts = 40 s. All of the distributions have a Gaussian
shape with an increasing variance when δ decreases. They indicate that azimuthal motion of the LSC
plane is well characterized by Brownian motion irrespective of the LSC amplitude δ.

Since the characteristic time scales for variations of θ (t) and δ(t) are τθ̇ = L2/2ν Re and τδ =
L2/18ν Re1/2, respectively [18], the LSC flow strength varies slower than its azimuthal orientation
(τθ̇ ≈ 10s ≈ 0.1τδ). Therefore, P (	θ,δ) reveals statistically how diffusive motion of θ (t) depends
on δ [19]. Using the steady-state solution of the Fokker-Planck equation corresponding to Eq. (1),
we determine

P (	θ,δ) = 1√
2πσθ

2(ts)
exp

(
− (	θ − 〈	θ〉)2

2σθ
2(ts)

)
(2)

with the variance [21]

σθ
2(ts) = 2�θτ

2ts + �θτ
3(−3 + 4e−ts /τ − e−2ts /τ ) (3)

dependent on ts . With a sufficiently long sampling time interval ts � τ = τθ̇ δ0/δ, we have σθ
2(ts) =

2Dθts , where Dθ = �θτ
2
θ̇
δ2

0/δ
2 is the diffusivity of θ .

In order to determine the diffusivity Dθ , we measure directly σθ
2(ts) = 〈[	θ (ts) − 〈	θ (ts)〉]2〉

with the sampling time intervals ts selected in the range 0.5τ < ts < 5τ . The two parameters �θ

and τ can be determined through a least-squares fit of the experimental data σθ
2(ts) to Eq. (3).

Following this approach, we obtain Dθ = �θτ
2 as a function of δ for 0.25δ0 � δ � δ0. As shown

in the inset in Fig. 3, Dθ (δ) increases rapidly with decreasing δ and follows closely a simple power
function Dθ (δ) = D0δ

−2. Such a power law dictates Dθ (δ) for all Ro in the range Ro � 5. Hence we
obtain the instantaneous azimuthal velocities due to diffusive motion for a given LSC amplitude δ,
〈|θ̇ |δ〉 = √

Dθdt/dt = √
�θ/dtτθ̇ δ0/δ, which agrees with the experimental data shown in Fig. 2(c).

C. Stochastic properties of the LSC thermal amplitude

To better understand the small-amplitude behavior of the LSC, we measure the occurrence
frequency fc of cessations, which is defined to occur when δ < δc = 0.5δ0.1 In order to ensure

1In viewing that a general criterion of the amplitude threshold δc for cessations does not exist, we choose
δc = 0.5δ0 in order to ensure sufficient statistics to reveal the LSC stochastic behavior under the influence of
rotations. We note that the dynamical properties of cessations discussed in Fig. 4 can be well interpreted by the
present model, independently of the threshold value of δc.
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FIG. 4. Some dynamical properties of the LSC during cessations. (a) The PDFs of δ/δ0. The two solid
curves are theoretical fittings of P (δ/δ0) for Ro = 236 (black) and Ro = 2.2 (magenta). (b) The δ0 as a function
of Ro. (c) The fc as a function of Ro. Open squares show experimental data and closed squares theoretical
results. (d) Azimuthal displacement 	θc. The dashed line shows the theoretical estimate of 	θd for Ro = 236.
(e) Ratio of N+/N−. Error bars show the standard deviations.

sufficient statistics of fc we record a long time series (∼100 h) for each Ro in the high-Ro range.
Results for fc are depicted in Fig. 4(c). One can see that fc remains roughly constant in the large-Ro
range (Ro � 5). In the fast rotating range when Ro � 5, fc increases sharply with increasing �.

The dynamics of the LSC amplitude δ(t) is governed by a second Langevin equation [15,16,18,20]

δ̇ = BDδ

2δ0
+ δ

τδ

− δ3/2

τδδ
1/2
0

+ fδ(t). (4)

This amplitude equation, combined with Eq. (1), constitutes the full LSC model. Here the increment
of the LSC strength δ̇ is given by the buoyancy force, the thermal diffusion, and the viscous dissipation
from the BLs. In addition, τδ = L2/18ν Re1/2 is the time scale of variation in δ(t). The constant
B reveals the change rate δ̇ when δ 
 δ0. Further, fδ(t) presents Gaussian noise with intensity
�δ = Dδ/τ

2
δ .

Equation (4) suggests that motion of δ(t) can be described in terms of diffusive motion in a
potential well V (δ) [21,22]. Using the steady-state solution of the corresponding Fokker-Planck
equation, we find

V (δ) = −BDδδ

2δ0
− δ2

2τδ

+ 2δ5/2

5τδδ
1/2
0

. (5)

The probability distribution of δ/δ0 is

P (δ/δ0) = 1√
2πσδ

e−2V (δ/δ0)/Dδ , (6)

with σ 2
δ = Dδτδ/δ

2
0. We note that including the thermal dissipation term in the amplitude

equation, −BDδδ/2δ0, alters slightly the most probable amplitude δm determined through V ′(δm) =
dV/dδ|δm

= −BDδ/2δ0 − δm/τδ + δm
3/2/τδδ

1/2
0 = 0. Consequently, the variance σ 2

δ of P (δ) is
modified. It is suggested in [20] that as long as the thermal dissipation term is involved in the
LSC amplitude equation, Ro-dependent coefficients are included in all fluid momentum terms,
in order that P (δ0) is maximum and σ 2

δ is invariant. Nevertheless, the physical origin of these
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coefficients is not well understood. We find that including the thermal dissipation term in our model
does not change significantly the potential barrier 	V = V (0) − V (δm). Hence it does not influence
much the occurrence frequency and other dynamical properties of cessations. For these reasons we
have retained the amplitude equation in its present format.

The results of P (δ/δ0) are shown in Fig. 4(a) for several Ro. When Ro � 5 the data of P (δ/δ0)
collapse into one single curve. In this range the Coriolis force is so weak that it has not yet altered
the LSC strength δ0 [Fig. 4(b)], thus the variance of P (δ/δ0) remains constant. When Ro � 5, the
half-width of the PDF starts to increase gradually with decreasing Ro. In this range δ0 decreases
rapidly, indicating the decay of the LSC strength in the background of strong rotations [10,11]. We
determine the parameters B, Dδ , and τδ in Eq. (4) as functions of Ro through theoretical fittings of
P (δ/δ0) to the experimental data and compute the cessation frequency fc. Since 	V/Dδ > 1, we
apply the large-barrier approximation and evaluate the first-passage time for δ(t) to reach δ̃ 
 δ0,
using the Arrhenius formula

T (δ̃) =
√

2πDδτδ

|V ′(δ̃)| exp

(
2[V (δ̃) − V (δ0)]

Dδ

)
. (7)

Here δ̃ is the minimum LSC amplitude during each cessation event. Experimental data reveal that
δ̃ has a nonuniform distribution Pm(δ̃) in the range 0 � δ̃ � δc that can be approximated as an
exponential function Pm(δ̃) = Pm(0)eηδ̃ . Thus the cessation frequency can be determined when T (δ̃)
is averaged over zero to the threshold of cessation δc:

fc = δc∫ δc

0 T (δ̃)Pm(δ̃)dδ̃
. (8)

We find that results for fc are mostly sensitive to the potential barrier 	V ≈ δ2
0/10τδ + BDδ/2 ≈

δ2
0/10τδ . The close agreement between the theoretical and experimental results of fc shown in

Fig. 4(c) implies that the observed Ro dependence of fc can be well predicted by Eq. (4).
Also of interest is the mean angular change 	θc of the LSC during cessations [Fig. 2(b)]. We

estimate the displacement 	θd due to diffusion of θ (t) within a mean cessation duration 	τ . Based
on the diffusivity Dθ (δ) determined above (Fig. 3), we estimate the azimuthal displacement 	θd due
to diffusive motion of θ (t) within the mean cessation duration 	τ :

	θd =
[ ∫ 	τ/2

−	τ/2
Dθ (δ)dt

]1/2

=
[

2
∫ δc

δ̃

Dθ (δ)dδ

|δ̇|
]1/2

. (9)

Here we have changed the integration variable using dt = |δ̇|−1dδ. During cessations when δ 
 δ0,
we observe that δ(t) varies linearly in time with a change rate given by the slope of V (δ) near δ = 0:
|δ̇| = dV/dδ|δ
δ0 = BDδ/2δ0. Substituting Dθ (δ) = D0δ

−2 obtained earlier, we arrive at

	θd = 2

[ ∫ δc

δ̃

D0δ0

BDδδ2
dδ

]1/2

. (10)

The results of 	θd for Ro = 236 are shown by the dashed line in Fig. 4(d) and compared with
the experimental data of 	θc. We see that when Ro > 70, the angular change during cessations are
mainly determined by diffusive motion 	θc ≈ 	θd . However, when Ro � 70, 	θc becomes larger
than 	θd because the mean drift velocity of 〈θ̇〉 due to the Coriolis force starts to exceed 	θd/	τ .

The angular displacement 	θc has a preference in the retrograde direction. We count the number
of the cessation events N+ (N−) if the net displacement 	θc is in the prograde (retrograde) direction.
The ratio of N+/N− is depicted in Fig. 4(e) as a function of Ro. We see that N+/N− ≈ 0.6 ± 0.1
when Ro � 70, but decreases with decreasing Ro. The underlying mechanism for the observed
directional azimuthal displacements during cessations is not well understood. We infer that it is
associated with the gradual variation in δ when cessations occur. As predicted by Eq. (4), during
cessations the change rate |δ̇| = dV/dδ|δ≈0 = BDδ/2δ0 remains finite and independent of δ [23,24].
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FIG. 5. (a) Enhanced ratio 	γc due to cessations. Open squares show experimental data and closed circles
the theoretical estimate of 	γc. (b) Conditional mean of 〈γ |δc〉 as a function of δc/δ0. Results were obtained
using time series of θ (t) with δ � δc.

The traces of δ(t) exhibit a wedge shape as shown in Fig. 2(b). Thus the LSC retains substantial
strength. The fluid momentum produced by the Coriolis force, δ�/τθ̇ δ0, continues to accelerate the
LSC rotations preferentially in the retrograde direction.

D. Enhanced rotation speed ratio due to cessations

Our interpretation for the observed increasing rotation speed ratio γ in a large-Ro range is
as follows. When small-amplitude events (such as cessations) occur, the inertial damping for the
LSC azimuthal motion decreases. The diffusivity of θ , Dθ = D0δ

−2, increases accordingly and
gives rise to large azimuthal velocities θ̇ . The dynamical properties of cessations, including the
occurrence frequency fc and the angular displacement 	θc, are however independent of Ro when
Ro � 5, since the Coriolis force has not yet altered the LSC strength δ under weak rotations
[Figs. 4(b)–4(d)]. Thus, with increasing Ro, the angular displacements during cessations take a
larger part in the LSC azimuthal motion and increase 〈θ̇〉 further. An increase in γ should occur
when the enhanced 〈θ̇〉 due to cessations exceeds the mean drift velocity ascribed to the Coriolis
force along. The cessation-enhanced γ can be estimated based on the measured properties: 	γc =
fc	θc(N− − N+)/(N− + N+)�. Our theoretical estimate of 	γc is compared with the experimental
results in Fig. 5(a). They imply that 	γc is insignificant with small Ro, but becomes important when
Ro > 70.

To clarify how the mean azimuthal rotation speed is dependent on δ for various Ro, we show in
Fig. 5(b) the conditional mean 〈γ |δc〉, determined by time series of θ (t) with all small-amplitude
events (δ < δc) removed (as explained in detail in Appendix C). We find that 〈γ |δc〉 decreases with
increasing δc. The reduction in γ is greater with a larger Ro. The different curves of 〈γ |δc〉 for various
Ro appear to converge to a low value of 0.06 ± 0.02 when δc ≈ δ0. We find that the reduction of
γ when removing the cessation events, 	γ = 〈γ |0〉 − 〈γ |δc〉, is in agreement with our estimate as
shown in Fig. 5(a).

E. Prediction of the turbulent viscosity coefficient

To account for the observed nontrivial Ro dependence of the LSC retrograde rotation velocity
(Fig. 1), whose value is much lower than that predicted by theory [13], we suggest that an additional
viscous damping term fK = −K(δ)θ̇/τθ̇ is involved in the LSC orientation equation

θ̈ = − 1

τθ̇

(
δ

δ0
+ K

)
θ̇ + δ�

δ0τθ̇

+ fθ̇ (t). (11)

Such a greater level of viscous damping has been attributed to turbulent viscosity before [11,12].
We propose here that fK is sensitive to the LSC strength δ. The coefficient K can be determined
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FIG. 6. Conditional probability distributions P (θ̇ |δ) for given amplitudes δ with Ro = 236. Red squares
show δ = 0.3δ0 and blue circles δ = 0.5δ0. The solid curves are theoretical fittings of P (θ̇ |δ) based on Eq. (12).
The two vertical dash-dotted lines indicate the axis of symmetry of P (θ̇ |δ).

through theoretical fittings of the conditional PDF P (θ̇ |δ) to the experimental data. Previous works
[19,23] considered the complete PDF P (θ̇ ) with all values of the LSC amplitude δ associated and
found that the PDF undergoes a transition from a large-amplitude regime (δ � δ0) where P (θ̇ ) is
Gaussian to a small-amplitude regime (δ � δ0) where P (θ̇ ) becomes a power function. In Eq. (11)
the effect of turbulence stress on the LSC azimuthal motion is modeled by an additional viscous
damping fK that is independent of the inertia damping. Since τθ̇ 
 τδ , we consider this equation as
a Langevin equation of θ̇ with coefficients dependent on δ and determine the steady-state conditional
PDF P (θ̇ |δ) for a given value of δ:

P (θ̇ |δ) = C exp

[
−

(
K + δ

δ0

)(
θ̇ − �

1 + K δ0
δ

)2/
τθ̇Dθ̇

]
, (12)

with C a normalization constant. Thus P (θ̇ |δ) is a Gaussian distribution, with the most probable
azimuthal velocity θ̇m given by

θ̇m = �/(1 + Kδ0/δ). (13)

We measured the instantaneous azimuthal velocity θ̇ and determined the conditional PDF P (θ̇ |δ)
with δ restricted in the range of (δ − 0.1δ0,δ + 0.1δ0). Experimental results reveal that distributions
of P (θ̇ |δ) for all δ indeed have a Gaussian shape. In Fig. 6 we compare two sets of data of P (θ̇ |δ)
with δ = 0.3δ0 and 0.5δ0, respectively. One can see that with a smaller LSC amplitude δ the variance
of P (θ̇ |δ) increases and the axis of symmetry shifts further to the left. We determine the axis of
symmetry of P (θ̇ |δ), θ̇ = θ̇m, through theoretical fitting of Eq. (12) to the experimental data. Results
for the turbulent viscosity coefficient K are then obtained through Eq. (13).

Figure 7(a) shows that results of K(δ) for a constant rotating rate (Ro = 236). One can see
that with increasing δ, K(δ) increases and is approximately a power function: K ∼ δη with η ≈
4. Although such a power-law dependence of K on δ is not well understood, it suggests that
during cessation events when the LSC flow strength decreases, the fluctuation of the fluid velocity
decreases significantly. When δ < 0.5δ0 and K(δ) 
 1, the turbulent viscous effect is negligible.
Equation (11) suggests that the diffusivity of θ is then mainly given by the inertial damping and
follows Dθ (δ) = �θτ

2
θ̇
δ2

0δ
−2. When the LSC amplitude δ is at its mean δ0, K = 5.6 far exceeds one

and we find γ (δ = δ0) = θ̇m/� = 1/(1 + K) ≈ 1.5, in agreement with our observations in the range
of Ro � 70 where the enhancement of γ due to cessations is negligible [Fig. 5(a)]. For δ > δ0 the
turbulence stress is one order of magnitude larger than the inertial damping, leading to a significant
reduction of the LSC azimuthal rotation velocity, as evident in Fig. 5(b).
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FIG. 7. (a) Turbulent viscosity coefficient K as a function of δ with Ro = 236. The solid line indicates
a power function of K ∼ δ4. (b) K(δ = δ0) as a function of Ro. The standard deviations in determining K

mainly come from the uncertainty when fitting the experimental data of P (θ̇ |δ) with the Gaussian function (12),
indicated by the error bars.

In Fig. 7(b) we show results for K(Ro) when δ = δ0 for each Ro. One can see that in the slow
rotation range (Ro � 5) where δ0 is independent of Ro [Fig. 4(b)], K increases with decreasing
Ro, suggesting that the magnitude of the turbulent stress is larger when the rotating velocity of the
sample increases. In the range of 1 � Ro � 5, K varies rapidly as a function of Ro and reaches a
maximum at Ro = 3.4. The variations of K(Ro) in this range can be preliminarily understood by
the Ro dependence of the LSC strength δ0 depicted in Fig. 4(b).

IV. CONCLUSION

In this paper we reported persistent retrograde rotation of the LSC in turbulent rotating RBC within
a large Ro number range 1 � Ro � 314. The rotation speed ratio γ first experiences a complicated
Ro dependence of γ in the range 1 � Ro � 10 that agrees with previous works [11,12]. In the
range of 10 � Ro � 70, γ remains a constant of 0.13 ± 0.01 independent of Ro. When Ro � 70, γ

gradually increases with increasing Ro and reaches a value of 0.42 for Ro = 314.
The enhanced azimuthal rotation velocity of the LSC in the large-Ro range is largely ascribed to the

fluctuations of its circulating strength during small-amplitude events (cessations). When cessation
occurs, the LSC rotational inertia decreases and its circulating plane moves more freely in the
azimuthal direction. It was found that the azimuthal motion of the LSC is characterized by normal
diffusion in the background of linear retrograde rotation. The diffusivity of θ (t) follows closely
a simple power function Dθ (δ) = D0δ

−2. The conditional mean of the instantaneous azimuthal
velocities is given by 〈|θ̇ |δ〉 = θ̇0(δ/δ0)−1.16. Both observations are interpreted by the equation of
motion for θ (t) [Eq. (1)].

The stochastic phenomenon of cessations (and the general small-amplitude events) under weak
rotations can be well predicted through the LSC amplitude equation (4). We determined the
parameters in this equation through theoretical fittings of P (δ/δ0) to the experimental data and
determined the cessation frequency fc. The theoretical prediction was shown to be in good agreement
with the experiment. The cessation frequency fc and the magnitude of angular displacement 	θc

during cessations were found to be independent of Ro in the large-Ro range. With the measured
dynamical properties of cessation events we further deduced the enhancement of the LSC rotation
speed ratio 	γc that is found to agree with the experimental results. Further, 	γc is insignificant for
small Ro, but increases and becomes important when Ro > 70.

In order to explain the Ro dependence of the LSC retrograde rotation velocity, whose value is much
lower than the theoretical prediction (Fig. 1), we introduced an additional turbulent viscous damping
term in the LSC orientation equation (11). The turbulent viscosity coefficient K(δ), determined
through the conditional PDF of the instantaneous LSC azimuthal velocity, was found to increase
sensitively with increasing δ. In the slow-rotation range (Ro � 5), K increases with decreasing

044602-10



ENHANCED AZIMUTHAL ROTATION OF THE LARGE- . . .

Ro, indicating that the LSC experiences a stronger turbulent stress when the sample rotating speed
increases. In the fast-rotation range of 1 � Ro � 5, K varies rapidly as a function of Ro and reaches
a maximum at Ro = 3.4. We suggested that the variation of K(Ro) in this range is relevant to the
Ro dependence of the mean LSC strength δ0, which interprets the nontrivial Ro dependence of the
LSC retrograde rotation speed ratio γ (Ro).
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APPENDIX A: PROBABILITY DISTRIBUTION OF THE LSC ORIENTATION

Experimental observation of the probability distribution of the LSC orientation suggests that the
small thermal inhomogeneity over the top plate (discussed in Sec. II) still produces a biased azimuthal
orientation. Figure 8 shows P (θr ) for two Ro numbers with θr the reduced LSC orientation modulo
2π (0 � θr � 2π ). With a very slow rotating rate (Ro = 236) we notice a maximum of P (θr ) = 2.5
close to the coldest angular position of the top plate. This asymmetry effect may to some extent
affect the azimuthal dynamics of the LSC. Nevertheless, the magnitude of the maximum in P (θr )
is comparable to nonrotating experimental results reported elsewhere [13]. Moreover, we find that
the influence of the LSC azimuthal rotation due to such an asymmetry is milder and becomes
insignificant when a large � is applied. As shown in Fig. 8, P (θr ) is more uniformly distributed for
Ro = 2.2. We have made no attempt to compensate this asymmetry by tilting the cell to produce
additional buoyancy force that may balance the asymmetric cooling of the top plate as suggested in
[13], with the objective of maintaining the direction of � precisely parallel to the gravity.

It is suggested that the earth’s Coriolis force creates a potential well for the LSC azimuthal
diffusion [13], VE(θ ) = AEcos(θ ) + BEθ , with AE = 2a�Ecos(φ)/(1 + 12 Re−0.5) and BE =
�Esin(φ)/(1 + 12 Re−0.5). Here φ is the latitude and a is a constant of order one that reveals
the ratio of the Coriolis force applied to horizontal and vertical flows. With strong background
turbulent fluctuations VE(θ ) does not affect the net rotation rate 〈θ̇〉 [13]; however, it produces a
preferred orientation at θ = θm where dVE(θ )/dθ |θ=θm

= 0. When deliberate rotations are applied,
the potential well for θ becomes V (θ ) = A cos(θ ) + Bθ , where A = 2a�Ecos(φ)/(1 + 12 Re−0.5)
and B = [� + �Esin(φ)]/(1 + 12 Re−0.5). The potential barrier disappears if � � 2a�Ecos(φ).
Since in the experiment � � 10�E , we do not observe any correlation of the maximum in P (θr )
and the preferred orientation θm due to the earth’s Coriolis force.

FIG. 8. Probability distribution of the reduced orientation P (θr ) for Ro = 236 (open symbols) and Ro = 2.2
(closed symbols). The dashed line indicates the orientation of the inlet of the coolant channel in the top plate.
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FIG. 9. (a) Time series of �(t) for a preconcerted sample rotating rate �0 = 1.05 × 10−3 rad/s.
(b) Detrended orientation of the sample �d (t). (c) Results for �(t)/�0. Here �(t) is determined by the
mean slope of �(t) in every 20 s. The dashed line indicates 〈�(t)〉 = 1.0013�0.

APPENDIX B: MEASUREMENTS OF THE ROTATING VELOCITY OF THE SAMPLE �(t)

The convection sample was mounted on a rotary table (Nikken, model CNC260) with high-
quality performance for slow-rotating experiments. The table had a carbide worm system with high
indexing accuracy and gave smooth and jerk-free motion when � covered the range 7.85 × 10−4 � �

� 0.1 rad/s. To measure the mean sample rotating speed � and its fluctuations in time, we took
pictures of the table with a position mark on it. The azimuthal orientation of the mark �(t) was
then recorded. Figure 9(a) shows �(t) for the run with a preconcerted rotating speed �0 = 1.05 ×
10−3 rad/s. The fluctuation of �(t) from its prescribed linear trend is shown in Fig. 9(b) by the
detrended orientation: �d (t) = �(t) − �0t . Figure 9(c) shows the result of �(t)/�0 derived from
�(t). We find that the mean value of �(t) (dashed line) is slightly greater than �0. Over the whole
sampling period, the deviation of �(t) from �0 and the rms fluctuation in �(t) are both within 1%.

APPENDIX C: CONSTRUCTION OF TIME SERIES θ (t) WITH LARGE
AND SMALL LSC AMPLITUDES

The procedure is illustrated in Figs. 10(a)–10(c). The original time series θ (t) for Ro = 236 is
shown by the solid line in Fig. 10(a), which contains one cessation event (δ < 0.5δ0) indicated in
red. By shifting the data points along the two axes, we remove the section of cessation and link the
two portions of large amplitude (δ � 0.5δ0) together. The modified time series with large amplitude
is shown by the blue dashed line. Similarly, sections in θ (t) with large amplitude are removed to
construct time series of small amplitude as shown in Fig. 10(b). We thus obtain θ (t) with large
(small) amplitude shown by the blue (red) line in Fig. 10(c). It can be seen that the small-amplitude
time series still reveals diffusive meandering motion, with a mean drift velocity much larger than
〈θ̇〉 for the entire data set with this Ro.

It was commonly assumed that cessation events, normally defined by a relatively small threshold
of δc, were rare and the contribution of angular displacements during cessations to the net azimuthal
rotation of the LSC flow was ignored [10,11,13]. However, both our experimental data and theoretical
model show that the probability distribution function P (δ) increases exponentially with increasing
δ in the small-amplitude regime. This result implies that the number of cessation events, or small-
amplitude events in general, would increase rapidly if the threshold value of the events δc is increased.
Thus the angular displacement of the small-amplitude event would become important.

We consider the cumulative angular displacement of all the small-amplitude events [for example,
displacement of the red curve in Fig. 10(c)] 	θδ<δc

and the time duration 	Tδ<δc
. The ratio of
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FIG. 10. Time series of θ (t) for Ro = 236. Sections in θ (t) with δ greater (smaller) than δc = 0.5δ are
shown in blue (red). (a) Example of removing an event with small amplitude in θ (t). (b) Example of removing
an event with large amplitude. (c) Resulting long time series of large and small amplitude. For clarity of
demonstration we show here a small-amplitude time series (red curve) extracted from experimental data of
100 h, with the initial orientation shifted by 5 rad apart from zero. The large-amplitude time series (blue curve)
is obtained from experimental data over 30 h. (d) Ratios of the angular displacement 	θδ<δc

/	θall and time
duration 	Tδ<δc

/	Tall as functions of the cessation threshold δc/δ0.

	θδ<δc
/	θall and 	Tδ<δc

/	Tall are shown in Fig. 10(d) as a function of δc/δ0 for Ro = 236. Here
	θall and 	Tall are the angular and time span of the entire data set of θ (t). It appears that both
	θδ<δc

and 	Tδ<δc
increase with increasing δc. The time duration 	Tδ<δc

appears to follow a more
sensitive dependence on the threshold value δc. One remarkable observation in Fig. 10(d) is that the
time series of θ (t) with δ < δ0 has taken up a fraction of 86% in the entire azimuthal displacement
	θall.
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