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Wall-modeled large eddy simulations using the volume-filtering framework
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In the present paper, we apply the framework of volume filtering, initially proposed by
[T. B. Anderson and R. Jackson, Ind. Eng. Chem. Fundam. 6, 524 (1967)] for particle-
laden flows, to large eddy simulations (LES) of wall-bounded flows leading to a new
perspective on wall-modeled LES (WMLES) that we refer to as volume-filtered WMLES
(VF-WMLES). In contrast to existing wall models, the VF-WMLES framework does not
rely on temporal averaging, does not make a priori assumptions on the pressure gradient,
and can be used with a uniform spatial filter, which avoids the appearance of commutation
closures in spatial derivatives of the filtered momentum and continuity equation. Volume
filtering is well defined, even close to the wall, and it is shown that a nonzero slip and
penetration velocity at the wall is a direct consequence of volume filtering the flow. With
the VF-WMLES concept, new wall models can be directly assessed in a priori and a pos-
teriori studies by comparing the predicted slip and penetration velocities at the wall with
the velocities from explicitly volume-filtered direct numerical simulations (DNS). Based
on the VF-WMLES concept, we derive an LES modeling strategy that is based on the
recently proposed physically consistent immersed boundary method [M. Hausmann et al.,
J. Comput. Phys. 519, 113448 (2024)], a modeling framework based on volume filtering
allowing to couple the flow with arbitrarily shaped solid boundaries using relatively coarse
Cartesian fluid meshes. The proposed VF-WMLES is validated with two cases, a turbulent
channel flow and a turbulent flow over periodic hills, and we show it accurately predicts
the wall-boundary conditions known from explicitly volume-filtered DNS.

DOI: 10.1103/PhysRevFluids.10.044604

I. INTRODUCTION

Real-world flow problems usually take place in bounded flow domains. Although the concept
of periodic boundaries is a useful simplification for some applications, to simulate problems
with natural and industrial relevance, the numerical representation of impermeable walls is often
required. In direct numerical simulations (DNS), where all relevant length and time scales of the
turbulent flow are resolved, no-slip and no-penetration boundary conditions are typically employed
at the walls. Since such a full resolution of turbulent flows requires tremendous computational
resources, a DNS is not feasible for most of the applications. A computationally more efficient
alternative is to solve only for the presumably more relevant large flow scales, i.e., the spatially
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low-pass filtered flow scales, and apply an appropriate model for the smaller scales, which is done
in large eddy simulations (LES).

LES of wall-bounded flows can be categorized in wall-resolved LES, that refine the fluid mesh in
the near-wall region to essentially achieve a DNS resolution near the wall (see, e.g., Fröhlich et al.
[1]), and the wall-modeled LES (WMLES), that retain a coarse fluid mesh in the whole domain
and apply additional modeling near the wall (see, e.g., Deardorff [2], Schumann [3]). As shown by
Choi and Moin [4], wall-resolved LES can reduce the computational costs significantly compared
to a DNS, but in most applications only a WMLES is computationally feasible. To allow a coarse
fluid mesh resolution in the near-wall region in WMLES, the velocity is assumed to be filtered
with a nonzero filter width, i.e., convoluted with a filter kernel of nonzero support. The problem
with retaining a finite filter width near the wall in WMLES is that the convolution operation is not
defined in the wall normal direction when the support of the filter kernel exceeds the wall. This leads
to wall models that mostly rely on ad hoc interventions to obtain accurate mean statistics.

The by far most common approach for WMLES is wall shear stress modeling, where the
wall shear stress (typically its statistical or temporal mean) is estimated to formulate a Neumann
boundary condition for the streamwise velocity (see, e.g., Bose and Park [5]). The background is
that enforcing the correct wall shear stress in turbulent flows over flat walls guarantees the correct
bulk velocity. The mean wall shear stress can be approximated by assuming the mean streamwise
velocity profile of the turbulent flow over a flat plate without pressure gradient [2,3,6], or by solving
a transport equation for the mean wall-parallel velocity [7–9]. Either of the approaches, however,
combines mean velocity profiles with the instantaneous filtered velocity present in the LES, two
concepts that are incompatible. An even more fundamental issue of wall shear stress models is that
a boundary condition of the unfiltered velocity, i.e., the unfiltered wall-shear stress, is applied to the
filtered velocity field, which can, by definition, not contain such large wave numbers.

An alternative to wall shear stress modeling is the dynamic slip wall model, proposed by Bose
and Moin [10], which employs a differential filter with spatially varying filter width. Although the
filter width vanishes as the wall is approached, the filtered velocity is not equal to the no-slip and
no-penetration boundary condition at the wall but takes a nonzero value. Despite the nonuniform
filter width, Bose and Moin [10] and Bae et al. [11] employ a uniform fluid mesh also near the
wall, which may not be fine enough to resolve the large wave numbers that potentially arise in the
near-wall region where the filter width is small. Although the consequence of a nonuniform filter on
the resulting filtered velocity at the wall is captured correctly with the dynamic slip wall model, it is
still assumed that spatial derivative and filtering commute, which is incorrect for nonuniform filters.
There is a consensus that these commutation errors can have a significant impact and, although
there exist some modeling approaches, supplying appropriate closures is challenging and remains
an active research topic [12–15].

A concept that is related to what is proposed in the present paper is the filtered-wall formulation
of Bhattacharya et al. [16], where a region with zero velocity is appended outside the flow domain,
such that the filtering operation can be carried out even close to the wall. An additional closure term
is shown to emerge, which is modeled using a so-called matched buffer approach, enforcing that
the filtered velocity at the wall equals the twice filtered velocity. A clear justification or data for this
assumption is not provided and no modeling framework is derived that can be practically applied in
LES.

In the present paper, a new framework for WMLES is introduced, which is conceptually different
to existing models and that leads to a consistent representation of the velocity near the wall, accounts
for all relevant closures, and does not rely on ad hoc interventions. We apply the concept of
volume filtering, originally proposed by Anderson and Jackson [17], to obtain the equations which
govern LES of wall-bounded flows. Volume filtering redefines the filter as convolution over the
domain where fluid quantities are defined. Recent advances in theory [18] and modeling [19] in
the scope of volume filtering allow one to derive a practically applicable modeling framework for
WMLES, that we refer to as volume-filtered WMLES (VF-WMLES). It is shown that a resulting
slip and penetration velocity at the wall is a direct consequence of volume filtering the wall-bounded
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flow. This allows one to assess newly proposed wall models, by comparing the predicted slip and
penetration velocity at the wall with the explicitly volume-filtered DNS velocity field. As another
consequence of volume filtering, the Navier-Stokes equations (NSE), a momentum source term
arises in the volume-filtered momentum equation. The force on the wall resulting from this momen-
tum source equals the integral of the unfiltered wall shear stress and unfiltered pressure over the wall,
although the volume-filtered velocity gradient is much smaller than the unfiltered velocity gradient
near the wall. The VF-WMLES can be used with a uniform filter, which avoids the necessity of
modeling commutation closures that arise in every spatial derivative of the filtered Navier-Stokes
equations (FNSE) when employing a nonuniform filter. Furthermore, the VF-WMLES does not
make any a priori assumptions on the pressure gradient and is conceptually suitable for curved
walls with flow separation.

In the present paper, the VF-WMLES is realized with a recently proposed generalization of
the immersed boundary method (IBM), the so-called PC-IBM [19]. The PC-IBM is fundamentally
different to previously proposed IBM approaches for WMLES [20–22], which combine classical
WMLES strategies with the numerical framework of IBM to allow the simulation of curved walls
using a Cartesian fluid mesh. The PC-IBM, which is directly derived from the volume-filtered NSE,
allows to consistently represent arbitrarily shaped boundaries on a relatively coarse Cartesian fluid
mesh.

The remainder of the paper is structured as follows. The concept of volume filtering is introduced
in Sec. II and the effect of volume filtering a wall-bounded flow on the velocity at the wall is
demonstrated. Section III describes how the modeling with the VF-WMLES is realized using the
PC-IBM. The VF-WMLES is validated with two cases, a turbulent channel flow and a turbulent
flow over period hills, which is provided and discussed in Sec. IV. Finally, the paper is concluded
in Sec. V

II. THEORY OF VOLUME FILTERING

A. Fundamentals of volume filtering

In LES, the flow quantities Φ, i.e., the velocity and pressure fields, are assumed to be filtered by
the convolution operation (see, e.g., Sagaut [23])

Φ̃(x) =
∫

�∞
Φ(y)g(|x − y|)dVy, (1)

where �∞ is an infinitely large three-dimensional domain, Φ̃ is the filtered flow quantity, and g is
the filter kernel that satisfies ∫

�∞
g(|x|)dVx = 1. (2)

The filtering operation removes the small flow scales and allows us to formulate the equations gov-
erning large scales of the flow, the FNSE, and solve them with a coarser fluid mesh resolution than
the resolution necessary to resolve the flow down to the Kolmogorov scales.

A fundamental limitation of the LES filtering operation occurs when filtering is performed close
to the boundary of the flow domain, such as close to solid walls. The flow quantities have to be
defined everywhere in �∞, or the filtering operation has to be restricted to a domain with a minimal
distance equal to the support of g from walls. Note that with boundary of the flow domain, we refer to
the boundary of the physical flow domain. Inlets and outlets in simulations are not boundaries of the
physical domain but numerical interventions to restrict the size of the numerical domain. Filtered
flow quantities are well defined near inlets or outlets, which is why such numerical boundaries
are not addressed in the theory part of the present paper. Their numerical treatment, however, is
discussed in Sec. III E. When volume filtering the flow, first introduced by Anderson and Jackson
[17] in the context of particle-laden flows, the convolution integral in Eq. (1) is only an integral over
the flow domain �f ⊂ �∞, the domain where flow quantities are defined. Equivalently, the volume
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Physical flow configuration

Ωf

∂Ωf

Volume-filtered flow configuration

fΦ = 0

2δ
si = 0

τsfs,ij = τ class.
sfs,ij

0 f < 1
si = 0

τsfs,ij = τ class.
sfs,ij

f = 1

FIG. 1. Illustration of volume filtering the flow field in a confined domain. On the left, the physical flow
configuration is shown, which is bounded by a no slip wall, ∂�f . The volume-filtered flow configuration is
shown on the right, and extends beyond the boundary ∂�f , but the volume-filtered flow quantities are zero
outside �f beyond a distance δ from ∂�f .

filtering can also be an integral over �∞ when the integrand is weighted with the fluid indicator
function, If , which is defined as

If (x) =
{

1 if x ∈ �f ,

0 else. (3)

Therefore, the volume-filtered flow quantity, εf (x)Φ(x), is defined as

εf (x)Φ(x) =
∫

�f

Φ(y)g(|x − y|)dVy =
∫

�∞
If (y)Φ(y)g(|x − y|)dVy, (4)

where εf is the local fluid volume fraction and given as

εf (x) =
∫

�f

g(|x − y|)dVy =
∫

�∞
If (y)g(|x − y|)dVy. (5)

The volume-filtered quantities are defined everywhere in �∞, even outside the flow domain, but
volume-filtered quantities are zero at distances from the flow domain that are larger than the support
of g, which is referred to as δ. Temporal dependences are omitted for conciseness. Fig. 1 illustrates
the effect of volume filtering a confined flow domain, �f , that is bounded by ∂�f . The volume-
filtered domain is not bounded and volume-filtered flow quantities are defined everywhere in �∞.
Beyond a distance δ from ∂�f , which equals the support of the filter kernel, volume-filtered flow
quantities are zero.

Assuming a symmetric and spatially uniform filter kernel g, it is shown that applying the volume-
filtering operation to the NSE gives (see Hausmann et al. [18])

∂εf

∂t
+ ∂uε,i

∂xi
= 0, (6)

ρf
∂uε,i

∂t
+ ρf

∂

∂x j
(uε,iuε, j ) = −∂ pε

∂xi
+ μf

∂2uε,i

∂x j∂x j
− si + μfEi − ρf

∂

∂x j
τsfs,i j, (7)

where uε,i = εfui is the volume-filtered velocity and pε = εf p is the volume-filtered pressure.
Three closure terms arise in the volume-filtered momentum equation that are briefly discussed in
the following. Note that the advection term differs from the advection term initially proposed in
Anderson and Jackson [17]. The reformulation is required to ensure a stable solution in regions with
very small fluid volume fractions. More details on the advection term can be found in Hausmann
et al. [18]. The volume-filtered NSE as written in Eqs. (6) and (7) can be solved with a classical
single-phase flow solver.
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The first closure term is the momentum source, si, which arises from switching filtering and
spatial derivative in the pressure term and the viscous term in the volume-filtered NSE and is
given as

si(x) =
∫

∂�f

g(|x − y|)
(

−pδi j + μf

(
∂ui

∂y j
+ ∂u j

∂yi

))
n jdAy, (8)

where the normal vector, nj , points into the fluid. As illustrated in Fig. 1, si is only nonzero in a
region with the thickness 2δ near the walls of the physical flow configuration. At sufficient distance
from the wall, volume filtering and spatial derivative commute for uniform filters and the momentum
source term is zero.

The second closure term, the viscous closure Ei, arises from switching filtering and spatial
derivative a second time in the viscous term. The third closure term, the subfilter stress tensor,
arises from filtering the nonlinear advective term in the fluid momentum equation and is defined as

τsfs,i j = εfuiu j − εf ūiεf ū j, (9)

whereas for a classical LES in an unbounded domain, the subfilter stress closure reads

τ class.
sfs,i j = ũiu j − ũiũ j . (10)

Inside �f at a distance from ∂�f larger than δ, the FNSE are recovered since εf = 1, si = 0, and
Ei = 0. Inside the domain and far away from the boundary, the subfilter stress tensor equals the
closure term known from classical LES. A comprehensive discussion of the three closures can be
found in Hausmann et al. [18].

Although many different filter kernel functions are symmetric, uniform, and satisfy Eq. (2), for
the remainder of this paper, it is assumed that the filter kernel is a Gaussian with standard deviation
σ , i.e.,

g(x) = 1

(2πσ 2)3/2
exp

(
− |x|2

2σ 2

)
. (11)

The discussions on volume filtering, however, hold for any symmetric and uniform filter kernel that
satisfies Eq. (2).

Note that when referring to the support of the Gaussian filter kernel, we refer to the the region
where the Gaussian significantly deviates from zero (δ = 4σ in the present study). Furthermore, we
refer to the standard deviation of the Gaussian filter kernel, σ , as the filter width.

B. Volume filtering of wall-bounded flows

We assume that the walls do not move in the considered frame of reference, i.e., the fluid volume
fraction does not change in time. This leads to the following simplifications in the volume-filtered
NSE (see Hausmann et al. [18]):

∂εf

∂t
= 0, Ei = 0. (12)
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FIG. 2. Explicitly volume-filtered mean streamwise velocity as a function of the wall normal coordinate y
(left) and evaluated at the wall (right) of a turbulent channel flow at Reτ = 1000. The + indicates dimensionless
quantities in wall units.

Therefore, the governing equations for the volume-filtered velocity and pressure in the case of fixed
walls are

∂uε,i

∂xi
= 0, (13)

ρf
∂uε,i

∂t
+ ρf

∂

∂x j
(uε,iuε, j ) = −∂ pε

∂xi
+ μf

∂2uε,i

∂x j∂x j
− si − ρf

∂

∂x j
τsfs,i j . (14)

At a distance from the wall that is larger than δ, the volume-filtered velocity is identical to the
definition of the filtered velocity in classical LES. Volume filtering near the wall leads to well-
defined volume-filtered velocity profiles, as it is illustrated in Fig. 2 with the mean velocity profile
of a turbulent channel flow. According to the no-slip boundary condition, the mean streamwise
velocity, 〈u〉, at the wall is zero for the unfiltered case. For finite filter widths, there is a nonzero
mean volume-filtered velocity at the wall, 〈uw

ε 〉+, and a nonzero volume-filtered velocity outside the
flow domain, which converges to zero with increasing distance from the flow domain outside of the
flow domain.

In general, there is also a nonzero wall-normal velocity, vε , at the wall. Despite this flux of
the volume-filtered velocity through the physical flow domain boundaries, the total fluid mass is
conserved. This becomes clear when recalling that the volume-filtered velocity is zero outside the
flow domain beyond a distance δ from ∂�f . This means that the flux of mass, momentum, energy,
and any higher moments through the imaginary boundary with the distance δ from ∂�f is zero.

As shown by Bae et al. [24], a no-slip and no-penetration boundary condition in combination
with a coarse near-wall fluid mesh resolution causes significant overprediction of the temporal
fluctuations of the streamwise velocity. It is further shown, that by applying a nonzero slip and
transpiration velocity (nonzero wall-tangential and wall-normal velocity) at the boundary instead,
unphysically long streamwise velocity streaks are broken up and more realistic streamwise velocity
fluctuations are observed. Volume filtering, a natural extension of filtering to near-wall regions,
provides the missing mathematical explanation directly derived from the NSE for the necessity of
slip and transpiration boundary conditions for coarse near-wall fluid mesh resolutions.

III. WALL-MODELING DERIVED FROM VOLUME FILTERING

In the present section, an alternative to classical wall-modeling is derived from the volume-
filtered Eqs. (13) and (14). Since volume-filtered quantities are defined in an infinite domain,

044604-6



WALL-MODELED LARGE EDDY SIMULATIONS USING THE …

there are no boundaries for volume-filtered quantities. In practice, however, homogeneous Dirichlet
boundary conditions can be applied for the volume-filtered velocity at a distance larger δ from
the flow domain in nonperiodic directions, since the velocity is by definition zero there. Therefore,
wall-modeling in the context of volume filtering means primarily modeling of the momentum source
si instead of modeling the boundary conditions as in classical wall models. In addition, the subfilter
stress tensor, τsfs,i j , requires modeling, such as in every LES application. The modeling that we
propose for the momentum source and the modeling used for the subfilter stress tensor is described
in the following.

A. Modeling si with the PC-IBM

The momentum source term si contains the unfiltered pressure and viscous stresses on the wall.
Since these stresses are convoluted with the filter kernel g over the wall [see Eq. (8)], the momentum
source is distributed within a thickness equal to the support of g around the wall, which is illustrated
in Fig. 1. Note that the integral of si over �∞ equals the total hydrodynamical force, Fh, acting on
the walls, i.e., ∫

�∞
si(x)dVx = Fh,i. (15)

Since the unfiltered pressure and viscous stresses are not available in the volume-filtered framework,
the momentum source term, si, requires modeling. We model si similar as in the recently proposed
PC-IBM [19]. For the sake of conciseness, we abbreviate the fluid stress vector as

�i =
(

−pδi j + μf

(
∂ui

∂y j
+ ∂u j

∂yi

))
n j, (16)

such that si is given as

si(x) =
∫

∂�f

g(|x − y|)�i(y)dAy. (17)

By discretizing the wall in Ns surface elements, the momentum source can be approximated as

si(x) ≈
Ns∑

l=1

g(|x − X l |)�l,i�Al , (18)

where X l is the position of the center of a surface element, which we refer to as surface marker,
�Al is the area of a surface element, and �l,i is the yet unknown fluid stress vector associated
with the surface element with the index l . A surface element can be, for instance, one triangle of a
triangulated surface with the center X l and the area �Al .

Since the volume-filtered velocity at the wall can be estimated, which is described in the
subsequent section, the fluid stress vector at each surface element can be determined, such that
this desired volume-filtered velocity at the wall is achieved. This is the essential concept of the
PC-IBM that unifies the volume filtering framework with the established numerical methodology of
the IBM in a physically consistent manner [19].

On a Cartesian fluid mesh, the surface markers generally do not coincide with the collocation
points of the fluid mesh. The flow quantities are interpolated from the fluid mesh to the surface
markers with the same Gaussian that is assumed as filter kernel, which means that the interpolation
essentially constitutes another filtering operation of the already filtered flow quantities on the fluid
mesh. Filtering twice with a Gaussian filter kernel with a filter width σ is equivalent to filtering once
with

√
2σ [18]. Therefore, all quantities known at the surface marker on the wall possess a filter

width σw = √
2σ , which is the filter width of the corresponding filter kernel gw.

In practice, the fluid stress vector is computed as

�l ≈ blL(X l ), (19)
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where the length scale, L(X l ), for the surface marker with the index l is given as

L(Xl ) = 1∑Ns
m=1 gw(|X l − X m|)�Am

, (20)

and the vector bl contains the advective term, An
i , the pressure term Pn

i , the viscous term, Vn
i , and

the transient term of the volume-filtered momentum equation interpolated to the surface marker with
the index l . After discretization of the transient term with finite differences, the vector bl is given as

bl,i = −ρf
udes

ε,i (X l ) − un
ε,i(X l )

�t
− An

i (X l ) − Pn
i (X l ) + Vn

i (X l ). (21)

The superscript n refers to the previous time level. The interpolated quantities and the desired
volume-filtered velocity, udes

ε,i , possess a filter width σw. The derivation and implementation details
of the PC-IBM may be found in Hausmann et al. [19].

B. Obtaining the volume-filtered velocity at the wall

An essential part of the proposed wall-modeling is the estimation of the desired volume-filtered
velocity at the wall, since it directly influences the momentum source and, therefore, the resulting
flow field. A perfect model for the desired volume-filtered velocity would provide the explicitly
volume-filtered velocity at the wall, as it is demonstrated in Fig. 2 with the mean streamwise velocity
of a channel flow. Since the exact unfiltered flow field near the wall, as it is obtained from a DNS,
is not known in the volume filtering framework, the explicit volume filtering operation cannot be
performed and the volume-filtered velocity at the wall requires modeling.

In the originally proposed PC-IBM [19], the volume-filtered velocity at the wall is estimated with
the approximate deconvolution method [25,26], which has been shown to work well for the flow
around particles with relatively small Reynolds numbers relative to the large Reynolds numbers
of the turbulent flows considered in the present study. The idea of the approximate deconvolution
method is to compute the volume-filtered velocity at the wall for filter widths larger than σw, which
are used to extrapolate the volume-filtered velocity to σ = 0. The resulting estimate of the unfiltered
velocity can be used to estimate the correct volume-filtered velocity at the wall. The extrapolation,
however, is inaccurate for large σ because the volume-filtered velocity at the wall is very sensitive to
σ , especially for small σ , as is evident from Fig. 2. In wall-modeled LES, the fluid-mesh spacing in
the wall-normal direction is typically chosen �y+ � O(10). Assuming the filter width to be equal
to the wall-normal fluid mesh spacing, this yields σ+ � O(10).

In the present paper, we propose a different method to estimate the volume-filtered fluid velocity
at the wall, which is particularly suitable for large Reynolds number flows and large filter widths. A
fundamental assumption for the proposed estimation is that the filtering operation of the near wall
velocity field is mainly a filtering in the wall-normal direction, xn, which may be justified by the
fact that the velocity varies much steeper in the wall-normal direction than in the wall-tangential
directions, xs and xt . Mathematically, this assumption is expressed as

uw
ε,i = uε,i(xs, xt, xn = 0) ≈

∫ ∞

0
g1D(0 − x̃n)ui(xs, xt, x̃n)dx̃n, (22)

where the one-dimensional Gaussian is given as

g1D(x) = 1

σ
√

2π
exp

(
− x2

2σ 2

)
. (23)

Figure 3 shows several randomly picked instantaneous streamwise velocity profiles of a turbulent
channel flow from the Johns Hopkins turbulence database [27] with a friction velocity Reynolds
number Reτ = uτ h/ν = 1000 as a function of the distance to the wall, y, where uτ = √

τw/ρf is the
friction velocity, lτ = ν/uτ is the viscous length scale, τw is the mean wall shear stress, and h is the
channel half-height. Quantities with the superscript + are normalized with the wall units uτ and lτ .
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FIG. 3. Randomly picked instantaneous streamwise velocity profiles of a turbulent channel flow with
Reλ = 1000 from the Johns Hopkins turbulence database [27] (left) as a function of the wall distance. The
ratio between the volume-filtered velocity and the wall-normal gradient of the volume-filtered velocity is
plotted over the filter width (right). The upper dashed line corresponds to

√
π

2 σ+, the lower dashed line to√
2
π
σ+, and the solid line to σ+.

After volume filtering the streamwise velocity at the wall and dividing by the wall-normal gradient
of the volume-filtered velocity at the wall, (∂nuε,i )w, a surprisingly simple relation to the filter width

is revealed. In Fig. 3 it is observed that
uw

ε,α

(∂nuε,α )w ≈ σ holds with good accuracy even for large filter
widths. Note that no summation is carried out over the index α.

The finding that the velocity at the boundary is proportional to the wall-normal gradient of the
velocity is similar to what is assumed in the slip wall model [10,11], despite the context being
completely different. In the slip wall model, the slip velocity at the wall is a result of the spatially
varying filter width and the filter width at the wall is zero.

In the context of volume filtering, the relation observed in Fig. 3 may be explained with the
similarity of the streamwise velocity profile to root functions. The idea of approximating the
streamwise velocity profile with root functions is not new. In the wall model of Werner and Wengle
[28], the mean streamwise velocity profile is assumed to be proportional to x1/7

n . We make a more
general approach by assuming that the velocity profile may be expanded as infinite series of root
functions of arbitrary order, i.e.,

u(xn) =
∞∑

k=1

akx1/k
n , (24)

where ak are real coefficients with the same sign, i.e., ∀ak ∈ R, ak � 0 or ∀ak ∈ R, ak � 0. Note
that this is a much weaker assumption than the commonly assumed log-law, which applies only to
the mean velocity along planar walls with zero pressure gradient. For Eq. (24), it is shown in the
Appendix that the ratio

uw
ε,α

(∂nuε,α )w lies always within the limits√
2

π
σ �

uw
ε,α

(∂nuε,α )w
�

√
π

2
σ. (25)

This means that if the unfiltered velocity can be represented by an infinite series of root functions
in the wall-normal direction (at least in the close vicinity of the wall),

uw
ε,α

(∂nuε,α )w = σ is true with a
maximum error of approximately 25%.

It should be noted that in the case of small magnitudes of (∂nuε,i )w, which is typical for the
wall-normal velocity and the wall-tangential velocity at the detachment and reattachment points in
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separated flows, the relation
uw

ε,α

(∂nuε,α )w = σ is usually not a good approximation. Profiles with a small
magnitude of (∂nuε,i )w cannot be approximated well with root functions with coefficients of the
same sign. However, a small wall-normal gradient leads to a volume-filtered velocity at the wall
that is close to zero. Therefore, the absolute error of the desired volume-filtered velocity at the wall
is still small.

Inspired by the observation that
uw

ε,α

(∂nuε,α )w = σ is a good approximation, we propose to model the
desired volume-filtered velocity at the wall as

udes
ε,i (X l ) = σw(∂nuε,i )

w(X l ), (26)

where the wall-normal gradient of the volume-filtered velocity is evaluated by interpolating the
gradient from the fluid mesh to the surface marker. The model assumes that if the velocity at the
boundary, udes

ε,i (X l ), is enforced correctly, the volume-filtered NSE produce the correct wall-normal
gradient of the volume-filtered velocity at the wall.

Estimating the volume-filtered velocity at the wall using Eq. (26) is numerically stable, because it
avoids unphysically large or small values of the volume-filtered velocity at the wall. If udes

ε,i (X l ) is too

large, i.e.,
uw

ε,α

(∂nuε,α )w > σ , it will be decreased according to Eq. (26), which simultaneously increases
the gradient. This prevents the volume-filtered velocity at the wall from being further reduced in the
next time step. The model is also very simple to implement and computationally efficient, because
it does not require explicit filtering such as the approximate deconvolution method proposed in the
original PC-IBM [19].

C. Required modifications of a classical IBM

The proposed wall modeling can be realized with any standard IBM implementation after four
modifications are implemented. Note that this assumes that the fluid volume fraction is not changing
in time, i.e., that the wall does not move in the considered frame of reference. The following
modifications are required:

(1) The interpolation of fluid quantities to the surface markers must be carried out with a
Gaussian interpolation kernel with a standard deviation σ . In practice, the Gaussian is truncated
after a distance of 4σ from its center.

(2) The spreading of the IBM source, i.e., the computation of the discrete momentum source
term si given in Eq. (18), must be carried out with a Gaussian kernel with a standard deviation σ .

(3) The desired volume-filtered velocity is computed based on the wall-normal gradient of the
volume-filtered velocity according to udes

ε,i = √
2σ (∂nuε,i )w.

(4) The IBM force contribution onto the wall associated to the surface marker l is given as
F IBM,l = �l�Al = blL(X l )�Al (no summation over l here), where the length scale L is given in
Eq. (20) and the vector bl is given in Eq. (21).

D. Modeling of the subfilter stress tensor

The focus of the present study is the wall-modeling in the context of volume filtering and not to
find the most suitable model for the subfilter stress tensor. Therefore, we perform the test cases with
the existing models for the subfilter stress tensor described in the following, while being aware of
the fact that there may exist models that lead to better results.

The subfilter stress tensor in the context of volume filtering, τsfs,i j , is closely related to its single-
phase flow equivalent in classical LES, and even identical in regions in �f with at least a distance
δ to the boundary, inside the flow domain. As seen from Eq. (9), τsfs,i j contains the fluid volume
fraction, which deviates from εf = 1 in the close vicinity of the wall.

Hausmann et al. [18] propose to model the subfilter stress tensor as (for fixed boundaries)

τNL
sfs,i j = σ 2 ∂uε,i

∂xk

∂uε, j

∂xk
, (27)
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which is accurate up to terms of the order four in the filter width. Far away from the boundary,
τNL

sfs,i j converges to the nonlinear model or nonlinear gradient model [29–31], which is why we refer
to this model as the nonlinear model. The nonlinear model is known for being highly correlated
with the subfilter stress tensor but also to produce to few dissipation (see, e.g., Borue and Orszag
[32], Horiuti [33]), which is why it is often combined with a turbulent viscosity in so-called mixed
models [34,35].

In addition to the nonlinear model, we perform simulations with the Vreman model for the
subfilter stress tensor adapted to the volume filtering framework, which has been shown to perform
well in WMLES of separated flow as compared to, e.g., the dynamic Smagorinsky model [36]. We
adapt the Vreman model such that the turbulent viscosity νt is computed from the volume-filtered
velocity and we assume an isotropic filter kernel, even though the fluid mesh may be anisotropic.
The filter width can be generally chosen independent of the fluid mesh, given that the filter width
is large enough to avoid flow structures that cannot be resolved by the fluid mesh. The turbulent
viscosity is modeled as

νt = CVreσ
2

√
Bβ

αi jαi j
, (28)

where the Vreman constant is chosen to have the value proposed by Vreman [37], i.e., CVre = 0.025,
and

αi j = ∂uε, j

∂xi
, (29)

βi j = αmiαm j, (30)

Bβ = β11β22 − β2
12 + β11β33 − β2

13 + β22β33 − β2
23. (31)

As a third model for the subfilter stress tensor, the nonlinear model and the Vreman model are
combined to a mixed model that is supposed to retain the high correlations of the nonlinear model
with the subfilter stress tensor while providing sufficient dissipation. With the mixed model, the
subfilter stress tensor is approximated as

τMix
sfs,i j = σ 2 ∂uε,i

∂xk

∂uε, j

∂xk
− 2νtSi j, (32)

where the volume-filtered strain-rate tensor is given as

S̄i j = 1

2

[
∂uε,i

∂x j
+ ∂uε, j

∂xi

]
. (33)

The models for the subfilter stress tensor mentioned above are valid for boundaries that are not
moving in the considered frame of reference. In the case of moving boundaries, additional terms
appear to ensure Galilean invariance of the volume-filtered NSE (see Hausmann et al. [18] for
details).

E. Inlet and outlet boundary conditions

The problem of finding appropriate inlet and outlet boundary conditions with the VF-WMLES
is similar to finding the inlet and outlet boundary conditions for classical LES (with modeled or
resolved walls) or DNS. If a method exists to generate a turbulent inflow or outflow for a DNS, the
generated field can be explicitly volume-filtered to obtain the volume-filtered inflow condition for
the VF-WMLES. Outside the flow domain beyond a distance δ from the wall, the inlet and outlet
boundary conditions must be consistent with the fact that flow quantities are zero in this region.
Inside the flow domain beyond a distance δ from the wall, flow quantities in the VF-WMLES are
identical to flow quantities in a classical LES and, therefore, the inlet and outlet boundary conditions
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TABLE I. Fluid mesh information and filter width for the fine and coarse configuration of the turbulent
channel flow.

Name Ly Nx × Ny × Nz �x+ × �y+ × �z+ σ+

Fine 2.36h 450 × 80 × 180 55.8 × 29.5 × 52.3 30.0
Coarse 2.7h 251 × 45 × 94 100.1 × 60.0 × 100.2 60.0

are also the same as in a classical LES in this region. Regardless of whether a DNS, a classical LES,
or a VF-WMLES is performed, inlet and outlet boundary conditions are generally approximations.

IV. RESULTS AND DISCUSSIONS

In the present section, the proposed wall-modeling is validated with two common configurations,
a turbulent channel flow and a periodic hill. In both configurations the model for the subfilter stress
tensor and the spatial resolution is varied. The simulations are carried out with a finite volume
flow solver that is second order in space and time and that relies on monolithic solution of the
momentum and continuity equation using momentum weighted interpolation. A collocated variable
arrangement is employed and an advection velocity is defined for linearization of the advection
term. The advection velocity is defined at cell faces and contains stabilization terms required for a
consistent pressure-velocity coupling. More details on the flow solver and its implementation may
be found in Denner and van Wachem [38], Bartholomew et al. [39], Denner et al. [40]. In the present
study, the fluid mesh is Cartesian.

A. Turbulent channel flow

VF-WMLES of a turbulent channel flow with a friction velocity Reynolds number Reτ = 1000
are performed, which is the same physical configuration as described in Graham et al. [27]. The
physical domain size is Lx × Ly × Lz = 8πh × 2h × 3πh and the Reynolds number based on the
bulk velocity, ub, is Reb = 40000. The flow domain is periodic in the x and z direction and no-slip
walls are assumed at the upper and lower end of the y direction for the unfiltered velocity. The flow
is driven by a constant pressure gradient in the x direction.

The VF-WMLES are performed with two different spatial resolutions, referred to as fine and
coarse, and two different filter widths, which are chosen equal to the smallest fluid mesh spacing,
respectively. The fluid mesh information of the fine and the coarse configuration are summarized in
Table I. The size of the numerical domain in the nonperiodic direction, Ly, is larger than the size
of the physical domain in this direction because volume-filtered quantities can be nonzero outside
the flow domain, but they are guaranteed to be zero outside the channel beyond a distance δ from
the physical boundaries. The boundaries of the numerical domain have at least a distance δ from
the physical boundaries, which ensures that the fluid quantities are zero at the boundary of the
numerical domain. In the present study, homogeneous Dirichlet boundary conditions are applied
for the velocity and homogeneous Neumann boundary conditions are applied for the wall normal
pressure gradient at the nonperiodic boundaries. In both mesh configurations, a Courant-Friedrichs-
Lewy (CFL) number of 0.5 is maintained and the SuperBee flux limiter is applied using a flux
limiter to gradient ratio of L = 2 [41]. The simulations are carried out for at least 20 flow through
times based on the bulk velocity, Lx/ub, before statistics are evaluated.

Figure 4 shows a snapshot of the absolute volume-filtered velocity obtained from the VF-
WMLES with the fine fluid mesh configuration. Inside the channel and far away from the walls,
volume filtering equals the classical LES filtering and the FNSE are solved similar as in a classical
LES. At the wall, i.e., the boundary of the physical domain that lies inside the numerical domain, a
nonzero velocity is observed, which rapidly converges to zero beyond the wall. At the boundary of
the numerical domain, which lies outside the physical domain, the velocity is zero.
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FIG. 4. Snapshot of the absolute volume-filtered velocity of the turbulent channel flow obtained from the
VF-WMLES with the fine fluid mesh configuration.

In Fig. 5, the mean streamwise velocity of the turbulent channel flow obtained with the VF-
WMLES and the fine fluid mesh configuration is compared to the explicitly volume-filtered DNS.
The VF-WMLES is performed with the nonlinear model and the mixed model. Note that the mean
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FIG. 5. Mean profile of the streamwise velocity of the turbulent channel with logarithmic (left) and linear
(right) scaling of the wall distance. The VF-WMLES results obtained with the nonlinear model (NL) and the
mixed model (Mix) are compared with the explicitly volume-filtered DNS from Graham et al. [27]. The log-law
is shown for comparison. The results at the top correspond to a filter width σ+ = 30 and are obtained with the
VF-WMLES with the fine fluid mesh, and the results at the bottom correspond to a filter width σ+ = 60 and
are obtained with the VF-WMLES with the coarse fluid mesh.
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of a volume-filtered flow quantity equals the volume-filtered mean flow quantity, i.e.,

1

T1 − T0

∫ T1

T0

∫
�∞

If (y)Φ(t, y)g(|x − y|)dVydt =
∫

�∞
If (y)g(|x − y|) 1

T1 − T0

∫ T1

T0

Φ(t, y)dtdVy,

(34)

where T0 and T1 are the the lower and upper limits for the temporal averaging, respectively. The filter
width for the explicit volume filtering equals the filter width used in the VF-WMLES, i.e., σ+ = 30.
With a perfect model for the desired volume-filtered velocity at the wall, an exact formulation
for the subfilter stress tensor, and without discretization errors, the VF-WMLES would recover
the explicitly volume-filtered DNS. However, a deviation is observed in Fig. 5 that is caused by
modeling and discretization errors. The mean velocity profile is sensitive to the model for the
subfilter stress tensor. The mixed model predicts a larger mean velocity than the nonlinear model
across the whole channel, but both models for the subfilter stress tensor recover the slope of the
log-law. The wake region, i.e., the deviation of the velocity from the log-law in the center of the
channel, is not predicted correctly. The most likely cause for that are modeling errors of the subfilter
stress tensor.

When determining the accuracy of the wall modeling, the mean velocity profiles and other flow
statistics inside the channel are not an ideal measure because the discretization error and the model
for the subfilter stress tensor can significantly affect these statistics. The volume-filtered velocity
enforced at the wall, instead, is a direct measure of the accuracy of the wall modeling. The mean
volume-filtered velocity at the wall that is observed in Fig. 5 is in very good agreement with the
explicitly volume-filtered velocity at the wall. The mixed model predicts a slightly larger mean
wall-normal velocity gradient at the wall than the nonlinear model. Since according to the proposed
model the volume-filtered velocity at the wall depends linearly on the volume-filtered wall-normal
gradient at the wall, the mixed model predicts a slightly larger volume-filtered mean velocity at
the wall than the nonlinear model. The accurate prediction of the mean volume-filtered velocity
at the wall suggests that the observed deviations inside the channel are likely to be caused by the
model for the subfilter stress tensor rather than the newly proposed wall model. This is supported
by the findings of Bae et al. [11], who show that the shape of the mean velocity profile is sensitive to
the model for the subfilter stress tensor. Different models for the subfilter stress tensor may improve
the agreement of the volume-filtered velocity inside the channel, but the focus of the present work
is the modeling of the slip and penetration velocity at the wall, which is why we do not perform a
broad study of other models for the subfilter stress tensor.

The study of the mean streamwise velocity of the turbulent channel flow is repeated with the
coarse fluid mesh configuration with a filter width twice as large as the filter width of the fine fluid
mesh configuration. Figure 5 shows the resulting mean velocity profiles. It can be observed that
at such a large filter width, the log-law is essentially not existent for the explicitly volume-filtered
mean velocity. The volume-filtered mean velocities predicted by the WMLES are smaller than with
the fine resolution and the mixed model leads to a larger volume-filtered mean velocity across the
channel than the nonlinear model. Even with the coarse resolution, the mean of the volume-filtered
velocity at the wall is captured relatively accurate. The predictions of the volume-filtered mean
velocity at the wall with both models for the subfilter stress tensor deviate less than 20% from
the explicitly volume-filtered velocity at the wall. Similar to the mean streamwise velocity inside
the channel obtained with the fine resolution, the mean streamwise velocity obtained with the coarse
resolution is very sensitive to the choice of the model for the subfilter stress tensor.

B. Turbulent flow over a periodic hill

It is not sufficient for a wall model to perform well in turbulent flows over flat walls, since most
of the applications of interest involve curved walls. In order to evaluate the VF-WMLES framework,
and in particular the proposed modeling with the PC-IBM, in separated flows, the widely studied
flow over periodic hills is simulated (see, e.g., Fröhlich et al. [1], Temmerman et al. [42], Krank
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FIG. 6. Sketch of the simulation configuration of the flow over periodic hills with a snapshot of the velocity
field. The boundary at the top is a flat wall and the boundary at the bottom is a curved wall with a hill of the
height H . The x and z direction is periodic and there is a mean flow driven in the positive x direction.

et al. [43]). The simulation configuration is illustrated in Fig. 6. The physical domain is bounded
by a box of the size Lx × Ly × Lz = 9H × 3.036H × 4.5H , where H refers to the height of the hill.
The flow is periodic in the x- and z direction. The Reynolds number is ReH = ubH

νf
= 10 595 with

the the bulk velocity, ub, being defined as the volume flux divided by the cross sectional area of the
channel at the crest of the hill. The desired volume flux, Qdes, is enforced by applying a momentum
source in the streamwise direction, sdrive, which is adjusted every time step. This driving source
is computed as described in Krank et al. [43], where the driving source of the next time step is
given as

sn+1
drive = sn

drive + Cdrive

(
Qdes − Qn

�t n
− Qn − Qn−1

�t n−1

)
, (35)

where sn
drive, Qn, and �t n are the present driving source, volume flux, and time step, respectively.

The superscript n − 1 refers to quantities of the previous time step and Cdrive is a constant which is
empirically chosen to be Cdrive = 0.001. This choice of Cdrive enforces the desired volume flux with
at least four digits of accuracy.

The simulations with the VF-WMLES are carried in a numerical domain that is extended in
the y direction dependent on the filter width to solve for the flow in the near wall region outside
the physical domain. At both boundaries of the numerical domain of the nonperiodic y direction,
which have at least a distance δ from the walls, homogeneous Dirichlet boundary conditions for the
velocity and homogeneous Neumann conditions for the wall-normal pressure gradient are applied.
The VF-WMLES is solved on a fine fluid mesh and a coarse fluid mesh with two different filter
widths, each corresponding to the smallest fluid mesh spacing. The numerical domain size in the y
direction, Ly, the spatial resolution, and the filter width are summarized in Table II. In the periodic
hill simulations a van Leer flux limiter with a flux limiter to gradient ratio of L = 2 is used [41] and
the CFL-number is 0.1. The simulations are carried out for at least 20 flow through times based on
the bulk velocity at the crest of the hill, Lx/ub, before statistics are evaluated.

TABLE II. Fluid mesh information and filter width for the fine and coarse configuration of the periodic hill
flow.

Name Ly Nx × Ny × Nz �x/H × �y/H × �z/H σ/H

Fine 3.461H 126 × 98 × 64 0.0714 × 0.0353 × 0.0703 0.035
Coarse 3.85H 64 × 55 × 32 0.141 × 0.07 × 0.141 0.07
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FIG. 7. Snapshot of the absolute volume-filtered velocity of the periodic hill flow obtained from the VF-
WMLES with the fine fluid mesh configuration.

Figure 7 shows a snapshot of the absolute velocity of the VF-WMLES obtained with the fine
fluid mesh. The numerical domain is larger than the physical domain but in the regions outside of the
physical domain that have a sufficient distance from the wall, the magnitude of the volume-filtered
velocity is very small.

As shown in Sec. III B, approximating the volume filtered velocity at the wall with udes
ε,i =√

2σ (∂nuε,i )w is accurate, even for the instantaneous velocity profiles of a turbulent channel flow.
The velocity profiles of the periodic hill configuration, however, can have a negative streamwise
velocity which may affect the accuracy of the model for the volume-filtered velocity at the wall.
Therefore, the validity of the modeled desired volume-filtered velocity is tested. Figure 8 shows the
mean streamwise velocity profiles as a function of the distance from the lower wall, y − y0, where
y0 is the location of the lower wall, and the ratio of the volume-filtered velocity at the wall and
the wall-normal gradient of the volume-filtered velocity at the wall for different x -positions and
different filter widths. The DNS data is extracted from Krank et al. [43]. It is observed that, except
for the profile at x/H = 4.0, the computed ratios lie within or close to the theoretical limits. At
x/H = 4.0, the mean streamwise velocity profile is close to zero up to a relatively large distance
to the wall. Therefore, the volume-filtered gradient in the wall-normal direction is close to zero,
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FIG. 8. Mean streamwise DNS velocity profiles of the flow over periodic hills, which is taken from Krank
et al. [43], as a function of the distance from the lower wall y − y0 (left) and the corresponding ratio of the
volume-filtered velocity at the wall and the volume-filtered wall-normal gradient for different filter widths
(right). The profiles are shown for different positions in the streamwise direction x/H .
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FIG. 9. Mean streamwise (top) and wall-normal (bottom) volume-filtered velocity obtained with the
VF-WMLES and by explicit volume filtering of the DNS data of Krank et al. [43] for the fine fluid mesh
configuration. The VF-WMLES is carried out with the nonlinear model (NL), the Vreman model (VRE), and
the mixed model (Mix).

which yields large deviations from the expected ratio. However, since the volume-filtered gradient
in the wall-normal direction is very small, the resulting desired volume-filtered velocity at the wall
is essentially zero with a small absolute error. These a priori results suggest that even in the complex
separated flow over periodic hills, the proposed model for the volume-filtered velocity at the wall is
relatively accurate.

Figure 9 shows the mean volume-filtered velocity in the streamwise and wall-normal direction
obtained with the VF-WMLES and the fine fluid mesh configuration. The results are shown for
different positions and compared to the explicitly volume-filtered DNS of Krank et al. [43] with the
same filter width. It should be noted, that since the mean velocity of the DNS is only known along
lines in the wall-normal direction, the explicit volume filtering is only carried out in the wall-normal
direction. However, filtering in the wall-normal direction instead of all directions is expected to
be negligible since the mean velocity varies much more rapid in the wall-normal direction than
in the streamwise and spanwise direction. The profiles of the VF-WMLES are obtained with the
nonlinear model, the Vreman model, and the mixed model. It can be observed in Fig. 9 that the
streamwise profiles obtained with the VF-WMLES accurately predict the explicitly volume-filtered
DNS profiles in most of the regions. The most significant deviations of the streamwise profiles occur
in the reattachment region near the lower wall. In this region the mean volume-filtered streamwise
velocity is slightly overpredicted. The impact of the model for the subfilter stress tensor on the
streamwise profiles is relatively minor but the best agreement is achieved with the Vreman model.

The wall-normal velocity is also predicted accurately with the exception at x/H = 8, where the
wall-normal velocity is oversestimated by the VF-WMLES with all of the three models for the
subfilter stress tensor. At x/H = 2, the VF-WMLES with the nonlinear model and with the mixed
model predict a different mean of the volume-filtered wall-normal velocity but with the Vreman
model the explicitly volume-filtered DNS is accurately captured. Apart from x/H = 2, the model
for the subfilter stress tensor has a minor influence on the mean of the volume-filtered wall-normal
velocity.

044604-17



M. HAUSMANN AND B. VAN WACHEM

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

2〈uε〉/ub + x/H

y
/H

explicitly filtered DNS σ/H = 0.07
VF-WMLES, NL
VF-WMLES, VRE
VF-WMLES, Mix

0 2 4 6 8 10
0

1

2

3

2〈vε〉/ub + x/H

y
/
H

FIG. 10. Mean streamwise (top) and wall-normal (bottom) volume-filtered velocity obtained with the VF-
WMLES and by explicit volume filtering of the DNS data of Krank et al. [43] for the coarse fluid mesh
configuration. The VF-WMLES is carried out with the nonlinear model (NL), the Vreman model (VRE), and
the mixed model (Mix).

The VF-WMLES are also carried out with the coarse fluid mesh configuration with
the twice the filter width than in the fine fluid mesh configuration. The resulting mean profiles
of the streamwise and wall-normal volume-filtered velocity are shown in Fig. 10. Although larger
deviations from the explicitly volume-filtered DNS are observed than with the fine fluid mesh, good
agreement of the profiles can be observed for most of the regions in the domain. The influence
of the model for the subfilter stress tensor is stronger than with the smaller filter width and the
best agreement is achieved with the Vreman model.The volume filtering framework allows to
formulate the correct slip and penetration boundary conditions dependent on the filter width, which
can be obtained by explicitly volume filtering the DNS velocity field at the wall. The explicitly
volume-filtered velocity at the wall can be compared to the desired volume-filtered velocity enforced
in the VF-WMLES to assess the accuracy of the wall model. The possibility of formulating such a
reference solution does not exist in wall shear stress models, because applying a Neumann boundary
condition on the filtered velocity based on the unfiltered wall shear stress is an ad hoc intervention
that, by construction, predicts the correct bulk velocity but lacks any physical justification.

Figure 11 shows the mean of the explicitly volume-filtered DNS velocity at the wall compared
to the mean of the desired volume-filtered velocity of the VF-WMLES with the fine fluid mesh
configuration for different positions in the periodic hill channel. Note that the factor

√
2 arises in

the filter width because the desired volume-filtered velocity exists at the surface markers with a
filter width

√
2σ (see Sec. III A for details). Furthermore, Fig. 11 shows the velocity at the wall

that a wall shear stress model would predict if the filtered velocity profile and the wall shear stress
were known exactly. In wall shear stress models, the wall shear stress is typically estimated by
assuming a standard mean velocity profile at the wall that is matched with the velocity in the first
or second fluid mesh cell away from the wall. There exist less restrictive approaches that rely on a
simplified momentum equation near the wall, such as the thin boundary-layer equations (see, e.g.,
Bose and Park [5]). In the presently considered exact wall shear stress model, it is assumed that the
wall shear stress can be estimated exactly without any modeling error. In wall shear stress models,
the estimated wall shear stress serves as Neumann boundary condition. In Fig. 11, we compare the
resulting nonzero velocity at the wall with the explicitly volume-filtered velocity at the wall.
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FIG. 11. Comparison of the mean of the volume-filtered streamwise velocity that is enforced at the wall
with the proposed VF-WMLES using the fine fluid mesh configuration and a classical wall model with the
exact wall shear stress.

Assuming that the first fluid mesh cell center lies in a distance
√

2σ/2 from the wall and the
corresponding velocity in this cell is uε,1 = uε |y=y0+

√
2σ/2, extrapolation with the wall shear stress

results in the following prediction of the mean of the volume-filtered streamwise velocity at the wall

〈uε〉w = 〈uε,1〉 −
√

2στw/(2μf ), (36)

which we refer to as the exact wall shear stress model.
The largest slip velocity in Fig. 11 occurs at the crest of the hill, i.e., x/H = 0. After the crest of

the hill, a recirculation region follows with a negative slip velocity. After the recirculation region,
a small positive slip velocity is observed for the rest of the channel. The desired volume-filtered
velocity with the proposed VF-WMLES predicts the explicitly volume-filtered DNS velocity at the
wall well along the whole length of the periodic hill configuration. The influence of the model for
the subfilter stress tensor on the desired volume-filtered velocity is very minor. The exact wall shear
stress model predicts large deviations from the explicitly volume-filtered DNS velocity and does not
even show the correct trend along the channel. Even if an eddy viscosity would be included in the
boundary condition of an exact wall shear stress model as given in Eq. (36), this eddy viscosity
would need to be several times larger than the fluid viscosity and negative in some regions to
match the explicitly volume-filtered velocity. The reason for the poor agreement of wall shear stress
models is that wall shear stress models enforce the boundary condition of the unfiltered velocity,
i.e., the unfiltered wall-normal velocity gradient, on the filtered velocity. With the volume filtering
framework, the correct bulk velocity can be predicted even with a much smaller wall-normal velocity
gradient because of the momentum source si in the volume-filtered momentum Eq. (14). Since si is
missing in wall shear stress models, an artificially large wall shear stress must be imposed to recover
the correct bulk velocity.

In Fig. 12 the mean volume-filtered velocities at the wall are compared for the coarse fluid
mesh configuration. The VF-WMLES approximates the mean of the explicitly volume-filtered DNS
velocity at the wall well, demonstrating that the VF-WMLES works accurately even at coarse
resolutions of complex flow configurations with separation. The desired velocity is not very sensitive
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FIG. 12. Comparison of the mean of the volume-filtered streamwise velocity that is enforced at the wall
with the proposed VF-WMLES using the coarse fluid mesh configuration and a classical wall model with the
exact wall-shear stress.

to the choice of the model for the subfilter stress tensor. The exact wall shear stress model provides
poor predictions of the mean of the explicitly volume-filtered DNS velocity at the wall.

It can be concluded that the proposed wall-modeling framework predicts the volume-filtered
velocity at the wall with much higher accuracy than a wall-shear stress model that prescribes the
exact wall-shear stress. The volume-filtered velocity enforced at the wall is the most important
measure when evaluating the wall model since it is less dependent on the model for the subfilter
stress tensor than the flow statistics inside the flow domain.

Quantities of high practical relevance are the friction coefficient and the pressure coefficient,
which are nondimensional measures of the unfiltered wall shear stress and unfiltered pressure at the
wall. Although they are evaluated in many studies using WMLES, both quantities are not directly
accessible in WMLES, which solve for filtered quantities. Therefore, relatively high resolutions are
required to accurately predict the friction and pressure coefficient with WMLES.

In WMLES, the filtered stresses, n j〈∂uε,i/∂x j〉 and n j〈pε〉δi j , can be explicitly computed from
the available volume-filtered quantities. However, predicting the unfiltered stresses requires recon-
struction, such as approximate deconvolution of the filtered stresses. Therefore, friction and pressure
coefficients require additional modeling in a WMLES, which is why they are not a good measure
for the accuracy of the wall model itself.

V. CONCLUSIONS

In the present paper, the concept of wall-modeled large eddy simulations (WMLES) is revisited
using the concept of volume filtering. Volume-filtered quantities are well defined throughout the
domain, even close to the boundaries of the flow domain, where classical LES filtering is not
applicable. Recent advances in theory [18] and modeling [19] with the volume filtering frame-
work enable a new perspective on wall modeling, which we refer to as volume-filtered WMLES
(VF-WMLES).

We show that a nonzero slip and penetration velocity at the wall is a direct consequence of
volume filtering the flow. In contrast to wall shear stress models, the VF-WMLES framework allows
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us to formulate a physically consistent reference solution for the volume-filtered velocity at the
wall that is obtained by explicitly volume filtering the DNS velocity field. With this, wall models
can be assessed if they can predict this velocity at the wall. We propose a model to predict the
volume-filtered velocity at the wall that is based on the ratio of the volume-filtered velocity and
the wall-normal gradient of the volume-filtered velocity, which is assumed to be equal to the filter
width. The model is shown to accurately predict the volume-filtered velocity at the wall in a priori
tests based on existing DNS databases and in a posteriori tests with a turbulent channel flow and a
turbulent flow over periodic hills.

The desired volume-filtered velocity at the wall is enforced with the recently proposed PC-IBM, a
modeling framework based on the volume filtering concept, that enables a consistent representation
of arbitrarily shaped boundaries on a relatively coarse Cartesian fluid mesh [19].

The VF-WMLES is applied to a turbulent channel flow and a turbulent flow over periodic hills
using different resolutions and different models for the subfilter stress tensor. The mean volume-
filtered velocities are predicted with good accuracy, although there are variations between the results
using different models for the subfilter stress tensor. Since the mean volume-filtered velocity at the
wall is recovered well by the VF-WMLES, it seems that the major cause for the relatively small
remaining deviations of the mean velocity is the model for the subfilter stress tensor.

With the VF-WMLES, we propose a framework with great potential to overcome common issues
of existing wall models such as their formulation based on mean quantities, the assumption of
zero pressure gradient, or the necessity of a nonuniform filter that causes commutation errors.
The possibility to formulate a ground truth of the volume-filtered velocity enables a priori and
a posteriori testing of the wall boundary conditions for wall-models proposed in the future, which
is not possible with the commonly used wall-shear stress models.
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APPENDIX: DERIVATION OF THE LIMITS OF THE VELOCITY
TO VELOCITY GRADIENT RATIO

Assuming that the wall is located at xn = 0, where xn is the wall normal coordinate, a volume-
filtered element of the series expansion Eq. (24) using a one-dimensional Gaussian filter kernel, g1D,
with a filter width, σ , is given as

∫ ∞

0
g1D(xn)x1/k

n dxn = 2−1+1/(2k)

√
π

σ 1/k�

(
1 + k

2k

)
, (A1)

where � is the Gamma function, i.e., a real number, and k ∈ N. The volume-filtered derivative in
the xn direction is given as

∫ ∞

0
g1D(xn)

1

k
x−1+1/k

n dxn = 2−1/2+1/(2k)

√
π

σ−1+1/k�

(
1 + 1

2k

)
. (A2)
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The ratio of the volume-filtered profile and its volume-filtered derivative in the xn direction is
given as

∫ ∞
0 g1D(xn)x1/k

n dxn∫ ∞
0 g1D(xn) 1

k x−1+1/k
n dxn

=
�

(
1 + k

2k

)
√

2�

(
1 + 1

2k

)σ. (A3)

The factor before σ is a monotonously increasing function for k � 1 with the limit

lim
k→∞

⎛⎜⎜⎜⎝
�

(
1 + k

2k

)
√

2�

(
1 + 1

2k

)
⎞⎟⎟⎟⎠ =

√
π

2
≈ 1.25331. (A4)

For k = 1, the factor becomes

�(1)
√

2�

(
3

2

) =
√

2

π
≈ 0.79788. (A5)

Therefore, if the velocity can be represented by the series expansion Eq. (24), the following limits
can be formulated for the ratio of the volume-filtered velocity to the wall-normal gradient of the
volume-filtered velocity √

2

π
σ �

uw
ε,α

(∂nuε,α )w
�

√
π

2
σ. (A6)
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