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Toy model of turbulent shear flow using vortons
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We introduce a toy model for shear flows, exploiting the spatial intermittency and
the scale separation between large-scale flows and small-scale structures. The model is
highly sparse, focusing exclusively on the most intense structures, which are represented
by vortons—dynamically regularized quasisingularities that experience rapid distortion
from the large-scale shear. The vortons, in turn, influence the large-scale flow through
the subgrid stress tensor. Despite its simplicity, the model displays an interesting transition
between two distinct regimes: (i) a laminar regime, where dissipation is entirely attributed
to the large-scale flow and the vortons dynamics is essentially diffusive, and (ii) a turbulent
regime, in which most of the dissipation arises from the vortons. These regimes correspond
to different scalings of dissipation and the Grashof number as functions of the Reynolds
number, with power-law relationships that resemble those observed in classical turbulence.

DOI: 10.1103/PhysRevFluids.10.054601

I. INTRODUCTION

Near-wall turbulence arises in many industrial or geophysical flows. With respect to other types
of turbulence, it is peculiar in several aspects: (i) it is anisotropic; (ii) it is very intermittent, both
in space and time, and both at the turbulent transition or later; (iii) it is nonlocal, and piloted by
interactions between the large-scale shear and the small-scale turbulent structures. These three
aspects make its modeling challenging, as traditional large eddy simulations have difficulties to
resolve the near-wall structures, and traditional RANS model do not capture the spatial or temporal
intermittency.

These observations motivated the introduction of nonlocal models, based on the two-way cou-
pling between large-scale shear and small-scale vorticity wave packets [1,2]. On the one hand, the
action of large scales onto small scales is described by rapid distorsion theory (RDT), where small
scales are advected and sheared by the mean shear. On the other hand, the small scales act on the
large scales via the Reynolds stress. The small scales correspond to debris from coherent vortices
generated in the viscous sublayer that penetrate in the overlap region and provide a continuous
forcing, allowing us to reach a statistically steady state. In such a setting, analytical computations
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are possible both in 2D and 3D and lead to the celebrated log-law of the wall [1,2] or to the complete
description of equilibrium velocity profiles in plane parallel flows [3]. These computations are
limited to the regime where turbulence is weak, so nonlinear interactions between the small-scale
vorticity packets is neglected. This somehow limits the interest of the model to understand the
physics of shear flows.

Including nonlinear interactions is, however, challenging, as it may require the integration
of the partial differential Navier-Stokes equations in 3D, making the corresponding model too
computationally involved to be of any practical use. In this paper, we show that it is possible to avoid
the appeal to partial differential equations by using Novikov’s vorton approximation, in which the
small-scale vorticity is described by pointlike singularities, named vortons, that interact nonlinearly
following Biot-Savart law and the discretized inviscid Euler equation. In such a setting, the partial
differential equations can be replaced by a set of coupled ordinary differential equations that
describe the interactions between the N vortons. This provides the third mechanism that is missing
in the RDT theory of Refs. [1-3], opening the way to interesting applications. Specifically, we
show in the present paper that using only 27 vortons, we are able to reproduce several features of
near-wall turbulence, such as the laminar to turbulent transition or the log-normal statistics of the
energy dissipations. The resulting toy model that is both sparse and computationally cheap may then
be seen as a promising tool to explore nonlinear interactions in shear flows.

II. NOVIKOV MODEL

A. Equations

Our model builds from Novikov’s model, which belongs to a more general class of vortex particle
methods [4,5]. In those methods, the vorticity field is discretized into localized vortices of given
circulation that are advected by the flow. In two dimensions of space, vorticity is a Lagrangian
invariant of the Euler equation and discretizing the vorticity field naturally leads to the famous
Onsager vortex gas model, predicting the condensation of energy at large scales [6]. In three
dimensions, however, the vorticity stretching term in the Euler equation (1) changes the picture:

Dw

o, =@ Vou. (1)

= (w-Vhu. )
To find approximate solutions of the Euler equations (1) and following the ideas of the two-
dimensional point vortices, Novikov [7] introduced the vortons model. These Lagrangian vortex

particles, located at position x, and with circulation (vorticity times a volume) y, generate a
vorticity field of the form

W, 1) =Y pu()8x — xp(1)). 3)
B

The velocity field is recovered using the Biot-Savart law,

1 X —Xxg

ux,t)=— X Vg, €]

47 —xal3
m o lx — xg

and is by construction divergence-free. The fields (3) and (4) associated with Euler equation (1) in
a Lagrangian framework yield the time evolution for the variables x,, and p,

xa(t) =u(xy, 1)
Yo(t) = [Vuxy, )]y, (5)
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where the velocity field u(x,, t) and its gradient Vu(x,, t) are evaluated with (4) but without the
« = f term in the sum to avoid the unphysical behavior caused by the singularity of the model at
the origin.

B. Drawbacks of Novikov model and its modifications

The Novikov model presents several flaws:

(1) The vorticity field (3) is not divergence-free, in general, and, if so, will not remain under time
evolution. This issue can be tackled by considering other discretizations of the vorticity field, such
as Ref. [8].

(i) The vorton model cannot generate a statistically steady state. Indeed, for a system of two
vortons obeying (5), Novikov [7] showed that ||y, (¢)| diverges exponentially with time for a given
set of initial conditions.

(iii) The fields generated by x,, y, with dynamical system (5) are not a solution (in the weak
sense) of Euler equations (1) [9].

This last problem precludes the use of the Novikov model to simulate Euler equations. To address
this drawback, a modification of the model was proposed, based on a remark by Ref. [10]. Due to the
nonsolenoidal character of the vorticity, solutions of the Novikov model are such that @ # V x u.
As a consequence, the Euler equation (1) and its transposed version (2) are not equivalent. It turns
out that if we now keep @ and u given by (3) and (4), using the transposed scheme, the system

.X'fa(l‘) = u(xots t)
Vo(t) = [Vu(xy, )]y, (6)

yields a weak solution [11] of the Euler equations (2) and conserves key physical quantities such as
the total vorticity [10] or helicity.

However, this modification itself still presents two drawbacks:

(i) The transposed vorton model cannot generate a statistically steady state. Indeed, like in the
original vorton model with N > 2 vortons, a random initial condition, the quantity

N
L6 => v, (7)
a=1

would most surely be divergent in time, making any turbulentlike stationary regime unreachable.

(i1) In its original philosophy, this model is just an alternative way to solve the Euler equations.
The equivalence between this method and the Euler equation is then guaranteed only in the limit
where one can add indefinitely many vortons in the system as time passes by and vortex filaments
are getting stretched, resulting in vortons moving apart far from each other, breaking the continuous
line approximation.

These difficulties combined with the flaws mentioned earlier restricted the use of this kind
of model to simple situations such as vortex line interactions or vortex rings leap-frogging, for
instance [7].

III. ANEW MODEL FOR SHEAR FLOWS

A. General picture

The model we consider is based on several ideas that are meant to correct the main drawbacks
identified earlier.

Idea 1: Sparsity. Instead of considering vortons as elementary blocks used to decompose the
whole vorticity field—which implies the consideration of many vortons—we instead consider that
vortons model the few extreme events of vorticity arising in the flow, extremes that will be the main

054601-3



RUFFENACH, FERY, AND DUBRULLE

players to pilot the full flow dynamics. In that approximation, we can keep only a few vortons as
time passes by, as extreme events are, by definition, isolated and rare events.

Idea 2: Regularization. To avoid runaway of the vorton energy and allow for stationary states,
we introduce an effective size for the vortex cores. This is done by mollifying the vorticity field

wy(x, 1) = (&) * w)(x, 1)

= &y —xp(0)y,0). ©)
B
where
1 X
&) = ﬁf (;) &)

is an approximation of Dirac mass at scale n. Several choices can be made for ¢, see, for instance,
Refs. [10] and [12] for the proof of convergence of such regularized models. In the following, we
will use the so-called low-order algebraic kernel

‘(x) = m (10)

with the pseudonorm |x|; = +/|lx||2 + L2. Using the low-order algebraic kernel, the regularized
vorticity @, and velocity u, now reads

N

3n?

wmﬁ=2nj— (11)
a=1

5
4 |x|;

N
1 X — Xy

u,(x,t)=— X Py (12)

A x—x 13
4 — |x xm|,7

With this choice for ¢, the shape of the velocity field given by (4) remains the same apart from the
Euclidean norm || - || which changes to the pseudonorm | - |,,.

Idea 3: Self-interactions. We assume that the vortons interact with each other following the
transposed version of Euler equations. Using the regularization, the transposed scheme written in
terms of rop = X, —Xxpg and p,, is

1
. j: op
Yo = 4 * Vb

3
p=1 |r0(/3|;7
N
. 1 Yo XY 3ry
Vo =—7— (—3’3 - ’35 (rap - (Yy X )’/S))>- 13)
T p=I |raﬂ|y] |rotﬂ|7,

The new parameter 7 corresponds to the size of vortices. Allowing this new, unconstrained
variable to be time dependent makes it possible to balance the vortex stretching term, hence reaching
a statistically stationary regime.

Idea 4: Dynamical regularization. We assume that the regularization length scale is dynamically
adjusted and can either increase under the effect of viscous diffusion or decrease because of
vortex stretching. The impact of such dynamics can be obtained by integrating the Navier-Stokes
equations written for vorticity,

Dw

o = (@ - VDu +vAw, (14)
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over a ball centered on x, with a radius € < 71 and allowing for a time-dependent 1. Keeping only
the dominant terms in the sums and considering Ay, (x) ~ §(x), we end up with

Xo = Up(Xy, 1), (15)

_3<5_5 )raHVun(xa»t)J e (10

Viscosity therefore has a damping effect and introducing a time dependence on 5 is a way of
introducing a new free parameter and therefore a supplemental constraint on the dynamics. The
time evolution obtained for the vortex strength (16) is very similar to what was obtained in Ref. [13]
in the inviscid case.

Idea 5: Rapid distorsion by a large-scale flow. We consider that the vortons are embedded within
a large-scale flow U, with velocity strain tensor VU. Then, we take into account the action of the
large-scale flow on the vortons through an additional advection by the large-scale velocity field and
additional stretching by the large-scale strain-rate tensor. In final, the vortons are then advected by
the field u = u,) + U and stretched by [Vu]" = [Vu,]T + [VU] .

Idea 6: Feedback on the large-scale flow. We consider the feedback of the vortons on the large-
scale flow via the subgrid stress tensor ty, where £ is a yet unspecified filtering scale.

B. Application to shear flow
1. Equations

The subgrid model described above is very general. We now provide an application of the method
to the transition to turbulence in shear flow. We consider the simplest possible shear flow, given by
the velocity field:

sin(kyz)
Ux,t) =a() 0 , (17)
0

where k; = 2” U (x, t) is divergence-free and is compatible with periodic boundary conditions used
in numerical 51mu1at10ns For simplicity, we assume that the time dependence of the large-scale flow
is fully encoded in its amplitude a(t) while its spatial shape remains the same. We will provide a
dynamics for the amplitude a which involves viscous dissipation, energy exchange with the small-
scale vortons, and a smooth random forcing term, needed to reach a statistically steady state. We will
take a forcing of the form f(x, t) = (2/L%)f (t)sin(ksz)e,, where f(t) is a smooth random Gaussian
process of average 0 and standard deviation f;.

We can then write the equation governing the dynamics of vorticity filtered at a scale £. We do so
by convoluting the curl of Navier-Stokes equations with a mollifier G,(x) = 1/¢G(x/£) to obtain

Diwy = Spwg +V X [V - 1] +vAw, +V x f,, (18)

where S, is the filtered shear stress and 7, = uy @ u; — (u @ u), is the subgrid stress tensor.
Exploiting the scale separation between the vorton scale n and the shear scale L;, we can choose
n K £ K Ly, allowing for the approximations

fﬁwfv
U, ~U,
w; ~V xU.

Under the previous assumptions, the 3D filtered Navier-Stokes equations (18) satisfied by the large-
scale flow reduce to a scalar equation for its amplitude a(¢). To obtain the time evolution of a(t), we
project Eq. (18) onto the large-scale vorticity @, = a(t)kscos(ksz)e,, integrating over a square box
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of volume |V| = L3 with L = nL, n € N* and rescaling by the factor k;!(L3/2)~!. This yields the
following equation for a(t):

. a 3720
a= i 32L3LT) Z)/ax)/azCOS(ksZa)-i- f(t) (19)
v Ay

where 6 € [0, 1] is a coupling parameter depending on the choice of the filtering function used in
(18) and 7 = (ka)’1 is the large-scale viscous time. The derivation of the second term on the
right-hand side, representing the contribution of the subgrid stress tensor, is given in Appendix B.
Assuming the shape of U remains the same through time evolution is a very strong hypothesis. It is,
however, possible to generalize the dynamics by considering the incompressible Galerkin truncated
field:

Uk.t)= Y ay(t)e™"*.

|n|<M

The time evolution of the Fourier modes a,,(¢) will be derived in the same fashion as we did for
a. Tthe cutoff M must be chosen such that the large-scale separation hypothesis is still valid or, in
other words, Mksn < 1. In this paper, we keep the toy model as simple as possible and therefore
keep this idea for future work. We mention, in addition, that one could consider the large-scale field
U to be the solution of a Large Eddy Simulation (LES). The embedding of vortex particles in LES
flow has been studied in Ref. [14].

Taking into account the rapid distorsion of vortons by the large-scale shear flow, we then obtain
the system of equations governing the vorton dynamics:

Xy = u(xy,t)+Uxg, 1), (20)

= 3(; -5 )ya + [Vule, D'y + VU e, D] 74 1)
To close this system, we have to provide the time evolution for 7.

2. Closure for the regularization length

The closure of the system of equation is based on a kinetic energy budget between vortons and
the large-scale flow. The (approximate) vorton kinetic energy is computed in Appendix A. It is
given by

K, = d (22)
v — 647] I
where I' is defined in (7). On the other hand, the kinetic energy of the shear flow integrated over the
box of volume |V| = L3 is

a2L3
4

In the inviscid and nonforced case, kinetic energy should be exchanged between vortons and
shear but conserved overall. We then consider two limiting situations: in the very viscous limit
v > 1, the regularization length is just set by viscosity, so on dimensional ground n ~ v/n, like
the core-spreading method [4] (Sec. 5.6.2). In the inviscid limit v — 0, the regularization length
scale is evolving to keep K = K + K, constant. Patching the two behaviors, we get the following
equation for n:

K, =

(23)

. v 2n T 3 T
n_28;—5—r (y|Vuly) + 1—79 (yIVU y) |, 24
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where § is a free parameter and we use the shorthand notation

N
(VIAY) = Y veA@a, Dy, (25)

a=1

for any tensor field A(x, 7).

3. Choice of the parameters

There are two free parameters in the model, 6 and 3.

(i) The parameter 6 € [0, 1] is a coupling parameter. We have no physical argument to select a
particular value, so we use a choice that simplifies the equations, namely, we will take 6 = 4/3x to
cancel the contribution from the large-scale field to the dynamics of the regularization length (24).
This choice simplifies the model and makes the interaction between the large-scale field and the
vortons independent of the choice of the scale filter.

(i) The parameter § controls the viscous decay of the regularization length. In the case § = 5/2,
viscous diffusion is entirely accounted for by the spreading of the vortex core, while the vortons
intensities y, are not affected (21). In the other limiting case, § = 0, the vortex core size is not
affected by viscosity, viscous dissipation thus only affects the vortons intensities. Thus, we should
have § € [0, 5/2].

4. Control parameters

As we will see in the following sections, the statistics of the model are governed by the two
physical input parameters: the viscosity v and forcing amplitude fj. These parameters can be used
to build a dimensionless number usually referred to as the Grashof number:

2
Gr = izo. (26)
v
Then, to study the hydrodynamics of the model, we can define a Reynolds number based on the
fluctuations of the large-scale field,
0Ly
Re = ==, 27
v
where o> = Ea? is the variance of the shear flow amplitude, depending on f; and v. This definition
only makes sense if a reaches a statistically steady state. This will indeed be the case in both the
laminar and turbulent states described later.

C. Diagnostics and global quantities

Diagnostics will be made using several global quantities based upon a and the fields u, and
®,. A priori, these global quantities depend on » and on the configuration {xy, y,}. In practice,
observables with a quadratic dependence on u, and @, will depend at first orderon I' = " ||y, I
and 7. This was indeed the case for K, given by Eq. (22) This is the case, for instance, for:

(1) The vorton dissipation rate that can be computed using Eqs. (20), (21), and (24) as

. 5T
K =(3—8)——. (28)
323

(ii) The global energy dissipation K, that can be computed using Eqs. (19) and (28) as

3
K = f(t)a(t) — v|:2rr2a2% +3- 5)35—2%]. (29)
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We see that since § < 5/2, the contribution of vortons in the total energy budget (29) is negative.
(iii) The vorton enstrophy:

45 T
Q= /wg(x,z)z d’x ~ T2 (30)
(iv) The vorton mean-squared velocity gradient:
15T
§? = /(wﬂ(x, DY d’x ~ rre (31)

Here, it is important to emphasize that since w, is not divergence-free, the vorton enstrophy
and their mean-squared velocity gradient do not coincide, unlike in solutions of the Navier-Stokes
equations.

IV. RESULTS

A. Parameters

In this section, we present the results of simulations of the model described previously. We
simulate N = 33 = 27 vortons in a periodic box of size L = L, = 1. The vortons are initially placed
on a regular cubic lattice with 3 x 3 x 3 points spaced by & = L/N'/3. The forcing is chosen as

f@® = fo (ao + \/EZ |:ajcos<2anLf> + ,3jsin<2anL>i|>, (32)

j=1 /

where T is the forcing period, m = [T¢/A |, with 1/ the maximum frequency of the forcing. The
random part of the forcing comes from «;, B;, which are independent and identically distributed
Gaussian variables of average 0 and standard deviation 1/(2m + 1). In the end, the forcing term is
smooth given the finite number of modes, Ty periodic, and of standard deviation fj.

Regarding the parameters, we adopt 8 = 4/3mw and § = 9/4. This last value is chosen so the
dissipation rate of the vortons (28) is indeed given by vS2, with S? given by (31). Other parameters
are taken as A = 1, Ty = 3000A. The intensities of the vortons are initialized taking their compo-
nents as independent random variables distributed uniformly in [—1, ] with / = 10. The simulation
time is taken as Ty. We integrate the model using the standard Runge-Kutta method of order 5(4)
implemented within the SciPy Python library.

B. Laminar and turbulent regimes

An interesting feature of this model is the existence of a transition between two regimes,
highlighted by the ratio of mean energy dissipation at large scale (g,) = 2m?vL3/L2(a?) to the
mean injected power (Pi,;) = (a()f(¢)) as a function of the Reynolds number, which is shown
in Fig. 1. At low Reynolds number (Re < Re, & 10%), this ratio is close to one, showing that all
the dissipation is provided by the large-scale shear. This is confirmed by the time series shown in
Fig. 2(e). In this regime, the regularization length grows continuously as the square root of time
[Fig. 2(a)]. This means that the dynamics is mostly diffusive. In analogy with classical turbulence,
we can identify this regime as laminar. In this laminar regime, the diffusive effects are dominating
the whole dynamics allowing some approximations. The way we define the laminar regime is thus
given by the set of equations (33) to (36) investigated in the following. At the critical Reynolds
number Re = Re,, there is a sudden drop in the ratio, followed by a new regime where the
ratio is close to 0. This means that in this regime (Re > Re,), energy is mostly dissipated by the
vortons, as confirmed again in the time series shown in Fig. 2(f). In this regime, the regularization
length scale reaches a statistically stationary value [Fig. 2(b)]. We call this regime the turbulent
regime.
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FIG. 1. Time-averaged dissipation rate for the large-scale flow normalized by the average injection rate as a
function of the Reynolds number. The transition from a laminar state to a turbulent one occurs at Re. &~ 10° (or
Gr, ~ 2 x 10°). For Re < Re,, the injected power is dissipated by the large-scale flow while in the turbulent
regime, energy is dissipated at a smaller vorton scale. The ratio of the large-scale dissipation rate to the injected
power decreases in the turbulent regime following a power law with fitted exponent & = —0.90.

The laminar to turbulent transition is also observed in the behavior of other global variables,
such as the mean regularization length as a function of Reynolds number; see Fig. 3. In the laminar
regime, its value is mainly constrained by the finite simulation time 7 as it grows continuously,
while in the turbulent regime it scales as a power law () ~ Re® with @ &~ —0.44. We also observe
the transition in the relation between Reynolds number scaling and the Grashof number shown in
Fig. 4. At low value of Reynolds and Grashof, the scaling is linear, while at higher values of the
Grashof number the scaling is different with Re ~ Gr® with o ~ 0.52. In steady state turbulence, it
is observed [15] that the variance of the velocity field becomes independent of viscosity in the limit
of vanishing viscosity. In our model, this would be verified if « = 1/2, as if Re ~ Gr* we should
have o, ~ fé"vl‘m. As shown in Fig. 4, the scaling exponent fitted on our simulations results is
close to 1/2 but slightly larger (the 95% confidence interval does not include 1/2).

C. Dynamics in the laminar regime

We can further explore the dynamics of the model in the laminar regime by simplifying the
equations, neglecting the vorton-vorton interactions and the retroaction of the vortons on the large-
scale flow. The system then reduces to

. a 2
a= —T—VS‘FEf(I), (33)
=252, (34)
0
X =U(xy, 1), (35)
Yo =3(25 — 5)%;'& + VU (0 )7, (36)
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Laminar Regime «10—4 Turbulent Regime
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FIG. 2. Time series of regularization length (a), (b); kinetic energy (c), (d); and viscous dissipation and
injected power (e), (f) in the laminar [left column: (a), (c), (e)] and turbulent [right column: (b), (d), (f)]
regimes. The two regimes are both illustrated by the results of a single simulation with control parameters
v = 10 (respectively, v = 107%) and f; = 10 (respectively, fy = 1) for the laminar (turbulent) regime. The first
row (a), (b) shows the time series of the regularization length. In the laminar regime (a), its dynamics matches
the prediction f;(t) = noy () (represented by the dash-dotted black line, slightly offset for readability) while
it reaches a stationary mean value in the turbulent regime (b). The second row (c), (d) shows the time series
of both the large-scale kinetic energy (blue line) and of the vorton kinetic energy (orange line). In the laminar
regime (c), the kinetic energy of the vortons follows well the expected dynamics at large timescales represented
by the dash-dotted black line [£>(r) = (1/64n0)(I2/4)yr(t) =5 (1 + 1 (t + T;)/((2m + 1)t2))]. The last row
(e), (f) depicts the energy budget with the dissipation from the large-scale flow (blue line), that from the
vortons (orange line) and the time-averaged injected power (dashed horizontal black line). In the laminar
regime, energy injection is mostly balanced by dissipation at large scale while in the turbulent regime, energy
injection is balanced by dissipation at small scales, i.e., by the vortons. Additionally, the dissipation from

vortons matches well with the expected dynamics at large timescales represented by the dash-dotted black line
(35—15)

[(f3() = A5/128) (2 /M)y (0) 5 [ +1(t + Tp)/(2m + DT)IL)

To simplify future computation, we will also consider that the large scale flow is overdamped,

yielding
a(t) = ams (%)7

with ams = (1/472)(L2/L3)(2fy/v) the standard deviation of a. Under these assumptions, the
Reynolds number should thus behave in the laminar regime as

Ly > Gr
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FIG. 3. Mean regularization length as a function of the Reynolds number. Each dot corresponds to a single
simulation, with given values of viscosity v and forcing amplitude f; (f, being represented by the dot color).
Two regimes can be identified, separated by a critical Reynold number Re, ~ 1000, where the regularization
length either grows as the square root of time in the laminar regime (low Reynolds numbers) or reaches a
stationary mean value in the turbulent regime (high Reynolds numbers). The black dashed line is a fit of a
power law < n >~ Re” in the turbulent regime, with fitted exponent o« = —0.44. For Re < Re,, n behaves as
V13 + 4(1 — 8)vt. The finite values observed here are due to the finite time of the simulation and are indeed
independent of the forcing amplitude f;.
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FIG. 4. Reynolds number Re = o,L/v as a function of Grashof number Gr = 2f,/v?. Each dot corre-
sponds to a single simulation, with given values of viscosity v and forcing amplitude f; (f, being represented
by the dot color). The dotted and dashed lines are power law fits of the two regimes (laminar and turbulent).
The fitted exponents are o = 0.99 for the laminar regime and « = 0.52 for the turbulent regime. The scaling
for the laminar regime match the prediction (37).

054601-11



RUFFENACH, FERY, AND DUBRULLE

The scaling derived in Eq. (37) is indeed consistent with the numerical results shown in Fig. 4,
with the Reynolds number scaling as the Grashof number for Gr < Gr, &~ 10°.

Time dependence of various physical quantities such as the regularization scale, and the forcing
terms are computed in Appendix C. Using these estimates, we find that the vorton kinetic energy
K, = T'/(64n), energy dissipation K, =3 - 8)%71;—3, or enstrophy Q, = 45I"/(2048n3), are thus,

. . 9815 7515 25-15 .
respectively, behaving as ¢ % ,¢ » ,and ¢t » when t — oo. Energy would thus decrease with
time in the laminar regime if 6 < 15/9 while energy dissipation or enstrophy would decrease if
8 < 15/7. With our choice of § = 9/4, both K, and Kv should increase indefinitely at large times,
which is unrealistic. However, one should keep in mind that the regularization length n increases
indefinitely and eventually becomes larger than the size of the periodic box L, which is not physical.
As n increases, the vorton field is not concentrated at small scales anymore (the cutoff wave number
in the energy spectrum is 1/7). Consequently, the increase of the vortons kinetic energy is likely
due to the progressive accumulation of energy at larger and larger spatial scales. We represent the
expected dynamics at large timescales in Figs. 2(c) and 2(d) for the energy of the vortons and their
energy dissipation. These laws are indeed well verified.

D. Dissipation rate

One of the main hypothesis of Kolmogorov turbulence phenomenology [15] is that the energy
dissipation rate becomes independent of viscosity in the limit of vanishing viscosity, and that it
should scale with the cube of the standard deviation of the velocity field. This is indeed observed
in numerical simulations [16] or experiments like the von Karman flow [17]. In the case of shear
flows, this scaling depends on the boundary conditions via the state of the surface [18]: For rough
surfaces, this scaling is indeed observed, while for smooth surfaces, present data only evidence a
slow decay with with decreasing viscosity, possibly corresponding to logarithmic corrections.

In the present case, the energy dissipation comes from two sources ¢ = ¢, + ¢, where ¢, denotes
the dissipation coming from the large scale shear, while ¢, corresponds to the dissipation due to the
vortons. Normalizing by o /L, we then get

(€) 27203 1 [(L,\? 5/

o3/Ly  Re + Re(aa> & 8)32<n3>' (38)
The first term scales as the inverse of the Reynolds number and corresponds to the large-scale
dissipation. The second term represents the contribution of the vortons. These two contributions are
plotted in Fig. 2 both in the laminar and the turbulent regime. Before the transition, the dissipation
due to the large scale flow indeed dominates, while in the turbulent regime the vorton dissipation
dominates. These two regimes pilot the behavior of the total energy dissipation as a function of the
Reynolds number, shown in Fig. 5.

Before the transition, the normalized dissipation rate indeed behaves as the inverse of the
Reynolds number, while in the turbulent regime, we observe a slower power law decay with a
higher dispersion, which may be due to slower convergence, see below. This second regime can be
fitted with a power law with a small exponent « = —0.10 that could be the signature of logarithmic
corrections.

The scatter observed in the turbulent regime may be traced to the high intermittency of the energy
dissipation, in analogy with what is observed in homogeneous isotropic turbulence [15]. In our case,
again in agreement with homogeneous isotropic turbulence [17], the statistics of energy dissipation
can be well approximated by a log-normal random distribution, see Fig. 6.

V. DISCUSSION

We have introduced a toy model of shear flows, exploiting the spatial intermittency and the scale
separation between the large-scale flow and the small-scale structures. The model is very sparse,
as only the most intense structures are considered, which are modeled via vortons, representing
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FIG. 5. Rescaled total dissipation rate as a function of the Reynolds number. Similarly to turbulent flow, the
dissipation rate scales as the cube of the velocity field variance. In the laminar regime, the rescaled dissipation
scales as Re™! (the fitted coefficient is & = —1.00), while in the turbulent regime, we get a smaller exponent

Re

(¢ = —0.10), and the data points being quite scattered.

dynamically regularized quasisingularities subject to rapid distorsion by the large-scale shear, and
which retroact on this large-scale flow via the subgrid stress. The model displays an interesting
transition between two regimes: (i) a laminar regime, in which all the dissipation is accounted for
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FIG. 6. (a) Standardized probability density function (PDF) of the dissipation rate logarithm for different
Reynolds numbers in the turbulent state. The dashed black line correspond to to the normal distribution.
The blue, orange, green, and red lines, respectively, correspond to Re = 8.84 x 10%; 9.84 x 107; 1.32 x
10'2; 1.67 x 10™. (b) Time series of the dissipation rate (for Re = 1.32 x 10'?), showing its highly inter-
mittent dynamics characterized by strong bursts of dissipation separated by relatively quiescent time intervals.
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by the large-scale flow, and the vorton dynamics is essentially diffusive; and (ii) a turbulent regime,
in which most of the dissipation is produced by the vortons. These two regimes correspond to
different scalings of the dissipation and the Grashof number as a function of Reynolds, with power
laws that resembles the laws observed in classical turbulence.

This shows that, despite its simplicity, our toy model may be of interest to understand or
reproduce some of the observed properties of shear flows. As it stands, our model cannot be used
directly for subgrid modeling of shear flows, as it includes several arbitrary parameters that would
need calibration against a Direct Numerical Simulation (DNS) of Navier-Stokes equations, at least
in the idealized case of fully developed 3D turbulence with strong imposed shear (e.g., flow over
a flat plate, Couette flow). Using physical arguments, we tried to decrease as much as possible the
number of free parameters in our model, but actually two of them remain, namely, the coupling
parameter 6 and the parameter controlling viscous dissipation 8. In addition, there might exist an
optimum for the number of vortons we need to use. We have found that increasing the density of
vortons by a factor 4.6 does not change the results, but there may exist an optimal value of the
density to get better agreement with DNS. In addition, our representation of the feedback between
vortons and the mean shear is limited to the case where the large scale flow is overdamped and
does not change shape due to the interaction. A perhaps more realistic computation could include
an additional mode describing the large scale shear, at the expense of simplicity. Finally, we did not
systematically vary the parameters of the forcing (its shape and maximum frequency) to check its
influence.

In the spirit of understanding at least qualitatively what the influence of various additional
mechanisms are on shear flow dynamics, one could, however, try to modify the toy model to
study specific effects. For example, in this preliminary validation, we neglected the feedback
on the profile shape of the large-scale flow by introducing an ad hoc forcing. This situation is
perhaps more realistic in geophysical flows, where external forces such as solar irradiance and the
Coriolis force determine a velocity and temperature gradient that do not deviate too much from
quasigeostrophy and adiabatic profile, at least in the midlatitudes. In the case of shear flows forced
by boundary conditions (Couette flow) or via a constant pressure gradient (Poiseuille), we know that
this condition is not realistic, as the turbulent fluctuations are known to flatten the global shear in the
middle of the domain. Even if we consider the layer just above the boundary layer, it is well-known
that the velocity profile switches from linear to logarithmic. As discussed in Refs. [1-3], this effect
can be explained via rapid distorsion theory, which predicts that the x — y component of the subgrid
stress tensor scales inversely with the local large-scale shear, leading to the log-law of the wall after
integration. Due to our approximation, we cannot capture this effect here, but it would be interesting
to generalize our model to take into account the local shear. Note that all the computations made
in Refs. [1-3] use localized Gaussian wave packets of vorticity that are very close in spirit to
our quasisingularities. The main difference comes from our dynamical regularization, which may
introduce unique effects. Another interesting generalization would be toward geophysical flows, and
especially localized extreme events such as convective storms. Indeed, individual convective cells
are relatively sparse, and move within the synoptic (large-scale) wind and temperature fields, while
interacting with nearest neighbors. If conditions are favorable, they can further organize into clusters
known as mesoscale convective systems [19], which can produce a significant hazard. An example
of such severe storms are derechos, which are long-lived mesoscale convective storms producing
widespread severe surface wind gusts [20]. To deal with convective systems, one needs to add the
coupling between temperature and velocity, as well as moisture effect. Work is currently in progress
to generalize our model to describe such types of coherent structures.
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APPENDIX A: KINETIC ENERGY

To derive the kinetic energy of the vorton field, we can first derive the expression for the energy
spectrum of the vorton field:

1 ~
E(p,t) =5 / £k, 1)]>dk. (AD)
$2(0,0)
To do so, let us first write the Fourier transform of the vorton velocity field:
. N
g i k"nKi(nlkl) —ikx,
i () = —emnp g D ey, (A2)

a=1

where K is the second type modified Bessel function of order one and ¢, , is the Levi-Civita
symbol. We then obtain the one-dimensional energy spectrum (Al):

K 2l 2
E(p,1) = w ST Y e vphi @l +
o,B

aFp

}’a 'rotﬁ y,B 'r(xﬂ
Irapll  lIrapll

$2(2m pllrapl)

(A3)
with = 3, [[7,]I* and
$1(2) = 27((&> = 1)sinz + zcos 2)
$2(z) = 27°((3 — 2°) sinz — 3z cos 2). (A4)

The total kinetic energy energy of the vorton-induced field is given by the integral of Eq. (A3) along
p. This integral cannot be computed analytically for a finite 1 except for the first term, which is
the dominant one for the total kinetic energy in the small » limit since it is independent of p. The
dominant contribution to kinetic energy thus reads

K, = —. (A5)

APPENDIX B: DERIVATION OF THE SUBGRID STRESS TENSOR TERM
IN THE LARGE-SCALE FLOW AMPLITUDE EQUATION

As explained in Sec. III B 1, we obtain the time evolution of the large-scale shear amplitude by
computing

kNP 2y / (18) - e, cos(k,z) dx. (B1)
v
To compute specifically the contribution of the subgrid stress tensor, we begin by noting that

/(cos(ksz)ey) A(V x [V - 1])dx = —k;Re (7" (kee,)), (B2)
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where we used two integration by parts, 7; being the Fourier transform of the subgrid stress tensor
whose components are written as exponents. As the only nonzero component of the large scale
velocity field is U*, we get

oF & Uéc v = (Ug), +uy s — (uyus),. (B3)
With Eq. (A2), we have
U*uZ (k) = [ (k — kee.) — 13 (k + kse)], (B4)

which vanishes when evaluated at k oc e, because ¢,., =0 in (A2). Assuming further that
(Uuy)¢ ~ Uguy, ¢, we are left with the computation of

—

aqu(ksez) = u;,eufy,é(ksez) (uxuz) (kse;). (®3)

By definition of the filtered velocity field, writing p = k,e_, one has
70 = [ e T - e (B6)

where g,(q, p) = [6(6q)6(€(p —q)) — a(ﬁp)] and Gy is the filtering function. Injecting the Fourier
transform of the velocity field and rescaling the integration variable by 1, one obtains

~7.x &1 mn53aﬁ —i q qmYa
7°Y(p) = e Pty L vig f&( p)—Kl(Iql)Kl(lnp—ql)
C@dnen ]Z]Z et lqInp — q|

I Jm

xXe dq, (B7)

where we have used €3 g(NPy — qo) = —€3,4,89% because p o< e;. Then, we choose to mollify
at a scale £ = n such that £ <« L; and we keep only the leading order term in ¢/L;. Moreover,
considering that n is small compared to the average distance between two vortons, we keep only the
resonant term j; = j, = j in the sum. This yields

81.m,n£3,o¢,f3
(4m)*n

dmYa

P Ki(lq])*dgq. (B8)

" (p) =

e PNy aYip / [G(g)" — 1]
Then, as G is a real radial function, its Fourier transform is also isotropic, so we end up with

~7.X 1 ,i X o -~
T = g 2 Py i /0 [l = G(212K, (h2dr: (B9)

The value of the remaining integral depends on the choice of the mollifier and is between 0 and
37%/32. We therefore introduce a parameter @ € [0, 1] which will play the role of a coupling
parameter between small scales and large scales such that the integral is equal to (372/32)6.
Therefore,

e (kse) = 75 Zyazy“cos(ksza) (B10)

which yields the second term on the right-hand side of the amplitude equation (19) by substituting
(B10) in (B2) and dividing by k,(L?/2).

054601-16



TOY MODEL OF TURBULENT SHEAR FLOW USING ...

APPENDIX C: EXPECTED DYNAMICS IN THE LAMINAR REGIME

We can compute analytically the expected dynamics of several variables related to the vortons in
the laminar regime. Vortons are advected by the shear flow only (35) and, in particular,

Za(t) = 24(0). (C1)
Writing ¥ (1) = ~/'1 + 4v8t /nZ, Eq. (34) solves as

n@t) = noy (), (C2)

andfori=1,2,
Vailt) = Vai QW (@) 5, (C3)

while
3(26—-5) 27 ! 27

Ya () =Y (@) > (Va,z(o) + Va,x(o)f /0 a(s) cos (fza(s)>ds>- (C4)

Recalling that z,(t) = z,(0) and taking random initial intensities following a uniform law given by
Yei(0) = U(—=1/(2+/N),1/(2+/N)), we end up with

I’ 3(25-5) 2 ? = jmt
ET(t) = —v( 1+ ——= inc’( = ) |, C5
0= @O [+2m+1r%j§smc(rf> (C5)

where sinc(x) = sinx/x and 1~ = +/ 12nL3v/(LXf0) and we also assumed that N > 33. At large
time, the sum in Eq. (C5) behaves approximately (graphically) as 1/2(1 + T¢/t), while v (¢) ~ JI.
We then get

105—15

Er(t) o t
=00

K, (1) ~ET@)/¢ ot ,
t— 00

K, ~ Q) ~ENO/y o 1w (C6)
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