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Breath figures are the complex patterns that form when water vapor condenses into
liquid droplets on a surface. The primary question concerning breath figures is how the
condensing vapor is allocated between the growth of existing droplets and the nucleation of
new ones. Although numerous theoretical studies have concentrated on scenarios resulting
in highly polydisperse droplet ensembles, a companion paper [Bouillant et al., Phys. Rev.
Lett. 134, 188204 (2025)] demonstrates that nearly monodisperse patterns can be achieved
on defect-free substrates in a diffusion-controlled regime. The objective of this work is
to present a theoretical framework that elucidates the formation and evolution of nearly
monodisperse patterns in breath figures. We discover that, following a short nucleation
phase, the number of droplets remains constant over an extensive range of timescales due
to collective effects mediated by the diffusion of vapor. The spatial extent of these diffusive
interactions is identified through asymptotic matching, based on which we provide an
accurate description of breath figures through a mean-field model. The model accounts for
the subdiffusive growth of droplets as well as for the arrest of nucleating new droplets, and
reveals the scaling laws for the droplet density observed in experiments. Finally, droplets
expand and ultimately coalesce, which is shown to trigger a scale-free coarsening of the
breath figures.

DOI: 10.1103/PhysRevFluids.10.053605

I. INTRODUCTION

“The manner in which aqueous vapor condenses upon ordinarily clean surfaces of glass or metal
is familiar to all” [1]. Yet the discussion of breath figures, as initiated by Rayleigh and Atkin in
1911 [1], still continues today and holds many unresolved puzzles. Breath figures are the intricate
patterns that form when water vapor condenses into liquid droplets on a surface [2]. The process of
nucleation, in which nascent structures of a stable phase emerge in a metastable phase, is crucial to
the formation of breath figures [3,4]. In this context, the nucleation of nanometric droplets occurs on
the solid through a heterogeneous mechanism that is highly sensitive to the substrate nature [5]. On
rough, patterned, or chemically heterogeneous solids, surface defects can lower the energy barrier to
nucleation, resulting in breath figures that reflect the substrate heterogeneity, such as the density of
defects. In contrast, on atomically smooth substrates, nucleation is stochastic and depends only on
the energy barrier associated with the formation of a critical nucleus, reflecting the substrate energy
[6–9]. The substrate properties can also affect the droplets’ growth through the influence of the
substrate wettability on the vapor flux absorbed by the droplet [10,11]. Secondary nucleation events
can also be impacted by air-mediated interactions between droplets. Already formed droplets tend to
inhibit new droplet formation in their vicinity, creating dry regions of inhibited condensation (RICs).
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These RICs have been studied around hygroscopic materials such as ice [12] or saltwater [13], as
well as around hydrophilic coatings [14,15] (see also [4]). Additionally, the latent heat released
during condensation can trigger convection above a diffusive thermal boundary layer, mixing vapor
above the droplets [16]. When droplets are sufficiently close together, many studies [13,17–19]
assume that they behave collectively as a homogeneous liquid film, with a thickness equal to the
volume of liquid deposited per unit area.

At a more advanced stage of the condensation process, the occurrence of coalescence events
between droplets abruptly changes drop configurations, resulting in intermittent dynamics and
increased polydispersity in the breath figure pattern, ultimately promoting gravity-driven droplet
shedding [20,21]. On rough solids, fusions between neighboring droplets free up the surface defects,
enabling secondary nucleation events and markedly increasing the pattern polydispersity. In recent
decades, experiments performed on clean surfaces have suggested the emergence of a universal
scaling form of the droplet size distribution evolution [22–25]. However, the underlying mechanisms
responsible for the formation and evolution of breath figures are not yet fully understood [4].

Condensation is a natural phenomenon that has been harnessed for various applications, from
providing a valuable source of water in deserts for humans [26,27] and animals [28–30], to heat
exchangers for cooling systems [31], desalination systems [32], designing nano-emulsions [33]
with innovative optical properties [34], and patterning substrates for microfabrication [35,36]. In
order to optimize the gravity-driven droplet shedding in these applications, it is crucial to control
the density, size, and polydispersity of dew patterns. This requires a fine control of the substrate
heterogeneity, such as the presence of defects that promote nucleation, and properties. Strategies
for controlling dew patterns may involve surface patterning [6,20,21,37,38] or electrowetting [39].
Therefore, understanding the formation and evolution of breath figures is essential for predicting
and controlling dew patterns in a wide range of applications.

In this study, we investigate the early stages of breath figure formation on defect-free surfaces
and the ensuing pattern coarsening due to drop merging. The work provides the interpretation
framework for an experimental companion paper [40], which shows the emergence of nearly
monodisperse breath figures and their subsequent coarsening. Here we develop a many-droplet
theory for nucleation and growth, based on an asymptotic matching between the vicinity of drops
and a far field, which describes droplet interactions through the quasistatic diffusion of the vapor
phase. Our model reveals two distinct phases of growth. At short times, the droplets grow diffusively
while the the number of drops increases linearly in time. However, at longer times, we show that,
in the absence of turbulent mixing in the vapor phase, nucleated droplets deplete the humidity
in their vicinity. This depletion creates a boundary layer that grows as the pattern evolves. As
droplets approach each other, interactions mediated through the surrounding air screen the humidity,
resulting in a lower effective humidity experienced by the droplets. This humidity screening effect
leads to a subdiffusive droplet growth and affects the energy barrier to nucleate new droplets in a
highly sensitive manner—ultimately leading to the arrest of nucleation. A central question that is
addressed in this paper is how the experimentally observed number of drops (starting around the
micron scale [40]) is related to the actual nucleation rate (at the nanoscale). Finally, we address the
ultimate regime of the nearly monodisperse breath figures, where drop come to contact and exhibit
coarsening by coalescence. It is demonstrated that the coarsening exhibits a scale-free dynamics,
explaining the scaling laws observed in experiment [40].

II. DROP NUCLEATION

In this study, we employ the Classical Nucleation Theory [3,41] to describe the nucleation of
drops on a defect-free rigid substrate as in [4]. The drops under consideration are expected to be
nanometric in size, allowing us to disregard the effects of gravity. Consequently, the liquid assumes
the shape of a spherical cap, the geometry of which is characterized using the horizontal base radius
R and a contact angle θ , as depicted in Fig. 1(a). At equilibrium, the contact angle is selected
by the surface energies of the solid-vapor interface (γsv), the solid-liquid interface (γs�), and the
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FIG. 1. Nucleation and growth of breath figures. (a) Isolated drop of base radius R wetting its substrate with
a contact angle θ . The arrows indicate the local vapor flux driving the droplet growth. The inset shows a typical
vapor density ρ along the substrate, increasing from the saturated value ρsat at the droplet’s interface. (b) On the
scale of the cell (height H ), the drops act as “sinks” of vapor, which modify the humidity fields in their vicinity.
In most of the paper, we focus on the regime where typical distances between the drops λ are large compared
to the typical drop size, i.e., in a regime prior to drop coalescence. This gives a hierarchy of scales R � λ � H
that enables a solution of the many-droplet diffusion problem by matched asymptotics. In the calculation, we
use periodic boundary conditions in the horizontal direction, so that the cell size is L × L × H .

liquid-vapor interface (γ ) through Young’s law: γ cos θ = γsv − γs�. The droplet volume can be
written as V = π

3 R3E (θ ) where the function E (θ ) ≡ (2 + cos θ )(1 − cos θ )2/sin3 θ accounts for
the influence of the contact angle. For a hemispherical drop one verifies that E (π/2) = 2, while at
small θ we find E (θ ) ∼ 3θ/4. The number of molecules n contained within the drop is then defined
as the ratio between its volume V and the volume of a single molecule m/ρ�, where ρ� and m are
the liquid mass density and the mass of a single molecule. We thus find

n = V

m/ρ�

= πρ�

3m
R3E (θ ). (1)

We now consider the nucleation of a droplet containing n molecules at the surface of the
solid substrate, from a supersaturated vapor phase. The creation of new interfaces (liquid-vapor,
solid-liquid, and solid-vapor) associated with the creation of the drop comes at an energetic cost.
This energy penalty scales with the surface ∼R2 ∼ n2/3. The nucleation is still facilitated by the
energetic gain per molecule, associated with phase change from the vapor to liquid. The relevant
thermodynamic potential � is referred to as the external Gibbs free energy, exergy, available work
potential, or free energy, depending on the community [4,42,43]. As is recalled in Appendix A, the
change in 	� due to the phase change involves the chemical potential of the liquid (μ�) and vapor
phases (μv) evaluated at the pressure pv and temperature T of the vapor phase. Specifically, the
contribution to 	� per molecule reads

	μ = μ�(pv, T ) − μv (pv, T ) = −
kBT, with 
 � ln(ρ/ρsat ), (2)

where we assumed the liquid to be incompressible and the vapor to behave as an ideal gas. In this
expression, ρ is the vapor mass density and ρsat its saturated value at a given temperature T . The
expression of 
 given in Appendix A is here simplified assuming that the volume per molecule in the
liquid phase is assumed to be much smaller than in the vapor phase. Combined with the interfacial
energies, working out the geometric details, one can write the total change in the thermodynamic
potential as [3,4]

	�

kBT
= 3

2
(2χn2)1/3 − n
, (3)
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where we introduced χ ,

χ ≡ 4π

3

(
γ

kBT

)3( m

ρ�

)2

E sin3 θ. (4)

This dimensionless parameter isolates the droplet’s geometrical influence to the energy barrier.
Equation (3) contains the Gibbs-Kelvin effect, which combines capillary effects and the chemical
potential dependence on vapor partial pressure. Importantly, μ� and μv are evaluated at the pressure
and temperature of the vapor phase, as shown in Appendix A. The model yielding Eq. (3) must be
refined in the limit of small nuclei (with only a few molecules) by incorporating more complicated
dependences of some parameters [44].

The thermodynamic potential 	� thus initially increases with droplet size n, with a scaling
∼n2/3 owing to surface effects, while the gain in energy due to the actual condensation ∼n. The
competition between these effects gives rise to an energy barrier for nucleation 	�∗, and a critical
nucleus size n∗, corresponding to the maximum of 	�(n). We thus find

n∗ = 2χ


3
and

	�∗

kBT
= χ


2
. (5)

The critical nucleus and the corresponding energy barrier are thus controlled by the two dimen-
sionless parameters: χ , capturing the droplet geometrical influence to the energy barrier, and 
,
accounting for the humidity influence on the energy barrier. In other contexts, the relation between
n∗ and ρ/ρsat is called the Ostwald-Freundlich equation.

Finally, we assume the nucleation of drops to be an activated process that is described by
Classical Nucleation Theory [3]. We refer to Appendix B for details. Within this framework, the
number of drops nucleated per unit surface and unit time takes the form

J = J
(

ρ

ρsat

)2

exp

(
−	�∗

kBT

)
= J

(
ρ

ρsat

)2

exp

(
− χ


2

)
. (6)

In this expression J can be interpreted as an attempt frequency per molecule, while the factor
(ρ/ρsat )2 reflects the fact that the overall collision frequency is quadratic in vapor density ρ (cf.
Appendix B). Most importantly, however, the nucleation rate involves a Boltzmann factor that is
controlled by the energetic barrier.

III. COLLECTIVE EFFECTS DURING GROWTH

The nucleation described above is a stochastic process, which depends on the local humidity at
the substrate. Once drops are formed, however, they grow by further absorbing vapor. This growth is
typically limited by the (deterministic) diffusive transport of vapor inside the cell towards the drops.
This diffusive transport is described in this section, where we consistently account for collective
effects due to droplet interactions.

A. Theoretical setup

We model the growth of droplets by the quasisteady diffusion of vapor, i.e., by solving ∇2ρ = 0.
This assumes that the transient time for the evolution of the vapor concentration is much smaller than
the timescales for the growth of the drops. So we consider that the vapor field to be instantaneous, in
the sense that they are much smaller than the timescales of the evolution of the number of drops. The
complexity of the problem arises from the intricate, mixed boundary conditions that slowly evolve
over time as the breath figure evolves, and that need to be found self-consistently. At a liquid-vapor
interface, the air is saturated with vapor, so that ρ = ρsat is imposed at the surface of the drops.
Between the drops, in the dry regions of the substrate, the normal component of the flux ∇ρ · n
must vanish, as molecules cannot penetrate the substrate. These boundary conditions are illustrated
on the level of a single, isolated drop in Fig. 1(a), for which analytical solutions are available [11].
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The breath figure is driven by imposing a humidity ρ = ρ0 at the top plate at z = H [Fig. 1(b)],
which leads to condensation when ρ0 > ρsat. We introduce the relative humidity R = ρ0/ρsat, which
is taken larger than unity throughout.

B. Noninteracting drops

The quasisteady diffusive growth of an isolated sessile drop, spherical cap of contact angle θ and
base radius R as sketched in Fig. 1(a), is well understood. Introducing ni as the number of molecules
inside a droplet labeled i, the growth law is given by [11]

mṅi = 2πF (θ )RiD
(
ρ i

∞ − ρsat
)
, (7)

where D is the diffusion coefficient of vapor molecules in air, while

F (θ ) = sin θ

2(1 + cos θ )
+ 2

∫ ∞

0

1 + cosh 2θτ

sinh 2πτ
tanh[(π − θ )τ ] dτ.

The function F (θ ) follows from solving Laplace’s equation ∇2ρ = 0, with boundary conditions
ρ = ρsat on the surface of the spherical cap, a no-flux condition at the dry substrate, while ρ i

∞ is the
humidity at infinity [11]. F (θ ) tends to 2/π as θ tends to 0 and is equal to 1 for the hemispherical
case (θ = 90◦). The diffusive law has been validated experimentally [10] for an isolated evaporating
drops with ρ i

∞ taken constant.
For later reference, we will express the growth law for ṅi in terms of Ṙi. Making use of (1), we

can write (7) as

d
(
R2

i

)
dt

= D
(

ρ i
∞

ρsat
− 1

)
, (8)

where we introduced the effective diffusion coefficient D as

D = 4Fρsat

Eρ�

D. (9)

Dropping the label i, we see that isolated drops grow as R = √
(R − 1)D(t − T ), where T is the

time of creation of the drop and R = ρ∞/ρsat the relative humidity at infinity.
The complete solution ρ(r) around a spherical cap is intricate, but in the limit |r − ri| � Ri it

reduces to [11]

ρ(r − ri ) � ρ i
∞ + (

ρsat − ρ i
∞

)
F Ri

|r − ri| . (10)

In the far field, the detailed geometry of the droplet is thus no longer reflected in the spatial structure
of the field: the asymptotic solution corresponds to an isotropic sink at position ri. The growth law
(7) is indeed recovered from the integration of the diffusive flux −D∇ρ obtained from (10), over
the half-spherical surface 2π |r − ri|2. It is instructive to write the far-field solution directly in terms
of ṅ,

ρ(r − ri ) � ρ i
∞ − mṅi

2πD|r − ri| . (11)

This form gives an explicit relation between the strength of the sink and the growth rate ṅi of the
drop.

C. Interacting drops

In the presence of many drops, one expects the same growth law, as long as the drops are
sufficiently separated. Specifically, (11) will be valid at large distance from the drop yet remaining
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FIG. 2. Modeling the vapor flux collected into dew droplets with the electrostatic analogy. A homogeneous
surface “charge” −mṅi/L2 imposed at the ceiling (z = H ) provides a vapor flux that distributes over the ni

droplets (modeled as point sinks), each absorbing a “charge” mṅi.

far from neighboring drops, i.e., for the hierarchy of scales

Ri � |r − ri| � λ = ψ−1/2. (12)

Here we introduced the number of drops per unit area ψ . The fact that drops are small, however,
does not imply that drops do not interact. We will see that ρ i

∞ represents the “effective humidity”
experienced by droplet i, and that its value results from the presence of the ensemble of drops.
Clearly, this effective humidity will in general be lower than the humidity ρ0 imposed at the top
surface of the cell, since the neighboring drops will have a screening effect. By (7), it is clear that
the growth rates ṅi for each of the droplets crucially relies on the value of ρ i

∞.
We now set out to formulate and solve the intricate many-body quasisteady diffusion problem,

∇2ρ = 0 with appropriate boundary conditions, which enables us to compute the ρ i
∞. As sketched

in Fig. 1(b), we consider a system of height H , and length and width L with periodic boundary
conditions in both horizontal directions. A number ψL2 drops are placed on the substrate (z = 0),
each characterized by a position ri, base radius Ri and number of molecules ni. The condensation is
driven by prescribing an average concentration ρ0 = ∫

z=H ρ d2x at the top of the cell (z = H). As
previously mentioned, the bottom substrate is subjected to a no-flux condition ∇ρ · n = 0, while
ρ = ρsat at the surface of each droplet.

1. Solution by matched asymptotics

We solve for the field ρ(r) and the effective humidities ρ i
∞ using a matched asymptotics

analysis that employs the scale separation Ri � ψ−1/2, i.e., that the typical distance between
drops is large compared to their typical size. The inner problem is determined by the scale Ri

and corresponds to an isolated drop [Fig. 1(a)]. The far-field asymptotics of this inner solution,
i.e., for Ri � |r − ri|, is already given by (11). The outer problem is governed by the scale
ψ−1/2 � Ri [Fig. 1(b)]. In the outer problem, the droplets can be represented by isotropic point
sinks with a singularity of the form ρ � −ṁni/2πD|r − ri|. This makes the problem analogous
to point charges in electrostatics, the charge here directly related to the growth rate ṅi. This
electrostatic analogy is sketched in Fig. 2. Besides the charges associated with the growing
droplets, we impose a homogeneous surface charge density −mṅi/L2 at z = H . The total charge
in the system is thereby zero, which ensures the conservation of mass: the flux imposed at the
ceiling feeds the growth of the drops. Using the superposition principle, the outer solution can be
written as

ρ(r) = ρ0 −
N∑

j=1

mṅ j

2πD
G(r − r j ), (13)

where the sum runs over each drop. Here G is the Green’s function that captures the effect not only
of each sink, but also of the uniform flux that feeds the drop from the ceiling, the no-flux boundary
condition at z = 0, and self-interaction through the (horizontal) periodic boundary conditions. The
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gauge of the Green’s function is chosen such that it has a vanishing spatial average at z = H . With
this gauge, ρ0 in (13) represents the average humidity at the ceiling of the cell, which we will use as
a control parameter for the condensation process. The explicit computation of the Green’s function
is provided in Appendix C.

The asymptotic matching consists of equating the inner expansion (11) far from the drop, to
the outer solution (13) expanded in the limit r → ri. The Green’s function G(r) is decomposed
into its 1/|r| singularity and the subdominant rest, G̃(r), which is regular at r = 0. Hence we write
G(r) = G̃(r) + 1/|r|, so that in the limit r → ri,

ρ(r) = − ṅi

2πD|r − ri| + ρ0 − ṅi

2πD
G̃(0) −

∑
j 
=i

ṅ j

2πD
G(ri − r j ) + O(|ri − r j |). (14)

This result needs to be compared to the inner asymptotics (11). One observes that the leading order
1/|r − ri| already matches, which reflects that we have chosen the appropriate strengths for the
point sinks in the outer problem. However, matching the next order |r − ri|0, we obtain a nontrivial
condition

ρ i
∞ = ρ0 − mṅi

2πD
G̃(0) −

∑
j 
=i

mṅ j

2πD
G(ri − r j ). (15)

Hence, we can express the effective humidity ρ i
∞ of droplet i in terms of the growth rates ṅ j of the

full ensemble of the drops; this reflects the collective nature of the problem. Having solved for the
effective humidities, we can return to (7) and write an equation that contains only the growth rates:

mṅi

2πD

(
G̃(0) + 1

FRi

)
+

∑
j 
=i

mṅ j

2πD
G(ri − r j ) = ρ0 − ρsat. (16)

This expression is valid for each droplet i and thereby forms a closed set of linear equations for the
ṅi.

2. Global mass flux

It is of interest to consider the global mass flux of vapor from the ceiling (z = H) to the bottom
of the cell (z = 0), which provides the total rate of condensed mass. Naturally, this flux must be
equal to the total mass collected by all sinks, which per unit time per unit area reads L−2 ∑

j mṅ j .
We can interpret this result using a horizontal Fourier decomposition of the diffusion problem,
since only the zero mode (i.e., the average in the horizontal direction) contributes to the net flux
from the ceiling across the cell towards the bottom. Indeed, the global flux as described by the
zero mode consists of a uniform vertical gradient from the average concentration ρ0 at the top
of the cell to the average at the substrate that we denote ρeff . This flux D(ρ0 − ρeff )/H must
be equal to L−2 ∑

j mṅ j , which readily gives the (average) substrate humidity effectively felt by
droplets:

ρeff = ρ0 −
∑

j

Hmṅ j

L2D
. (17)

An alternative derivation of this result via a Fourier analysis of the Green’s function (Appendix C)
shows that the spatial average of G at z = 0 is equal to 2πH/L2. By (13), this gives the same
expression for ρeff .

IV. STATISTICAL MODEL FOR BREATH FIGURES

The above sections provide a many-droplet theory for breath figures (in the regime prior to coa-
lescence). The theory includes the stochastic nucleation of new drops (Sec. II) and the deterministic
diffusive growth of existing drops (Sec. III), and consistently accounts for drop interactions via the
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FIG. 3. Typical realizations of a stochastic simulation, without coalescence. (a) Number of drops N = ψL2

as a function of time t , rescaled by the diffusive time H2/D (lower axis) or by the nucleation rate J0L2 (upper
axis). The red dashed line corresponds to ψ = J0t . Interaction between drops mediated by vapor diffusion leads
to a small decrease of the number of the drops visible at long time. Inset: snapshot of a numerical realization
of a breath figure taken at Dt/H2 = 10−3, with the effective diffusion coefficient D defined in (9). (b) Root
mean square drop radius R = √〈R2

i 〉, rescaled by H plotted as a function of time t [same rescaling as in panel

(a)]. The red dashed line corresponds to R =
√

1
2 (R − 1)Dt [see ((37) and the black dotted line to R ∝ t1/3.

Numerical simulation is done at relative humidity R = ρ0/ρsat = 1.5, the dimensionless energy gap χ = 1.5,
horizontal box size L = H , F = 1, and J0H 4/D = 2.4 × 109. The latter parameter is the ratio of the diffusion
timescale to the (inverse) nucleation rate.

vapor phase. We proceed by presenting results obtained from numerical simulations of the proposed
model and show that breath figures evolve via two distinct regimes. Subsequently, we develop a
mean-field description that captures the numerical results without adjustable parameter and that is
used for the interpretation of experiments in the companion paper [40].

A. Stochastic numerical simulations

The numerical integration of the model is performed by two alternating steps. First, given the
positions ri and sizes Ri of the drops, we compute the growth rates ṅi from (16); the drop radii Ri

are evolved accordingly. Second, the nucleation of a new drop is stochastically attempted using a
Monte Carlo step. In this step we randomly select a position on the substrate that is not yet covered
by a droplet (i.e., |r − ri| > Ri) and compute the local humidity according to (13). From this, we
accept or reject the nucleation in accordance to the statistical law (6).

Figure 3 shows a typical result for the evolution of a single stochastic realization of a breath
figure. Model parameters are listed in the caption; the value of the relative humidity R = 1.5 is a
typical experimental condition, F = 1 corresponds to hemispherical drops (θ = π/2), while χ =
1.5 implies that the nucleation barrier is comparable to kBT . The corresponding number of drops
inside the cell N = ψL2 is plotted as a function of time in Fig. 3(a). After starting with a single drop,
it can be seen that the number of drops initially increases linearly in time, suggesting nucleation
occurs at a constant rate, that is, with a constant energy barrier. The dotted line corresponds to ψ =
J0t , which gives a good description of the initial phase, where we introduced the initial nucleation
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rate

J0 = JR2 exp

(
− χ

ln2 R

)
. (18)

The number of drops is observed to reach a saturation point around a well-defined average value,
around 103 in the present simulation. This indicates that nucleation is suppressed during the final
stages of the process, revealing a reduction in supersaturation near the substrate. In fact, as will be
quantified later, the effective humidity near the substrate, denoted as ρeff , is found to decrease over
the course of the condensation process. This decrease can be attributed to the increased volume of
condensed liquid.

A similar crossover is observed for the evolution of the average drop size R, which we define
as the root mean square drop radius R =

√
〈R2

i 〉. This average size is plotted as a function of time
in Fig. 3(b). Initially, the drops grow according to R ∼ t1/2, as is expected for isolated drops. The
exact solution of the growth of a single isolated drop reads R = √

(R − 1)Dt . However, the red
dashed line corresponds to R =

√
1
2 (R − 1)Dt , which provides a better fit: drops that nucleated at

a later time T have had less time to grow, which lowers the average radius of the ensemble. Given
that the number of drops increases linearly in time, the average value of 〈T 〉 = t/2, so that, on
average, the time to grow t − 〈T 〉 = t/2. This explains the factor 1/2 once multiple drops have
nucleated. At the final stages of the simulation, the growth is subdiffusive. Again, this is in line
with a reduction of the supersaturation at the bottom of the cell, which slows the growth just like it
slowed the nucleation.

The scenario that breath figures evolve according to two distinct regimes is very robust and is
seen in numerics for a broad range of parameter values. The underlying mechanism is illustrated in
Figs. 4 and 5, respectively, showing humidity fields in the first and second regimes. In comparison
to Fig. 3, the nucleation rate was reduced so that at most seven drops appear in the simulation
box to improve the readability of the humidity fields. During the first regime (illustrated in Fig. 4),
the average humidity at the substrate is close to the value imposed at the top of the cell (R =
ρ0/ρsat = 1.5). Hence, the nucleation probability is large everywhere on the substrate, except in
the very close vicinity of the drops. The situation is markedly different during the second regime
(illustrated in Fig. 5), during which the average humidity is close to ρ0/ρsat = 1. In this regime,
the humidity varies approximately linearly across the cell, and the drops effectively create a nearly
uniform saturated layer. Clearly, in this second regime, there no longer is a supersaturation at the
substrate, and nucleation is suppressed. We note that the crossover to the second regime is seen to
arise when the typical distance between drops λ = ψ−1/2 is still much larger than the drop size R (by
about a factor 100 for the data in Fig. 3). Thus, drops are small compared to their typical separation,
as visually inferred from the inset in Fig. 3(a), which imply that the second regime emerges well
before coalescence starts to play a significant role. In what follows, we develop a mean-field model
that quantitatively explain these features, including the crossover between the two regimes.

B. Lattice of identical drops

The basis for the mean-field description is an exact result that can be obtained for a regular lattice
of identical drops. Treating all drops as equal, we write Ri = R, ṅi = ṅ, and ρ i

∞ = ρ∞. The average
concentration at the substrate, as defined by (17), then becomes

ρeff = ρ0 − Hψmṅ

D
. (19)

We now assume that ρ∞ ≈ ρeff , i.e., the humidity experienced for each drop is approximated by
the average humidity on the substrate. Numerical simulations show that the heterogeneities of the
humidity field remain indeed very small with respect to the average, except in the very close vicinity
of the drops (cf. Figs. 4 and 5). With this, the growth equation (7) reads

mṅ = 2πFRD(ρeff − ρsat ). (20)
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FIG. 4. Humidity landscape in the first regime (low surface coverage): (a) Top view of drops (black
contours) and isocontours of water vapor density ρ/ρsat at the substrate. (b) Side view of isocontours ρ/ρsat

along the red line y′ drawn in panel (a). (c) Number of drops N = ψL2 as a function of time t , rescaled by
the diffusive time H2/D. The dot marks the time at which humidity fields in panels (a) and (b) are taken,
Dt/H 2 = 5 × 10−5. (d) Profile of water vapor density ρ/ρsat at the substrate, plotted along the red line y′

drawn in panel (a). Numerical simulation is performed with an imposed relative humidity R = ρ0/ρsat = 1.5,
a dimensionless energy gap χ = 1.5, a horizontal box size L = H , F = 1, and J0H 4/D = 1.8 × 105. The
latter parameter is much lower than that in Fig. 3 to reduce the number of nucleated drops in the simulation
box (other parameters remain unchanged).

Inserting into (19), we find

ρeff − ρsat = ρ0 − ρsat

1 + 2πFψHR
, (21)

which offers an explicit expression for the supersaturation at the surface.
Equation (21) reveals an essential feature for the evolution of breath figures: the supersaturation

at the substrate, ρeff − ρsat, will decrease over time owing to the increase of droplet density ψ and
droplet size R. Specifically, we see the emergence of a dimensionless combination,

ψHR = HR

λ2
, (22)

that quantifies the crossover from a regime of low surface coverage to a regime high surface
coverage. In the low-density limit, ψHR � 1, we find ρeff ≈ ρ0 so that the supersaturation at
the substrate is ρ0 − ρsat. This is the regime of noninteracting drops, in line with the early phase
in Fig. 3. Conversely, the high-density limit ψHR � 1 describes the second regime for which
the bottom of the cell is no longer supersaturated: nucleation is arrested and droplet growth is
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FIG. 5. Humidity landscape in the second regime (high surface coverage). (a) Top view of drops (black
contours) and isocontours of water vapor density ρ/ρsat at the substrate. (b) Side view of isocontours ρ/ρsat

along the red line y′ drawn in panel (a). (c) Number of drops N = ψL2 as a function of time t , rescaled by
the diffusive time H2/D. The dot marks the time at which humidity fields in panels (a) and (b) are taken,
Dt/H 2 = 10−2. (d) Profile of water vapor density ρ/ρsat at the substrate, plotted along the red line y′ drawn in
panel (a). Parameters are the same as in Fig. 4, but taken at a later time.

subdiffusive. In line with stochastic numerics, the typical distance between drops at the moment
of crossover λ ∼ √

HR, which is much larger than the typical drop size.

C. Mean-field model

1. Formulation

We now formulate a mean-field model for breath figures, consisting of evolution equations for
the number density ψ (t ) and the average drop size R(t ). The latter is defined as R =

√
〈R2

i 〉. The
nucleation rate (6) depends on the local humidity at the substrate. The mean-field approximation
consists of replacing the local humidity by the effective humidity ρeff , so that the mean-field
equation for the number of drops takes the form

dψ

dt
= J

(
ρeff

ρsat

)2

exp

(
−	�∗(ρeff/ρsat )

kBT

)
= J

(
ρeff

ρsat

)2

exp

(
− χ

ln2 (ρeff/ρsat )

)
. (23)

For ρeff , we take the result obtained for the periodic lattice of identical drops (21), which we rewrite
as

ρeff = ρ0 + 2πFψHRρsat

1 + 2πFψHR
. (24)
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Then we assume that the effective humidity (24) also determines the growth of individual drops.
This amounts to setting ρ i

∞ = ρeff in (8), which fixes the growth of R at constant ψ . However,
the nucleation of new droplets also affects the average radius: the continuous addition of drops of
vanishing volume at later times lead to a reduction of the average radius. We have seen (in the
discussion around Fig. 3) that during the initial phase where ψ ∼ t , the average time at which
a droplet nucleates is 〈T 〉 = t/2. Hence, the average radius will grow as R2 = 1

2 (ρeff/ρ0 − 1)Dt ,
where the factor 1/2 accounts for the addition of freshly nucleated drops at later times. We capture
the effect of a variable ψ by proposing the mean-field growth equation:

d
(
ψR2

)
dt

=
(

ρeff

ρsat
− 1

)
Dψ. (25)

This equation directly mirrors the result for isolated drops (8) but contains additional factors ψ . In-
deed, these extra factors are harmless at constant ψ , as is observed during the later stages. However,
the incorporation of these factors, which are initially ψ = J0t , ensures the correct early-time result.

2. Dimensionless mean-field model

We now present the mean-field equations in their dimensionless forms. The model predicts
the number of drops per unit area ψ , the average droplet radius R, and the effective humidity at
the substrate ρeff , each of which is evolved over time. In the simulations, we used the size of
the cell H as the length scale, and H2/D as the timescale. Aside from geometric parameters, the
dimensionless parameters include the relative humidity R = ρ0/ρsat, the energy gap χ , and the
ratio of timescales J0H4/D. The last can be scaled out by choosing appropriate dimensionalization,
using the fact that the crossover between the low-coverage and high-coverage limits occurs when
FψRH is order unity. Specifically, we propose a rescaling where FψRH = ψ̃R̃, where tildes
denote dimensionless variables. Imposing that R2/t scales with D, and ψ/t with J0, we obtain
the following nondimensionalization:

R =
( D

J0FH

)1/3

R̃, (26)

ψ =
(

J0

DF2H2

)1/3

ψ̃, (27)

t = (
DJ2

0F2H2
)−1/3

t̃, (28)

ρeff = ρsat ρ̃eff , (29)

where tildes indicate dimensionless variables. The corresponding dimensionless mean-field equa-
tions become

dψ̃

dt̃
=

(
ρ̃eff

R

)2

exp

(
χ

ln2 R
− χ

ln2 ρ̃eff

)
, (30)

d(ψ̃R̃2)

dt̃
= ψ̃ (ρ̃eff − 1), (31)

ρ̃eff = R + 2πψ̃R̃

1 + 2πψ̃R̃
. (32)

The mean-field model has thus been reduced to depend only on two dimensionless parameters: the
dimensionless energy gap χ , and the relative humidity imposed at the top of the cell R = ρ0/ρsat.
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FIG. 6. Different realizations of the stochastic model (red) are compared to the mean-field model (black)
without adjustable parameters. The dimensionless parameters are set to R = 1.5 (a typical experimental
condition) and χ = 1.5 (which would correspond to water drops with θ = 22◦, which is the expected value on
a PDMS melt in [40]). Variables carrying the (̃ ) notation are nondimensionalized according to Eqs. (26)–(29).
(a) Drop density ψ̃ as a function of time t̃ . (b) Effective humidity at the substrate ρ̃eff as a function of time t̃ .
Red dots correspond to samples at random locations at the substrate during the simulations, and the black line
corresponds to the mean-field prediction. The average over many realizations cannot be distinguished from
the mean-field prediction. Furthermore, the dispersion is observed to decrease with the drop density. The inset
provides the mean-field result over a larger time range, showing the transition from ρ̃eff = R = 1.5 to the
fully saturated regime where ρ̃eff → 1. (c) Root mean square drop size R̃ as a function of time t̃ . Dotted lines
indicate the analytical asymptotes of the mean-field model (see text). (d) Cumulative distribution of drop sizes
at t̃ = 0.2. For both panels, the average over many realizations cannot be distinguished from the mean-field
prediction. For this particular time, approximately 80% of the drops fall within 10% of the largest drop size.

V. RESULTS

A. Stochastic numerics versus mean-field model

A comparison between different realizations of the stochastic simulations and the mean-field
model (integrated numerically) is presented in Fig. 6, which shows the time evolution of the
(dimensionless) droplet density ψ̃ , the effective humidity at the substrate ρ̃eff , and the average radius
R̃. In all cases, the average of many stochastic realizations of breath figures is indistinguishable from
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the mean-field prediction. The success of the mean-field model can be rationalized by examining
Fig. 6(d), which displays the corresponding cumulative distribution function (c.d.f.) of drop sizes
at a time within the saturated regime. The c.d.f. is directly obtained by ordering the N drops by
increasing radius and assigning the value i/N to the ith drop. For the mean-field model, a list of
drops is gradually created in a deterministic way by creating a new drop when ψL2 crosses an
integer value. The radius of all drops is increased according to the mean-field law:

dR̃2

dt̃
= (ρ̃eff − 1). (33)

The c.d.f. is calculated in the same way as for the simulations. The distributions reveal that the
droplets become increasingly monodisperse as they grow at the same rate without any creation
of new drops. This weak polydispersity aligns with experiments reported in the companion paper
[40], which validates our mean-field model to explain the monodisperse breath figure patterns
obtained in diffusion-controlled condensation experiments on smooth substrates. In the remainder,
we analytically derive asymptotic predictions from the mean-field model (30), (31), and (32).

B. Regimes

The dynamics of ψ̃ and R̃ exhibits two distinct regimes, the origin of which lies in the expression
for effective humidity of the substrate (32). As is illustrated in the inset of Fig. 6(b), the effective
humidity ρ̃eff starts at R (the relative humidity imposed at the top of the cell), but gradually
decreases as the breath figures evolve. Indeed, the condensation of vapor locally reduces the average
humidity at the substrate, until reaching a fully saturated regime where ρ̃eff → 1. We first focus
on the initial stages, the low-density limit, during which ψ̃R̃ � 1. In this regime, (32) reduces to
ρ̃eff � R, and [(30) and (31)] reduce to

dψ̃

dt̃
� 1, (34)

dψ̃R̃2

dt̃
� ψ̃ (R − 1). (35)

In this regime the nucleation occurs at a constant rate, which allows for an exact solution

ψ̃ � t, (36)

R̃2 � 1
2 (R − 1)t . (37)

These results captures the early-time asymptotics of the breath figures, as seen in Fig. 6(a) and 6(c)
and indicated as dashed lines in Figs. 3(a) and 3(b).

A second regime arises when ψ̃R̃ � 1, for which ρ̃eff → 1. In this limit, the right-hand side of
(30) vanishes so that no new drops are nucleated and ψ̃ reaches a plateau value that we indicate
by ψ̃0. Note, however, that the arrest of nucleation already happens long before the humidity
reaches the fully saturated state. In Fig. 6(a), the plateau of ψ̃ is reached at t̃ ∼ 10−1, when the
effective humidity has dropped by only a small amount to ρ̃eff ≈ 1.45 [cf. Fig. 6(b)]. Indeed, such a
relatively small reduction of humidity is sufficient to dramatically slow down the nucleation process,
owing to the Boltzmann factor that implies an exponential sensitivity of the nucleation rate. For the
dynamics of the average radius R̃, the late-time asymptotic regime is reached significantly later,
around t̃ ∼ 103 in Fig. 6(c), i.e., once the humidity has dropped to values close to ρ̃sat = 1. This
regime corresponds to ψ̃R̃ � 1, for which (31) reduces to

dψ̃R̃2

dt̃
� R − 1

2π R̃
. (38)
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Noting that ψ̃ = ψ̃0 is constant in this regime, this equation can be integrated to

4π

3
R̃3 � (R − 1)

t̃

ψ̃0
. (39)

This result implies a linear growth of the average droplet volume, corresponding to a subdiffusive
asymptotics R̃ ∼ t̃1/3, and is indicated on Fig. 6(c). This growth law has been validated experimen-
tally in the companion paper [40]. Given that the number of drops in the cell is constant in this
regime, the linear growth of the volume can be interpreted from a constant flux of vapor condensing
across the cell. This argument was already given in previous studies [18,22,45]. However, the present
analysis explains why both the global flux and the number of drops remains constant: after a certain
time, the humidity at the substrate is no longer supersaturated, which prevents nucleation and which
(at the scale of the cell) gives rise to a uniform humidity gradient. Our analysis extends to situation
where number of drops in the cell is not constant for instance owing to coalescence events or
coarsening.

C. Selection of the drop density

Finally, we wish to determine how the maximum number of drops ψ̃0 depends on the two
dimensionless parameters: the energy barrier χ and the imposed relative humidity R. We have seen
in Fig. 6 that the value of ψ̃0 is already reached at relatively high humidities, i.e., when ψ̃R̃ � 1.
We accordingly expand the humidity and the nucleation equation as

ρ̃eff � R − 2πψ̃R̃(R − 1), (40)

dψ̃

dt̃
� exp

(
−4πχ (R − 1)

R ln3 R
ψ̃R̃

)
. (41)

Expression (34) was derived assuming that the argument of the exponential factor was small, so that
the nucleation rate is constant. For sufficiently large χ , however, one can identify an asymptotic
region that satisfies the hierarchy

ψ̃R̃ � 1 � 4πχ (R − 1)

R ln3 R
ψ̃R̃. (42)

In this regime the average drop size R̃ is still expected to grow diffusively, but the exponential factor
is much reduced to slow down the nucleation. Given that the number of drops is approximately
constant in this intermediate regime, the diffusive growth takes the form R̃ =

√
(R − 1)t̃ (i.e.,

without the factor 1/2). Plugging this intermediate asymptotics in (41), the integral can be explicitly
carried out and gives

ψ̃ (t̃ ) � ψ̃0 − 2

c2
(1 + c

√
t̃ ) exp(−c

√
t̃ ), with c = 4πχ (R − 1)3/2

R ln3 R
ψ̃0, (43)

which reveals how ψ̃0 is approached. When χ is assumed large, one indeed finds an exponentially
fast approach to ψ̃0, much before the product ψ̃R̃ has reached order unity. In this scenario, nucleation
is effectively arrested once the exponential factor has decreased by some fixed factor. Hence, we can
estimate the arrest time τ̃a from the condition c

√
τ̃a ∼ 1, which also leads to the estimation of the

number density at arrest as ψ̃0 ∼ τ̃a. From this, we define the typical arrest density

ψ̃a ≡ R2/3 ln2 R
χ2/3(R − 1)

, (44)
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FIG. 7. (a) Different realizations of the stochastic model (red) compared to the mean-field model (black)
without adjustable parameters. Rescaling of the dimensionless drop density ψ̃ as a function of time for different
J0H 4/D varied on a logarithmic scale from 2.4 × 106 to 2.4 × 1012, for L/H = 1, χ = 1.5, and R = 1.5.
(b) Ratio of the selected drop density ψ̃0 [plateau value in panel (a)] and the asymptotic prediction ψ̃a given by
(44), as a function of χ . The chosen range of χ corresponds to water drops of increasing θ (roughly from 10◦

to superhydrophic). Different curves correspond to different humidities R.

which is therefore expected to capture the scaling law with respect to the model parameters χ and
R. We remark that this result implies

ψ̃aR̃a ∼ R ln3 R
χ (R − 1),

(45)

so that, indeed, a large energy barrier leads to the arrest of nucleation well before the effective
humidity has dropped to the saturation value.

These relations are confirmed in Fig. 7. In Fig. 7(a) we first verify that the stochastic simulations
for different J0H4/D (but fixed values χ and R) collapse when introducing the dimensionless
droplet density ψ̃ and dimensionless time t̃ . Then Fig. 7(b) reports the arrest density ψ̃0 for different
values of χ . The graph confirms that ψ̃0 follows the asymptotic prediction ψ̃a given by (44), for
sufficiently large χ .

VI. COARSENING BY COALESCENCE

A. Stochastic simulations including merging

So far, we have considered the noninteractive and vapor-mediated interactive regimes assuming
that the typical distance between drops λ = ψ−1/2 remains much larger than the drop size R,
that is before the occurrence of coalescence events. This is consistent for the description of the
nucleation phase and its arrest. Namely, the stage where the number of drops is constant and drop
sizes grow according to R ∼ t1/3 is reached when ψRH � 1, so that the typical distance between
drops λ ∼ √

RH � R. Hence, the probability of droplets touching and merging is negligible during
the phases described above. However, drops will continue to grow so that ultimately they will
touch. To investigate this effect, we extend our numerical simulations by including coalescence,
by assuming an instantaneous merging when two droplet radii overlap. When an overlap occurs
between droplet i and j, we instantaneously create a new droplet of radius (R3

i + R3
j )

1/3 (ensuring
volume conservation). The new droplet is placed at the center of mass position of the two preceding
drops (ensuring momentum conservation). When implementing the model in a code, only pairs
of drops can merge. However, this can induce in cascade other mergings—a very rare situation in
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FIG. 8. Effect of coalescence on the number of drops N = ψL2 versus dimensionless time Dt/H2. Black
and gray solid lines: stochastic numerical simulations for the same parameters as Fig. 3 and the same seed in the
random number generator, but now including drop coalescence. Red dotted line: orediction of the mean-field
model. Blue dotted line: best fit by the coarsening theory (51). The inset shows the drop configuration during
the coarsening phase at N = 100.

practice. The model of the vapor is still based on quasisteady diffusion, i.e., assuming fast transients,
so that within the simulations the vapor field instantaneously adapts after the merging.

Figure 8 shows a typical evolution for the number of drops ψ (t ), in a simulation that includes
nucleation, growth, and coalscence. As in Fig. 3(a), we observe a fast nucleation stage, followed
by a plateau that marks the arrest of nucleation. Then drops continue to grow until they touch and
merge, after which the number of drops start to decay, following approximately the scaling law
ψ ∼ 1/t2.

B. Mean-field model for self-similar coarsening

The observed scaling law for coarsening can be explained by assuming self-similar coarsening
dynamics [46–48]. To illustrate the concept we first consider the idealized situation of a square
lattice of identical drops. When in contact, drops are assumed to merge as is sketched in Fig. 9.
The result is a new square lattice with a lattice unit that is increased by a factor 2. This operation
instantaneously reduces the number of drops by a factor 4, while volume conservation implies that

FIG. 9. Coarsening on a square lattice. Drops are assumed to grow according to (46) until they touch. In
this model, four drops are assumed to merge instantaneously while preserving volume, leading to a new square
lattice. The product ψR2 = 1/4 just before coalescence while ψR2 = A = 2−8/3 just after coalescence.
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the drop radius after merging is increased by a factor 41/3. Denoting ψn as the number of drops
per unit area after the nth merging event, we thus have ψn = ψ0/4n. If we furthermore define Rn

as the droplet size immediately after coalescence, one verifies that for a square lattice ψnR2
n = A is

constant, with A = 2−8/3.
To transform this coarsening into a temporal dynamics for ψ (t ), we need to determine the time

between two merging events. For this, we make use of the growth law in the saturated regime, given
by (39), which we write in dimensional form,

ψ
dR3

dt
= U , with U = 3(ρ0 − ρsat )D

4πFρsatH
. (46)

Here we introduced the characteristic velocity U that represents the volume flux per unit area that
dictates the growth. We wish to compute the time interval between the merging events n and n + 1.
Between the coalescence times tn and tn+1, the droplet size grows from Rn to 21/3Rn. Using that ψn

is constant between these events, we obtain from (46)

tn+1 − tn = ψnR3
n

U . (47)

Using ψnR2
n = A, we can thus express the time interval as

tn+1 − tn = A3/2

ψ
1/2
n U

= 2n A3/2

ψ
1/2
0 U

, (48)

which can be summed to (
ψ

1/2
0 U
A3/2

)
(tn − t0) =

n−1∑
k=0

2n = 2n − 1. (49)

From this we infer the temporal evolution of ψn, as

ψn = ψ0

4n
= ψ0(

1 + ψ
1/2
0 U
A3/2 (tn − t0)

)2
. (50)

Hence, the lattice model exhibits the sought-after scaling ψ ∼ 1/t2. In hindsight, this result could
have been inferred on dimensional grounds. A merging event transforms the square lattice into a
square lattice of larger size, which renders the problem self-similar. The resulting dynamics must
display scale invariance: the model indeed does not exhibit an intrinsic length scale, nor an intrisic
timescale. The coupling of space and time is established via the growth law (46), which involves
a parameter U that has the dimensions of a velocity. Hence, the only way to construct a growing
lattice size ψ−1/2 is via the scaling ∼Ut . Changing the type of lattice (e.g., from square to hexagonal)
would affect only the value of A, not the scaling law.

Obviously, the lattice model is not intended as a realistic description of the stochastic numerics:
Drops are not equally sized, not equally spaced, and merge in pairs of two rather than in pairs of four
(cf. inset of Fig. 8). If, however, we assume the coarsening patterns to be statistically self-similar,
then the growth law (46) again offers U as the sole dimensional parameter in the problem. For
the same reason as for the lattice, this dictates the growth of the pattern length scale to satisfy
ψ−1/2 ∼ Ut . We thus anticipate (50) to be valid, but with a nonuniversal factor A. We therefore
propose the form

ψ = ψ0

(1 + (t − t0)/τc)2
, (51)

where τc should be of the order ψ
−1/2
0 U−1. The fit of (51) is superimposed as the blue dashed curve

in Fig. 8. The proposed form also provides an excellent fit of the experimental data obtained on soft
gels, presented in the companion paper [40].
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As a final comment, we note that in the stochastic simulations we do not encounter any renewed
nucleation during the coalescence phase, in line with experiments on brushes [40]. We can indeed
verify that the dimensionless surface coverage ψRH stays sufficiently large, so that nucleation
remains inhibited. Namely, during the coalescence phase the product ψR2 = A remains constant,
so that ψRH ∼ H/R, which indeed is large during coarsening. This scenario becomes manifestly
different in the presence of strong convection, for which H is to be replaced by a thin diffusive
boundary layer, as was qualitatively suggested in [4]. Indeed, in many experiments reviewed in [4]
there is continuous renucleation during the coalescence phase, in contrast to our diffusion-controlled
experiments [40].

VII. DISCUSSION

This study presents a theoretical framework to clarify the formation of nearly monodisperse
breath figures on defect-free substrates under a diffusion-controlled regime, as observed in the
experimental companion paper [40]. Specifically, we address the question of how condensing
vapor is distributed between the growth of existing droplets and the nucleation of new ones. We
demonstrate that, following an initial rapid nucleation stage, dew droplets begin to compete for
vapor absorption, leading to the establishment of a vapor-depleted boundary layer near the substrate.
These collective effects, mediated by vapor diffusion, lead to two distinct regimes: a low-density
nucleation regime (ψRH < 1) and a high-density saturation regime (ψRH > 1) where droplet
interactions commence. In the low-density nucleation regime, the effective humidity at the substrate
remains close to the imposed relative humidity at the top of the cell, resulting in diffusive droplet
growth and a consistent nucleation rate. However, as droplets grow and attain higher densities,
the system shifts to the high-density regime. In this regime, the effective humidity experienced by
droplets decreases, impeding their growth and ultimately halting nucleation due to the exponential
sensitivity of nucleation rates to humidity variations. This transition signifies the beginning of the
constant-drop-number regime, preceding the coalescence regime. As such, the model explains the
experimental measurements (detecting droplets once they reached the micron size), which indeed
exhibit a constant number of drops (until coalesce kicks in) [40].

Our mean-field model for the formation and evolution of breath figures yields predictions for the
effective humidity field ρeff , the average droplet radius R, and the droplet density ψ . Comparison
of our theory with stochastic simulations reveals excellent agreement, particularly in the nucleation
and growth phases, highlighting the robustness of the mean-field approximation. Specifically, our
simulations have corroborated several key findings: the plateau in droplet number ψ → ψ0, the
subdiffusive growth law R ∼ t1/3 or linear growth of droplet volume ψR3 ∼ t in the interactive
regime ψRH > 1, and the nearly monodisperse distribution of droplet sizes, characterized by
a cumulative distribution function (c.d.f.) skewed towards larger droplets. Both our theory and
stochastic simulations are consistent with the dynamics observed in our experimental findings [40].

The mean-field model offers insights into the maximum droplet density, ψ0, which is determined
by dimensionless parameters: the energy barrier χ and the imposed relative humidity R. Our
analysis indicates that ψ0 is attained before the product ψRH reaches 1, primarily due to the
exponential suppression of nucleation rates. The derived scaling law for ψa (44) is confirmed
by stochastic simulations, demonstrating the predictive capability of our model. This result is of
particular importance for the quantitative interpretation of the experiments in the companion paper
[40], which involves various types of deformable substrates. The deformability allows for drops to
partially “sink” into the substrate, changing the ratio of volume to surface coverage, an effect that
can be captured in the presented theory by a modification of F . The real challenge, however, is that
the nucleation rates and the associated energy barriers are not known a priori for soft substrates; the
model predictions presented here can be used to back-track these microscopic parameters from the
measured ψ0.

We have also integrated the late-stage evolution of droplet numbers into our model. By incor-
porating coalescence events in our simulations, we identified a coarsening phase where droplet
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numbers decrease over time as they merge. This process follows a scaling law ψ ∼ 1/t2 indicative
of self-similar coarsening dynamics. The mean-field model for self-similar coarsening, based on
the growth law and assuming statistical self-similarity, accurately described the evolution of droplet
density during this phase. The proposed scaling for ψ (t ) (51) provided an excellent fit to both the
simulation and experimental data [40].

The monodisperse breath figure patterns and growth laws predicted by our theory are corrob-
orated by experimental observations detailed in our companion paper [40], and by the observed
patterns obtained on smooth substrates, liquids [33,49–52], liquid-infused surfaces [53,54] or
polymeric substrates [17,55,56], further validating our approach. However, our model relies on the
formation of a diffusive vapor-depleted boundary layer near the substrate, which may encounter
challenges in configurations where this boundary layer cannot form or is unpredictable. Depending
on the substrate orientation and the humidity injection system (its flow rate), the flow can exhibit
convective or turbulent characteristics, leading to heterogeneous mixing [57,58]. To maintain stable
stratification and prevent natural convection, the substrate must be cooled from below, as cold vapor
is denser than warm vapor in the vicinity of the substrate. This condition is always fulfilled in
experiments conducted on liquid layers to prevent liquid drainage or destabilization. However, it
excludes studies where condensation experiments are conducted on vertical substrates for water
harvesting or on downward-facing horizontal substrates. These factors, along with the possible
presence of surface defects and the eventual occurrence of coalescence, may explain why in some
experimental studies, conducted on smooth [7,59], polymeric films or gels [21,24,56,60–64] and
liquid-infused surfaces [53,55,65], the dew patterns exhibit polydispersity.

In conclusion, our model provides valuable insights into the mechanisms underlying the for-
mation of quasimonodisperse dew patterns on defect-free surfaces. These findings have important
implications for controlling dew pattern formation in various applications, such as designing
nano-emulsions with innovative optical properties or patterning substrates for microfabrication. By
understanding the fundamental physics of breath figure formation, we can develop new strategies to
harness condensation for a wide range of technological applications.
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APPENDIX A: ENERGY BARRIER

1. Thermodynamic potential

We recall here the main steps of the derivation of the thermodynamic potential relevant to
nucleation in an oversaturated atmosphere, as can be found, e.g., in [66], and compute the resulting
energy barrier. We consider a closed system that consists of a liquid drop and the surrounding
vapor, as illustrated in Fig, 10. It is connected to a reservoir with fixed pressure p0 and temperature
T0 (thermostat), allowing for exchange of volume and of heat; the number of molecules N in the
system remains constant. We therefore build the Gibbs external free energy � defined by

� = U − T0S + p0V,

where U , S, and V are the overall internal energy, entropy, and volume of both liquid and vapor
phases. During an elementary transformation, the system exchanges elementary work δW and heat
δQ with the reservoir. The reservoir being a thermostat at controlled pressure, its transformation is
reversible even when that of the system is not. The work exchanged by the reservoir reads −δW =
p0dV . The heat exchanged by the thermostat reads −δQ = T0dSth where Sth is the entropy of the
reservoir. The variation of the total internal energy of the closed system therefore reads dU = δW +
δQ = −p0dV − T0dSth. The total entropy of the system plus reservoir reads Stot = Sth + S, and one
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liquid

vapor

T0p0Reservoir thermostat :

Vℓ , n, pℓ

R

Vv , (N − n), pv = p0
Volume V

N molecules

0

FIG. 10. Thermodynamic system considered. A cell of volume V and N molecules is divided into a vapor
and a liquid phase. The system is in constant with a reservoir at pressure p0, so that the volume V is allowed to
change; the number of molecules N is constant. The vapor phase has a volume Vv = V − V�, (N − n) molecules
and its pressure pv = p0 at equilibrium. The liquid phase has a volume V�, n molecules, and a pressure p�. The
system is assumed to be at constant temperature T0 of the thermostat.

thus verifies that d� = −T0dStot . As the total entropy Stot is maximal at equilibrium, the external
free energy � is minimal, which is therefore a correct thermodynamic potential for this problem.

2. Kelvin effect

Having established the relevant potential �, let us first show that the Laplace pressure and the
Kelvin effect are recovered at equilibrium. The temperature T0 and the total number of molecules N
in the system are kept constant. The degrees of freedom of the system are the number of molecules
inside the drop n, the volume of the drop V�, and the volume of the vapor Vv = V − V�. The number
of molecules in the vapor N − n is not independent, since N is fixed. With this, we differentiate �

as

d� = d (F + p0V ) = (μ� − μv )dn − p�dV� − p0dVv + dFs + p0dV

= (μ� − μv )dn + (p0 − p�)dV� + γ dA. (A1)

Here we introduced Fs as the interfacial free energy, which for an isolated drop Fs = γ A where
A is the surface area of the drop. The change dA is not independent of dV . For a spherical droplet
(assuming homogeneous nucleation to simplify geometrical prefactors), we have dA = κdV�, where
κ is twice the mean curvature of the sphere. Hence, the differential (A1) leads to two equilibrium
conditions, respectively, associated with dn and dV :

μ�(T0, p�) = μv (T0, p0) and p� − p0 = γ κ. (A2)

At equilibrium, we thus recover the pressure difference by Laplace’s law and equality of chem-
ical potentials. Given the difference in pressure, we evaluate the liquid chemical potential as
μ�(T0, p�) = μ�(T0, p0) + v�(p� − p0), where v� = ∂μ�

∂ p is the volume per liquid molecule. For an
incompressible fluid, v� is independent of pressure and the expression is exact (i.e., there are no
higher order terms in the expansion). Taking the saturation pressure psat as a reference (like we will
do for the vapor), we can equivalently write μ�(T0, p�) = μ�(T0, p0) + v�(p� − p0) + v�(p0 − psat ).
The shift in chemical potential with respect to a planar liquid-vapor interface at temperature T0

and pressure p0 must be matched by the same shift in the vapor phase. Treating the vapor as an
ideal gas, with saturation pressure above a flat surface psat, one finds μv (T0, p0) = μv (T0, psat ) +
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(kBT/v�) ln(p0/psat ). Equality of chemical potentials μ�(T0, p�) = μv (T0, p0) then gives the selec-
tion of the droplet’s curvature at equilibrium:

γ κ = kBT

v�

ln(p0/psat ) + psat − p0, (A3)

which is the Kelvin effect, or the Ostwald-Freundlich equation. The calculation can be adapted to
spherical caps in contact with a substrate by adding the relevant surface energies, which alters the
geometric factors; besides the above equilibrium conditions, one will in addition find Young’s law
for the contact angle.

3. Energy barrier

We wish to calculate the energy barrier for nucleation, 	�∗, which is the maximum of 	�

measured with respect to the state where the whole fluid is a homogeneous vapor state at temperature
T0 and pressure p0. As the temperature is homogeneous T = T0 in both phases at equilibrium, we
can express 	� as a function of the free energies F� and Fv of n molecules in the liquid and vapor
phases, respectively. To create a drop, n molecules have passed from a vapor state at temperature T0

and pressure p0 to a liquid state at temperature T0 and pressure p�. They were occupying a volume
Vv and had a free energy Fv in the vapor phase, which is replaced by a volume V� with a free energy
F� in the liquid state. Combined, we get a change 	� that reads

	� = F�(T0,V�, n) − Fv (T0,Vv, n) + p0[V�(T0, p�, n) − Vv (T0, p0, n)] + Fs.

In this expression we can recognize the Gibbs free energy of n molecules of vapor, namely,
nμv (T0, p0) = Fv (T0,Vv, n) + p0Vv (T0, p0, n). It is instructive to also introduce the Gibbs free en-
ergy of the liquid droplet nμ�(T0, p�) = F�(T0, p�, n) + p�V�(T0, p�) = F�(T0, p�, n) + np�v�(T0),
where we assumed the liquid to be incompressible. Then we add and substract the term np�v�(T0)
to the expression for 	�, so that

	� = n[μ�(T0, p�) − μv (T0, p0)] + nv�(T0)(p0 − p�) + Fs. (A4)

We then further express the chemical potential of the liquid, using v� is constant, which yields

μ�(T0, p0) = μ�(T0, p�) + (p0 − p�)v�(T0).

On the right-hand side, we recognize two terms appearing in the expression of 	� in (A4), so that
we can write

	� = n[μ�(T0, p0) − μv (T0, p0)] + Fs.

This is the expression used in Sec. II (where it was adapted to also account for the substrate energy).
It follows that the energetic gain 	� due to the phase change is the difference in chemical potentials,
μ�(T0, p0) − μv (T0, p0), both taken at the reference pressure p0, i.e., as if the surface were flat. This
somewhat counterintuitive result arises from the fact that the liquid-vapor system is coupled to a
reservoir at pressure p0. Finding the energy barrier 	�∗ amounts to finding the extremum of 	�.
At this extremum, corresponding to the (unstable) equilibrium, one naturally satisfies the conditions
(A2). Finally, describing the vapor phase as an ideal gas, the thermodynamic potential is written
under the form

	� = −n
kBT + Fs with 
 = v�(psat − p0)

kBT
+ ln(ρ/ρsat ), (A5)

Apart close to a critical point, the term v�(psat − p0)/(kBT ) is usually negligible.

APPENDIX B: CLASSICAL NUCLEATION THEORY

We recall here the main results of Classical Nucleation Theory, necessary to understand the
model hypotheses. Drops of type An are clusters of n molecules deposited on the substrate, which
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can grow, merge, or break up. Their surface density is noted ψn. A single water molecule is a
monomer Av

1 in the vapor phase. We consider only binary processes that involve a monomer, i.e.,
the aggregation of one vapor molecule at the surface of a drop containing n water molecules. We
first only focus on reversible growth, one molecule at a time, represented by the chemical balance
equations

A1
v

β1�
α1

A1,

A1 + A1
v

β2�
α2

A2

...

An−1 + A1
v

βn�
αn

An

... (B1)

βn is the step-forward reaction rate from size n − 1 to size n, while αn is the step-backward reaction
rate. The number of particles follows as

dψn

dt
= Jn − Jn+1 with Jn = βnψn−1 − αnψn. (B2)

The vapor deposition rate βn onto a drop containing n molecules has a contribution from the
collisions from molecule in the surrounding air ∼n2/3 and a contribution from the diffusion of
molecules along the surface, proportional to ∼n1/3. Introducing the crossover value nc between
these two regimes, we write the law under the generic form: βn = (n2/3 + n1/3

c n1/3)B, where B is
proportional to ρ. The adsorption stage can be written under the same form as Eq. (B2), introducing
a fictive density ψ0 proportional to ρ. The equilibrium concentration obeys the Boltzmann law:

ψ0
n = ψ0 exp

−	�n

kBT
, (B3)

which allows one, using detailed balance, to express αn as

αn = βn
ψ0

n−1

ψ0
n

= βn exp
	�n − 	�n−1

kBT
. (B4)

We therefore get the equation governing the flux of creation of nanodroplets containing n molecules:

Jn = βnψ
0
n−1

(
ψn−1

ψ0
n−1

− ψn

ψ0
n

)
. (B5)

In the steady state, the flux obeys Jn = J for all n, where J is the number of drops formed per unit
surface and unit time. Dividing Eq. (B2) by βnψ

0
n−1, and summing from n = 1 to n = ∞, we get

J =
( ∞∑

n=1

1

βnψ
0
n−1

)−1

= Bψ0

( ∞∑
n=1

exp 	�n−1

kBT

n2/3 + n1/3
c n1/3

)−1

. (B6)

In the limit 	�∗ � kBT , the sum tends to its first term:

J = Bψ0
(
1 + n1/3

c

)
. (B7)

In the activated regime 	�∗ � kBT , the sum can been approximated by an integral, leading to

J � βn∗ψ0Z∗ exp

(
−	�∗

kBT

)
, (B8)
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FIG. 11. Analogy with the fields created by a 2D periodic array of charge ṅ. The neutrality condition
requires that the array produces an uniform backgound charge in z = 0, compensating for the discrete charges
carried by the drops. The nonaccumulation condition requires that this uniform background charge in z = 0 is
compensated by the injection in z = H .

where Z∗ is called the Zeldovich factor, which reads

Z∗ =
√

−1

2πkBT

d2	�

dn2

∣∣∣∣
n

= 
2

√
3πχ

. (B9)

In the following, the calculations will be performed for nc = 0, for which the flux on nanodrops
takes the final form, parametrized by χ and the multiplicative factor J :

J � J
(

ρ

ρsat

)2

exp
(
− χ


2

)
. (B10)

APPENDIX C: ELECTROSTATIC ANALOGY

The far-field drop problem is analogous to point charges in electrostatics, the charge here being
proportional to the growth rate ṅi. In terms of electrostatics, the charge at the bottom (z = 0) ṅi

(Fig 11) is then balanced by a homogeneous surface charge density −ṅi/L2 on the ceiling (z = H).
In order to impose the boundary condition on the solid located at z = 0, we introduce mirror charges.
We decompose the problem as schematized in Fig. 11 into the contribution of the sinking drops in
z = 0, counterbalanced by an uniform background charge −2ṅ/L2 in z = 0 and the contribution of
a double capacitor for which the plates carry an opposite charge ±ṅ/L2. We write formally

G(r) =
∑
i, j

1

|�r − iL�ex − jL�ey| + Gg, (C1)

where i and j label the periodic copies of the drops. The gauge value Gg is found using the condition:∫
Gd2x = 0 over the ceiling. For later reference it is useful to split of the 1/r singularity according

to: G̃(�r) = G(�r) − |�r|−1 where G̃ is regular, with a well-defined finite value G̃(�0). The value is
determined numerically in real space.

The Green’s function G captures not only the effect of each condensed drop, but also the uniform
flux that feeds the drop from the ceiling and the boundary condition on the floor. The Green function
G vanishes on the ceiling z = H . It is normalized such that a single drop gives a singularity G =
1/|�r| and obeys

∇2G = −2πσ (C2)

with

σ (�r) =
∑
p,q

2δ(x − pL)δ(y − qL)δ(z) − 1

L2
[δ(z − H ) + δ(z + H )]. (C3)
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Here we used the convention that a single drop represents two charge units: the true drop, associated
with a sink ṅ and the mirror drop with another sink ṅ, the latter of which of course does not contribute
to the growth of the drop. We split the charge according to σ = σ1 + σ2, with

σ1(�r) =
∑
p,q

2δ(x − pL)δ(y − qL)δ(z) − 2

L2
δ(z), (C4)

where (p, q) are integers used to scan the biperiodic array in the (x, y) plane. The residual charge
reads

σ2(�r) = 1

L2
[2δ(z) − δ(z − H ) − δ(z + H )]. (C5)

The latter has a simple solution G2 = 2π (H − |z|)/L2. The Fourier transform of the Poisson
equation [Eq. (C2)] gives |K|2Ĝ1(K) = −2πσ̂1(K) introducing the 3D wave vector K = (kx, ky, kz ).
The inverse Fourier transform in z can be performed, which gives

Ĝ1(k, z) = π
σ̂1(k)

|k| e−|k||z|, (C6)

where k = (kx, ky) is the 2D wave vector. For the discrete charges, ṅ distributed along a periodic
array in the (x, y) plane, the wave vectors along the (x, y) directions are quantified kx = 2π p/L,
ky = 2πq/L, and the norm of the 2D wave number is |k| = 2π

L

√
p2 + q2. We thus get

G1 = 1

L

∑
p2+q2 
=0

1√
p2 + q2

cos

[
2π

(
px + qy

L

)]
exp

(
−2π

√
p2 + q2

z

L

)
. (C7)

The total Green’s function thus reads

G(�r) = 2π

L2
(H − |z|) +

∑
p2+q2 
=0

1

L
√

p2 + q2
cos

[
2π

(
px + qy

L

)]
exp

(
−2π

√
p2 + q2

z

L

)
. (C8)
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