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Multi-time scale-invariance of turbulence in a shell model
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When time and velocities are dynamically rescaled relative to the instantaneous turnover
time, the Sabra shell model acquires another (hidden) form of scaling symmetry. It has been
previously shown that this symmetry is statistically restored in the inertial interval of devel-
oped turbulence, thereby establishing a self-similarity property derived from first principles
and replacing the broken 1/3-scaling of the K41 theory. Multifractal intermittency follows
from the restored hidden symmetry, in which the anomalous scaling exponents ζp are
identified as Perron-Frobenius eigenvalues. In this paper, we use the hypothesis of restored
hidden symmetry to address the multi-time statistics of turbulent fluctuations. The central
result is the self-similarity rule stating that any observable that is time-scale homogeneous
of degree p is self-similar with the Hölder exponent h = ζp/p. As a particular case, it
yields the scaling laws for decorrelation times of fluctuations obtained previously within
the phenomenological multifractal approach. As further applications, we formulate self-
similarity rules for multi-time structure functions and multi-time Kolmogorov multipliers
and verify them numerically.

DOI: 10.1103/PhysRevFluids.10.054603

I. INTRODUCTION

Developed hydrodynamic turbulence is characterized by an extremely large range of active
scales. In this range, a special role is given to the inertial interval, which contains scales that
are much smaller than the scales at which forcing is applied, and much larger than the scales at
which dissipation (viscosity) becomes significant. Description of universal statistical properties of
the velocity field in the inertial interval is one of the central problems in the theory of developed
turbulence [1].

Shell models of turbulence are toy models that share many of the fundamental properties of tur-
bulence and therefore provide a convenient platform for testing and verifying new ideas and theories
[2]. One of the most popular is the Sabra shell model, introduced in [3] based on its predecessors
[4,5], which mimics the Navier–Stokes flow using a geometric sequence of spatial scales �n = 2−n

with integer shell numbers n. The velocity fluctuations at the scale �n are represented by a complex
variable un ∈ C, which is called the shell velocity. In the inertial interval, shell velocities satisfy the
ideal equations

dun

dt
= Bn[u], Bn[u] = ikn

(
2un+2u∗

n+1 − un+1u∗
n−1

2
+ un−1un−2

4

)
, (1)

where the quadratic nonlinearity Bn[u] with the wavenumber kn = 1/�n = 2n mimics the convective
term of the Navier–Stokes system. The system (1) is designed to conserve energy E [u] = ∑

n |un|2
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and has a family of scaling symmetries

t, un �→ 21−ht, 2hun+1, (2)

with an arbitrary Hölder exponent h. Expressions (2) define new solutions as ũn(t ) =
2hun+1(t/21−h).

A. K41 theory and intermittency

The central hypothesis of the Kolmogorov (K41) theory [1,6] is that the turbulent statistics
restores the scaling symmetry (2) for h = 1/3. This exponent is uniquely selected by the condition
that the energy is transported from large to small scales. One of the immediate consequences is
the K41 scalings of time-averaged structure functions 〈|un|p〉t ∝ �

p/3
n . Numerical analysis does not

support the K41 hypothesis, suggesting instead the anomalous scaling laws

〈|un|p〉t ∝ �
ζp
n , (3)

where the exponents ζp depend nonlinearly on p [1]. This anomalous scaling underlines what is
called the intermittency phenomenon at small scales, and implies that the K41 symmetry, as well as
other symmetries (2), are all broken in the inertial interval. Further developments assumed weaker
forms of self-similarity, referring to the universality of velocity ratios (Kolmogorov multipliers)
|un/un−1| [7–9] or the multifractal model of Parisi-Frisch [1,10] inspired by Mandelbrot’s ideas.
Despite excellent agreement with numerical simulations and success in predicting new physical
properties, these theories are phenomenological, i.e., they are not derived from the equations of
motion.

B. Hidden scaling symmetry

Let us first review the concept of hidden symmetry, the central property of an ideal system on
which the results of this paper are based. It was suggested that Kolmogorov-style self-similarity
does exist, but with respect to a different symmetry of the ideal system [11]. This symmetry appears
after the appropriate rescaling (projection) of the solutions un(t ). Namely, fixing a reference scale
�m in the inertial interval, one defines the rescaled velocity U (m)

N (τ ) as

U (m)
N (τ ) = uN+m(t )

�mAm(t )
, τ =

∫ t

0
Am(s)ds, Am(t ) = 1

�m

√∑
j�0

8− j |um− j (t )|2. (4)

Here Am(t ) measures the turnover frequency at the scale �m and time t . Note that there is a certain
freedom in defining Am(t ) [12], but for simplicity, we stick to a specific form (4) in this paper. The
turnover frequency is used to define the rescaled speeds U (m)

N and the rescaled time τ relative to the
local level of fluctuations. The new time τ runs fast when the fluctuations are strong and slowly
otherwise. In terms of new variables (4), the ideal system (1) becomes

dUN

dτ
= BN [U ] − UN R[U ], R[U ] =

∑
j�0

8− jRe(U ∗
− jB− j[U ]), (5)

where Re denotes the real part, and we dropped the superscript m. The new system loses symmetries
(2), but acquires a new one. It is called hidden symmetry and is expressed as

ŨN (τ̃ ) = UN+1(τ )√
|U1(τ )|2 + 8−1

, τ̃ = 2
∫ τ

0

√
|U1(s)|2 + 8−1 ds. (6)

One can verify that the velocities ŨN (τ̃ ) indeed satisfy the same system (5). Unlike symmetries
(2) that depend on the scaling exponent h, the hidden symmetry has no free parameter. This new
symmetry corresponds to changing the reference scale �m �→ �m+1: relations (6) transform the
rescaled field U (τ ) = U (m)(τ ) into Ũ (τ̃ ) = U (m+1)(τ̃ ).
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It is conjectured that the hidden symmetry is restored in the turbulent statistics of the inertial
interval, thereby replacing the broken scaling of K41. Practically, this means that the statistics of
the rescaled field U (m)

N (τ ) does not depend on the choice of the scale �m. This hypothesis was shown
to be in full agreement with numerical data [11,12].

Remarkably, the restored hidden symmetry yields scaling laws (3), where the exponents ζp are
defined as the Perron–Frobenius eigenvalues [13,14]. The derivation of this relation goes back to
Kolmogorov’s ideas from 1962 [7–9]. Namely, let us express the velocity moment as

|un|p = |u0|p
n∏

m=1

wp
m. (7)

Here wm is a so-called Kolmogorov multiplier defined as the ratio

wm =
∣∣∣∣ um

um−1

∣∣∣∣ =
∣∣∣∣∣U

(m)
0

U (m)
−1

∣∣∣∣∣, (8)

where the last expression follows from Eq. (4). The hidden scale invariance means that the statistics
of multipliers do not depend on m. Hence, one can interpret Eq. (7) as a (generalized) multiplicative
Markov process, to which the Perron–Frobenius theory naturally applies; see, e.g., Ref. [15]. To
summarize, hidden symmetry provides the missing link between the phenomenological multifractal
model and the original equations of motion. It is important to note that a similar hidden symmetry
exists in Navier-Stokes turbulence [12,16].

C. Multi-time statistics

Structure functions 〈|un|p〉t refer to the single-time statistics of velocity fluctuations. However,
the complete description of the turbulent steady state must be based on its multi-time statistical
properties. For example, a two-time correlation function at scale �n can be defined as

F p1,p2
n (s) = 〈|un(t )|p1 |un(t + s)|p2〉t , (9)

where 〈·〉t denotes the t-time average at a fixed time lag s. The multi-time statistics were investigated
in several works, e.g., Refs. [17–23], where the analysis was based on the phenomenological
multifractal model. Multi-time observables in these theories take the form of integrated correlation
functions, from which physical quantities like decorrelation times of fluctuations are expressed. In
particular, the integrated correlation function (9) is defined as

Cp1,p2,q
n =

∫ ∞

0
F p1,p2

n (s)sq−1ds, (10)

with the corresponding scaling relation

Cp1,p2,q
n ∝ �z

n, z = q + ζp1+p2−q. (11)

One of the contributions of the present paper is to derive this and similar scaling laws directly
from hidden scale invariance, thereby providing a first-principles explanation of multi-time scalings
previously obtained on a phenomenological basis; see Sec. V C.

The scaling in Eq. (11) follows as a particular case of a universal self-similarity rule, which we
derive as the consequence of the restored hidden symmetry; see Sec. IV. It states that any (multi-time
and multi-scale) observable that is time-scale homogeneous of degree p is self-similar with respect
to space-time scaling with the Hölder exponent h = ζp/p. This self-similarity rule is derived by
relating time-scale homogeneous observables to the hidden-symmetric ones and using the previ-
ously established Perron–Frobenius asymptotics. To facilitate the analysis, which is considerably
more technical than in the case of single-time observables, we developed a new operator formalism.
This formalism provides a unified description of both symmetries and observables and expresses
the universal self-similarity rule in a compact form. As applications, we show how known and
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new scaling laws follow from this universal rule. In particular, we derive power-law relations for
multi-time structure functions and explain the universality properties of multi-time Kolmogorov
multipliers. These relationships are verified with high accuracy by numerical simulations.

The paper is organized as follows: Sec. II introduces the model and describes its statistics in
terms of symmetry operators and observables. Section III introduces the hidden symmetry. Sec-
tion IV states the general self-similarity principle for time-scale homogeneous observables, which
is the main result of the paper. Section V considers applications to multi-time structure functions
and multi-time Kolmogorov multipliers. Section VI provides the derivation of the self-similarity
relation. Section VII summarizes the results.

II. BROKEN SCALING SYMMETRIES

A. Model

The viscous Sabra shell model [3] is formulated in dimensionless form as

dun

dt
= Bn[u] − Re−1k2

nun, n > 0, (12)

where Re is the Reynolds number. The quadratic term Bn[u] given by Eq. (1) imitates the convective
terms of the Navier–Stokes system. The equations of motion (12) must be provided with boundary
(forcing) conditions for the shells n � 0, which we define as

u0(t ) ≡ 1, un(t ) ≡ 0, n < 0. (13)

We consider the fully developed turbulent state corresponding to very large Reynolds numbers.
Our study is focused on the so-called inertial interval of scales �n, at which both the forcing and
viscous terms can be neglected. These scales satisfy the condition

�0 � �n � η, (14)

where �0 = 1 is the forcing scale and η is the (Kolmogorov) viscous micro-scale. The latter is the
scale at which the viscous term in Eq. (12) becomes comparable to the nonlinear term. The viscous
scale η → 0 vanishes as Re → ∞. In the inertial range, the dynamics obey ideal Eq. (1), which
follows from Eq. (12) after neglecting the viscous term.

B. Symmetry operators

Ideal system (1) is invariant with respect to space-time scaling transformations (2). It will be
useful to express symmetries (2) as operators.

We use a shorthand notation u = (un)n∈Z for a bi-infinite sequence of shell velocities describing
the full state of the system. Let u(t ), t � 0 be an arbitrary function of time, denoted briefly as u(·).
Then, the space-scaling operator is defined for any m ∈ Z as

Sm : u(·) �→ ũ(·), ũn(t ) = un+m(t )

�m
. (15)

Similarly, the time-scaling operator is defined for real parameters α > 0 as

T α : u(·) �→ ũ(·), ũ(t ) = 1

α
u

(
t

α

)
. (16)

Finally, we define the time-shift (flow) operator for any t � 0 as

�t : u(·) �→ ũ(·), ũ(s) = u(s + t ). (17)

These operators are symmetries of the ideal system: if u(t ) solves Eqs. (1), then ũ(t ) does also. In
particular, the scaling transformation (2) is given by the composition

Sh = T α ◦ S, α = 21−h. (18)
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Using Eqs. (15) and (16) we express

Sm
h : u(·) �→ ũ(·), ũn(t ) = �−h

m un+m
(
�1−h

m t
)
. (19)

One can verify the following composition and commutation relations

Sm1 ◦ Sm2 = Sm1+m2 , T α1 ◦ T α2 = T α1α2 , �t1 ◦ �t2 = �t1+t2 ,

Sm ◦ T α = T α ◦ Sm, �t ◦ Sm = Sm ◦ �t , �t ◦ T α = T α ◦ �t/α. (20)

Note that the last relation in Eq. (20) shows that �t and T α do not commute.

C. Observables of the statistically stationary state

Let us now introduce a general formalism that covers multi-time statistics in terms of observables
and their temporal averages. We consider observables as functionals O : u(·) �→ R that associate a
real number to a solution u(t ); the values can also be complex numbers or vectors. For each O we
define a respective family of observables as

O(h,m,t ) = O ◦ Sm
h ◦ �t (21)

for h ∈ R, m ∈ Z and t � 0. The last two operators are the space-time scaling (19) and time shift
(17), and their composition acts as

Sm
h ◦ �t : u(·) �→ ũ(·), ũn(s) = �−h

m un+m
(
t + �1−h

m s
)
. (22)

Thus, if O probes the solution at shells and times around the origin, then O(h,m,t ) does so around the
shell m and time t . Below are two illustrative examples:

O[u(·)] = |u0(0)|p ⇒ O(h,m,t )[u(·)] = �−ph
m |um(t )|p; (23)

O[u(·)] = u0(0)u1(1) ⇒ O(h,m,t )[u(·)] = �−2h
m um(t )um+1

(
t + �1−h

m

)
. (24)

Let u(t ) be a given solution of the shell model. We define the time average of O(h,m,t ) as

〈O(h,m,t )〉t = lim
T →∞

1

T

∫ T

0
O(h,m,t )[u(·)]dt . (25)

For example, averaging the observables (23) yields velocity moments of order p with scale-
dependent prefactors, while averages of the observables (24) provide two-time and two-scale
correlation functions. Numerical studies suggest that there exists an ergodic, statistically stationary
state [1]. This means that the average values (25) do not depend on the choice of a (typical) initial
condition and, therefore, on the choice of a solution u(t ).

We say that O(h,m,t ) is an inertial interval observable if it depends only on the data from the inertial
interval. In examples (23) and (24), this means that the shell m belongs to the inertial interval. The
Kolmogorov (K41) hypothesis proposed that the statistically stationary state is scale invariant in the
inertial interval for the specific choice of the Hölder exponent h = 1/3 [1,6]. In our formalism, this
is the symmetry S1/3, and the K41 hypothesis states that

〈O(1/3,m,t )〉t do not depend on m (26)

for inertial interval observables. Combining (23) and (26) yields the K41 scalings 〈|um(t )|p〉t ∝ �
p/3
m .

The latter contradicts the well-established observation of anomalous scaling 〈|un|p〉t ∝ �
ζp
n , in which

the exponents ζp depend nonlinearly on p. It follows that the K41 as well as any other scaling
symmetry Sh is broken in the statistics of the inertial interval.
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III. HIDDEN SCALING SYMMETRY

In this section, we introduce the concept of hidden symmetry following the results obtained
in Refs. [11–14]; see also Sec. I B. Extending the operator formalism of the previous section, we
introduce a projector that maps the original solutions into rescaled ones. Next, we define the hidden
symmetry operator for the rescaled dynamics. Finally, we express the hidden symmetry in terms of
observables.

A. Projector

We introduce the operator P , which defines a rescaled function U (τ ), τ � 0, as

P : u(·) �→ U (·), U (τ ) = u(t )

A[u(t )]
, τ =

∫ t

0
A[u(s)] ds. (27)

This operator combines the time-dependent state normalization with the implicit time transforma-
tion, where the scaling factor A[u] is chosen in the form

A[u] =
√∑

j�0

8− j |u− j |2. (28)

One can see that the rescaled function U (τ ) satisfies the normalization condition

A[U (τ )] = 1 (29)

at all times τ � 0. It follows that the subsequent projection P[U (·)] = U (·) acts as an identity,
i.e., the operator P is a projection. Note that the specific form (28) of the scaling factor is taken
for simplicity: it contains a positive series that converges geometrically [14]. However, any similar
(local, positive, and homogeneous) expression for A[u] can be used; see Ref. [12] for the general
approach.

Next, we introduce the operator acting on rescaled functions U (τ ) as

H : U (·) �→ Ũ (·), Ũn(τ̃ ) = Un+1(τ )√
|U1(τ )|2 + 8−1

, τ̃ = 2
∫ τ

0

√
|U1(s)|2 + 8−1 ds. (30)

Similarly to Eq. (27), this is the time-dependent state normalization with the implicit time transfor-
mation. The operators P and H satisfy the commutation relations

P ◦ S = H ◦ P, P ◦ T α = P . (31)

The proof of these relations is elementary; see Refs. [12,14]. Combining Eqs. (18) and (31) we have

P ◦ Sh = H ◦ P (32)

for any h ∈ R. Relation (32) means that all space-time scaling symmetries Sh are projected to
the single operator H. Namely, consider two functions related as Sh : u(·) �→ ũ(·). Then their
projections U (·) = P[u(·)] and Ũ (·) = P[ũ(·)] are related as H : U (·) �→ Ũ (·). This “fusion” of
symmetries for all Hölder exponents is the central property of our projection.

As an example, let us compute the functions

U (m)(·) = Hm[U (·)]. (33)

Using Eq. (31), one derives

U (m)(·) = Hm ◦ P[u(·)] = P ◦ Sm[u(·)] = P[u(m)(·)], u(m)(·) = Sm[u(·)]. (34)

Then the expressions (15) and (27) yield the components of U (m)(τ ) in the form

U (m)
N (τ ) = uN+m(t )

�mAm(t )
, τ =

∫ t

0
Am(s)ds, Am(t ) = 1

�m

√∑
j�0

8− j |um− j (t )|2, (35)
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where we denoted Am(t ) = A[u(m)(t )]. The physical meaning of the function U (m)(τ ) follows from
the estimate Am(t ) ∼ |um|/�m, which is an effective frequency of velocity fluctuations at shell m and
time t . Then U (m)(τ ) is the velocity sequence normalized with respect to its amplitude �mAm(t ) ∼
|um| at shell m, while the rescaled time τ measures the integrated number of effective turnover times.

Finally, one can check that the projector (27) composed with the time-shift operator (17) yields

P ◦ �t [u(·)] = �τ ◦ P[u(·)], τ =
∫ t

0
A[u(s)] ds. (36)

Relations (31), (32), and (36) can be seen as kinematic properties of the rescaling procedure, because
they refer to operators themselves and do not depend on the system dynamics.

B. Hidden symmetry of a rescaled ideal system

Now let us describe the dynamic properties of our projection. Assuming that components of u(t )
solve the ideal system (1), one derives the rescaled ideal system (5) for the corresponding rescaled
velocities U (τ ). The derivation of Eq. (5) is elementary and uses relations (27) and (28); we refer
to [14] for more details. The same rescaled system (5) follows for U (m)(τ ) from Eq. (33), because
U (m)(·) is a projection of another solution u(m)(·) = Sm[u(·)]. In fact, the operator H is a symmetry
of the system (5): if U (τ ) solves Eq. (5), then Hm[U (·)] yields another solution. One can verify this
invariance by a direct calculation using relations (30); see also Ref. [14]. We call the operator H a
hidden symmetry of the rescaled ideal system (5).

Now let us consider a solution u(t ) of the full shell model (12). Then the ideal equations (1) are
valid asymptotically for shells in the inertial interval. Let us extend the concept of inertial interval
to the respective rescaled solutions U (m)(τ ) given by expressions (35). We say that the component
U (m)

N (τ ) belongs to the inertial interval if it is expressed in terms of shell velocities un(t ) from
the inertial interval. It follows from Eq. (35) that this requirement is satisfied if both shells m and
N + m belong to the inertial interval; recall that the series in the last expression of Eq. (35) converges
geometrically and is thus determined by shells close to m. Hence, the ideal rescaled system (5) is
valid asymptotically for the rescaled velocities U (m)

N (τ ) in the inertial interval.
It was conjectured and confirmed numerically that the stationary statistics of the shell model

restores the hidden symmetry in the inertial interval [11]. In terms of rescaled velocities (35), this
means that the statistics of inertial interval components U (m)

N does not depend on m. Conceptually,
the conjecture of restored hidden symmetry modifies the original Kolmogorov hypothesis by
replacing the K41 symmetry S1/3 with the hidden symmetry H.

Another important aspect of the hidden symmetry is its universality with respect to forcing and
viscosity: the inertial interval statistics of the rescaled velocities U (m)

N remains the same if either
the boundary (forcing) or viscous terms in the shell model change. This universality was confirmed
numerically in Ref. [14].

C. Observables of the hidden symmetric state

Let us formulate the hidden symmetry hypothesis in terms of observables. We consider a general
observable as a functional O� : U (·) �→ R. For each O� we introduce a family of observables as

O(m,τ )
� = O� ◦ �τ ◦ Hm, (37)

where m ∈ Z and τ � 0. Here, the action of the last two operators is expressed using Eq. (33) as

�τ ◦ Hm : U (·) �→ Ũ (·), Ũ (s) = U (m)(τ + s), (38)

which combines the hidden-symmetry transformation with a time shift. Given a rescaled solution
U (τ ), we define the time average of O(m,τ )

� as

〈O(m,τ )
� 〉τ = lim

T →∞
1

T

∫ T

0
O(m,τ )

� [U (·)]dτ. (39)
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Just like in Sec. II C, the existence of an ergodic statistically stationary state implies that the mean
values (39) do not depend on the choice of a (typical) rescaled solution U (τ ).

We say that the observable O(m,τ )
� expressed by Eqs. (37) and (38) belongs to the inertial interval if

it depends only on the inertial interval components U (m)
N (τ ). Then, the hidden symmetry hypothesis

states that the averages of inertial interval observables

〈O(m,τ )
� 〉τ do not depend on m. (40)

Moreover, the universality property of the hidden symmetric state implies that the mean values (40)
do not depend on a specific forcing mechanism and viscosity.

It is useful to give a more precise mathematical formulation for the hidden symmetry hypothesis
(40), replacing the asymptotic condition of the inertial interval with explicit limits. Recalling the
condition (14), the inertial interval can be represented by two consecutive limits. First, one takes the
limit Re → ∞ in which the viscous scale η → 0 vanishes. Then, one takes the limit m → ∞, which
yields the vanishing observation scale �m → 0. Taking the limit m → ∞ after Re → ∞ ensures that
the scale �m belongs to the inertial interval. Therefore, the alternative form of the condition (40) can
be expressed as the double limit

lim
m→∞ lim

Re→∞
〈O(m,τ )

� 〉τ = O∞
� . (41)

The hidden symmetry hypothesis then states that the limiting value O∞
� exists and is universal for

any O� from a (properly defined) general class of observables.

IV. SELF-SIMILARITY IN THE INERTIAL INTERVAL

The hypothesis of restored hidden symmetry (40) is formulated in terms of rescaled solutions
U (m)(τ ); see Eqs. (37) and (38). The latter are related to the original solution u(t ) by a sophisticated
transformation (35) of both the shell variables and time. What does the hidden symmetry hypothesis
imply for the statistics of u(t )? In this section, we present the main result of this paper formulated
as a universal self-similarity rule (43), which provides a general answer to this question. Later in
Sec. V we show how known and new scaling laws follow from this universal rule.

First, we recall that the anomalous exponents ζp are intrinsic characteristics of the hidden
symmetric statistics; see Sec. I B. These exponents are defined as Perron–Frobenius eigenvalues,
as established in Refs. [12–14].

Now let O be a time-scale homogeneous observable of degree p ∈ R, by which we mean that

O ◦ T α = α−pO for any α > 0. (42)

We used a negative power in our definition (42) to make p match the orders of the structure
functions; see Sec. V below. Assuming the hidden symmetry hypothesis, we state that

〈O(ζp/p,m,t )〉t = fp C[O] (43)

in the inertial interval. This is our universal self-similarity rule. By self-similarity we mean that the
averages do not depend on the observation scale �m, which is achieved by associating the time-scale
homogeneity degree p to the Hölder exponent h = ζp/p. The quantity C[O] on the right-hand side
is the universal constant depending only on the observable O. Finally, there is a prefactor fp that
depends on forcing and the degree of homogeneity p, but not on the observable itself. In the case
p = 0 we show that f0 = 1 and Eq. (43) reduces to the form

〈O(0,m,t )〉t = C[O], (44)

where the undefined ratio ζp/p is replaced by zero. The derivation of Eqs. (43) and (44) from the
hidden scale invariance will be given in Sec. VI.

The double limit representation (41) extends naturally to the relations (43) and (44). Here the
inertial interval condition is replaced by considering the limit limm→∞ limRe→∞ on the left-hand
side.
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FIG. 1. (a) Empty dots are the values of the structure functions S(m)
p for p = 1, . . . , 6; note the vertical

logarithmic scale. The thick red lines beneath the dots show the power laws (45). (b) Compensated structure
functions �

−ζp
m S(m)

p are asymptotically constant in the (white) inertial interval. In the gray regions, the hidden
symmetry is broken by forcing (left) or viscosity (right).

V. APPLICATIONS

In this section, we present several applications of the self-similarity relations (43) and (44). We
start with classical structure functions and then focus on multi-time observables.

A. Single-time structure functions

Let us consider the observable O[u(·)] = |u0(0)|p. Using the explicit form (16) of the time-
scaling operator, one can verify the time-scale homogeneity condition (42). Combining the
self-similarity relation (43) with the second expression in Eq. (23), we obtain

S(m)
p = 〈|um(t )|p〉t = fp C[O] �

ζp
m . (45)

This is the well-known anomalous power law scaling in the inertial interval [1].
Figure 1(a) shows the structure functions (45) obtained numerically for p = 1, . . . , 6. Our

simulations are performed with Re = 1012 from K41 initial conditions with random phases. The
statistics are calculated in the total time interval T = 45 000, ignoring the initial transient dynamics
at times t � 100. System (12) is integrated for shells n = 1, . . . , 35 using the matlabsolver ode15s
with high accuracy. Our results are well resolved such that both numerical and statistical error bars
(if plotted) would be smaller than graphical elements of the figures.

Figure 1(b) verifies the self-similarity relations (45) by plotting the compensated values �
−ζp
m S(m)

p .
For the anomalous exponents we use ζ1 = 0.393, ζ2 = 0.72, ζ3 = 1, ζ4 = 1.25, ζ5 = 1.48, ζ5 =
1.695 compatible with the earlier computations in Refs. [3,24]. From Fig. 1(b) we identify the
inertial interval approximately as 8 � m � 20, and highlight it by shading its outer part (forcing
and dissipation ranges) in gray. In the inertial interval, the compensated values �

−ζp
m S(m)

p demonstrate
an asymptotic independence of m. Visible deviations from the constant asymptotics are finite-size
effects: one can recognize deviations that arise in the forcing and dissipation regions and decay
toward the center of the inertial interval. Note that the dissipation range extends over a large range
of shells m � 20, larger than one might think from looking at the structure functions in Fig. 1(a). In
fact, viscous effects are strongly intermittent and their time-averaged influence can be small or large
depending on the observable, for example, on the order of the structure function [25]. We refer to
Ref. [14] for the study of the dissipation range from the point of view of the hidden symmetry.

The power law (45) is naturally generalized to multi-scale observables. For exam-
ple, the observable O[u(·)] = |u0(0)|p1 |u j (0)|p2 of degree p = p1 + p2 yields the scaling
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〈|um(t )|p1 |um+ j (t )|p2〉t ∝ �
ζp
m for fixed j, p1, and p2. Also of interest may be large separations of

the scales �m and �m+ j , which lead to so-called fusion rules [2,26] for structure functions. We do
not study fusion rules here, but note that the Perron–Frobenius approach of Sec. VI D potentially
extends to this case.

B. Multi-time structure functions

Equation (24) gives an example of a two-time observable. However, this observable is not time-
scale homogeneous, like any other multi-time observable with constant time lags.

An example of a multi-time observable, which is time-scale homogeneous of degree p, is

O2a[u(·)] = |u0(	) − u0(0)|p, 	 = 1

A[u(0)]
, (46)

as one can check using the condition (42) and expression (28). The respective family of observables
given by Eqs. (21) and (22) express moments of two-time fluctuations of shell velocity um(t ) as

O(h,m,t )
2a [u(·)] = �−2h

m |um(t + 	(m,t ) ) − um(t )|p, (47)

where the time lag is expressed using Am(t ) = A[u(m)(t )] from Eq. (35) in the form

	(m,t ) = 1

Am(t )
= �m√∑

j�0 8− j |um− j (t )|2
. (48)

Note that the property of time-scale homogeneity is ensured by taking time differences equal to
effective turnover times 	(m,t ) ∼ �m/|um(t )|. The important consequence is that the resulting time
lag is not constant and depends on both the shell number and time. We note that some previous
studies have already pointed out the need to use local turnover times in statistical analysis; see, e.g.,
Refs. [27,28].

The self-similarity relation (43) applied to observables (47) yields the structure functions for
two-time velocity fluctuations as

S(m)
2a,p = 〈|um(t + 	(m,t ) ) − um(t )|p〉t = fp C[O2a] �

ζp
m . (49)

These structure functions have the same power law dependence as in Eq. (45) but with a different
coefficient C[O2a]. We test this self-similarity relation by plotting the structure functions in Fig. 2(a)
together with the power laws ∝ �

ζp
m . Figure 2(b) presents the compensated values �

−ζp
m S(m)

2a,p for p =
1, . . . , 6. As predicted, they demonstrate the asymptotic independence of m in the inertial interval,
up to decaying disturbances emanating from the forcing and dissipation regions.

Another example of a time-scale homogeneous observable of degree p is

O2b[u(·)] = |u0(	)|p/2|u1(0)|p/2. (50)

The respective family of observables (21) takes the form

O(h,m,t )
2b [u(·)] = �−2h

m |um(t )|p/2|um+1(t + 	(m,t ) )|p/2. (51)

The self-similarity relation (43) yields the two-time two-scale correlation function

S(m)
2b,p = 〈|um(t )|p/2|um+1(t + 	(m,t ) )|p/2〉t = fp C[O2b] �

ζp
m . (52)

We test this self-similarity relation in Figs. 2(c) and 2(d).
In the third example, we consider the three-time observable

O3[u(·)] = |u0(0)|p/3|u0(	)|p/3|u0(2	)|p/3, (53)
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FIG. 2. Same plots as in Fig. 1 for the multi-time structure functions: (a), (b) S(m)
2a,p; (c), (d) S(m)

2b,p; (e), (f) S(m)
3,p .

which is time-scale homogeneous of degree p. The resulting self-similarity relation reads

S(m)
3,p = 〈|um(t )|p/3|um(t + 	(m,t ) )|p/3|um(t + 2	(m,t ) )|p/3〉t = fp C[O3] �

ζp
m . (54)

This self-similarity relation is verified in Figs. 2(e) and 2(f).
Other multi-time and multi-scale observables, which have the property of time-scale homogene-

ity, can be designed in a similar manner by changing the velocity terms and the time delays. For
example, one can use 	 = 1/|u(0)|, which yields 	(m,t ) = �m/|um(t )|.
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C. Time-integrated correlation functions

Another way to achieve the time-scale homogeneity is to use observables with integrated time
differences. For example, the observable

O[u(·)] =
∫ 	

0
|u0(0)|p1 |u0(s)|p2 sq−1ds (55)

is time-scale homogeneous of degree p = p1 + p2 − q. Then one derives

O(h,m,t )[u(·)] = �−q−hp
m

∫ 	(m,t )

0
|um(t )|p1 |um(t + s)|p2 sq−1ds, (56)

and the respective self-similarity rule (43) yields〈 ∫ 	(m,t )

0
|um(t )|p1 |um(t + s)|p2 sq−1ds

〉
t

∝ �
q+ζp
m . (57)

The upper limit of the integral in Eq. (57) can also be replaced by any multiple M	(m,t ) of the
turnover time. Assuming that this average converges as M → ∞, we express

lim
T →∞

〈 ∫ T

0
|um(t )|p1 |um(t + s)|p2 sq−1ds

〉
t

= lim
T →∞

∫ T

0
〈|um(t )|p1 |um(t + s)|p2〉t s

q−1ds ∝ �
q+ζp
m .

(58)

where we replaced the limit M	(m,t ) → ∞ by a constant time T → ∞ and then commuted the t
averaging with the s integration. The resulting scaling law reads∫ ∞

0
〈|um(t )|p1 |um(t + s)|p2〉t s

q−1ds ∝ �
q+ζp
m . (59)

Note that we just derived Eq. (11) from Sec. I C. It is straightforward to extend this derivation from
two-time to general multi-time correlators. For example,∫ ∞

0
· · ·

∫ ∞

0
〈|um(t )|p0 |um(t + s1)|p1 · · · |um(t + sr )|pr 〉t

r∏
i=1

sqi−1
i dsi ∝ �

q+ζp
m , (60)

where p = p0 + p1 + · · · + pr − q and q = q1 + · · · + qr . These and similar scaling laws were
derived in several previous works [17,19–22] using the phenomenological multifractal model. The
contribution of our self-similarity relation (43) is twofold: (i) it unifies these scaling laws through
their relation to time-scale homogeneous observables, and (ii) it provides their derivation from the
hidden scaling symmetry of the equations of motion.

D. Single-time Kolmogorov multipliers

In this section, we consider the self-similarity relation (44) corresponding to the special case p =
0. Using this relation, we explain a universal self-similar statistics of Kolmogorov multipliers. Such
properties of Kolmogorov multipliers were detected and analyzed numerically in several previous
works [7,8,29,30], and their connection with hidden symmetry was revealed in Refs. [13,14,16].

The Kolmogorov multiplier at shell m and time t is defined as

wm(t ) =
∣∣∣∣ um(t )

um−1(t )

∣∣∣∣. (61)

Let us define the observables

O[u(·)] = f

(∣∣∣∣ u0(0)

u−1(0)

∣∣∣∣
)

⇒ O(0,m,t )[u(·)] = f

(∣∣∣∣ um(t )

um−1(t )

∣∣∣∣
)

= f (wm(t )). (62)
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One can see that O is time-scale homogeneous of degree 0 for any function f : R �→ R. The
cumulative distribution function of the multiplier Fm(x) = P(wm � x) is obtained as the average

Fm(x) = 〈O(0,m,t )〉t , (63)

where the observable is given by Eq. (62) with the indicator function f = 1[0,x]. Using the self-
similarity relation (44), we conclude that the multipliers have the same probability distribution at all
shells of the inertial interval, and this distribution is universal with respect to forcing and viscosity.
This conclusion naturally extends to a mutual distribution of several multipliers.

A similar argument applies to the phase multipliers defined as [7,8]

ϕm(t ) = arg[um−1(t )um(t )u∗
m+1(t )]. (64)

In this case, we choose the observables

O[u(·)] = f (arg[u−1(0)u0(0)u∗
1(0)]) ⇒ O(0,m,t )[u(·)] = f (ϕm(t )). (65)

Again, one can see that O is time-scale homogeneous of degree zero. The cumulative distribution
function of the phase multiplier is obtained by the same average (63) applied to the observables
(65) with the indicator function f = 1[−π,x]. The self-similarity rule (44) states that the probability
distributions of phase multipliers are scale-independent in the inertial interval.

E. Multi-time Kolmogorov multipliers

Let us now extend the results of the previous section to multi-time multipliers. Using the turnover
times 	 and 	(m,t ) from Eqs. (46) and (48), we define

O[u(·)] = f

(
u0(	)

u0(0)

)
⇒ O(0,m,t )[u(·)] = f

(
um(t + 	(m,t ) )

um(t )

)
. (66)

The observable O(0,m,t ) corresponds to the two-time complex multiplier

ŵm(t ) = um(t + 	(m,t ) )

um(t )
, (67)

which measures the relative change of the shell variable um(t ) over one turnover time. The proba-
bility distribution of this multiplier can be expressed as

Pm(ŵm ∈ A) = 〈O(0,m,t )〉t , (68)

where A ⊂ C is a measurable set and f = 1A is the corresponding indicator function. Then the
self-similarity relation (44) states that this probability distribution does not depend on scale in the
inertial interval.

Using numerical simulations, we plot in Fig. 3 the probability density functions (PDFs) for the
absolute values (left panel) and the phases (right panel) of the multiples (67). These graphs confirm
that the PDFs indeed collapse for the shells m = 8, . . . , 18 from the inertial interval.

F. Universality with respect to viscosity and forcing

It is generally assumed that the statistically stationary state is independent of the Reynolds
number outside the dissipation range, i.e., at scales of the inertial interval and the forcing range.
In particular, such independence for the exponents ζp and prefactors in anomalous scaling laws (45)
was verified numerically in Ref. [31]. An analogous study for the rescaled variables U (m)

N (τ ) was
carried out in Ref. [14]. For our self-similarity relation (43), this implies that both prefactors fp

and C[O] are universal with respect to dissipation (viscosity). As an example, let us consider the
two-time structure function S(m)

2b,p from Eq. (52). Figure 4(a) shows the compensated values �
−ζp
m S(m)

2b,p

for p = 5 evaluated numerically with the increasing Reynolds numbers Re = 108, 1010, and 1012.

054603-13



ALEXEI A. MAILYBAEV

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

-3 -2 -1 0 1 2 3
0

0.2

0.4

0.6

0.8

FIG. 3. Solid black lines are PDFs for (a) absolute values and (b) phases of two-time complex multipliers
ŵm(t ). Each panel shows eleven (almost undistinguishable) PDFs for m = 8, . . . , 18. Dashed red lines show
the same PDFs for m = 11 and different boundary conditions (69).
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FIG. 4. (a) Compensated values �
−ζp
m S(m)

2b,p of the two-time structure function (52) of order p = 5. Numerical
results with increasing Reynolds numbers demonstrate convergence to the same constant value in an increasing
inertial interval. A dotted constant line is shown for visual reference. (b) Ratios S(m)

2b,p/S(m)
p of the structure

functions for two different boundary conditions, BC1 and BC2. Their values converge to the same constant in
the inertial interval for every p = 2, 4, and 6.

054603-14



MULTI-TIME SCALE-INVARIANCE OF TURBULENCE IN …

0 1 2 3 4 5 6
1

2

3

4

0 1 2 3 4 5 6
1

2

3

4

5

FIG. 5. Ratios of forcing-dependent prefactors f BC1
p / f BC2

p for p = 0, . . . , 6 and fixed shell m = 11. The
inset shows the same plots on a vertical logarithmic scale.

These graphs demonstrate the convergence to the same constant value in the increasing inertial
interval.

Unlike viscosity, the change of forcing (boundary) conditions affects the statistically stationary
state globally. Universal properties with respect to forcing for single-time structure functions were
studied in Refs. [32], and here we extend these results to multi-time statistics. For numerical tests,
we use the second boundary condition of the form

u0(t ) ≡ 1/2, u−1(t ) ≡ 1, un(t ) ≡ 0, n < −1. (69)

The only forcing-dependent part of our self-similarity relation (43) is the prefactor fp. It depends
on the degree of homogeneity p, but not on a specific form of the observable. The other coefficient
C[O] in Eq. (43) does not depend on the forcing, but depends on the observable. We test these
properties by measuring the ratio of expressions (43) for two different observables of the same
degree p. Then the forcing-dependent factor fp cancels, and hence the ratio becomes independent
of the forcing. We confirm this independence numerically in Fig. 4(b) by plotting the ratios

S(m)
2b,p

S(m)
p

= C[O2b]

C[O]
(70)

of the two- and one-time structure functions from Eqs. (52) and (45). The figure confirms that the
ratios (70) coincide asymptotically in the inertial interval for two different boundary conditions:
BC1 from Eq. (13) and BC2 from (69).

It is also interesting to see how the prefactor fp changes with the change of forcing (boundary
conditions). We denote by f BC1

p and f BC2
p its values for the two boundary conditions under consid-

eration. We find their ratio using the structure functions (45) and (52) as

f BC1
p

f BC2
p

= S(m)
p for BC1

S(m)
p for BC2

= S(m)
2b,p for BC1

S(m)
2b,p for BC2

. (71)

Here we specified that the structure functions in numerators and denominators are computed for BC1

and BC2, respectively. The ratios (71) obtained by numerical simulations for m = 11 are presented
in Fig. 5. They coincide for the one- and two-time structure functions, as predicted by Eq. (71).
The inset shows the same plots on a vertical logarithmic scale, from which we conclude that the
dependence of the ratios (71) on p is not a power law. In particular, the dependence of fp on forcing
cannot be reduced to a power of a single physical quantity (such as the energy flux [32]).
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Finally, for p = 0 the self-similarity rule (44) is universal with respect to the forcing mechanism.
According to Secs. V D and V E, this implies that the statistics of multipliers does not depend on
forcing. For one-time Kolmogorov multiples, this observation goes back to earlier works [7,8].
Dashed red lines in Fig. 3 verify this universality for the two-time multiplier (67).

VI. DERIVATION OF THE SELF-SIMILARITY RELATION

This section presents the derivation of the self-similarity relation (43) and its special case
(44) from the hidden scale invariance. For convenience, we divide this derivation into four steps,
considered in the following sections: The first step relates P to another projector. The second step
expresses the observable O(h,m,t ) in terms of a proper observable O(m,τ )

� for rescaled solutions. The
third step does the same for their time averages. The derivation is completed in the fourth step,
where we use the statistics of multipliers expressed in terms of Perron–Frobenius modes.

Our derivation is based on formal assumptions about the developed turbulent state: existence of
the inertial interval, the restored hidden symmetry, ergodicity, and Perron–Frobenius asymptotics.
Because of these assumptions, our derivation does not reach the level of a rigorous mathematical
proof. A possible direction towards a rigorous proof is to use the limit (41), which should be
understood in a proper functional setting.

A. Relationship between projectors

Let us introduce the operator

R : u(·) �→ û(·), û(r) = 1

A[u(0)]
u

(
r

A[u(0)]

)
. (72)

One can check using Eq. (28) that A[û(0)] = 1 and hence R[û(·)] = û(·). This means that R is a
projector. In this section we prove that, if u(t ) solves the ideal system (1), then the projectors R and
P are related as

R = Q ◦ P . (73)

Here, the transition operator Q acting on U (·) = P[u(·)] is defined as

Q : U (·) �→ û(·), û(r) = w(τ )U (τ ), r =
∫ τ

0

ds

w(s)
, w(τ ) = exp

(∫ τ

0
R[U (s)]ds

)
, (74)

with the function R[U ] from Eq. (5). The operator (74) combines the time-dependent scaling of the
state with the transformation of times τ �→ r.

Let us proceed with the derivation. Let U (·) = P[u(·)]. First, we derive the useful identity

w(τ ) = A[u(t )]

A[u(0)]
, (75)

where τ is given by Eq. (27). Expressing w(τ ) from Eq. (74) and R[U ] from Eq. (5), we obtain

d

dτ
log w(τ ) =

∑
j�0

8− jRe(U ∗
− j (τ )B− j[U (τ )]) = 1

A3[u(t )]

∑
j�0

8− jRe(u∗
− j (t )B− j[u(t )])

= 1

A2[u(t )]

d

dt
A[u(t )] = 1

A[u(t )]

d

dt
log

A[u(t )]

A[u(0)]
. (76)

In this derivation, the second equality used expressions (27) with the quadratic form of the nonlinear
term (1), while the third equality follows from expression (28) and the ideal system (1). Integrating
the left-hand side of Eq. (76) with respect to τ yields log w(τ ). Expressing dτ = A[u(t )] dt from
Eq. (27), the same integration in the right-hand side of Eq. (76) yields log (A[u(t )]/A[u(0)]). This
proves the identity (75).
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Let us now consider the operator R. Using Eq. (75) with relations (27), we express the function
û(r) from Eq. (72) for r = A[u(0)]t as

û(r) = A[u(t )]

A[u(0)]

u(t )

A[u(t )]
= w(τ )U (τ ), τ =

∫ t

0
A[u(s)] ds =

∫ r/A[u(0)]

0
A[u(s)] ds. (77)

Differentiating the second relation with the use of t = r/A[u(0)] and Eq. (75) yields

dτ

dr
= A[u(r/A[u(0)])]

A[u(0)]
= A[u(t )]

A[u(0)]
= w(τ ). (78)

This equality is integrated as

r =
∫ τ

0

ds

w(s)
. (79)

Combining Eqs. (77) and (79) with the definitions (72) and (74), we recover Eq. (73) as

R[u(·)] = û(·) = Q[U (·)] = Q ◦ P[u(·)]. (80)

B. Reduction to a rescaled-velocity observable

Let now u(t ) be a solution of the viscous shell model (12), U (·) = P[u(·)] be the corresponding
rescaled solution, and O be a time-scale homogeneous observable of degree p. In this section we
prove the relation

A−p
m (t ) O(h,m,t )[u(·)] = �(1−h)p

m O(m,τ )
� [U (·)] (81)

for any inertial interval observable O(h,m,t ). Here Am(t ) and τ are given by Eq. (35) and

O� = O ◦ Q, (82)

with the operator Q defined by Eq. (74).
For the derivation, we proceed as follows: Using Eqs. (21) and (18) with property (42) we write

O(h,m,t ) = O ◦ Sm
h ◦ �t = O ◦ T �h−1

m ◦ Sm ◦ �t = �(1−h)p
m O ◦ Sm ◦ �t . (83)

Since T α ◦ T 1/α is the identity for any α > 0, we similarly express

O = O ◦ T α ◦ T 1/α = α−pO ◦ T 1/α. (84)

Combining Eqs. (83) and (84) and taking α = 1/Am(t ), we obtain

O(h,m,t )[u(·)] = �(1−h)p
m Ap

m(t ) O ◦ T Am (t ) ◦ Sm ◦ �t [u(·)]. (85)

Using Eqs. (15) and (17) we write

ũ(·) = Sm ◦ �t [u(·)], ũn(s) = um+n(s + t )

�m
. (86)

Then, using Eqs. (28) and (35) we express

Am(t ) = A[ũ(0)]. (87)

This relation, combined with the definition (16), yields

T Am (t )[ũ(·)] = R[ũ(·)], (88)

where the operator R is defined in Eq. (72).
Since our relations refer to inertial interval observables, we can assume the ideal system (1) to be

valid in all calculations. Hence, we can use the identity (73). Combining Eqs. (85), (86), (88) with
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(73) yields

A−p
m (t ) O(h,m,t )[u(·)] = �(1−h)p

m O ◦ R[ũ(·)] = �(1−h)p
m O ◦ Q ◦ P[ũ(·)]

= �(1−h)p
m O ◦ Q ◦ P ◦ Sm ◦ �t [u(·)] = �(1−h)p

m O� ◦ P ◦ Sm ◦ �t [u(·)], (89)

where we substituted the definition (82) in the last equality. Using the commutation relations (20),
(31), and (36), we have

P ◦ Sm ◦ �t [u(·)] = P ◦ �t ◦ Sm[u(·)] = �τ ◦ P ◦ Sm[u(·)] = �τ ◦ Hm ◦ P[u(·)]
= �τ ◦ Hm[U (·)]. (90)

Substituting this relation into Eq. (89) and recalling the definition (37) yields Eq. (81).

C. Relation between mean values

In this section, we prove the relation

〈O(h,m,t )〉t = �
−ph
m

cm

〈⎛
⎝ 0∏

N=−m+1

X (m,τ )
N�

⎞
⎠

p−1

O(m,τ )
�

〉
τ

, cm =
〈⎛
⎝ 0∏

N=−m+1

X (m,τ )
N�

⎞
⎠

−1〉
τ

, (91)

where the observables XN� : U (·) �→ R are defined as

XN�[U (·)] =
√

8−1 + 8−1|UN [0]|2∑
j�1 8− j |UN− j (0)|2 . (92)

For the derivation, let us first show that

Am+N (t )

Am+N−1(t )
= 2X (m,τ )

N� [U (·)], τ =
∫ t

0
Am(s)ds. (93)

These expressions describe a specific type of multipliers defined as ratios of the amplitudes
Am(t ) [12]. By definition (37), we have X (m,τ )

N� = XN� ◦ �τ ◦ Hm. Using Eqs. (38), (92), and (35),
elementary manipulations yield Eq. (93) as

X (m,τ )
N� [U (·)] =

√√√√8−1 + 8−1
∣∣U (m)

N [τ ]
∣∣2

∑
j�1 8− j

∣∣U (m)
N− j (τ )

∣∣2 =
√√√√8−1

∑
j�0 8− j

∣∣U (m)
N− j (τ )

∣∣2

∑
j�1 8− j

∣∣U (m)
N− j (τ )

∣∣2

=
√√√√ ∑

j�0 8− j
∣∣U (m)

N− j (τ )
∣∣2

∑
j�0 8− j

∣∣U (m)
N−1− j (τ )

∣∣2 =
√ ∑

j�0 8− j |um+N− j (t )|2∑
j�0 8− j |um+N−1− j (t )|2

= �m+N Am+N (t )

�m+N−1Am+N−1(t )
= Am+N (t )

2Am+N−1(t )
. (94)

Recall that A0(t ) ≡ 1 for the boundary conditions (13). Hence, using Eq. (93), we factorize

Am(t ) =
0∏

N=−m+1

Am+N (t )

Am+N−1(t )
= 1

�m

0∏
N=−m+1

X (m,τ )
N� [U (·)]. (95)

Using Eq. (95), we express the observable O(h,m,t ) from Eq. (81) as

O(h,m,t )[u(·)] = �−ph
m

⎛
⎝ 0∏

N=−m+1

X (m,τ )
N� [U (·)]

⎞
⎠

p

O(m,τ )
� [U (·)]. (96)
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Similarly, we write the relation between the times, dτ = Am(t )dt from Eq. (35), as

dt = �m

⎛
⎝ 0∏

N=−m+1

X (m,τ )
N� [U (·)]

⎞
⎠

−1

dτ. (97)

Using Eqs. (96) and (97), we express the average of O(h,m,t ) in the form

〈O(h,m,t )〉t = lim
T →∞

∫ T
0 O(h,m,t )[u(·)]dt∫ T

0 dt

= �−ph
m lim

T̃ →∞

∫ T̃
0

(∏0
N=−m+1 X (m,τ )

N� [U (·)])p−1
O(m,τ )

� [U (·)] dτ∫ T̃
0

(∏0
N=−m+1 X (m,τ )

N� [U (·)])−1
dτ

, (98)

where the second equality is obtained by changing the integration time, dt �→ dτ , with the
corresponding integration limit T̃ = ∫ T

0 Am(s)ds → ∞ as T → ∞. Dividing the numerator and
denominator by T̃ and taking a separate limit T̃ → ∞ above and below, one obtains relation (91).

D. Integration using Perron–Frobenius modes

Let x(m)
N be a random variable whose distribution is determined by the stationary statistics of

the observable X (m,τ )
N� [U (·)]. These observables are well-defined for N � −m + 1. Without loss

of generality, we can set x(m)
N ≡ 1 for N � −m. We denote a joint probability measure for these

variables as dμ(m)(x�), where x� = (x0, x−1, x−2, . . .). Note that we have omitted the superscript
(m) for the arguments since it is present in the measure notation. Next, we introduce the measures

dμ(m)
p (x�) = 1

cm

⎛
⎝ 0∏

N=−m+1

xN

⎞
⎠

p−1

dμ(m)(x�), cm =
∫ ⎛

⎝ 0∏
N=−m+1

xN

⎞
⎠

−1

dμ(m)(x�). (99)

Using these measures, we write Eq. (91) as the integral

〈O(h,m,t )〉t = �−ph
m

∫
〈O(m,τ )

� |x�〉τ dμ(m)
p (x�), (100)

where 〈O(m,τ )
� |x�〉τ denotes the conditional average of the observable O(m,τ )

� .
According to Eq. (94), the observable X (m,τ )

N� is determined by the rescaled velocity U (m)
N (τ )

and its close neighbors. Whenever O(m,τ )
� is the inertial interval observable, its conditional average

〈O(m,τ )
� |x�〉τ depends only on the components of x� from the inertial interval. In this case, the

hidden symmetry assumption (40) extends to the conditional averages, i.e., 〈O(m,τ )
� |x�〉τ does not

depend on m. Additionally, the universality of the hidden-symmetric state implies the universality
of 〈O(m,τ )

� |x�〉τ with respect to forcing and dissipation. Our derivation using Eq. (100) now relies
on computing the measure dμ(m)

p (x�) restricted to the inertial interval. This measure describes the
amplitude multipliers and therefore does not depend on the observable, except for its dependence
on the degree of homogeneity p.

In earlier works [12–14] we used the hidden symmetry hypothesis and derived the asymptotic
form of the measure (99) in the inertial interval as

dμ(m)
p (x�) ≈ fp λm

p dνp(x�). (101)

Here the quantity λp > 0 is the Perron–Frobenius eigenvalue and dνp(x�) is the corresponding
eigenvector (probability measure), which are defined for specific positive operators in the framework
of the statistically restored hidden symmetry. Both λp and dνp(x�) are universal together with the
hidden-symmetric state. The coefficient fp is not universal and depends on the forcing and degree
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of homogeneity p. In the case p = 0, Eq. (99) defines dμ(m)
p (x�) as a probability measure. Then,

Eq. (101) determines

f0 = λ0 = 1. (102)

We do not repeat these derivations here and refer the reader to [14] Sec. III D of Ref. [14] for details.
Substituting the asymptotic form (101) into Eq. (100) yields the self-similarity relation (43) with

ζp = − log2 λp, C[O] =
∫

〈O(m,τ )
� |x�〉τ dνp(x�). (103)

The quantity C[O] does not depend on m and is universal due to the identical properties of both
〈O(m,τ )

� |x�〉τ and dνp(x�). Then the relation (44) for p = 0 follows from Eq. (102).
Although C[O] is usually a finite nonzero number, as shown in the examples of Sec. V, there are

two types of exceptions worth mentioning. The first exception concerns observables with C[O] = 0.
This may happen, e.g., due to an additional symmetry. In this case, it is necessary to take into account
the next order terms in the Perron–Frobenius approach, which provide larger scaling exponents.
Another exception refers to the case when C[O] = ∞, as defined by the divergent integral in
Eq. (103). Such a situation may mean that the observable is not local and, therefore, is not an
inertial interval observable.

VII. CONCLUSION

Equations of the ideal (inviscid) Sabra model of turbulence can be transformed by rescaling its
velocities and time with respect to the instantaneous turnover time at a given scale. The resulting
system acquires a new form of scaling symmetry called the hidden symmetry. It was conjectured
and confirmed numerically that the hidden symmetry is restored in the inertial interval of turbulent
statistics [11]. As a consequence, the anomalous scaling exponents of structure functions were
derived as Perron–Frobenius eigenvalues [13,14]. The hidden symmetry of the Navier–Stokes
turbulence was obtained in Refs. [12,16].

In this paper, we derived a consequence of the restored hidden symmetry for the general (multi-
time and multi-scale) statistics. It is formulated in terms of observables that are homogeneous with
respect to time scaling. Any such observable is shown to be self-similar in the inertial interval
with the Hölder exponent h = ζp/p, where p is the degree of homogeneity and ζp is the usual
anomalous exponent. This universal self-similarity rule provides the unified formulation for a variety
of scaling laws known from the phenomenological multifractal model. Note that our derivation is
not phenomenological and relates the scaling laws to the exact symmetry of the ideal equations. For
this derivation, we developed and used an operator formalism for symmetries and observables.

As further applications, we derived scaling laws for multi-time structure functions and explained
universal properties of multi-time Kolmogorov multipliers. Here, the condition of time-scale ho-
mogeneity requires that time differences are measured in terms of instantaneous (time-dependent)
turnover times. We construct examples of such observables and confirm their self-similarity by
accurate numerical simulations.
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